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Asstract. This paper treats the second order quasilinear elliptic system of the form
Apu = H(|x|)v* 4,0 = K(|x)u? in RY with nonnegative functions H, K. Sufficient
conditions will be given to have positive radial entire solutions and to have no
nonnegative nontrivial radial entire solutions under some restriction on p,q,a and .
When H and K behave like positive constant multiples of |x|",v € R, we can completely
characterize the existence property of positive radial entire solutions.

1. Introduction and statement of results

This paper is concerned with second order quasilinear elliptic system of the
form

n RV,

" { Ayu = div(|Du|P"2Du) = H(|x|)v*

Agv = div(|Dv|*2Dv) = K(|x|)u?

where N>1, p>1, ¢g>1, « and f are positive constants satisfying
of > (p—1)(g—1), and H,K :[0,00) — [0,00) are continuous. An entire
solution of (1) is defined to be a function (u,v) € C'(RY) x C'(R") such that
|Du|” 2 Du,|Dv| >Dve C'(R"Y) and satisfies (1) at every xe RY. Such a
solution of (1) is said to be radial if it depends only on |x|.

The problem of existence and nonexistence of positive radial entire so-
lutions of scalar equations has been investigated by many authors under various
situations. To illustrate some of typical known results let us consider the
equation

(2) dpu=H(x)u”  in RY,

where p > 1, ¢ >p—1, and H is a nonnegative continuous function in R",
The existence and nonexistence results of positive (radial) entire solutions of (2)
may be described roughly as follows:
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THEOREM A ([8, Theorems 2.1, 3.1 and 3.2]). If H has radial symmetry

and
( c
H(x) < 7 |x| = ro >0, p <N,
c
1 7 ey MER L pe
c
() = FRECCE K zro>0, p>N,

for some constants C > 0 and ¢ > 0, then (2) has positive radial entire solutions.

THEOREM B ([15, Theorems 1, 2 and 3]). If

C
H(x)ZW, |x] =ro >0, p<N;
C
xX) > — x| >rg>1, =N;
P logh =T d
C
H(x) > MLz |x| = ro >0, p>N,

for some constants C > 0, then (2) does not possess any positive entire solution.

In [8], actually existence results are proved under weaker assumptions than
above.

When H is a radial function and behaves like ¢|x|’, /e R and ¢ >0, as
|x| — oo, Theorems A and B characterize the decaying order of H for (2) to
admit positive entire solutions. Related results are found in [11, 12, 16].

The aim of this paper is to extend such results to elliptic system (1). As
far as the author is aware, there are no results dealing with this subject except
for the case p=q =2 ([5, 20]).

Our results are as follows:

THEOREM 1. Suppose that H and K satisfy

<L2

3) H(|x]) < <

K(|x])

L
! |x| = ro >0,
X

I’

where Ly > 0, L, >0, A and u are constants. Then, under one of the next four
conditions, system (1) has infinitely many positive radial entire solutions:
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(1) p<N,g<N and

(i) p>N, g>N and

alg—u) | of(p—N)
g—-1 (p-Dg-1

plp=4) , _aplg—N)
p-1 (p-1(@-1

+N

+ N

(i) p<N, g> N and

(g — p)
A> =1 +p
Blp—4) af(g—N)
> + N
21T T-10-1)
(iv) p>N, g<N and
(, _g—n) , ap(p—N)
A> +N
g—1 (p-1(g-1)
p LB —4) +q
p—1
THEOREM 2. Suppose that H and K satisfy
L L
(4) H(x)> =, K(x)=—%,  |x[=rn>0
|x| |x|

where Ly >0, L, >0, A and u are constants. Then, under one of the next four
conditions, system (1) does not possess any nonnegative nontrivial radial entire
solutions:

(i) p<N,g<N and

Sa(qq__l'u)+p or
< ﬁ(p—l)+q
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(ii) p>N, g>N and

a<Ma-pm B -N)

T og-1 (p—-D@Eg-1 o
Bp—4) | af(g—N)
=5-1 To-ne-n"
(i) p<N,g>N and
lSa(qq__l'u)-i-p or
Blp—4) opf(g—N)
T A T TN R
(iv) p>N, ¢g<N and
alg—n)  af(p—N)
= q-—1 +(p—l)(q—1)+N o
B S/J?;p_—ll) tq

We note that, for the case where p =g=2 (and N #2), Theorem 1
reduces to Theorems 3.1 and 3.3 in [20], and Theorem 2 to Theorems 2.1 and
2.3 in [20].

We give an illustrative example to show the sharpness of our results.

