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1. Introduction

Consider the initial value problem

(1.1) Y =109 y(xo) = Yo,

where the function f(x, y) is assumed to be sufficiently smooth. Let y(x) be
the solution of this problem and

(1.2) X, =Xo+nh (n=1,2,...; h>0),

where h is a stepsize. Let y, be an approximation of y(x,) obtained by some
appropriate method. We are concerned with the case where the approximations
v; (j=2, 3,...) of y(x;) are computed by two-step methods.

In our previous paper [1] we considered the methods of the form

(1.3) Yu+1 =V + h Zli=o Pik;,

where

(1'4) kO =f(xn—19 yn—1)9 kl =f(xns yn)’

(15) ki = f(xn+aih9 yn+bi(yu_yn—1)+h Z;;O cijkj)9
(1.6) a;=b+ Xichey, O<a<1 (i=2,3,.,7),

and a;, b;, ¢;; (i=2, 3,...,7;j=0, 1,...,i=1) and p; (j=0, 1,..., r) are constants.
This method requires r function evaluations per step. It has been shown that
for r=2, 3, 4 there exists a method (1.3) of order r+2.

In this paper we propose two-step methods of the form

1.7) Yut1 = Vn+ S(Un—Yu-1) + h Th=0 Pjk;,

where

(1.8) ki = f(xy+ah, y,+ 230 b;j{(Vusj— Yns j-1)+h XiZhcijk;),
(1.9) a;=bp+ by + Lizhey, 0<a; =1 (i=2,3,...,7),

and b;; (i=2, 3,...,r; j=0, 1) and s are constants. The method (1.7) reduces to
(1.3) for b;;=0(i=2, 3,...,r) and s=0. It is called an explicit method if b;; =0
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(i=2, 3,..., r) and an implicit one otherwise. The stepsize control is implemented
by comparing (1.7) with the method

(1.10) Zyo1 = Yo + 2= Vu-1) + h Z5Eb Wik,

where k., 1 =f(X,41, Yo+ 1) and w; (j=0, 1,..., r+1) and z are constants.

It is shown that for r=2, 3, 4 there exist an explicit method (1.7) of order
r+2 and a method (1.10) of order r+1 with w,,,=0 (r=2, 3), and that for
r=2, 3 there exist an implicit method (1.7) of order r+3 and a method (1.10) of
order r+2. Predictors for implicit methods are constructed. The implicit
method (1.7) can be used also as an explicit three- or four-step method of order
r+3 with r function evaluations if y,,; is predicted with sufficient accuracy and
the corrector is applied only once per step.

2. Preliminaries
Let
21 Yusr = Y+ 50n=Vn-1) + h Tico Pikjn (r=2,3,4),
(22) tyor =u(u—Yu-1) +h Z5Eb vk
(23) yiri =V F = Yu-1) + h Eicoqikin-3+;+ h Zhiaz Xi=1 Q2iv2- jKin- >
(24) zZy41 = Vo1 + lasys

where

(25) kln =f(xm yn)’ kOn = klu—l’ kr+ in = k1n+1!
(2.6) kin = f(Xp+aih, yu+ 230 bij(Vas j— Yn+j-1)+h Zizb ¢ijk;n) s
2.7 a; = by + b;; + Z;;Io Cijs O<a; =1 (i=2,3,...,r).

The method (2.1) is stable if and only if —1<s<1.
Denote by y(x) the solution of (1.1) and let

