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1. Introduction

Consider the initial value problem

(1.1) / = / ( * , >0, X^o) = >;oί

where the function /(x, y) is assumed to be sufficiently smooth. Let y(x) be

the solution of this problem and

(1.2) xn = x0 + nh 0 = 1, 2,...; h>0)9

where h is a stepsize. Let yί be an approximation of X ^ ) obtained by some

appropriate method. We are concerned with the case where the approximations

y. (j = 2, 3,...) of y(xj) are computed by two-step methods.

In our previous paper [1] we considered the methods of the form

(1.3) yn+i =yn + hΣrj=oPjkp

where

(1.5) fc, = f(xn + ath9 fejj

(1.6) β. = &, + Σfc'o ty, 0 < α f ^ l (i = 2, 3,..., r ) ,

and αt , b i ? c o (i = 2, 3,..., r;j = O, 1,..., i ~ l ) and py 0 = 0, 1,..., r) are constants.

This method requires r function evaluations per step. It has been shown that

for r = 2, 3, 4 there exists a method (1.3) of order r + 2.

In this paper we propose two-step methods of the form

(1.7) yn+1 =

where

(1.8) fc, = / ( * w + αΛ Λ

(1.9) at^biO + bn + Σ!βhctj9 0 < αf ^ 1 (j = 2, 3,..., r),

and fe^ (i = 2, 3,..., r; j = 0, 1) and s are constants. The method (1.7) reduces to

(1.3) for b u = 0 (i = 2, 3,..., r) and s = 0, It is called an explicit method if bn=0
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(i = 2, 3,..., r) and an implicit one otherwise. The stepsize control is implemented
by comparing (1.7) with the method

(1-10) zn + 1 = yn + ziy.-y^,) + h Σ'jth Wjkj9

where kr+ί=f(xn+1, yn+ί) and Wj (j — Q, 1,..., r+1) and z are constants.
It is shown that for r = 2, 3, 4 there exist an explicit method (1.7) of order

r + 2 and a method (1.10) of order r + 1 with w Γ + 1 =0 (r = 2, 3), and that for
r = 2, 3 there exist an implicit method (1.7) of order r + 3 and a method (1.10) of
order r + 2. Predictors for implicit methods are constructed. The implicit
method (1.7) can be used also as an explicit three- or four-step method of order
r + 3 with r function evaluations if yn + 1 is predicted with sufficient accuracy and
the corrector is applied only once per step.

2. Preliminaries

Let

(2.1) yn+ί = yn + sίΛ-Λ-i) + * Σrj=oPjkjn (r = 2, 3, 4),

(2.2) tn+1 = u(yH-yH.x) +h Σpo VjkjH,

(2.3) y*+ί = yn + tiyn-yn-t) + h Σ^=o qjkln-3+J + h ΣUz ΣJ-

(2.4) z n + 1 = Λ + i + ίn+i,

where

(2.5) /clw =j(xn, yn), kOn = kln-l9 kr+ln = /ci/ι+i,

(2.6) fcto = f(xn + ath, yn + Σj=o fcί/3;"+i-3;«+y-i) + '' ΣJ- ic

(2.7) α, = bi0 + bn + Σpo c,j, 0 < at g 1 (/ = 2, 3,..., r).

The method (2.1) is stable if and only if - l ^
Denote by y(x) the solution of (1.1) and let

(2.8) β o = - l , « i = 0 , α r + 1 = 1,

(2.9) y(x) + s(y(x) - y(x -h)) + h Σ}=o Pj/fr + ajh) -y(x + h)

= Σ]=ί S{VlJl)y<J>(x) + O(hs),

(2.10) u(y(x) - y(x - ft)) + ft. Σ j U »>>-'(*+βyft) = Σ]=i V{VlJ\)yU\χ) + O(/i8),

(2.11) ^(*)
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(2.12) y(x) + Σj=o btjWx+jh)-y(x+U-W)) + h Σ

U 3 (ί=2, 3,4).

Then we have

(2.13) ( - ϊy-ιbm + bn + k Σpo ctja)-1 - αf = eik

(i=2,3,4;/c=l, 2,...,7),

(2.14) (-ίf-'s + k Σ$=o a^pj - l = Sk,

(2.15) ( - D » - ' « + /cΣjiUΓ1^- = uk>

(2.16) (-l)"-'ί + kΣUU-W-^j

+ k Σί=2 ΣJ-i (a-jf-'q^-j ~ 1 = Tk.