Let us consider the elliptic system

C
Apu = ﬁu“
(5) ( +C|'X|) in RY,
A = —————u
(1+|x1)

where N>2, N>p>1, N>qg>1,af>(p—-1)(g—1), L,ueR, and Cis a
positive constant. We can completely characterize the existence of positive
radial entire solutions of this system in terms of p,q,a, 8,4 and u. In fact, the
inequalities

L C L,
— < ——<—, |x=z1
IXI” (T [xD)” x|
and
Ls ¢ La x| =1

< <
el = (T )
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hold, where L;, i =1,...,4, are some positive constants. From Theorem 2, if
— -2 . .\
A< O!_(qq_lﬂ)_|_ poru< %-ﬁ-q, then (5) does not admit any positive
radial entire solutions. Conversely, from Theorem 1 if 1 > %q__lﬂ-kp and
Blp—4) o .\ . . .
u> ——1—+ ¢, then (5) has infinitely many positive radial entire solutions.
p —

See the figure below.

u

%/%%%

For another case that H and K are nonpositive functions, there have been
a great number of works on qualitative theory for solutions in the last three
decades. We can find necessary and/or sufficient conditions to have positive
entire solutions in this case with (or without) prescribed asymptotic forms near
oo; see [4, 9, 18]. For the scalar equation, we moreover know how oscillatory
radial entire solutions behave near oo.

As far as the author knows, the study for equation (2) was initiated
essentially by J. B. Keller [10], who considered, for example, equation
du=u” o> 1, in RY, and showed that this equation admits no positive entire
solutions. In [17], equation (2) with p = 2 have been considered. It is known
that there are some applications of qualitative theory for (2) to Riemannian
geometry; see [17] and the references therein.

Equations of the type (2) have been investigated deeply not only in the
entire space R but also in bounded domains. For example, the singular
boundary value problem

Au = u” in D,
©) {

u— as x — 0D,
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where D is a bounded domain, has been treated by several authors. Problems
of this type (in fact, (6) with u* replaced by e") were firstly considered by
Bieberbach [3]. In this case the problem plays an important role in the theory
of Riemannian surfaces and in the theory of automorphic functions. Fur-
thermore, according to [19] this problem arises in the study of the electric
potential in a glowing hollow metal body. Related results on this topic are
found in [2, 6, 13, 14, 21]. From these observations we do believe that
considering system (1) is of practical interest as well as of theoretical interest.

Since for positive solutions (u,v) of (1), the functions maxy—, u(x) and
maxy-,v(x), r =0, are nondecreasing, it seems that the usual variational
method does not always work effectively. Some of difficulties appearing in the
analysis of (1) come from this fact. For non-symmetric solutions we refer to
1, 7).

The organization of the paper is as follows. The proofs of Theorems 1
and 2 are given in §2 and §3, respectively. In §4 we give existence and
nonexistence theorems for the particular case p = ¢ = N which give stronger
results than Theorems 1 and 2.

2. Proof of Theorem 1

In this section Theorem 1 is proved. We first observe that (u,v) is a
positive radial entire solution of (1) if and only if the function (y(r),z(r)) =
(u(x),v(x)), r=|x|, satisfies the system of second order ordinary differential
equations

(7) PNEN P = Hnz®, e >0, y/(0) =0,
PNV 1) = K(nyf,  r> 0, 2/(0) =0,
where ' = d/dr. Furthermore, integrating (7) twice, we obtain the following

system of integral equations equivalent to (7):

r s 1/(p-1)
o =a+ | (ﬁ-NJ tN“H(t)z(t)“dt) s r>0,
0 0

®)

’ s 1/(g-1)
z(r)="5 +J (SI"NJ tN_lK(t)y(t)ﬂdt> ds, r>0,
0 0

where a = y(0), b = z(0).

Proor OoF THEOREM 1. Without loss of generality, we may assume that
ro =1 in (3). It suffices to solve (8). Choose constants a > 0 and 5 > 0 so
that
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((2@&]1 H(t)dt)l/(p—l) <%,

0

®) 1 L 1/(p-1) a
M](N,p) ((217) maX{L H(t)dt,m}) < E,
and
1 1/(g-1) b
((2a)ﬁj K(t)dt) <5
0
(10) 1 1/(g-1)
Ms(N, q) ((2a)/’ max{J K(6)dt, — 22 }) <
2 ) 0 ,N —u +,Bk = 21
where
(g—-D(A—-p)—alg—p
k= > 0,
of —(p—1)(g—1)
_=De-q)-pp-4) _,
B-(p-Dg-1)
p—1
for p< N
—A+ad ’
M. =177
p—:]—v for p> N,
and
q-—1
_— for g <N,
— k
MZ(N1q)= qq__/;_’_'B
q_;TV fOI' q > N.

