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Abstract. In [8], we characterized absolute normalized norms on Cn by using a

continuous convex function with some appropriate conditions on a certain convex subset

of Rn. In this paper, we introduce the notion of generalized lp-spaces, that is, lc-

spaces, and study their structures.

1. Introduction and preliminaries

The study of the geometrical structure of Banach spaces is the main line

of the theory of functional analysis. In this paper, we present the systematic

examples of certain Banach spaces and study the geometrical structure.

Let l0 denote the set of all infinite sequences of complex numbers with

only finitely many non-zero elements. A norm k � k on l0 is called absolute if

kfxngyn¼1k ¼ kfjxnjgyn¼1k

for all fxngyn¼1 A l0, and normalized if kenk ¼ 1 for all n ¼ 1; 2; . . . , where

en ¼ ð0; 0; . . . ; 0; 1
ðnÞ
; 0; . . .Þ. As in [8], to every absolute normalized norm k � k

on l0, there corresponds a unique continuous convex function c satisfying some

appropriate conditions on the convex subset

Dy ¼ s ¼ fsngyn¼1 A l0 :
Xy
n¼1

sn ¼ 1; sn b 0 ðEnÞ
( )

under the equation cðsÞ ¼ ksk. Using this, we introduce the following spaces.

For a corresponding convex function c, we define the space lc by

lc ¼ fxngyn¼1 A ly : lim
n!y

kðx1; . . . ; xn; 0; 0; . . .Þkc < y
n o

;

where ly is the Banach space of all bounded infinite sequences of complex

numbers. Then lc is a Banach space with the norm
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kfxngyn¼1kc ¼ lim
n!y

kðx1; . . . ; xn; 0; 0; . . .Þkc:

Further, we define cc by the closure of l0 in ðlc; k � kcÞ. This is a gener-

alization of the lp-spaces. Also, this space is concerned with the infinite

sequence spaces which are given by symmetric norming functions as in [3] (cf.

[10]). Our norm is not necessarily symmetric. However, we believe that our

theory gives many interesting examples of Banach spaces to study their ge-

ometrical structure.

In this paper, we study the norm structure of lc-spaces and characterize

the separability and the geometrical structure using the corresponding convex

function. In section 2, we consider the norm structure of lc-spaces using the

convex functions in Dy. In section 3, we introduce the notion of the absolute

ideal U of ly, and study the separability of U and lc-spaces. Namely, we

show that if U is an absolute ideal of ly, then cc ¼ U if and only if U is

separable. In particular, if cc 0 lc, then lc is not separable. In section 4, we

consider the strict convexity and uniform convexity of lc. As in [8], ðl0; k � kcÞ
is strictly convex if and only if c is strictly convex on Dy. However we

present an example of strictly convex functions c such that lc is not strictly

convex. On the other hand, we show that lc is uniformly convex if and only

if ðl0; k � kcÞ is uniformly convex. In section 5, we consider the absolute

normalized norms on l0 which are equivalent to l1- and ly-norms, respectively.

2. lc-spaces

In this section, we introduce the notion of the lc-spaces. Let ANy be the

family of all absolute normalized norms on l0. The lp-norm k � kp is a basic

example:

kfxngyn¼1kp ¼
ð
Py

n¼1 jxnj
pÞ1=p if 1a p < y;

max1an<yjxnj if p ¼ y:

(

We summarize some basic properties about the absolute norms on l0. As in

the proof of [8, Lemmas 2.1 and 2.2], we have

Lemma 2.1. (i) Let k � k A ANy. If x ¼ fxngyn¼1, y ¼ fyngyn¼1 A l0, then

kxka kyk, whenever jxnja jynj for all n.

(ii) For every k � k A ANy, we have

k � ky a k � ka k � k1:

As in Saito, Kato and Takahashi [8], we can characterize an absolute

normalized norm on l0 by using a continuous convex function on Dy (see also

[2]).
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Theorem 2.2. (i) For every k � k A ANy, we define

cðsÞ ¼ ksk ðs A DyÞ: ð1Þ

Then c is a continuous convex function on Dy satisfying the following conditions:

cðenÞ ¼ 1 ðA0Þ

cðsÞb ð1� snÞc
s1

1� sn
; . . . ;

sn�1

1� sn
; 0
ðnÞ
;
snþ1

1� sn
; . . .

� �
ðAnÞ

for all n ¼ 1; 2; . . . and every s ¼ fsngyn¼1 A Dy with sn 0 1.

(ii) Let Cy denote the family of all continuous convex functions c on Dy

satisfying ðAnÞ for all n ¼ 0; 1; 2; . . . . For any c A Cy, we define

kfxngyn¼1kc ¼ ð
Py

i¼1 jxijÞc
jx1jPy

i¼1
jxi j

; . . . ;
jxnjPy

i¼1
jxi j

; . . .

� �
; if fxngyn¼1 0 0;

0; if fxngyn¼1 ¼ 0:

8<
:

Then k � kc A ANy and satisfies (1). Therefore ANy and Cy are in a one-to-

one correspondence under the equation (1).

Proof. (i) For every k � k A ANy, we define cðsÞ ¼ ksk ðs ¼ fsng A DyÞ.
Clearly, c is a continuous convex function on Dy. By Lemma 2.1, we have

for every n

cðsÞ ¼ kðs1; s2; . . . ; sn; . . .Þk

b kðs1; s2; . . . ; sn�1; 0
ðnÞ
; snþ1; . . .Þk

¼ ð1� snÞ
���� s1

1� sn
;

s2

1� sn
; . . . ;

sn�1

1� sn
; 0
ðnÞ
;
snþ1

1� sn
; . . .