Let

(2.17) ^ " / ( x , , - ! ) , kt, = y'(xn\ k*+ln = /(xB + 1),

(2.18)

(2.19)

(2.20) T(xn) = yixj + siyixj-yix^j) + h Σrj=o Pjk% - )<*»+1),

(2.21) R(xn) = «(y(xn)-Xx,,_,)) + A Σ j U »^7».

(2.22) T*(xn) = XxB) + ί(y(xn) -y{xn_ x)) + h Σ)=o ίyfcf.- 3 +J

+ h ΣUi Σj=i «2i+2-A*»-y ~ K χ «+i) '

(2.23) Fk + 1 = Σί=2 eifcPi, G t +2 = Σ ί = 2 βiβatPί. H 4 + 2 = Σ U Σ J

^k+i = Σί=2*.ΊΛ, Mk+2 = Σ5=2 afyVi, Nk;2 = Σί=3ΣJ=2C

Λ+l = Σί=2 %(«2i+ί2i+l) (fe = 4- 5, 6).

(2.24) A, = a£a,+ l), Bi = (ai-a2)Ah C, = (β,-α 3 )B ( , Z>, = α,<α;

E,=(pι-\)Ah Ri = (2ai+l)Ai (i=l, 2, 3, 4).

Choosing ^ ^ = 0 (i = 2, 3, 4; j = l, 2, 3), we have

(2.25) bi0 = 56{1 + 6 Σ}- i ̂ ycy - a?(2af + 3),

c i 0 = - 2 6 U + Σ j = W 3 a , + 2)ciy + o,^,

• cii = -4ft ( 1 - Σ J - i («; +1)(3β 7 + l)cu + (a, + ϊ)At,

(2.26) eu«4bn + 2Σ!r-lRjCu-Al

eiS = -4ft,, + ΣTMa)-5aJ-A)AJclj - (at-2)Aj,

eί6 = 8ftn + 6 ΣJ-i (aj-aj + aj + ϊ)AjCu - (af -2at + 3)Aj,
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(2.27) T(x) = Σ]= i Sj(hJlJ\)yθ)(χ) + Σ U (hk+i/kl)[Fk+ i

+ Gk+2hg'(x)yM(x) + Hk+2hg\x)y«\x)

(2.28) Λ(x) = ΣJ=i

+ M t + 2hg'(x)

(2.29) T (x) = ΣJ-i

Put

(2.30) Z = α2 + α3, 7 = i*2a3, ^ = α2 + a3 + α4' ^ = α2α3

W= a2a3a4, d = 2α2 + l, m = 5o| — α2 — 2,

(2.31) βj = 2 + 3Z + 57, Q2 = 3 + 5X + ίOY, Q3 = 5 + %X + 157,

ρ 4 = 22 - ΠX + 357, β 5 = 27 - 35X + 507, Q6 = 10 + 14AΓ + 217,

Q7 = BO - 154Λ- + 1897.

The choice S,=0 (1 g i ̂  r+2) yields

(2.32) Σ5=oP; = l - s , 2 Σ5-i («j+DPy = 3 - s, 6 Σrj=2 AJPJ = 5 + s,

12 Σ5-3 β;Py = 1 ~ 10α2 - ds,

60 Σ'j.iajBjPj + 35α2 - 27 - (5α2 + 3)s = 12S5,

60 Σ5=4 ajCjPj + Qts - β 4 = 10S6 ( r^3),

Setting t/,=0 (lgi^r+1), we have

(2.33) oo - Σ ΐ ^ Λ = -«/2, fi + Σ

60 Σ j ϋ (aj-aJCjVj + (Qι+aAQ2)u = 10l/6 + 12(1 - U)U5 (r^3),

420 Σ j t i afa-aJCjVj - (Q6 + 7β4ρ,)« = 60l/7 + 70(1 - U)U6 (r = 4).