The inequalities M;(N,p) > 1 and M>(N,q) > 1 hold from the condition of A
and u when p < N and ¢ < N, respectively. They are trivial when p > N and
q > N respectively. It is possible to choose such a and » by our assumption
of > (p—1)(q—1). Define functions 4 and B by

2a for 0<r<l,
Ar) = {Zark for r>1,

and
2b for0<r<i,
B(r) = {2br1 for r> 1,
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respectively. Put R, =[0,00). We regard the space C(R;)x C(Ry) as a
Fréchet space equipped with the topology of uniform convergence of functions
on each compact subinterval in R;. Let ¥ = C(R,) x C(R,) denotes the
subset defined by

Y ={(y,2) e C(Ry) x C(R}) :a < y(r) < A(r),b < z(r) < B(r),r = 0}.

Obviously, Y is a non-empty closed convex subset of C(R,)x C(R,).
Consider the mapping # : Y — C(R,) x C(R,) defined by #(y,z) = (,%),
where

r s 1/(p-1)
5(r)=a +J (s“NJ tN“H(t)z(t)“dt) ds, r>0,
0 0

and
r s 1/(g-1)
z(r)=b+ J <s‘—NJ tN—lK(z)y(t)ﬁdz> ds, r=0.
0 0
In order to apply the Schauder-Tychonoff fixed point theorem, we will show
that # is a continuous mapping from Y into itself such that #(Y) is relatively
compact.

(I) & maps Y into itself. Let (y,z)eY. Clearly, y(r)>a and
Z(r) =b. For 0 <r <1, we have

s <a+[ (] H(f)Z(t)adt>l/(p_’)ds

0 \Jo

<a+ Jl ((217)“ Jl H(t)dt)l/(p_l)ds

0 0

<a+a <2
< = a.
2

When p < N, for r > 1, we have

(r)=a+ (Ll +J:) (S]—N J: tN_]H(t)z(f)“dz)l/(p_l)ds

r 1
< a+%+J s1=N)/(p=1) ((Zb)“J H(t)dt + (2b)“L1J
1 0

s

1/(p-1)
tN—]—).+ocldt) ds
1

3 : L R (TR
< = * p—Atal)/(p—1))—
< 54 + ((2b) max{L H(t)dt,N T al}) Jl s ds
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IA

3 1 [1 1/(p-1) (gt} (p=1)
Z * - - p—Atal)/(p—
54 + M;(N,p) ((2b) max{JO H(t)dt,N 7 ocl}) 2

3
za-}—gr" < 2ar*.
When p > N, for r > 1, we have

() =a+ <J01 +J:) (sl—N J: tN—lH(t)Z(t)ad[)l/(p—l)ds

a ([ : 1/(p-1)
<a+ts+ (J s(]_N)/(p_])ds> (J tN_lH(t)z(t)“dt>

1 0

IA

< %a + My(N, p)rp=N/(=1)

1 r 1/(p-1)
X ((21;)& JO H(t)dt + L(2b)* L tN_l_““'dt)

IA

3 1 L 1/(p-1) o
e o = (p—A+al)/(p—1
2a~i—M1(N,p)((2b) max{Jo H(t)dl’N—/1+ocl}) ¥

3
< za +grk < 2ark.
Thus we obtain
a < y(r) < A(r), r>0.
A similar computation shows that

b < z(r) < B(r), r=>0.

Therefore #(Y) < Y.
(I) & is continuous. Let {(y,,zx)} be a sequence in Y which con-
verges to (y,z) € Y uniformly on each compact subinterval of R,. Put

G(r) =1V JrSN“H(s)zm(s)“ds.
0

Then we have

r

(1) 16(r) — 6] < j H(S)|zm(s)* — 2(5)%|ds,

0
and

(12) Fn(P) — 5] < JO ()P — (5D s,
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Let R > 0 be an arbitrary constant. Since {z,} converges to z uniformly
on [0, R], it follows from (11) that {¢,,} converges to ¢ uniformly on [0, R]; and
hence {¢,'n/ (=11 converges to ¢'/(?~) uniformly on [0, R]. From this fact
and (12), we see that {j,,} converges to y uniformly on [0, R]. Similarly, {z,,}
converges to Z uniformly on each compact subinterval of [0, 00). These imply
the continuity of #.

(II)  Z(Y) is relatively compact. To see this, it suffices to verify the
local equicontinuity of % (Y), since &% (Y) is locally uniformly bounded by the
fact that #(Y)<= Y. Let (y,z)e Y and R>0. Then we have

r0= <J0 G) i <S>z(s)“ds)l/(p_l) <(] RH(s)B(s)“ds>l/(p_l)

0
2= (

Obviously, these imply the local boundedness of the set {(3’,Z)|(y,z) € Y}.
Hence the relative compactness of #(Y) is shown by the Ascoli-Arzela
theorem.

Therefore, there exists (y,z)e Y such that (y,z) =% (y,z) by the
Schauder-Tychonoff fixed point theorem, that is, (y,z) satisfies the integral
equation (8). The function (u(x),v(x)) = (¥(]x|),z(|x])) then gives a solution
of (1). Since infinitely many (a,b) satisfy (9) and (10), we can construct an
infinitude of positive radial entire solutions of (1). This completes the proof.

and

0N 0

3. Proof of Theorem 2

In this section, we prove Theorem 2. We give a preparatory observation
as a first step.

