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Closure relations for orbits on affine symmetric spaces
under the action of parabolic subgroups.
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§1. Introduction

Let G be a connected Lie group, ¢ an involution of G and H an open sub-
group of G°={xeG|ox=x}. Then the G-homogeneous manifold H\G is
called an affine symmetric space. Suppose that G is a real semisimple Lie group.
Let P be a minimal parabolic subgroup of G and P’ a parabolic subgroup of G
containing P. Then the double coset decomposition H\G/P is studied in [2],
and [5], the relation between H\G/P' and H\G/P is studied in [3], and the
closure relation for H\G/P is studied in [4].

Let 6 be a Cartan involution of G such that 66=60c. Put K=G°% and let
H? be the open subgroup of G°% such that Kn H=Kn H? Then H2\G is
called the affine symmetric space associated to H\G. Let A be a 6-stable split
component of P and put U={xe K|xAx~! is o-stable}.

There exists a natural one-to-one correspondence between the double coset
decompositions H\G/P' and H*\G/P’ given by D—»D*=H*D n U)P’' for H—P’
double cosets D in G ([2], [3]). Moreover it follows easily from Corollary of
Theorem in [4] that this correspondence reverses the closure relations for the
double coset decompositions. In this paper we prove the following theorem.

THEOREM. Let D, and D, be arbitrary H—P' double cosets in G. Then
we have the following.

(i) D§'>D,<>D,n D3 +#4.

(ii) Let I(D,, D,) be the set of all the H— P’ double cosets D in G such
that D§'>D*'5D,. Then

(Dl nD‘i)CI n D3 = UDeI(Dl,Dz)D n D3.

(iii) Let x be an element of U. Then HxP' n H2xP'=(K n H)xP'.
(iv) D, n D% is nonempty and closed in G <> D,=D,.

Example. Let G, be a connected semisimple Lie group, 6, a Cartan invo-
lution of G,, K;={x€ G, |0,x=x}, and P, a minimal parabolic subgroup of G,
with a 0;-stable split component 4,. Let P; and P] be parabolic subgroups of
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G, containing P;. Put G=G, xG,, H={(x,x)eG|xe G,}, H*={(0,x, x)eG|x €
G,} and P'=P; x P]. Then we have natural bijections

H\G/P' =, P{\G,/P]
and
H*\G/P" =, 0,(P)\G,/P]

by the maps (x, y)—x~'y and (x, y)—0,(x"!)y, respectively. Hence by the
Bruhat decomposition of G,, every H— P’ double coset and H%— P’ double
coset have representatives in W(4,) x 1.

Consider the intersection I=H(w, 1)P' n H3(w', 1)P’ for w, w'e W(A,).
Since Hn H*={(x, x)|xe K} and since G,=K,P, by the Iwasawa decom-
position of G,, I contains elements of the form (x, 1) with x € G, if I is nonempty.
We have easily

(x, 1)el < xe PywP] n 6,(P)W'P].
Thus we have as a corollary of Theorem (i),
(1.1) (PiwP))! o Piw'P{ <= P{wP]| n 0,(P))W'P| # @.
Especially we have
(1.2) (PywPy)! > P,w'P, &< P,wP, n 6,(P,)w'P, # g.

Remark. In [1], V.V. Deodhar studied explicitly the above type of
intesection P,wP, n P,w'P, when G, is a semisimple algebraic group over an
algebraically closed field. Here P, =w,P,;wy! with the longest element w, of the
Weyl group. He gave (1.2) as a corollary of his results in this case (replace
0,(P,) by P)).

The author is grateful to J. A. Wolf who suggested him the importance of
the intersections of H-orbits and H2-orbits on G/P. In fact, Theorem (iv) was
conjectured by him.

§2. Notations and elementary lemmas

Let g be the Lie algebra of G. Let ¢ and 6 be the involutions of g induced
from the involutions ¢ and 6 of G, respectively. Let g=f+p, g=h+q and
g=Dbh?+q? be the decompositions of g into the +1 and —1 eigenspaces for o, 6

and o0, respectively.
Let a be the Lie algebra of 4. Then a is a maximal abelian subspace of p.
Let 2 denote the root system of the pair (g, a). Then P can be written as
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P=Pla,2*)=Zgla)expn

with a positive system Z+ of Z. Here Z4(a) is the centralizer of a in G and n=
2aes+ 8(a; @) (g(a; )={X eg|[Y, X]=o(Y)X for all Yea}).

