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Introduction

In 1949 G. Bol [5] discovered nice formulae concerning the differential
operators and some operators induced by Mobius transformations (see §1).
M. Eichler directed his attention to Bol’s formulae and demonstrated their
significance in his paper [9]. He took indefinite integrals of automorphic forms
for Fuchsian groups to obtain a new class of functions which are now called
Eichler integrals. Later L. Ahlfors [2] considered Eichler integrals for Kleinian
groups.

In [15] I. Kra introduced two distinguished classes of Eichler integrals for
a Kleinian group whose orbit space is a finite union of Riemann surfaces of
finite type, and showed that Eichler integrals in these classes are uniquely de-
termined by their periods (cf. [15; Theorem 2]; part of this theorem had earlier
been shown by Ahlfors [2].). The proof is based on the theory of compact
Riemann surfaces. The motivation of this paper is to generalize this fact to a
wider class of Kleinian groups. :

A Kleinian group G acts in a certain way on the vector space of polynomials
in one complex variable of degree at most 2q —2, where g is an integer greater
than one. We can thus form the first cohomology space of G with coefficients
in this vector space. The period of an Eichler integral of order 1—gq for G natu-
rally defines a cocycle, and we obtain a map, called the period map, that maps
Eichler integrals to the cocycles determined by their periods. Let D be a G-
invariant union of components of G. If the orbit space D/G is a union of compact
Riemann surfaces, then the period map on the space of Eichler integrals holo-
morphic on D is injective. However, if D/G has a non-compact component,
then the conclusion does not necessarily hold (even if D/G is a finite union of
Riemann surfaces of finite type). Thus, to make the period map on a class of
Eichler integrals for a general Kleinian group injective, we need some conditions
on Eichler integrals in the class other than holomorphicity. In [15] Kra restricted
the behavior of integrals at cusps. In this paper we introduce new classes of
Eichler integrals in terms of Hardy classes. If the group is a finitely generated
Fuchsian group of the first kind, then one of Kra’s classes turns out to coincide
with one of ours (Theorem 3).
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Our main result is Theorem 4 which says that if every component of D/G
is a parabolic Riemann surface, then the period maps on our classes are injective.
Note that G may be infinitely generated. For the proof we use the E. Hopf-
Tsuji theorem (see Theorem A) to investigate the boundary behavior of Eichler
integrals in our classes.

In §1 we introduce our classes and give some properties of them. In §2
we prove the main theorem. In §3 we are concerned with a relation between
fine limits and periods of Eichler integrals in our classes. - In the final section
we consider Fuchsian groups.

The author would like to express his deepest gratitude to Prof. F-Y. Maeda
for valuable suggestion and kind guidance. He also would like to express his
sincere thanks to Prof. Y. Kusunoki who kindly read the manuscript and gave
him a great deal of advice.

§1. Spaces of Eichler integrals

Let M6b denote the group of all Mobius transformations acting on the
Riemann sphere C=cu {oo}. Let AeMob, and let k be an integer. When
f is a function defined on a subset E of 6‘, we define a function A¥f on A~Y(E)
by A}f(z2)=(foA)(z)-A'(2)* (ze A~Y(E)). If B is also in Mob, then we have
(A-B)f f=B(AL f).

Let G be a Kleinian group. We denote by Q(G) the set of discontinuity
of G, and by A(G) the limit set of G.

Fix an integer ¢>1. Let J],,-, be the vector space of all polynomials of one
complex variable with degree at most 2g—2. The group G acts on [],,-, from
the right (not from the left) by [1,,-2xG3 (v, A)—» A} well;,-2. A cocycle
is a map a: G—[],,-, that satisfies a(4-B)=B¥_ («(A))+«(B) for each AeG
and BeG. The coboundary of ve[],,-, is the cocycle A—Af v—v. We
denote by Z!(G, [1,,-,) the vector space of all cocycles, and by BY(G, I1,,-2)
that of all coboundaries. The quotient vector space HYG, I1,,-2)=
Z\(G, T12,-2)/BY(G, I'12,->) is called the (first) cohomology group of G.

Let D be a G-invariant open subset of Q(G). Let F be a holomorphic function
on DnC. If weD, we require that F(z)=0(|z|?972) (z—> ), so that F is
meromorphic on D. We say that F is a (holomorphic) Eichler integral of order
1—gq for G on D if for every A € G the function A¥_,F—F is equal to an element,
denoted by (pd F)(4), of [1,,-, on D. The map pd F: G—[],,-, defines a
cocyle, and is called the period of F. Two Eichler integrals F, and F, are equi-
valent if F, —F, is the restriction of some polynomial in [],,_, to D. In this case
pd (F,—F,) is a coboundary.

To introduce some classes of Eichler integrals we shall use Hardy classes.
Let V be an open subset of é, and let p be a positive real number. The Hardy
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class HP(V) is the vector space of all holomorphic functions f on V such that
|flP<s for some positive superharmonic function s on V. The space H®(V)
consists of all holomorphic functions on V that are bounded on each component
of V. If O<p<p'<oo, then HP'(V)cH?(V). If Vis the unit disk and if
0< p< o, then it is known that fe H?(V) if and only if supg,<; SZ |f(rei%)|Pd0 <
+ oo (cf. Duren [8; Theorem 2.12]).

