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1. Introduction

Let {xk(t)}keN (N is the collection of all natural numbers) be a sequence of

complex functions on [0, 1] such that xfc(ί) + 1 T^O for every t e [0, 1]. Then the

convergence of the product Y~[k (1 + xk(t)) has been investigated by many authors in

connection with the convergence of the sum Σ Λ xk(t). For example G. H. Hardy

[1] proved that if {ak} is a sequence of positive numbers which converges mono-

tonically to zero and Σ * a\ diverges for every n e N, then Y~[k (1 -f ake
2πikt) diverges

for every rational number t. J. E. Littlewood [2] proved that if {ak} is a sequence

of positive numbers converges monotonically to zero, then Y[k(l + ake
2πikt) con-

verges for every irrational number t with possible exception of the Liouville

numbers. In the measure theoretical point of view, L. Carleson's theorem

implies that if Σ& \ak\2< +°°> t n e n TIk(l + ake2πikt) converges almost surely. All

of these discussions concerned the convergence or the divergence of Σ * ake
2πikt.

The author investigated this problem from the probabilistic point of view

and proved in [4] that if {Xk} is a sequence of independent random variables

with mean zero such that l-\-Xk>0, a.s., for every k, then the almost sure con-

vergence of T[k(l+Xk) is equivalent to that of ^kXk. In this paper we shall

extend this result to a martingale difference sequence and prove the following

theorem.

THEOREM 1. Let {Xk, &k} be a martingale difference sequence such that

Xk-\-l>09 a.s., for every k. Then T\k(l + Xk) converges almost surely if and

only if ΣkXk converges almost surely.

As an application we shall give a new criterion for the absolute continuity

of locally equivalent measures.

2. Proof of Theorem 1

A sequence of random variables {Xk} is a submartingale difference sequence

iff Xk is ^-measurable and
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and martingale difference sequence iff

ELXk + i\&kl = 0, a.s.,

for every k. Before proving Theorem 1, we remark several lemmas.

LEMMA 1 (A. N. Shiryaev [5], VII-5-Theorem 5). Let {Xk} be a sub-

martingale difference sequence such that

\Xk\<K9 a.s., keN,

for a positive constant K and assume that Σ * Xk converges almost surely. Then

we have

+ oo, a.s..

LEMMA 2. Let {Xk} be a submartingale difference sequence such that

Xk<K, a.s., keN,

for a positive constant K and assume that Σk Xk converges almost surely. Then

Σ * X\ converges almost surely.

PROOF. For any keN define

Xk9 if \Xk\<K,

0, otherwise.

Then we have for any keN, \Yk\<K and

W > 0 , a.s.,

γk =

so that {Yk} is a submartingale difference sequence. Therefore by Lemma 1

we have

(1) ΣkELYl+i\*k]< + «>> a.s.,

and consequently

(2) ΣkEίYt+i\^']<K2ΣkElYl+ι\^k]< + ̂ , a.s..

On the other hand, since Σ f c Xk converges almost surely, we have

(3) ΣkP(Yk+i*Xk+i\&k) = ΣkP(\Xk+i\>K\@k)< + ̂ , a.s.,

and by W. Stout [6], Theorem 2-8-8, (1), (2) and (3) imply the almost sure

convergence of Σ& X\> Q E. D.

PROOF OF THEOREM 1. Let {Xk9 &k} be a martingale difference sequence
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such that Xk-\-l>09 a.s., for every k. Then Zk = Yl*=1(l + Xj) is a positive
martingale and we have supkE[Zk~\ = 1 < + oo. Therefore Zo0 = lim^ + o oZ f c>0
exists almost surely.

Assume that ΣkXk converges almost surely. Then, since { — Xk} is a sub-
martingale difference sequence such that —Xk<l, a.s., for every /c, by Lemma 2
we have Σ f c %l < + °°> a s Therefore by the Cauchy's principle (see also H. Sato
[3], Lemma 8), we have

(4) ZGO = Π ί ί i ( l + * * ) > 0 , a.s..

Conversely, assume that Zo o>0, a.s., and define Uk = XkZk-ί, and rk =
(Zk_ J- 1 , /c e JV. Then (4) implies that

oo, a.s.,

and we have

£ [ | Σ ί l/ |] £ [ Z ] = 1 < + oo.

Therefore, since vk is &k-x-measurable, by Burkholder's theorem (W. Stout [6],
Theorem 2-9-4)

converges almost surely. Q. E. D.

3. Absolute continuity of locally equivalent masures

In this section, we shall prove the following theorem.

THEOREM 2. Let (Ω, ^ ) be a measurable space, {3§k} be an increasing
sequence of σ-algebras which generates 3§, P and Q be probability measures on
(Ω, 8f), Pk and Qk be the restrictions of P and Q to &k, keN, respectively, and
assume that for any keN Pk and Qk are mutually absolutely continuous (denoted
by Pk~Qk). Then P is absolutely continuous with respect to Q if and only if

y ( dQk+x _ dQk\ldQk

^k\dPk+1 dPjl dPk

converges almost surely (P).

PROOF. Define

An

keN,
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χk = Zk-Zh-\ # fc = 2, 3, 4,....

In the discussions below, the mathematical expectation and the conditional

expectation are always taken with respect to P.

Obviously, for any heN Zk and Xk are ^-measurable and we have

M y i l * J = 0, a.s.(P),

and

Xk + 1 > 0, a.s. (P).

Therefore {Zfc} is a martingale and {A }̂ is a martingale difference sequence.

By Doob's theorem (W. Stout [6], Theorem 2-7-2) we have

and by A. N. Shiryaev [5], VΠ-6-Theorem 1,

(5) Q(A)= Γ ZoΰdP + Q(A[){Zo0

J A

Then it is easy to show that P is absolutely continuous with respect to Q if and

only if Zo o>0, a.s. (P), and the remaining part of the proof is obvious from

Theorem 1. Q.E.D.
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