LemMMA 1. Let P’ be a parabolic subalgebra of g. Then h+5h2+ P’ =g.
ProOF. Let X be an element of §¢’. Then
0X = X — (X+06X) + (6X+0X)eP + b + be.
Hence 0P’ ch+h2+P’. Since P'+0P' =g, wehave h+h2+ P’ og. Q.E.D.

LEMMA 2. Let D, and D, be arbitrary H—P' double cosets in G. Then
we have the following.

(i) (D, nD3)°'n Dy=Ds! n D3.

(ii) D§'>D,=D; n Dj+#a.

Proof. (i) It is clear that (D, N D3)*'nD3<=D'nD3. Let x be an ele-
ment of D! n D3. Then we have only to show that xe(D, n D3)*'. For any
neighborhood V of the identity in H?, the set HV xP’' contains a neighborhood
of x in G by Lemma 1. Hence D, n HVxP'#¢. Since HD,P’'=D,, we have

D; n Vx # @.

On the other hand, VxcD3. Hence (D, ND3) N Vx#@ and we have proved
that x e (D, n D3)°L.
(ii) is clear from (i) since D, N D3 #4@. Q.E.D.

§3. Proof of Theorem (i) and (ii)

By Lemma 2 (i), Theorem (ii) follows from Theorem (i).

PrOOF OF THEOREM (i). By Theorem 1 in [2], we can write D,=HxP' >
HxP with xe U. Considering xPx~! and xP'x~! as P and P’, respectively, we
may assume that D,=HP’ and that a is o-stable. By Lemma 2 (ii), we have
only to prove the following.

D, n D3 #g==D5' 5 D,.

Suppose that D; nD3#@. Then HP N D3#¢@ since D3P'=D3%. Hence there
exists an element y of D3N U=D, n U such that HP n HyP*#g@. On the other
hand, if (HP)¢!'> HyP for some y € D,, then it is clear that D§!>D,. Thus we
have only to prove the following.

3.1) If HP n H*yP # @ for ye U, then (HP)*! > HyP.
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We will prove (3.1) by induction on the real rank of G (=dima). Suppose
that acq and that Ad(y)ach. Then by [2] Proposition 1 and Proposition 2,
HP is open in G and HyP is closed in G. By [4] Proposition, we have always
(HP)*'>HyP. Hence we may assume that

(3.2) anb # {0}
or that
(3.3) Ad(»)anq # {0}.

We first show that the case (3.3) is reduced to the case (3.2). Assume the
condition (3.3). Then Ad(y)anbh2#{0} since Ad(y)acp. Consider Ad(y)a,
b2 and yPy~! as a, h and P in the case (3.2), respectively. Then we have in
the proof of the case (3.2) that

H2yPy=' n HPy ! # g=— (H*yPy 1)l > H*Py~1,
Hence
HP n H2yP # g= (H*yP)*'> H*P.
On the other hand, we have
(HP)*! > HyP <= (H*yP)*' > H*P
for ye U by Corollary of [4] Theorem. Thus the case (3.3) is reduced to the

case (3.2) and so we may assume (3.2) in the following.
By [4] Theorem (iv), there exists a sequence «;,..., &, of simple roots in X+

such that

(3.4) (HP)*' = H((L n H)P,)*'WPL, -+-L,, .

Here w=w,,---w,, L is the analytic subgroup of G for I=[3,(anb), 3,(a nh)],
P,=LnP(=LnwPw!)and L,=Z4(a%), a*={Yea|a(Y)=0} for a e X.

LemmA 3. HwP=(Kn H)Ln H);wP. ((LnH), is the connected com-
ponent of L n H containing the identity.)

PROOF. Put L;=Zs(a nb) and define a parabolic subgroup P, of G by P, =
L,wPw=1! as in [4] §1. Then P, nH, is a parabolic subgroup of H, and we
have Hy=(K n H)o(P, N H), by the Iwasawa decomposition of H,. On the other
hand, K n H intersects with every connected component of H since H=(K N H)-

exp(p nbh). Hence
3.5) H = (KnH)(P,nH),.
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Let n, be the nilpotent radical of the Lie algebra of P;. Then P, =L, expn,
is a Langlands decomposition of P,. Since L, and n, are o-stable, we have

(3.6) (PynH)o = (Ly n H)gexp (n; nh).

Let 3 be the center of the Lie algebra [, of L,. Then [;=3+[. Since 3
and [ are o-stable, we have [, nh=3NnH+1nbh and therefore

3.7 (LynH)o = (LnH)exp(3nh).