Now, let G and D be as before, and let 0<p<co. We denote by E{_ (D, G)
the set of all Eichler integrals F of order 1—g for G on D such that S¥ F,e
H?(S~Y(D)) for some S e Mo6b and for some Eichler integral F; equivalent to F.
Note that [],,-,<E{_(D, G). The purpose of this paper is to investigate the
properties of Ef_ (D, G). First of all, we show that the set Ef_, (D, G) forms a
vector space.

LeMMA 1. Let SeMob. If FeE}_(D, G), then S}_,F belongs to Ef_,
(S~YD), S~1GoS).

Proor. 1t is easy to check that ST_,F is an Eichler integral for the group
S~1oGoS. By the definition there are Te M6b and an Eichler integral F, equivalent
to F such that T} ,F, € H/(T-(D)). The Eichler integral St_,F, is equivalent
to SY_,F. Further, (S~ T)}_ (St-,F{)=T%_,F, is an element of HP((S~!-T)~ !
(S~Y(D)))=Hr(T-(D)).. This completes the proof.

LeMMA 2. For each FeE}_/(D, G), there are F, € H(D) and v;e€]];,-2,
j=1, 2, such that F=F,v;+v, on D.

Proor. We can find SeMob and v,e[];,-, such that St (F—v,)e
HP(S"Y(D)). Set F,=(S}-,(F—v,))°T and v,=(T")'"4, where T=S"!. Then
F,e HYD) and F—v,=Fv,. Since v;=T¢ ,1€]],,-,, we have the lemma.

THEOREM 1. (@) Put S(z)=1/(z—a), where ae D—{o0}. Then
E%_ D, G) = St_[E}_(S(D), SoG-S~) n H*(S(D))] + T12,4-2-
(b) If €D, then
E3_D, G) = (Ef- (D, G) n HXD)) + [1z4-2.

Proor. We have only to prove the statement (b) since (a) follows at once
from (b) and Lemma 1.

To prove (b), first note that the definition implies Ef_ (D, G)> (Ef_ (D, G) n
HA(D))+T1124-2-

To show the converse, let F € E}_ (D, G). By Lemma 2, there are F, € H?(D)
and v;€[1;,-2, j=1, 2, such that F=F,v, +v,. Since F,v, has a pole of order
at most 2¢g—2 at oo, we can choose v;€[],,-, so that F,=F v, —v; is holo-
morphic on D.
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We claim that F,e H?(D). Set r=p if 0<p<oo, and set r=1 if p=co.
Since F, is in H?(D), there is a positive superharmonic function s, which is constant
on every component of D if p= o0, such that |[F,|"<son D. Take a neighborhood
V of oo whose closure is included in D, and let L=sup,_y |v;|, M =supp_y |vsl,
and N=supy |F,|. Then, on D—V, we have

|F2|" = |F1o; —v3]" < 2(|F["|vs|"+ [03]") < 27(Lrs+M").

Hence, on D,
[Fol" < 27(Lrs+ M) + N-,

which means that F, is an element of H?(D).
Since F=F,+(v,+v3), we see that F, is an Eichler integral equivalent to F.

We have proved the theorem.
COROLLARY. The class EY_ (D, G) forms a vector space over C.

Let G and D be as before. The orbit space D/G is a union of Riemann
surfaces. Assume that there is a union S of Riemann surfaces such that D/G=
S—{a}, where ae S. Assume further that there is a punctured neighborhood ¥
of a such that the natural projection n: D—D/G is unramified over . Let V be
a component of n~!(¥), and denote by G, the stability subgroup of V, that is,
the subgroup consisting of all elements of G that fix V. Then it is known that
Gy is either trivial, or a cyclic group generated by an elliptic or parabolic trans-
formation. We set w(a)=ord Gy, and according as v(a)=o00 or w(a)<oo, we
say that the puncture a is parabolic or non-parabolic. We will denote D/G
plus all such punctures by D/G. Note that D/G is also a union of Riemann
surfaces.

Define an operator 0 on meromorphic functions by df=df/dz. Bol [5]
discovered that 024 1eA}¥  =A%}-02¢"! for every Mobius transformation 4. A
proof of this formula can be also found in Kra [16; Lemma 4.1 in Chapter V].

Kra [15] used Bol’s formula to introduce two classes of Eichler integrals. If
F is an Eichler integral of order 1 —g on D for G, then Bol’s formula implies that
0%9-1F is a holomorphic automorphic form of weight —2q on D for G, and hence
is projected to a meromorphic g-differential & on D/G. The integral F is said
to be bounded in Kra’s sense if @ satisfies the following three conditions:

(i) & extends to a meromorphic g-differential & on D/G,

(ii) if a puncture aeD/G—D/G is non-parabolic, then ord, &> —
[q(1—1/v(a))], where [x] denotes the largest integer not greater than x,

(ili) if a puncture ae D/G—D|G is parabolic, then ord, > —q+1.

We say that F is quasibounded in Kra’s sense if @ satisfies (i), (ii) and the follo-
wing condition:

(iii) if a puncture ae D/G—D/G is parabolic, then ord, &> —gq.
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The spaces of Eichler integrals that are bounded or quasibounded in Kra’s sense
will be denoted by EXt (D, G) or EXc (D, G), respectively.