Let (u,v) be a nonnegative nontrivial radial entire solution of (1). Then
(u,v) satisfies the system of ordinary differential equation

(13) N (P () = PN H ), r> 0, W/(0) =0,
(Vo' ()]0 () = VIR (u(n)?, 1> 0, 0'(0) =0,

where r = |x| and ' =d/dr. Integrating (13) over [0,r], we have

' ()| (r) = r'=V J;SN'H(S)U(S)“ds, r>0.

Hence, we see that u'(r) >0 for r>0. Similarly we have v'(r) >0 for
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r>0. Integrating (13) twice over [R,r],R >0, we have

/(p=1)

u(r) = u(R) + Jr (JS (1) N_IH(t)v(t)“dt>l ds, r> R,

R\JR\S

1/(g-1)

v(r) = v(R) + JR (JR (;) NqK(z)u(z)’*dt) ds, r=R.

Since the functions u and v are nondecreasing on [0, o), there is an r, > 0 such
that u(r.) >0 or v(r.) > 0. We see from (14) with R =r, that u(r) > 0 and
v(r) >0 for r>r.. Let us fix r; > max{ro,r.}.

Let R > r;. Using (4) and inequality

¢ N-1 1 N-1
(15) <E> > (‘5) for R<t<s<3R

in (14), we have

u(r) > u(R) + J; (J; (%) N—lth*'lv(t)“dt> ds

and

r

s 1/(g-1)
v(r) > CzR_"/("_l)J (J u(t)ﬁdt) ds, R <r <3R,
R

R

where C; and C, are some positive constants independent of r and R. Now,
we fix R > r| arbitrary for a moment, and put

r

(16)  f(r;R) = CLRHPD J

s 1/(p-1)
(J v(t)“dt) ds, R <r <3R,
R\JR

and

r

s 1/(g-1)
(1) gl R)= R | (J u(z)ﬁdr) . R<r<3R
R

R

For simplicity of notation, we sometimes write f(r; R) = f(r) and g(r; R) = g(r)
if there is no ambiguity. Then
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r 1/(p-1)
f(r) = C, R P-D <JR v(s) “ds) > 0, R <r<3R,

r 1/(g-1)
g'(r) = R4 <J u(s)”ds> >0, R <r<3R,

R

f"(r)>0, ¢g"(r>0, R<r<3R,

(18) (f'()P™"Y = 3R *u(r)* > C3R *g(r)*,  R<r<3R,

and

(19) (@'(NT"Y = CR ¥ u(r)? = CR#f(r)®,  R<r<3R,

where C3 = C ~land C, = CZ‘IVI. From now on, we use C to denote various

positive constants independent of r and R, as we will have no confusion.
Multiplying (18) by g’ > 0 and integrating by parts the resulting inequality
on [R+e¢r], ¢>0, we see that

SO0 2 SR - g(R 40T, Ree<r<IR

Letting ¢ — 0, we obtain
F1(Ng (NP 5 CR-AMP-Dg(@ /D R <y <3R.
Multiplying this inequality by g’ and integrating by parts, we see that
f(r)g'(r)”/(”_l) > CR“/(P_l)g(r)(““’)/(p_l), R<r<3R.
From (19), we have
(g'(r)‘rl)’g'(r)!’ﬂ/(lf—l) > CR—(A/Hu(p—1))/(p—l)g(r)/i(wp)/(p‘l)7 R<r<3R
Multiplying this relation by g’ and integrating by parts, we obtain
g'(r) > CR—(ﬂﬂ+u(p—l))/(ﬂp+q(p—1))g(r)(ﬁ(a+P)+p—l)/(ﬁp+q(p—l))’ R<r<3R.

Pla+p)+p—1 Bla+p)+p—1
— == >1 wecan set ————————=¢0; + 1,0; > 0. Thus
pB+q(p—1) pB+q(p—-1) : '

g'(Ng(r) ™" > CR-B+ulp=1)/(r+a(p-1) R <y < 3R

Since

Integrating over [2R,3R], we see that
(20) gQR;R)™ > CR", R>r.
Repeating similar argument as above by replacing g(r) by f(r), we obtain

(21) f(QR;R)™ > CR™,  R>r.
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Here the constants J1,#;,0;, and 7, are given, respectively, by

wf—(p-1)(g-1) Blp—A)+(p—1)(qg—p)

s e e B pB+a(p—1) ’
_p—(p—-Dg-1 _dg-—m+@-Dp-4)
e P go+p(g—1) '

Inequalities (20) and (21) play important role to prove Theorem 2.
On the other hand, from (17) and the monotonicity of u, we have

2R s 1/(g—1)
(22) o2RiR) = R [ ([ uofan) s
R R
2R
> CzR—”/(q—”u(R)/’/W—”J (s — R)/@ D gy
R