We get the desired formula from (3.5), (3.6) and (3.7) since exp n; cwPw™!
and exp3<wPw™l, Q.E.D.

Now we will continue the proof of Theorem (i). Suppose that HP n H2yP #
¢. Since HPcHwPL, ---L, , we have

oy
HwP n H*yPL,---L, # @.
By Lemma 3, we have

(3.8) (LNH)y n HoyPL, --L, w™' # o.

Let y’' be an element of the left hand side of (3.8) and y” an element of
(LnH?)yy' P,nU. Then

3.9 H*y"wP < H*yPL, ---L,
and
(3.10) (LN H)oP, n (LN H?)oy"PL # 8.

Since sL=60L=L and dim (I n a)<dim a, we have
(LN H)oPp)' = (LN H)oy"Py,
by the assumption of induction. By (3.4), we have
(3.11) (HP)*' > H(L n H)oy"P wPL, ---L,,
> Hy"wPL, ---L,,.
Now consider the formula (3.9) which can be rewritten as
yeH*y"wPL, ---L,, .

As in the proof of [4] Theorem (vi), we can choose a y, € y"wPL, ---L, N U so
that ye H2y,P. Since y € U, it follows from [2] Theorem 1 that y e (K n H)y,P.
Hence
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(3.12) ye(KnH)y'wPL, L, .

From (3.11) and (3.12), we have (HP)*'> HyP as desired. Q.E.D.

§4 Proof of Theorem (iii) and (iv)

Theorem (iv) follows from (ii) and (iii). So we have only to prove (iii) in this
section. Recall the definition of P=P(a, 2*) in §2 and let ¥ denote the set of
all the simple roots in X'*.

LEMMA 4. Suppose that H®P is not open in G. Then there exists an a€ ¥
such that dim H*P,>dim H?P (here P, is the parabolic subgroup of G defined
by P,=PL),).

PROOF.. By [2] Theorem 1, we may assume that sa=a. By [2] Proposition
1, 2+ is not g-compatible or a N} is not maximal abelian in p N }. First suppose
that X+ is not o-compatible. Then by [4] Lemma 4 and Lemma 5, there exists
an o € ¥ such that H*P,=H?*P U H?w,P and that dim H?w,P>dim H2P. Hence
we may assume that Xt is g-compatible and that a N} is not maximal abelian
inpnh.

Put [, =3,(anb). Suppose that there exists an ae ¥ n2(l;; a) such that
g(a; a) N g*#{0}. Here Z(I,; a) is the root system of the pair (I, a), and it is
clear that a € X(I,; a) if and only if x€ X, 6a= —a. Then by [4] Lemma 3 (F),
dim H*P,>dim H2P. Hence we may assume that

4.1) gla;) N g* ={0} forall ae¥ n Z(I;;a).

Let f be a root in 2(I;; a) n X+ and write =3,y n,a. Choose an element
Yean} such that «(Y)>0 for all ae X+ —2(l,; a) by [4] Lemma 4. If n,>0
for some ae ¥ —2(I,; a), then B(Y)>0. But since f(Y)=0, we have proved
that f is written as a linear combination of roots in ¥ n X(I;; a). By (4.1) and
Lemma 6 in §5, we have g(a; f)=bh?. Hence

anqg+ Xgera8(a; f) = b2,

Since 3,(anbh)=I=3(a)+a+ X pcs,;a)8(a; f), anh is a maximal abelian
subspace of pnh=png?. But this is a contradiction to the assumption on
anh. Q.E.D.

LEMMA 5. If HP is closed in G, then HP=(K n H)P.

Proor. If HP=(Kn H)xP for some xe HP, then HP=(K n H)P. So
taking a conjugate of P, we may assume that ca=a. Since Z* is g-compatible,
we can apply Lemma 3 for w=1 to get
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HP = (K 0 H)(L n H),P.

Since a N} is maximal abelian in p N [, we have L= H® by [4] Lemma 6 (i). Since
HnH*=KnH, we have HP=(Kn H)Ln H*n H)qP=(K n H)P as desired.
Q.E.D.

PrOOF OF THEOREM (iii). Choose x’ € xP' n U so that Hx'P has the minimum
dimension among the H — P double cosets contained in HxP’. Clearly HxP'n
H*xP'=(Hx'P n H®xP')P'. Since (Hx'P)*'n HxP'=Hx'P, it follows from
Theorem (i) that Hx'P n H2xP'=Hx'P n H3x'P. So we have only to prove that

4.2) Hx'P n H*x'P = (KnH)x'P for x'eU.