We ask whether Eichler integrals in Ef_, (D, G) are (quasi-)bounded in
Kra’s sense.

LemMA 3. If Vis a bounded open subset of D, then the restriction to V of
every element of Ef_ (D, G) is contained in H?(V).

ProOF. Since V is bounded, it is true that [],,_,<=H®(V). Thus the
conclusion follows from Lemma 2.

LEMMA 4. Let U be the upper half plane, and set A(z)=z+1. Suppose
that Fe Ef_, (U, (A)), where {A) denotes the cyclic group generated by A.
Then F has a Fourier expansion of the form

F(z) = X7, ae*™nz 4 agz2471 + 1(z)

on U, where vell,,-,. If 1<p<co in addition, then a,=0 in the above ex-
pansion.

ProoF. Set S(z)=i(1+2z)/(1—2), T=S"!, and Fo=S¥_,F. Then T(U) is
the unit disk, and F,e Ef_(T(U), {ToA-T~'}). By Lemma 3 we see that Fye
HA(T(U)).

Since (924~ 1F)(z + 1) =(0%9~'F)(z), we see that 629~ 1F has a Fourier expansion

(a2q—1F) (Z) — :0=_w bneZRinz
on U. Hence F has a Fourier expansion of the form
F(Z) — Zn#O a, e2minz a022q—1 + D(Z)

on U, where ve[],,-,. We must show that a,=0 for every negative integer n.
For each r in the interval (1/2, 1), define a curve C,: [—1/2, 1/2]-U by

C() =t + i{l+r2+./4ar2=(1—r>*2}/(1-r?).

We have chosen C, so that the image of ToC, is a subarc of the circle |z]|=r.
Fix a negative integer n. If we set V(z)=a,z297 1+ 1v(z) and m(r)=Im C,(1/2),
then, by Cauchy’s theorem,

a,= SI/:/Z e~ 2minGHmOMF (x +im(r)) — V(x +im(r))}dx

1/2

—_ SC e—2ninzF (Z) dZ — S , e—Znin(x+im(r)) V(x +1m(r)) dx
r -1/

= I;(r) — Li(r) .
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Since
1/

I,(r)| < e2mnm® S 12/2 [V (x+ im(r)|dx,

we see that lim,,;_o I,(r)=0. To estimate I,(r), observe that if z is on the
curve C,, then

1T = |z+i?)2 < |C0)+i|*/2 = 2(1—r)7?

Since F(z)=(F,oT)(2)-T'(z)!~4, we have

L) < emmo | FTE) T @)=z

< 26(1—ry 282 | |FT@)IT') |dzl

< 24(1 — ) 24g2nnm(y Sz” |Fo(rei®)|do.
1]

Denote the last integral by I;(r). If 1<p< oo, then I;(r)=0(1) (r—1—0) since
Foe H(T(U)). If O<p<l1, it follows from a theorem of Hardy-Littlewood
(cf. Duren [8; Theorem 5.97) that Iy(r)=o((1—r)-'/?) (r—-1-0). In any
case we see that lim,,, _o I,(r)=0. Thus, we have proved that a,=0 for every
negative integer n.

Finally, it follows from the same theorem of Hardy-Littlewood quoted
above that supgcg<a, |Fo(re!®)|=o((1—r)"1?) (r—-1-0) if O<p<oo. Since,
for re(0, 1),

ay =291 9(14r)1"24(1 —r) Fy(r)
— l'l—Zq(l +r)1—2q(1_r)2q—1 :0=1 an e—21m(1+r)/(1——r)
= 2974791 +r)1729(1 = r) (ST ,v) (),
it follows that a,=0if 1<p<oo. The proof is complete.

THEOREM 2. Let Fe E}_(D, G). Then F is quasibounded in Kra’s sense.
If 1< p< oo in addition, then F is bounded in Kra’s sense.

Proor. Let & be the meromorphic g-differential on D/G induced by the
automorphic form 022-1F. We have to verify that & satisfies the three conditions
(i), (i) and (iii)’ (or (iii) when 1< p< o0) in the definition. Let n: D—D/G be the
natural projection, and let ae D/G—D/G. There is a punctured neighborhood
V of a in D/G such that = is unramified over ¥. Take a component V of 7~ (V).

Suppose first that a is non-parabolic. Then Vis also a punctured neighbor-
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hood of some point c € Q(G). By taking conjugation if necessary, we may assume
that V is bounded (and so c# o). Then ¢ is a removable singularity of F by
Lemma 3. Thus @ is extended meromorphically to (D/G)U {a} with ord, & >
—[q(1=1/v(a)]. _

If a is a parabolic puncture, then we can choose V so that Vis a disk or a half
plane in D. Let G} be the stability subgroup of V. Then there is some S € Méb
such that S~Y(V) is the upper half plane and that S~1.G,oS is the cyclic group
generated by the translation z~—z+1. Since S}  FeEf_(S71(V), S~1oGyoS),
we can apply Lemma 4 and see that @ is extended meromorphically to (D/G) U {a}
with ord, #>—q (or ord,#>—g+1 when 1<p<o0). This completes the
proof.