= CR(q—/t)/(q—l)u(R)ﬂ/(q—l)_

Similarly, from (16) and the monotonicity of v, we have

(23) f(2R; R) > CRP=D/(P=Dy(R)*/(P~1),

PrOOF OF THEOREM 2. Suppose to the contrary that system (1) has a
nonnegative nontrivial radial entire solution (u,v). From preceding obser-
vation, we see that u(r),v(r) > 0, r > r; for some r; > ry, and inequalities (20)—
(23) hold for r = r;. If #;, =0 or 5, = 0, then we show that g(2R; R) — oo or
f(2R;R) —» o0 as R — oo to get a contradiction. Otherwise, we show that
R"g(2R; R)‘s‘ — o0 or R™f(2R;R)* — o0 as R — co. Through this proof,
the letter C will be used to denote various positive constants independent of r
and R.

(i) Let p<N and ¢ <N. We may consider only the case that A <p

ﬂ*if%” + ¢q. The other case that u < g and 1 < oc(qL{u_) + p can be
treated similarly. We easily see that #7; > 0 in (20). So it suffices to show that
g(2R;R) — o0 as R — 0.

We first show that, for r > r, > rq,

and u <

Crle-R/e) j<p<N,
(24) u(r) > { Clogr, A=p<N,
Cllogn)”™V, 2=p=N.

Let r > r;. Integrating (13) twice over [rj,r], we have
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r 1/(p-1
() > u(n) + || 000 ([ 8ot rom,
r

r

(25)

r q—l)
o(r) = o(r1) +J stt=M/ta=1) (J NIK (1) ”dt) r>r.
"

rn

Then from (4) and (25) we observe that, for A< p <N
r s 1/(p-1)
u(r) > (le(rl)“)'/(l’")j sI=N)/(p=1) (J N-1-2 dt) ds
r+l n

r
S @J SV g sl
r+l .

for A=p <N

’ s 1/(p-1)
u(r) > (le(rl)“)l/(p“l)J S1=N)/(p=1) (J‘ N-1-1 dt) ds
n

r+1

r
ZCJ s~lds, r>r +1,

r+l1

and for A=p=N

r K 1/(p-1)
o) > (Lio(r) )" | w674@ s
ri+1 r

r
> Cj s ' (logs)"/P~Vgs, r>r +1.
ri+1

Thus we obtain (24).
Let us fix R > r, arbitrarily. From (22) and (24), we obtain

C'RT‘, A<p,
g(2R;R) > C’R(q‘”)/("‘l)(logR)ﬁ/("_l), A=p<N,
éR(q—ﬂ)/(q—l)(log R)ﬂl’/((l’—l)(‘l—l)), A=p=N,

where 1) = q—i—l (q —u +é(;p——_ll)> For 1 =p, we see that u < g, which

shows that g(2R; R) — o as R — . For 4 < p, we observe that g(2R; R) —
Blp—4)
p—

oo if u<———=>+gq.

1

ﬂ_—;p_—ll) +¢q. In

this case we will show that R™f(2R; R)* — oo as R — 0. To this end, we

It remains only to discuss the case where 1 < p and u =
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prove that, for r >r3 >r, + 1,

(26) v(r)Z{Clogr, g<N,

C(logr)?D, g=N.

Let » > r;+ 1. Then from (24) and (25) we observe that, for ¢ < N

s 1/(g-1)
o(r) > (Lzéﬂ)l/(q—l)J’ S(l—N)/(q—l)(J (N=1=+(B(p=2)/(p=1)) dt) ds

r+l1 r
r K 1/(g-1)
_ @J J1-M)/a-1) (J N-1-g d,) ds
ry+1 r
- r
> CJ s~Lds,
r+1
and for g=N

S s 1/(g-1)
v(r) = (L, CPYV= )J 57! (J ! dt) ds
+1

r r

1\

CJ s ' (logs)/0Vgs.

ra+1
Thus we obtain (26).
We fix R > ry arbitrarily. Then from (23) and (26), we have
C’R(pf&)/(pfl)(logR)Oﬂ/(p—l)7 g <N,
JQRR) =4 |
CR(p~,1)/(p—l)(log R)Wl/((P—l)(‘l—l))7 q= N.

Hence, we see that

C’RTZ(logR)“aZ/(p—”, g<N,

5] . % >
REf QR R)™ = { CR™(log R) /(P00 4 _ N

where 1, =7, +p 152. An easy computation shows that 7, = 0, and hence

R"f(2R;R)*? — oo as R — co. Thus the proof of (i) is complete.
(i) Let p>N and ¢g>N. It suffices to treat the case that

_ ] _
A< M+N and u < blr )+ *$lg — N) +N. We show that
g-1 p—1 (p—D(@-1)
R™Mg(2R; R)b' — o0 or R™f(2R,; R)‘s" — 00 as R — oo. The proof is divided
further into three cases.
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(g—N) Bp—4) , of(qg—N) N

o
I) The case A< +N and p<
M) g—1 p—1 (p—D(g-1)
First we show that
(27) u(r) > Crla=Nlr=A+alg=N)/((p~1)(a-1)) rF>r>r.