We will prove (4.2) by induction on the codimension of H2x'P. Rewriting x'Px'~!
by P, we may assume that x'=1 and that ca=a.

Suppose that H2P is open in G. Then HP is closed in G by [2] §3 Corollary
and HP=(K n H)P<H?P by Lemma 5. Hence we may assume that H?P is
not open in G.

By Lemma 4, there exists an a € ¥ such that dim H*P,>dim H2P. Then
by [4] Lemma 3, there are two cases (B?): ofa# +a, 60ae Xt and (D?): b =aq,
gla; @) nq*#{0}. Put z=w, in the case (B?) and put z=c, in the case (D?).
Then we have (HzP)°' n HP,=HzP by [4] Lemma 3 (A) and (F) (since 6|,= —1,
we have (B*)=(A): oa# +a, oa¢ X+ and (D?*)=(F): ga= —a, g(a; a) N g2 # {0}).
Applying Theorem (i), we have

(4.3) HzP 0 H*P, = HzP n H*zP.

Let y be an element of HP n H2P. Then we have only to show that ye
(K n H)P since it is clear that (KN H)P<HP 0 H*P. Let y’ be an element of
HzP n yP,. Then by (4.3) and the assumption of induction, we have
y'eHzP n H*P, n yP, = HzP n HzP n yP, =(KnH)zP n yP,
and therefore

ye(KnH)zP, = (KnH)P,.

Since y € H2P, we have
ye(KnH)P, n H*P = (KnH)(P,nH*)P = (K nH)JP.

Here J is the image of P, n H? under the projection P,— L, with respect to the
Langlands decomposition P,=L,expn,. We consider the two cases (B?) and
(D?) separately.

First consider the case (B?). We have only to show that JcL,nP. Let L
denote the analytic subgroup of G for the Lie subalgebra of g generated by g(a; )+
g(a; —o) as in [4] §3. Since L5 nJoexp(g(a; a)+g(a; 2a)), we have L$—
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(L nJ)w(Ly n P)cLs n P by the Bruhat decomposition of LS. - Since L,/L, N
P~Ls/LsnP, we have L,—Jw, (L, N P)cL,nP. On the other hand, we have
J(L,nP)nJIw,(L,n P)=g since H*P n H*w,P#@. Hence J=L, n P.

Next consider the case (D?). We have only to show that J<=(K n H)(L, n P).
In this case, Jo L n H? and it follows easily from the proof of [4] Lemma 3 (D)

that
L,= D(1) u D(w,) U D(c,) U D(c;").
Here D(x)=(L$ n H*)x(L,n P) for xe L,. We also have
D(1) if w, & Ngag(a)Zy(a)
4.4 J(L,nP)=
D(1) u D(w,) if w,€ Ngqu(a)Zg(a)

since (H*P U H*w,P)n (H*c,P U H*c;'P)=¢g. Since D(1) and D(w,) are closed
in L,, we have

4.5) D(x) = (Lsn K n H)x(L,n P) for x=1 and w,
by Lemma 5 (Note that L,/L,n P~Ls/Ls n P). From (4.4) and (4.5), we get
J(L,nP) = (KnH)(L,nP)

as desired. Q.E.D.

§5. Appendix

Let g be a semisimple Lie algebra with a Cartan involution 6 and the corre-
sponding Cartan decomposition g=f+p. Let a be a maximal abelian subspace
of p and X the root system of the pair (g, a). Let ¥ be a fundemental system
(the set of simple roots in a positive system of X) of X.

LEMMA 6. Let s be a 0-stable subalgebra of g such that g(a; B)<s for all
pe¥Y. Then g(a; f)cs for all feX.

Proor. Since g(a; 28)=[g(a; B), g(a; B)], we have only to prove g(a; f)cs
forall feZo={feX|1/2 8¢ X} (the set of reduced roots in X). Let y be a root
in ¥ and X a nonzero element of g(a;y). Then w,=expc(X+60X)eexps
represents the reflection in a with respect to y for some ce R. Since g(a; w,f)=
Ad (w,)g(a; B) for Be X, we have

(5.1 g(a; w,p) = s if and only if g(a; ) = s.

Since the Weyl group W of X is generated by {wsZg(a)|f € ¥} and since Zo=W Y,
we get the desired assertion from (5.1). Q.E.D.
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