Let us introduce another class of Eichler integrals. Let G and D be as before,
and suppose that 0D contains more than two points. Let A,(z)|dz| denote the
Poincaré metric on D. We denote by E{_, (D, G) the space of all Eichler integrals
F of order 1—gq on D for G such that sup,., Ap(z)"9|(0%¢"'F)(z)|]< +o0. If D
is a G-invariant union of components of (G) and D/G is a finite union of Riemann
surfaces of finite type, then it is known that E{_, (D, G)=EX? (D, G) (cf. Kra [16;
Remark in p. 199]).

THEOREM 3. If G is a Fuchsian group acting on a disk or a half plane D,
then E{_, (D, G)cE}_,(D, G). If, in addition, the Riemann surface D|G is
of finite type and if 1<p< o, then E{_, (D, G)=EX?, (D, G)=E{_,(D, G).

Proor. We may assume that D is the unit disk. Every FeE{_ (D, G)
extends to a continuous function on D. A proof of this fact can be found in
[16; pp. 215-217]. However, we may prove as follows.

It follows from the definition that sup,.,(1—]z|)9|(6%2971F)(z)| < + 0.
Hence, we see that sup,.,(1—|z|)|(09F)(z)|<+ o by a theorem of Hardy-
Littlewood (cf. Duren [8; Theorem 5.5]), and so 0972 F is extended continuously
to D by a theorem of Zygmund (cf. [8; Theorem 5.3]), which implies that F also
extends to a continuous function on D (cf. [8; Theorem 3.11 or Theorem 5.1]).

The last statement is an immediate consequence of the first and Theorem 2.

ExampLE 1. Choose 2g—1 distinct points ay,..., a,,_y in C. Let pbe a
locally bounded measurable function on C such that u(z)=0(|z|?74) (z— ),
ulp=0, and u(A(z))A'(z)!"24'(z)=u(z) (a.e.) for all AeG. Then, the function
F on C defined by

PO = i [ A9 22 na

ZTCi C—Z j=1

isin EY , (D, G). (Define F(oc0)=lim,_,., F(z) if oo € D.)
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This example shows that if G is finitely generated and if D is a G-invariant
union of components of Q(G) with D#Q(G), then E{_, (D, G)2[1,,-,. How-
ever, if G is a finitely generated Schottky group or a finitely generated Fuchsian
group or a finitely generated quasi-Fuchsian group of the first kind and if D=Q(G),
then Ef_ (D, G)=[1,,-, for 1<p<oo since EXt, (D, G)=I1,,-,. For details,
see Kra [16; Chapter V].

ExAMPLE 2. We assume that oo is in 2(G) and is not fixed by any element
in G—{id}. Set S=\U g {A(0)}. If {€Q(G)—S, then the Poincaré series

F(Z, C) = ZAEG;%

converges and represents a meromorphic function of z on Q(G). If {&D, then
it is known that F(-, {) is an Eichler integral of order 1—q on D (cf. Ahlfors
[2; Section 6.2] or Kra [16; Lemma 7.2 in Chapter V]). We set

Fy(z () = ;—F @0

for every positive integer v. It is clear that F (-, {) is also an Eichler integral.
If {& D and g >3, then F (-, {)e EZ (D, G).
To show this, first note that if the Mobius transformation A: z— Zjis

(ad—bc=1) belongs to G— {id}, then aé;;‘__lf —Z‘i,—(j()—Z—)—> is a (finite) linear com-

bination of functions in

{ LA (L)Y 2tmta-1
(z—4O)"

The coefficients in this linear combination do not depend on A. Let é (>0) be
the distance from { to S. Then, since —djc=A"1(0)€e S,

|tenNu {0}, meN} .

sl < [ ¢+ Llel = let +a) = 14172

Next, let V, be a disk containing { such that V,nD=g. We can choose V,
so that B(V,)=V, if Be G, and B(V,) n V, =4 if Be G— G, where G, is the sta-
bility subgroup of {{}. Set V=\Upg.s B(V,), and denote the distance from we V
to dV by ©(w). Then, we have 1,(w)t(w) > K >0, where i,(w)|dw]|is the Poincaré
metric on Vand K is an absolute constant (cf. [16; Proposition 1.1 (d) in Chapter
I17). Hence,

lz— A = 1(AQ)) = Kiy(AD)™" = KA() 1A' D)

for every ze D. Thus, we have
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clA/(C)l/2+m+q—1 ) (C)m ) )
G Ay | = g 4OI

A

Since o0 € Q(G) and g —12>2, the series 3 ,.6|4'({)|9~! converges (cf. [16; Lemma
9.2 in Chapter III]). Therefore, we see that F.(-, {) is bounded in D and hence
Fv(" C)EE?—q(D9 G)

§2. Injectivity of period maps

Let G be a Kleinian group, and let D be a G-invariant open subset of Q(G).
The period map pd: Ef_,(D, G)—»ZY(G, [1,,-,) is C-linear. When is this
map injective?