From (25) we observe that, for r > r; + 1

r ri+1 (g-1)
o(r) = v(r) + J s=M/(a-1) (J tNlK(t)u(t)ﬂdt> ds

ri+1
2 (

Thus, we obtain
(28) o(r) = CraM/@D > > 4L

ri+1 1/(g=1)
J tN—‘K(t)u(z)/’dt) J sU=M/a=N gy,

ry ri+1

From this estimate and (25), we have for r > 7 + 1

Fi+1

4]

r 1/(p-1)
u(r) > (L)Y j S1=M/(r=1) < j T V12N (1) dt) ds
s ¢ J T =D {1-1+alg-N)/(g-1)} g,
1+l
Thus we obtain (27).
Let us fix R > ry arbitrarily. From (22) and (27), we obtain
g(2R;R) > CR?,

1 Blp—2) _aflg—N) } I
where y= ——=qgq—u+ + . From this estimate, we
’ q—l{q T T -0

have
R"g(2R; R)> > CR",
where
Ty =1y + Y01
B +p-1(g—n
pB+q(p—1)

of—(p—1)(g—-1) o Blp—4) aflg—N)

(q—l){pﬁ+q(p—l)}{q M +<p-1>(q—1)}
B b N )
_(q—l){p/erq(p—l)}{N R +(p—1)(q—l)}'
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From the condition of ux we see that 7, >0, which shows that
RMg(2R; R)* — o as R — oo.
a(g —N) Blp—4)  opf(g—N)
II) The case A < ——— +
(10 -1 p—1 Tr-1@-1
Let r >r,+ 1. Then from (25) and (27), we have

+N and pu= + N.

(29)  w(r) = (CLy)"/" Jr S1-M)/a=1)

r+l

‘ 1/(g-1)
“ (J N1t (Bp=1)/(p=1)+blg=W)/ ((p~1)a—1) d,> ds

r2

v

@Jr SN/ (1og )61 g

r+l

> C~',’(11*N)/(q—l)(log,,)l/(q—l)7 r>r3 >4l

Here, the final inequality is given by integration by parts.
Let R > r; be large enough. From (23) and (29), we obtain

F(2R; R) > CR(P-Da=D+ala=N)/((p=1a-D) (1og R)*/((P~1)a-1)
Hence, by this estimate we see that

R"lf(ZR;R)52 > éan+(((p—l)(q—1)+a(q—N))/((p—1)(q—l)))éz(logR)wSz/((p—l)(q—l))_

(10—/1)((1—1)+<>t(q—N)(S

By an easy computation we have 7, + =0. This
A0 SR COmP ’ r-Dg-1  *
shows that R™f(2R,; R)é2 — o0 as R — oo.
(g — N) Blp—2), aBl¢g—N)
III) The case A =———=+ N and u < + +N
() q-1 p—1 (p-1(g-1)

- N
zl)l‘:i—_l—h—N. Let r > 7 + 1. Then from (25) and (28), we have
r s 1/(p-1)
(30) u(r) > (éL,)‘/<P—1>J s‘“”)/("‘”(J ,N—n—z+(a(q—1v>/(q—l>>d,> ds
F+l1 1
ZC'J' S1=N/(0-1) (1og 5) /71 g
Fi+1
> GPM-D(10g ) /PD s g ST 11,

Let R > ry be sufficiently large. From (22) and (30), we see that
g(2R; R) > CR=M(r=D+A(p=N)/((p=1)(a=1)) (1og R)ﬂ/((p—l)(q—l)).
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By this estimate, we obtain

R™Mg(2R; R)’S‘ > CR™ (logR)ﬂél/((P-l)(q—l)), R>r4,
of Blp — N)}
where 7, = {N —u+—— =% >0. Hence, we see
(G- DipB+ap-D3 1" 47 p-1

that R"g(2R; R)‘s' — 00 as R — o0. Thus the proof of (ii) is completed.
(i) Let p <N and ¢ > N. We consider the case (I) 1 < ot(qqi—lN)
y< Plp—4)  _aBlg—N)
p=1 (p=-D(g-1)
ot(qqf—lﬂ)Jr p- The proofs of (I) and (II) are almost the same as those of
(i) and (i), respectively. So we leave the proof to the readers.
The proof of (iv) is essentially the same as that of (iii). Thus we may

conclude the proof of Theorem 2.