Choosing T; = 0 ( l ^ i ^ r + 3), q4= —qs and q 6 = — qΊ, we have

(2.34) Σ?-o «ι = 1 - ί, ΣJ-o O'-3)^ + is + «7 = (ί+1)/2,

3ίo + «i + (fl2-l)is •+ (β3-l)β7

60 ΣJ-2 ( 5 β j - 6)£,-42,-+1 + 17< - 367 = 10Γ6,

+ 1 - l l ί - 339 = 10T7
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3. Explicit methods

In this section we set bn = e o = 0 (ί = 2, 3, 4; j = 1, 2, 3) and show the following

THEOREM 1. For r = 2, 3 there exists an explicit method (2.1) of order

r-f-2 which embeds a method of order r + 1. For r = 4 ί/iere exist an explicit

method (2.1) of order r + 2 and a method (2.4) of order r + 1 .

3.1. Case r = 2

Choosing S f = 0 (i = l, 2, 3, 4), Uj = 0 0 = 1, 2, 3, 4) and i>3 = 0, we have

(3.1)

(3.2)

(3.3)

(3.4)

b2l

ds =

Vo H

6(α2

dS5

6U5

= - α | ( 2 α 2 + 3), c 2 0

= 7 - 1 0 α 2 , 6Λ2p2 =

L n _1_ n 1 c
Γ y\ i //2 — ^ ύ.

+ l > o = -(3α2+2)u,

= 2m, rfF5 = - 2 4 2

= (5α|-4α 2-4)u, (

= α2Λ2,

5 + s,

6a2vι •

, 3C/4 =

c 2 1 = (a2

Pi + (^2 + -

= — (3α 2 +

= dw,

i4 2 M.

l)P2 = (3-s)/2,

I K 642i?2 = i

For any given a2 and u # 0 other constants are determined uniquely. The

method (2.1) is stable if and only if l/2<a2<l. For instance the choice a2 =

7/10 yields 5 = 0.

3.2. Case r = 3

Setting S,= 0 (i = l, 2,..., 5), Uj = 0 0 = 1, 2, 3, 4) and F 5 = i;4 = 0, we have

(3.1) and

(3.5) 63 O = -α§(2a3 + 3) + 6^ 2 c 3 2 , c 3 0 = α3Λ3 - α2(3α2-f 2)c32,

(3.6) m R 2 c 3 2 = - B 3

(3.7) 6 2 5 = - ρ 5 , 12β3p3 = 7 -

pt + (α2 + l)p 2 + (α3 + l)p 3 = (3-s)/2, p 0 + Pi + P2 + P3 = 1

(3.8) 12B3ι;3 = -dii, v42ι;2 + A3υ3 = 11/6,

ϋ! 4- (α2 + l)i72 + (fl3 + l)i;3 = -w/2, v0 - a2v2 - a3v3 = -w/2,

(3.9) 10S6 = β l S - Q4, 12l/5 = -Q2u, ίOU6 = - ( β i

12#f5 = 24R2c32v3 4-

For any given uΦO, a2 and α3 such that a2Φa3 and m^O, other constants

are determined uniquely. For example the choice α2 = 1/5 and α3 = 4/5 yields s = 0.
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3.3. Case r = 4

Choosing 5̂  = 0 (i = l, 2,..., 6) and Jp5 = F 6 = G6 = //6 = 0, we have (3.1),

(3.5) and

(3.10) b 4 0 = 6 Σj= 2 Ajc+j - α|(2α4 + 3), c 4 0 = - Σ?= 2 α/3α, + 2)c4, + a

(3.11) (e 1 + β4β2)5 = e 4 - « 4 β 5 ? 60C4jp4 = β2s + β 5,

£ 3 p 3 + β4P4 = (7 - 10a2 - ds)/12, 6 Σ}=2 4 Λ = ^ + 5,

Pi + Σj=2K + l ) ^ = (3-s)/2, Σf-oPi = 1 " s,

(3.12) 120(a3-a4)Λ2c32p3 = 49 - 62a4

12(Xa4-a3) Σ?=2 ty47p4 = 49 -

60Q2B3c43p4 = Cs - D,

(3.13) (3s-13)(a 4 - l ) = 0,

where

(3.14) C = 5a| + 5a2 + 1, D = 155a| - 5a2 - 49.

From (3.13) we have α4 = 1 by stability condition.