The map is not always injective even if D is a union of components of Q(G).
For instance, let D, be a component of 2(G), and assume that co € D, and that
the stability subgroup of Dy is trivial. (It is known that there are Kleinian groups
satisfying this hypothesis. We can even assume that D, is simply connected.
See Accola [1]. Of course, we are assuming that G itself is not trivial). Set
D=\U . A(D,). Take F, in H?(D,), and define a function F on D by F=
(A~YY¥_Fo on A(D,) for each A€ G. Then, it is easy to see that Fe E{_, (D, G)
and that pd F=0. Therefore the period map is not injective in this case.

The purpose of this section is to prove the following theorem, which gives
a sufficient condition that the period map is injective.

THEOREM 4. Let G be a non-elementary Kleinian group, and let D be a
G-invariant open subset of Q(G). If D/G is a union of parabolic Riemann
surfaces, then the period map pd: Ef_ D, G)—»Z'(G, I1,,-) is injective.

To prove this theorem we need the theorem of E. Hopf-Tsuji. Let I' be
a Fuchsian group which keeps the unit disk U fixed. The limit set A(I') lies
in the unit circle dU. A limit point €% € A(I') is said to be a conical limit point
if there is a sequence {S,} in I" such that S,(0)—e*® (n— o) in some Stolz domain
with vertex e?. In this case the same sequence {S,} has the property that for
any { e U the sequence {S,({)} converges to ¢'? in some Stolz domain with vertex
e'®, The set of all conical limit points is denoted by A(I').

THEOREM A (E. Hopf-Tsuji). Let I be a Fuchsian group acting on the
unit disk U. Then, the Lebesgue linear measure of A(I') is 0 or 2n. The latter
occurs if and only if the orbit space U|I" is a parabolic Riemann surface.

For a proof, see Hopf [14] and Sullivan [18; Section III]. See also Ahlfors
[3; Chapter VII].

In general, let H be a group of conformal automorphisms of a Riemann
surface R. Assume that H acts properly discontinuously on R, and that the
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universal covering surface of R is conformally equivalent to the unit disk U.
Let #: U-»R be a holomorphic universal covering map. Denote by M&b (U)
the group of all Mé6bius transformations that fix U. Let I' be the set of all S in
Mib (U) such that 7S =p(S)en for some p(S)e H. Then, it is known that I
is a Fuchsian group and the covering map = induces a (bijective) conformal
mapping U/—-R/H. Further, p is a group homomorphism of I' onto H.
The kernel K of p is the covering group of 7, and thus U/K is conformally equi-
valent to R. We call I" the Fuchsian model of H via n. For details, see Kra
[16; pp. 48-50].
We are now ready to prove Theorem 4.

PrOOF of THEOREM 4. Suppose first that D is connected. By Lemma 1,
we may assume that the point oo is in D and is not a fixed point of any elliptic
element in G. Let F e Ef_ (D, G) and assume that pd F=0. Then, we have

M F(A(2)) = F(2)A'(2)*"!

for all AeG.

Let n: U->D be a holomorphic universal covering map with 7(0)= oo,
where U denotes the unit disk. Let K be the covering group of #. Since G is
non-elementary, the (planar) Riemann surface D is hyperbolic (Myrberg [17].
See also Dodziuk [7; Theorem 3.3].). This means that K is of convergence
type, that is, > 7.x (1—|T(0)])< + o0, and hence the Blaschke product B({)=
{ Tre-gay I TOI(T(0) =)/ T(O)(1— T(0)¢) converges uniformly on every compact
subset of U. We set f({)=F(n({))B({)?2~2. Note that f is holomorphic on U.

By Theorem 1, there is ve]],,_, such that Fo=F—uv belongs to H?(D)
and has a zero at oco. If g(z) is Green’s function on D with pole at co, then the
function h(z)=|z|e"9(*) is apparently bounded on D. Since |B({)|=e ¢°"®,
we have |n({)B({)| = hon({), which is also bounded. Thus, we have (vor)-B%9-2¢
H>*(U). Since (Fyom)-B29-2€ HP(U), we see that fe H?(U). Hence, at almost
every point ei® € U, f has a non-tangential limit, which will be denoted by f(e®).

We want to show that f=0 a.e. on dU. Let I" be the Fuchsian model of G
via . Let E denote the set of all points e’ € A (I') — A(K) at which f has a non-
tangential limit. Since U/I' is a parabolic Riemann surface, and since U/K is
hyperbolic, the Lebesgue linear measure of E is equal to 2z by Theorem A. Let
ei®e E. Then, there is a sequence {S,} in I" such that for every { € U the sequence
{S,(0)} converges to e‘? in some Stolz domain with vertex e!®. Since e!®¢& A (K),
there must be infinitely many cosets in {Ko-S,},, and so we may assume that
A,=p(S,) (n=1, 2,...) are all distinct, where p: -G is the canonical homo-
morphism. Because oo €D, the series Y., |A4'(z)|? converges uniformly on
each compact subset of D'=D—\U . {4(0)} (cf. Kra [16; Lemma 9.2 in
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Chapter III]). In particular lim,., 4,(z)=0 if zeD'. On the other hand,
using (1), we see that

F(SAD) = F(r(SONB(S0)4~2 = F(A,(n(O))B(S,(D))**~>
= F(n(0))A;(n(0))*~ ' B(S,(0)**~2.