+p,

+ N first, and then the case (II) u< N, 1<

4. A further study for the case of p=g=N
To begin with, we give an example for which we cannot apply Theorems 1
and 2 for the case p =g = N. Let us consider the elliptic system
1 o

Ayu = v?,
(31) (|x|+2>”iog(|x|+2> ﬁ

Ayv = u”,
YT (x + 2)V log(Ix] + 2)

xeRV,

where N >2,a>0,8>0 and «f > (N —1)>. We can easily find that

G _ 1 e
™7 (x4 2)Y log(Ix] +2) T XY

x| =2,

where ¢ > 0, C; = C(¢) > 0 and G, > 0 are constants. We see therefore that
neither the condition of (i) of Theorem 1 nor that of (i) of Theorem 2
holds. But, according to [20, Theorem 2.2], it is found that (31) has no
positive radial entire solution when N = 2.
So, we will improve Theorems 1 and 2 for the case p = ¢ = N so that we
can determine whether such systems have positive radial entire solutions or not.
Our results are as follows:

THEOREM 3. Let p=q = N. Suppose that H and K satisfy

L
x| ¥ (log|x|)*’

L,

HO < ¥ togi) 7

K(|x]) < x| > ro > 1,
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where Ly and L, are positive constants and

a(f+ N —pu)
N-1

Bla+N—2)

H>="NT1

A> +1

+1.

Then (1) has infinitely many positive radial entire solutions.
THEOREM 4. Let p=q = N. Suppose that H and K satisfy

L L,

S togs)” D N g

(32)  H(lx|) = x| = ro > 1,

where Ly and L, are positive constants and

i<“(ﬁ+N—ﬂ)

N1 +1 or
pla+N—2)
u< N1 + 1.

Then (1) does not possess any nonnegative nontrivial radial entire solutions.

RemarRk. From Theorem 4, we find that (31) has no nonnegative
nontrivial radial entire solutions even when N > 3.

ProOOF OF THEOREM 3. Without loss of generality, we may assume that
ro=e. As in the proof of Theorem 1, it suffices to solve (8). Choose
constants @ > 0 and b > 0 so that

e ((21;)“ J H(t)dt)l/(N—l) <

0

(2b)* max{ eV~! Je H(:)dt _ b v <4
0 ,O(l — A + 1 - 2,

b

NSRS

and
e 1/(N-1) b
B
e((Za) Jo K(t)dt) < 3
B aff L, VN=D p
(e max{er [ e g2 ) <
where k= Y= DA =N) —a(N —p) 0, 1= N = D(u=N)=p(N =2 _

of — (N —1)° of — (N —1)°
It is possible to choose such @ and b by the assumption «f > (N —1)%. Put
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2a, 0<r<e
Alr) = {2a(logr)k, r>e,

and
2b, O0<r<e
B(r) = {Zb(log N or>e
Consider the set
Y = {(y,z) € C(Ry) x C(R+) : a < y(r) < A(r),b < 2(r) < B(r),r = 0},

which is a closed convex subset of C(R,)x C(R,). Define the mapping
F:Y - CR,;) x CR,) by #(p,2) = (,2), where

r s 1/(N-1)
y(r)=a +J (sl_NJ tN_'H(t)z(t)“dt> ds, r>0,
0 0

and

r

s 1/(N-1)
Z(r)=b+ J (sl_NJ tN'lK(t)y(t)ﬁdt> ds, r=0.
0

0
First we show that #(Y)c Y. Let (y,z)eY. Clearly, y(r)>a and
Z(r) = b. For 0 <r<e, we have

) = a+ J'S_n (js ‘N_lH(’)Z(I)“dt)l/w_])ds

0 0

<a+ Jr (Js H(t)z(t)“dt)l/(N_l)ds

0 \Jo

<a+t e((2b)°‘ J ‘ H(z)dz)l/(N—l)

0
a

) < 2a.

<a+

For r > e, we have

F(r)=a+ (J:+J;> (SI—N J: tN—lH([)Z(t)adt>l/(N_l)ds

a r r 1/(N-1)
<a+s+ (J s“ds) (J tN‘lH(t)z(t)“dt>
e 0

e r 1/(N-1)
<Za+ ((Zb)“eN“J H(t)dt+L1(2b)°‘J ' (log t)“""dt) logr

e
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3 . e L 1/(N-1) Ndtal) /(N1
< -a+ ((2b)°‘max{e”‘ Jo H(t)dt,m}) (log r) (N —H+eD/(N=1)

N

a

2

\S JIUS]

< Za(logr)* + = (logr)* = 2a(logr)*.

Thus we obtain
a < y(r) < A(r), r=0.

A similar computation shows that
b < z(r) < B(r), r=0.

Therefore & (y,z) € Y. The continuity of # and the relative compactness of
Z(Y) can be verified in a routine manner, and so by the Schauder-Tychonoff
fixed point theorem there exists an element (y,z) e Y such that (y,z) =
F(y,z). Ttis clear that this (y,z) gives rise to a positive radial entire solution
(u,v) = (¥(|x]), z(|x])) of (1). The proof is completed.