The choice Uj = 0 (7 = 1, 2,..., 5) and K5 = 0 yields

(3.15) 120(α 2 -l)(α 3 -l)( ι ; 4 + t;5) = Q2u, B3v3 + 2(1 -a2)(vA4-v5) = -dιι/12,

^3^3 + 2(t;4 + ι;5) = M/6,

Σf-o »ι = ~ u, ΣU Σί=2 ^ ^ + 2v5 =

(3.16) 60S7 = 24 - 35X + 5 6 7 - (24+ 35X +56Y)s, 10(76 = Q3u,

60UΊ = - ( Q 6 + 7Q 7 +14Q 1 -7i/e 3 )i i .

For any given uΦ§, a2φl and a3Φ\ such that a2Φa3, p3φ0, /?4^0 and

Σy=2^yC4yτ^2 other constants are determined uniquely. For instance we have

s = 0for α2 = l/6and α 3=2/3.

4. Implicit methods

In this section we choose e o = 0 (j = ί9 2, 3, 4; / = 2, 3) and show the following

THEOREM 2. For r = 2, 3 there exist an implicit method (2.1) of order r + 3

a method (2.4) of order r + 2.
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This method can be used also as an explicit method if the corrector is applied

only once per step.

4.1. Case r = 2

Choosing St=Tt = 0 (i = l,2,...,5), ί/, = 0 0 = 1, 2, 3, 4) and « 4 = - g 5 ,

we have (3.2), (3.8) and

(4.1) 4b20 = a2(5al + 6a2-Ί\ 4b2ί = A\, 2c20 = -a2E2, c2i = - (

(4.2) Sal - «2 - 2 = 0,

(4.3) 120£2$5 = 19ί + 251, -2q0 + (a2-l)q5 = (9 + 0/12, 5q0 + qx = -1/3,

- ί i - 3i + β2<25 = (H + 70/12, q0 + ^ + g2 + q3 == 1 - ί,

(4.4) J S 6 = 4 ( α 2 - l ) ( 3 f l ί - l ) , J F 6 = - 2 £ 2 , 12ϋ 5 = -(15α 2 + 8)ιι,

2U6 = (l-3fl |)tι, 4K6 = A2u9 4T6 = (19α 2-16)ί + 251α 2-448, J6 = 0.

For any given a 2 ^ l , u^0 and t, other constants are determined uniquely.

For example the choice α2 = (l +N/41)/10 yields s = 0.

4.2. Case r = 3

Setting 5 ^ = ^ = 0 (ΐ = l, 2,..., 6), t / ;=0 0=1,"2,. . . , 5), q2i= -q2i+ί (i = 2, 3)

and F 6 = 0, we have (4.1), (3.7) and

(4.5) 4b3ί = - 2 K 2 c 3 2 + Aί, b30 = 5b3l + 6/l2c3 2 - α§(2α3

c30 = - 2 6 3 1 -

(4.6) Qts = β 4 ,

(4.7) 1 2 0 ( t f 2 - l ) ( α 3 - l > 4 = Q2u, B3v3 + 2(l-a2)v4 = -dιι/12,

/42y2 + Λ3ι>3 + 2ϋ4 = tι/6, vx + (α2 + l)ι?2 + (fl3 + l > 3 + 2υ4 = -u/2,

y0 + ί̂ l + «2 + ^3 + V4 = ~U>

(4.8) 120(a3-l)B3qΊ = (16-19α 2)ί + 448 - 251α2,

^2^5 + £3<?7 = (19ί + 251)/120, -2q0 + D2q5 + D 3 ^ 7 = (9 + 0/12,

3$o + 9i + ( « 2 - l ) ^ 5 + (α 3 -l)<? 7 = ( 5 + 0/12,

- ί i - 02-+ α2<?5 + «3^τ = (11 + 70/12, q0 + ^i + ή 2 + q3 = 1 - t,

(4.9) 60S7 = - β 6 5 - β 7 , 10t/6 = β3M, 60K6 = - ( 3 + β 3 ) u + 60 mA2c32v3,

β0UΊ = - (24 + 56Y- 56X2 - 105ZY)μ,

60Γ7 = - (241-336Z + 3997)ί - 16769 + 9408Z - 52717.
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For any uΦO, t, a2φl and a3φ 1 such that a2Φa3 and mΦ0, other constants
are determined uniquely. For instance we have 5 = 0 for α2 = (31 — ̂ J141)I5O
and a3=(31+v/l41)/50.
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