Fixing { e n~4(D’) and letting n— o in the above equality, we have f(ei®)=0 since
supgey |B()|=1. Thus, we have shown that f=0a.e. on 0U. Since fe HP(U),
this implies that f=0 and hence F=0. We have proved the theorem in the
case where D is connected.

Finally, assume that D is not connected. If FeEf_,(D, G), then Fe
E%_, (Do, Go) for each component D, of D, where G, denotes the stability sub-
group of D,. Note that Dy/G, is a component of D/G. Thus, what we have
proved shows that F=0 on D, if pd F=0. Since D, is arbitrary, the injectivity of
the period map follows.

REMARK. Let D be a G-invariant union of components of Q(G). It is
known that the period map pd: EX¢, (D, G)-»Z'(G, I1,,-,) is injective if every
component of D/G is a Riemann surface of finite type. Its proof depends on the
theory of compact Riemann surfaces (cf. Ahlfors [2] or Kra [15; Theorem 2]).
Hence, in this case, Theorem 4 is a trivial consequence of Theorem 2. If one
could show that E¥¢ (D, G)=E{_,(D, G) for some p>O0, then Theorem 4
would be a generalization of the finite type case. However, at present the author
does not know whether Ef<, (D, G)=E}_, (D, G) holds or not.

If G is a Fuchsian group of the first kind which fixes a disk or a half plane D,
then Bers showed that the period map pd: E£_, (D, G)—Z!(G, [1,,->) is injective
(cf. [4; Theorem 4]). He used the fact that every element in E{_, (D, G) extends
to a continuous function on D n C, which is also used in the proof of our
Theorem 3.

§3. Fine limits and periods of Eichler integrals

In this section we shall give a relation between fine limits and periods of
Eichler integrals in Hardy classes. We first investigate in a slightly more general
setting.

Let us recall the definition of the fine topology. For details, see Constanti-
nescu—Cornea [6]. Let R* denote the Martin compactification of a hyperbolic
Riemann surface R, and let 4=4(R)=R*—R, the Martin boundary. To
each b € 4, there corresponds the Martin kernel k,, which is a positive harmonic
function on R. Let 4, =4,(R) be the set of all minimal points, that is, the set
of all bed for which k, is a minimal harmonic function. For each be4,,
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we denote by %, the family of all open subsets D of R such that the balayaged
function (k,)g-p is a potential on R. Then &, is a filter base. We set #(b)=
{DuU{b}|De %,}. If beR, we let %(b) be the family of all open subsets of R
that contain b. Then, the class {#(b)lbe RU 4,} satisfies the axiom of the
fundamental neighborhood system. Thus, we can induce a new topology on
R U 4,, which is called the fine topology. Let { be a continuous map of R into
a compact Hausdorff space X, and set ¥ "(b)=\pq, ¥(D). Denote by F()
the set of all points b € 4, such that " (b) consists of a single point. If be F(¥),
then we denote the element of ¥ ~(b) by y/(b). We may regard  as a map from
F () into X.

Let HP(R) denote the vector space generated by all positive harmonic
functions on R. Let y be the canonical measure of the constant function 1
€ HP(R) (for the definition, see [6; p. 138]). Regarding every u in HP(R) as
a map into the extended real line [ — oo, +00], we have y(4— % (u))=0. The
function 4 is integrable with respect to . It is known that u can be represented
uniquely in the form u=u,+u,, where u, and u, are quasibounded and singular,
respectively, in Parreau’s sense. Note that u(a)=[(b)k,(a)dy(b) for all aeR.

Let =: U—R be a holomorphic universal covering map, where U denotes the
unit disk. As is well known, the Martin compactification U* of U is homeo-
morphic to U, the closure of U in C, and every point on the boundary is minimal.
If we take the origin 0 as a reference point, the canonical measure of 1 e HP(U)

is the normalized Lebesgue linear measure dm=717?d6 on the unit circle oU.

Since both U and R are hyperbolic, the covering map n: U—R is a Fatou map
(cf. [6; Satz 10.2]). Hence, regarding = as a map into R*, we see that # is defined
almost everywhere on dU (cf. [6; Satz 14.4]).

THEOREM B (Hasumi). Let U, R and 7 be as above, and let K be the group
of covering transformations. Then the following two statements hold.

(a) There is a K-invariant Borel set # in 0U with m(#)=1 such that
B <= F(n) and A(#)<A(R).

(b) If ve HP(R) is quasibounded in Parreau’s sense, then 1;;=ﬁoﬁ a.e.
on dU. Further, by the correspondence D—doft, the Banach space IP(dy) is
isometrically isomorphic to the space LP(dm)g of all K-invariant functions in
Lr(dm) (1< p< o).

For a proof, see Hasumi [10; §3 in Chapter III]. See also Hayashi [11;
Proposition 4.4].

LEMMA S. Let R be a hyperbolic Riemann surface, and let H be a group of
conformal automorphisms of R. Assume that H acts properly discontinuously
on R, and that R/H is a parabolic Riemann surface. Then, there exist a subset
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By of 4,(R) and a sequence {Ab}, in H for every b e By such that the following
are valid:

(@) x(4(R)—By)=0,

(b) lim,., A%a)=>b in R* for all ae R, and

(¢) if ue HP(R), then lim, o, u(A%(a))=14(b) for almost all be By and for
allaeR.