(2.8) ao=—1, a; =0, a,., =1,
(2.9)  y(x) + s(y(x)=y(x—=h)) + h Zh= p;y'(x+a;h)— y(x+h)
= X721 Si(h[jHyY(x) + O(h®),
(2.10) u(y(x)—y(x—h)) + h Z5th vy’ (x+a;h) = ] U [jHyV(x) + O(h®),
(211)  y(x) + ty(x)=y(x—h)) + h X3-0q;y"(x+ (G —3)h)
+ h Xiey Xiat daiv2- ' (x+(a;—j)h) = y(x+h)
= 2]=1 T [j)yV(x) + O(h®),
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(212)  y(x) + oo bif(y(x+jh)—y(x+(j—Dh)) + h Zizh c;;jy'(x+a;h)
— y(x+ah) = Tl (W [jHyP(x) + O(h®) (i=2,3,4).
Then we have
(2.13)  (=D*¥ b+ by + kX izhcak™t — ak = ¢
(i=2,3,4;k=1,2,..,7),
2.14) (=1} 's+k3roak lp;—1=5,
(2.15) (=D 'u + kX5that; = U,
(2.16)  (=D¥ 't + kX0 (j—3)"g;
+ kX2 i1 (@) 5425 — 1 =T,
Let
217) kG = y'(xu-1)s Kl = V(%) Kfypn = Y (X51),
(2.18) k¥ = f(xu+ah, y(x,)+ X j=0 bij(¥(Xps j) = Y(Xu4 j- 1))
+ hXizhekY,) (i=2,3,...,71),
(2.19)  g(x) = f(x, ¥(x)),
(220)  T(xp) = y(x) +5(0(X) = ¥(Xu-1)) + 1 =0 PjkTs — ¥(Xns 1),
(221)  R(x,) = u(y(xp) = y(Xs-1)) + h 2556 vk Ts,
(2.22)  T*(x,) = p(x,) + t((x) = ¥(Xy- 1)) + h T30 qjk¥u—3+;
+ h ies Xiet Qaiva- k- — Y1),
(223)  Fypq = i eubi Groz = Zi=z eyl Hyin = 203 2iTh cijeiunbis
Kir1 = 2z luliy Myyy = 2ics aiey;, Niyp = 2i-3 2i2hcijepn;,
Jier1 = 2=z €ald2t 9241 (k=4,5,6).
(224) A;=afa;+1), B;=(a;—a,)A4;, C,=(a;—a3)B;, D,=afa;—1),
E; =(a;—1)A;, R, =Qa;+1A; (i=1,2,3,4).
Choosing ¢;;=0 (i=2, 3, 4; j=1, 2, 3), we have

(2.25) by = Sby; + 6 2L Ajey; — a¥(2a;+3),
Cio = —2b; + Tizha;(3a;+42)c;; + a;A;,
¢y = —4by — Xizh(a;+ 1) (Ba;+ De;; + (a;+ 1A,
(2.26) ey =4b;; + 23T i2L Ricy; — A2,
—4b;y + X4y (a2 —5a;— A c;; — (a;—2)A2,
e = 8by + 6 Tizh (a3 —ad+a;+1)A;c; — (a7 —2a;+ 3)47,
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(227) T(x) = =1 S{W[]HYyI(x) + ZR=s (B KDIFy 4 19(x)y®(x)
+ G+ 2hg (X)yOU(X) + Hy s 2 hg*(x)y 0(x) + O(h?)],,
(228) R(x) = ZJ=y UfW [jHyD(x) + Zi=s (K1 KDIK 4 19(x)y¥(x)
+ M, 2hg'(x)y®(x)+ Ny 2 hg*(x)y©(x)+ O(h?)],
(229) T*(x) = X]=1 TR [[Hy®(x) + Zfoa (B1/kY) [Tis 19(x)y*(x) +O(R)] -
Put
(230) X =a, +a;, Y=a,a;, U=a, + az+ a,, V=a,a; + aza, + asa,,
W= ayaza,, d = 2d2+1, m=5a3% — a, — 2,
(231) Q; =24+ 3X +5Y, 0, =3+ 5X 4+ 10Y, Q; =5 + 8X + 15Y,
Q, =22 —27X + 35Y, Qs =27 — 35X + 50Y, Q¢ = 10 + 14X + 217,
Q, = 130 — 154X + 189Y.
The choice S;=0 (1<i<r+2) yields
(232) Xreopj=1-—s, 235, (a;+)p;=3—5, 65, A;p;=35+s,
12X 3 B;p; =7 — 10a, — ds, - '
60 353 a;B;p; + 35a, — 27 — (Sa,+3)s = 1284,
603 5-40a;,Cip; + Q5 — Q, = 10S¢  (r23),
(Qs+7a4Q1)s — Q7 + Ta,Q4 = 60S; (r=4).
Setting U;=0 (1<i=<r+1), we have
(2.33) wvo — X5thav; = —uf2, v, + Xy (a;+ 1Dy, = —uf2,
6>ty Ajw; =u, 123 5E5Bw; + du = 3U,,
60 35l Cv; — Quu = 12Us + 15(1-X)U,,
60 3 5tl(a;—a)Civ; 4+ (Q +a4Q5)u = 10Ug + 12(1-U)Us (r=3),
420 ¥ 7tba(a;—a,)Civ; — (Qe+7a,Q)u = 60U, + 70(1-U)Us  (r=4).
Choosing T;=0(1<i<r+3), g4= —gs and g,= —q,, we have
234) Thoqi=1-1, Sho(i—3a; +4s + 47 = (1+1)2,
390 + 41 + (a2—1)gs + (a3 —1)q, = (t+5)/12,
—2qo + Dyqs + D3q, = (t+9)/12, 12033, E;q,;4, = 19t + 251,
60 X3, (5a;—6)E;q,;, + 17t — 367 = 10Ty,
70 33=; (6aj —15a;+ 10)E;q5;+, — 11t — 339 = 10T; + 70T,
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3. Explicit methods
In this section we set b;; =¢;;=0(i=2, 3, 4; j=1, 2, 3) and show the following