ProoF OF THEOREM 4. It suffices to treat the case that A <a+ 1 and
flatN-2)
N-1
Suppose to the contrary that system (1) admits a nonnegative nontrivial radial
entire solution (u,v).
Step 1. As in the proof of Theorem 2, we may suppose that u(r),v(r) > 0,
r >r for some r; >ry. Let R > r; be sufficiently large. As in the proof of
Theorem 2, integrating (13) on [R,r] and using (32) and inequality (15), we
have

+ 1. The proof is carried out by contradiction as before.

ro/s 1/(N-1)
33)  u() = RNV (log R)"V(N‘”J ( J o(1) “dt) ds,
R R
R <r <3R,
and
ro/os 1/(N-1)
(34) () = RN (log R) H/N-D J (J u(z)”dt) ds,
R R
R <r < 3R,

where C; and C, are some positive constants independent of r and R. Let us
define the functions f(r; R) and g(r; R) for R < r < 3R by the right hand sides
of (33) and (34), respectively. Then using similar arguments as in the proof of
Theorem 2, we see that

(35) Gy > (logR)"g(2R; R)*", R >r,
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and

(36) Cs > (logR)"f(2R; R)®, R >r,

where C3, Cy4, J; and J, are positive constants and #, and #, are constants
. _ PA+u(N-1) _ au+ AN -1)

given by 5, = NETN(V=1) and 7, = T Nat NV 1) To get a con-

tradiction to (35) or (36), we will show that (logR)"'g(ZR;R)é' — 00 or
(log R)"f (2R; R)® — o0 as R — oo. Note that, as before, we can get

(37) f(2R; R) > Cs(log R) /N Vp(R)¥™V=D " R>p,
and
(38) g(2R; R) > Cs(log R) W W-Dy(RYW/WN-D R > py,

where Cs and Cg are some positive constants independent of r and R.

Step 2. First we will obtain the estimates of # and v from below. Using
the same letter C to denote various positive constants depending on
L,L,,N,o,$,4 and u. From (25) we observe that, for r > r; + 1,

r r+ 1/(N-1)
v(r) = v(r) +J 57! <J l tN_’K(t)u(t)ﬁdl> ds

ri+1 r
ri+1 1/(N_1) r
> (J tN_lK(t)u(t)ﬂdt) J s~ ds.
r ri+1
Then, we obtain
v(r) > Clogr, r>rp>r + 1

From this estimate and (25), we have

r s 1/(N-1)
u(r) > (C"‘Ll)l/(N_l)J s (J t~(log t)_”“dt) ds
r

r+1

> er s (log s) AT/ (N=1) gg

ra+1

> C(logr)*HN-A/N=1) r>r3>ry+ 1.

Again from this estimate and (25), we have

r . 1/(N-1)
0z c| s“([ t1(1ogz)"‘*‘““”‘w_md’> “
r3+1 3
> CJr s~ (log ) /N =D1=st (Bt N=D/(N=1)+1} 4o
r3+1

> C(logr)l/(N—l){—y+(ﬁ'(a+N—,{)/(N—1))+1}+l, r>r> 4l
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By repeating this procedure, we can get inductively two positive sequences
{Cy} and {r,} satistying

n<n< - -<rp<---,

(39) u(r) = Cp(log )" B/ W=19m sy
and
(40) o(r) = Cp(logr) /= >
where
+N-—-21
:a]v——]>0’ C=—,u+/3y+l>0,
m—1
=1+ o‘.ﬂ__2_|_...+ __a’B > , m=12....
(N-1) (N-1)

Since aff > (N — 1)> by our fundamental assumption, we see that
lim,— o0 Ty = 00.
From (37), (38), (39) and (40) we obtain

(
(2R, R) = (C) ™ V(log R)«a—z)/(zv—1))+(ac/<N—1)2)rm, R>rp
and
92R; R) = (Co)"¥ D (l0g R)«/iy—m/(/v—1)>+<aﬂ</<N—1)3>rm, R>r.
Therefore, we have
(log R)"g(2R; R)*' > (C,))™/ V="V (log RYM+M2mm R >,

and
lOgR qu 2R,R % > Cm 2/(N=1) log R Ms M4T,,,, R = Y,
g

where M;, i=1,...,4 are constants and M, > 0, M4 > 0. Since lim,,_, T,, =
o0, there exist m’ and m” such that M; + M5t >0 and M3 + Myt,» > 0.
These imply that (log R)"g(2R; R)* — oo or (log R)”f(2R; R)* as R — oo,
which contradicts (35) or (36). Thus the proof is completed.

REMARK. Considering some results in [20], we conjecture that Theorem 4
is still true even though the condition for (4,u) is weakened to

lsa('b);#z%—l or
Bla+ N — 1)

< 1.
S e
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