ProOF. We shall use the same notation as in Theorem B. Let I' be the
Fuchsian model of H via n, and set By=#(% n A,/(')). Denoting by 1 the
characteristic function of a set E, we see that

13H°ﬁ = lﬁ(gnAc(r))°ﬁ = lanAc(r) =1

a.e. on dU, by Theorem A and Theorem B(a). Hence y(4—By)=0 by Theo-
rem B(b).

Let beBy. There are some e®®DeZnA()nA1(b) and a sequence
{St}, in I' such that, for each {e U, lim,., S3({)=¢'*® in some Stolz domain
with vertex e'®®. Set A5=p(SY) (n=1, 2,...), where p: '>H is the canonical
surjection. If a=n({) € R, then it follows from [6; Satz 19.2] that

lim,.e 43(a) = lim,ow p (SP)on(() = lim,.,q woSE() = #(e!*®) = b
in R*. We set
By = {T(e'*®)|be By and Te K}.

It is clear that %, is a K-invariant subset of & n A(') and #(%,)=By. Since
14,=1p,oft=1 a.e. on 90U, the set %, is Lebesgue measurable and has a full
measure in 0U.

Finally, let ue HP(R). Denote by u, the quasibounded part of u, and by
u, the singular part. Note that uzon is also quasibounded and uern is singular in
HP(U) (cf. Hasumi [10; Theorem 6B in Chapter III]). Let E be the set of all
e!? in %, such that

(i) the non-tangential limit and the fine limit of uom at ei® exist, coincide
and are finite,

(ii) the non-tangential limit and the fine limit of uon at €' exist and are
zero,

(i) R(e®) e F(uy) N F(uy),

—~ .

(iv) ugon(e’®)=1n,1%(e'%), and

(v) d,R(ei®)=0.
It is easy to see that E is K-invariant and m(E)=1, and hence y(4(R)—#(E))=0.
If b e #(E), then e'?® e E and so, for each a=n({) e R,
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2(b) = 0,(b) = 0,0R(e!0®) = u/q;(e“’(”)) = lim, o uomoSE({)
= lim, ., uemeSE({) = lim, o, u(45(a)) .
This completes the proof.
The next theorem is a corollary to Lemma 5.

THEOREM 5. Let G be a non-elementary Kleinian group with oo € Q(G), and
let D be a G-invariant connected open subset of Q(G). Suppose that D|G is a
parabolic Riemann surface. If 1<p<co and FeE}_y (D, G)n H?(D), then for
almost every b € A(D) there exists a sequence {A,} in G such that
F(b) = lim,,.o, (pd F)(4,)) (2) - A;(2)7"*
for all ze D—{o0}.

Proor. Since both Re F and Im F are quasibounded in Parreau’s sense,
it follows from Lemma 5 that for almost every b in A(D) there exists a sequence
{A4,} in G such that

F(b) = lim, .., F(4,(2))
= lim,o, {((pd F)(4,))(2) - A(2)*" '+ F(2) - 4,(2)7 '}

for all ze D—{o0}. Since co € Q(G), we have lim,_,,, 4,(z)=0. Thus, we obtain
the conclusion.

REMARK. Theorem 5 says that the boundary function F is determined by
the period of F. In particular, if D is bounded, this means that the period map
is injective, and we have obtained another proof of Theorem 4 in this case.

§4. Fuchsian groups
Let M6b (U) denote the group of all M6bius transformations that fix the unit
disk U. Letdm= —zl—n—d() be the normalized Lebesgue linear measure on the unit

circle 0U. We set P(6, {)=Re {(e!°+{)/(e!®—{)} for 0€[0,2n] and (eU.
Recall that g is an integer greater than one.

LEMMA 6. Let Ae Mob(U). If fe L\(dm), then
A | (AL o) (e1) dm(d)

= S:f (e1%) {(1—]4(0)]2)/(1 — A(0) ei®)}2a-2P(0, A(0)) dm(6).

In particular,
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SZ" {(1—140)1»)/(1— A(0) e%)}24=2P(0, A(0)) dm(6) = 1.

Proor. We can set B(()=A"Y()=e**({—a)/(1—al) with aeU. Then,
B'(Q)=e'*(1—|a|®)/(1—al)?, A(0)=a, and A'(0)=B'(a) '=e"i*(1—]al?). There-
fore, we have

("t e@po, o amo

= (" reaerparery-2p@, p amo)

= (" e Be-+p@, 4Q) dm(©)

= {7 0B ey1pee, A©) am(e)

= [ et {ere(1~ ai}e(1 - @ e)2-2aP(0, AD) dm(0)

= 4/0)=% | " f(e) {(1 - [al/(1 =@ e)}24-2P(6, AD) dm(6).

Substituting zero for {, we have the first equality. Taking f=1, we see the second
equality follows from the first.

COROLLARY. If AeMob(U), then A}, defines a bounded linear operator
Lr(dm)— Lr(dm) for 1< p< 0.