THEOREM 1. For r=2,3 there exists an explicit method (2.1) of order
r+2 which embeds a method of order r+1. For r=4 there exist an explicit
method (2.1) of order r+2 and a method (2.4) of order r+1.

3.1. Caser=2
Choosing S$;=0(i=1,2,3,4), U;=0(j=1, 2, 3, 4) and v3=0, we have
(3.1 by = —aj(2a,+3), c0 = ay4;, ¢z = (ay+1A4,,
(3.2 ds =7 — 10a,, 6A4,p, =5+s, p;+ (a,+1)p, =(3-9)/2,
Pot+py+p2=1-s5
(3.3) 6(a,+ Doy = —(3a,+2)u, 6av; = —(3a,+Du, 6A4,v, = u,
(3.9 dSs =2m, dFs= —24,, 3U,=du,
6U5 = (50%-442_4)1‘, 6K5 = —"Azu. )
For any given a, and u#0 other constants are determined uniquely. The

method (2.1) is stable if and only if 1/2<a,<1. For instance the choice a,=
7/10 yields s=0.

3.2. Caser=3
Setting S;=0 (i=1, 2,...,5), U;=0 (j=1, 2, 3, 4) and Fs=v,=0, we have
(3.1) and
(3.5) by = —a3(2a;+3) + 64,c3,, 39 = a3A; — a,(3a,+2)c;,,
c3; = (a3+1)A; — (a,+1)(3a, + 1)c;,,
(3.6) mR,c3, = —B3(1+X+3Y),
(3.7 Qys=—Qs, 12Bypy =7 — 10a, — ds, A,p, + A3p; = (5+5)/6,
Py +(a;+Dpy + (a3 +1)p3 =(B=9)/2, po+pi+p2+p3=1-5
(3.8) 12Bjv; = —du, A,v, + A3v; = uf6,
v, + (a+ v, + (a3+ vy = —uf2, vy — ayv, — azvy = —u/f2,
(3.9 10Sq=035s— Q4 12Us= —Q,u, 10Uz = —(Q;+(X—-1)Q5)u,
12K5 = 24R,c3,03 + (1+ X +2Y)u.

For any given u#0, a, and a; such that a, #a; and m#0, other constants
are determined uniquely. For example the choice a,=1/5 and a;=4/5 yields s=0.
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3.3. Caser=4
Choosing S;=0 (i=1, 2,...,6) and Fs=F¢=Gg=H¢=0, we have '(3.1),
(3.5) and
(3.10) byo =633, Ajcq; — af(2a,+3), cyo = — X3z a;3a;42)cy; + a4A,,
Cay = — Xia(a;+1)(Ba;+ ey + (ag+1)Ay,
(3.11) (Q1+4a40Q2)s = Q4 — a4Qs, 60C,p, = Q55 + Qs,
Bips + Bapy = (71—10a,—ds)/12, 634, A;p; = s+ 5,
pi+ Xi2(a;+)p; =(B=9)2, Tiopi=1-5,
(3.12) 120(a;—as)R,c3,p3 = 49 — 62a, + (Qa,+1)s,
120(ay—a3) 2 3-; Rjcy;ps = 49 — 62a; + (2a3+1)s,
60Q,B;c43ps = Cs — D,
(3.13) (3s—13)(a,—1) =0,
where

(3.14) C=5a}+5a, +1, D=155a3 — Sa, — 49.