THEOREM 6. Let I' be a Fuchsian group that fixes a disk or a half plane D.
(a) If DI is a parabolic Riemann surface and if 1< p< oo, then

pd (Ef_,(D, ) n pd(EZ_,(C—D, I') = B(I', T15,-5).
(b) 1IfT is of the second kind and if 1< p<oo, then either
pd (EZ_,(D, 1) n pd(E}_,(C—D, I) 2 BT, T1,-2)
or the period map pd: E{_, (D, I''=»ZX(I', T1,,-,) is not injective.

Proor. We may assume that D is the unit disk U, by Lemma 1.

(a) Let F,eE;_,(U,I') and F, eE’l’_q(C'—U, ), and suppose that
pd Fy=pd F,. Theorem 1 implies that F; admits radial boundary values F (el =
lim,.,, F(r €') for almost all e €dU (j=1,2). Set f=F,—F,, and note that
feLr(dm). We shall show that f=0.

Let E be the set of all points e‘* e A,(I') such that

lim,o - 1010 ) —f(e)1d0 =
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It follows from Theorem A and Lebesgue’s theorem that m(E)=1.
Let ei*e E. There exists a sequence {4,} in I" such that lim,_,,, 4,(0)=e'*
in some Stolz domain with vertex e'*. By Lemma 6, we have

| 4,07 [ (A1) dm©) 1 (&)
= | {7 () e} (U= 14,0 /(1 = 4,00 )}4-2P(©, 4,(0)) dm(6)
< 4 [ fe10) = 7(e) | PO, 4,(0))dm(©).
The last member tends to zero as n—co, by Fatou’s theorem. Thus,
lim, o 400 {7 (ADE-f) (€9) dm(6) = £(e*).
On the other hand, since A% f=f for each A €T, we see that
lim e 430 7 (ADE-0f) (€19 dm(O)

= lim, .o 4(0) " f(e%) dm(6) = 0.
0

Hence, we have f(e*)=0, and thus f=0 a.e. on dU.

Now, every negative Fourier coefficient of F, is zero, and the n-th Fourier
coefficient of F, is zero if n>2q—2. Thus, it must be that F, (=F,) is the
restriction of some polynomial in [],,_, to 0U, and so pd F, is a coboundary.

(b) We have only to prove the assertion under the assumption that 1 < p < co.

It follows from the hypothesis that we can choose a circular arc I in dU n
Q(I') such that A(J)nI=¢ if Ael'—{id}. Take f, in L?(dm)—{0} for which
fo=0 on 0U-1I, and set f=3 4 Af_,fo- Since p(q—1)+1>2, the series
3 er |A'(e*®)|Pa~ D+ converges uniformly on any compact subset of U n Q(I')
(cf. Kra [16; Lemma 9.2 in Chapter III]). Hence, fe L?(dm), for

(" 1) ©) dmo)

= Saer | ., ol d(@IFA () P-0dm(6)

»
= Saer |, 1/o(e)PIA (47 () P0=0=1dm(®)
= Saer | 1fo(eDIPI(AY (e10) 75D+ dm(6)

= [, 1fole®)1P Saer 149 pa41 dm(8) < + co.
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Let HP denote the space of all functions in L?(dm) whose negative Fourier
coefficients vanish, and HZ the space of all functions in LP(dm) whose non-
negative Fourier coefficients vanish. M. Riesz’s theorem (cf. Heins [12; Theorem
3 in Chapter IV] or Hoffman [13; pp. 151-152]) assures us that f is uniquely
decomposed into the sum of Pfe H? and Qfe HE. If the arc I is so short that f
vanishes on an open arc, then neither Pf nor Qf is the zero function (cf. [13; the
second Corollary in p. 52]). Since A}_,f=f for each AeT, it follows that
AY_(Pf)—Pf (=Qf—A%_(Qf)) is the restriction of some polynomial in [],,-,
to 0U. Thus Pf and Qf determine F, eEf_, (U, I) and F, eE’l’_q(C‘— U,n
with F,(00)=0, respectively. Since F, is not a polynomial, we conclude from
Painlevé’s theorem that F, is not a polynomial, either. It is clear that pd F; =
pd(—F,). If pdF, is a coboundary, then the period map pd: E{_ (U, IN—
Z\(I', T124-) is not injective since F, is not a polynomial. Thus we have the
conclusion.

REMA}K. (a) If I' in Theorem 6(b) is trivial, then pd(Ef_ (D, )N
pd(Ef_(C—D, IN)=BYT, [12,-2)={0}.

(b) Let I' be a finitely generated Fuchsian group of the second kind acting
on a disk or a half plane D. If 1< p<oo, then the period map pd: E{_, (D, I~
Z\(I', T1,,-2) is not injective.

We assume that D is the unit disk U, and use the same notation as in the
proof of Theorem 6(b). It follows from the proof of Theorem 6(b) that there
exists an infinitely dimensional vector subspace K of LP(dm) such that if fe K — {0},
then A¥_ f=f for every AeT, Pf#0, and Qf#0. Either P(K), the image of K
under P, or Q(K) is of infinite dimension. On the other hand, since I is finitely
generated, the vector space Z!(I', [,,-) is of finite dimension. Hence, there is
some f, € K—{0} such that A¥_(Pf,)=Pf, for every AeI'. The Poisson integral
of Pf, is a non-zero element in Ef_, (U, I'), whose period is zero.
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