From (3.13) we have a, =1 by stability condition.
The choice U;=0(j=1, 2,..., 5) and Ks=0 yields
(3.15) 120(a, — D) (a3 —1)(v4+vs) = Q,u, Byvy + 2(1—ay) (v, +vs) = —dufl12,
szz + A3U3 + 2(U4+05) = u/6,
vy + Xj=2(a;+ Do; + 2vatvs) = —u/2,
Yicovi= —u, Xt XL Ric;iv; + 205 = —u/60,
(3.16) 60S, =24 — 35X + 56Y — (24+35X +56Y)s, 10U = Qju,
60U7 = _(Q6+7Q7+ ]4Q1 —7UQ3)U.
For any given u#0, a,#1 and a;#1 such that a,#a;, p;#0, p4#0 and

>3-, Rjcy;#2 other constants are determined uniquely. For instance we have
s=0 for a,=1/6 and a;=2/3.

4. Implicit methods

In this section we choose e;;=0(j=1, 2, 3, 4; i=2, 3) and show the following

THEOREM 2. For r=2, 3 there exist an implicit method (2.1) of order r+3
and a method (2.4) of order r+2.
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This method can be used also as an explicit method if the corrector is applied
only once per step.

4.1, Caser=2
Choosing S;=T;=0 (i=1,2,...,5), U;=0 (j=1, 2, 3, 4) and q,=—qs,
we have (3.2), (3.8) and

(4.1) 4b, = ay(5a%+6a,—7), 4b,, = A3, 2¢c,0 = —azE;, ¢y = —(a,+1)E,,
42 5a3—a,—2=0,
(4.3) 120E,qs = 19t + 251, —2q, + (a,—1)qs = (9+1)/12, 5q¢ + q, = —1/3,
—qy — 42+ axqs =(11+T)/12, go+ g1 + @2 + g3 =1 — 1,
(44) dSs = 4(a,—1)(3a3—1), dFg = —2E,, 12Us = —(15a,+8)u,
2Ug = (1-3a3)u, 4Ky = Ayu, 4Ty = (19a,—16)t + 251a,—448, J; = 0.

For any given a,# 1, u#0 and ¢, other constants are determined uniquely.
For example the choice a,=(1+./41)/10 yields s=0.

4.2. Caser=3

Setting S;=T;=0(i=1,2,...,6), U;=0(j=1,2,...,5), g2;= — G214 (i=2, 3)
and F¢=0, we have (4.1), (3.7) and

(4.5) 4by; = —2R,c3, + A3, byo = 5by; + 64,5, — a3(2a5+3),
€30 = —2b3; — a,(3a,+2)c;, + azA;,
¢3y = —4b3; — (a;+1)Baz+1)cz, + (a3 +1)A4;,
34,m?c3, = 3—X+7Y)B,,
(4.6) Q15 =0y,
4.7 120(a,—1)(az—Nv, = Q,u, Byvy + 2(1—a,)v, = —duf12,
Ayvy + Asvz + 204 = uf6, v, + (ay+ 1o, + (az+ Dv; + 20, = —u/f2,
Vo + 0y + 0, + 03 +04= —u,
(4.8) 120(az—1)B3q; = (16 —19a,)t + 448 — 251a,,
E,qs + E3q; = (19t+251)/120, —2q4 + D,qs + D3q; = (9+1)/12,
3q0 + q1 + (a3 —1)gs + (a;—1)g; = 5+1)/12,
—q; — 42 + axqs + azq; = (11+79/12, go + g, + g, + g3 =1 — 1,
(4.9) 60S, = —Qgs — @4, 10Ug = Qzu, 60Kg = —(3+Q3)u + 60 mA,c3,05,
60U, = — (24+56Y—56X2—105XY)u,
60T, = — (241 —-336X +399Y)t — 16769 + 9408X — 5271Y.
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For any u#0, t, a,#1 and a5 # 1 such that a, # a; and m#0, other constants
are determined uniquely. For instance we have s=0 for a,=(31—.,/141)/50
and a;=(31+./141)/50.
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