� �����
¼ ð1� snÞc

s1

1� sn
; . . . ;

sn�1

1� sn
; 0
ðnÞ
;
snþ1

1� sn
; . . .

� �
:

Thus, we have c A Cy.

(ii) As in the proof of [8, Theorem 3.4], all properties of an absolute norm

are clear except the triangular inequality. Let x; y A l0. Then there exists

some m A N such that x ¼ ðx1; . . . ; xm; 0; 0; . . .Þ and y ¼ ðy1; . . . ; ym; 0; 0; . . .Þ.
We can consider that x and y are elements in Cm. By [8, Theorem 3.4], we

have kxþ ykc a kxkc þ kykc. This completes the proof. r

Let cp be the corresponding convex function in Cy for k � kp. Using this

characterization, we introduce the following spaces. Let fxngyn¼1 be an infinite

sequence of complex numbers. By Lemma 2.1, fkðx1; . . . ; xn; 0; 0; . . .Þkcg
y
n¼1 is

an increasing sequence. Thus we have
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Definition 2.3. For c A Cy, we define the space lc by

lc ¼ fxngyn¼1 A ly : lim
n!y

kðx1; . . . ; xn; 0; 0; . . .Þkc < y
n o

:

Further, we define cc by the closure of l0 in ðlc; k � kcÞ.

Proposition 2.4. lc and cc are Banach spaces with the norm

kfxngyn¼1kc ¼ lim
n!y

kðx1; . . . ; xn; 0; 0; . . .Þkc:

Proof. Since cc is closed in lc, we only show that lc is a Banach space.

Let fykgyk¼1 be any Cauchy sequence of lc. We put yk ¼ fxk
n g

y
n¼1 for every k.

By Lemma 2.1, fxk
n g

y
k¼1 is a Cauchy sequence of C for each n. Thus there

exists xn A C such that xk
n ! xn for every n. By Lemma 2.1,

kðxk
1 � x1; . . . ; x

k
n � xn; 0; 0; . . .Þkc ¼ lim

m!y
kðxk

1 � xm
1 ; . . . ; x

k
n � xm

n ; 0; 0; . . .Þkc

a lim
m!y

kyk � ymkc:

As n ! y, we have y ¼ fxngyn¼1 A lc and kyk � ykc ! 0. This completes the

proof. r

If 1a p < y, then lcp
¼ ccp

¼ lp, and if p ¼ y, then lcy
¼ ly and

ccy
¼ c0. Also, this space is concerned with the sequence spaces which are

given by symmetric norming functions in [3] (cf. [10]). We next consider some

norm properties of the lc-spaces.

Proposition 2.5. Let c A Cy. Then we have for every x ¼ fxngyn¼1 A cc,

lim
n!y

kð0; 0; . . . ; 0; xn; xnþ1; . . .Þkc ¼ 0:

Proof. We put x ¼ fxngyn¼1 A cc. Fix any e > 0. Then there exists some

y ¼ ðy1; . . . ; yn0�1; 0; 0; . . .Þ

in l0 such that kx� ykc < e. By Lemma 2.1, we have, for every n with

nb n0,

kð0; . . . ; 0; xn; xnþ1; . . .Þkc a kð0; . . . ; 0; xn0 ; xn0þ1; . . .Þkc

a kðx1 � y1; . . . ; xn0�1 � yn0�1; xn0 ; xn0þ1; . . .Þkc

¼ kx� ykc < e: r

Definition 2.6. Let c A Cy. Then c is called regular if lc ¼ cc.
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Since lcp
¼ ccp

¼ lp for 1a p < y, cp is regular. Next, we consider the

dual spaces of cc and lc. Let c A Cy and let k � k�c be the dual norm on

ðl0; k � kcÞ. That is, for any y ¼ fyngyn¼1 A l0,

kyk�c ¼ supfjhfxngyn¼1; fyng
y
n¼1ij : x ¼ fxngyn¼1 A l0; kxkc ¼ 1g

¼ sup

����Xy
n¼1

xnyn

���� : x ¼ fxngyn¼1 A l0; kxkc ¼ 1

( )
:

Then it is clear that k � k�c A ANy and the corresponding convex function is

given by

c�ðsÞ ¼ sup
t ADy

Py
n¼1 sntn

cðtÞ

for every s ¼ fsngyn¼1 A Dy. We note that c� A Cy and k � k�c ¼ k � kc� . Then

we easily have

Proposition 2.7 (Generalized Hölder Inequality). Let c A Cy. Then we

have

jhx; yija kxkckykc�

for any x A lc and any y A lc � .

As in [10], we have

Proposition 2.8. Let c A Cy. Then

( i ) ðccÞ� ¼ lc � . In particular, if c is regular, then ðlcÞ� ¼ lc� .

(ii) lc (resp. cc) is reflexive if and only if c and c� are regular.

Proof. For every y A lc� , we define Fy on cc by

FyðxÞ ¼
Xy
n¼1

xnyn:

By Proposition 2.7, Fy is a bounded linear functional on cc and kFyka kykc� .

For every n, let x ¼ ðx1; . . . ; xn; 0; 0; . . .Þ A l0. Then j
Pn

k¼1 xkykj ¼ jFyðxÞja
kFyk kxkc. Since l0 is dense in cc, we have

kðy1; . . . ; yn; 0; 0; . . .Þkc � a kFyk

for every n. Thus we have kykc� a kFyk and so kykc� ¼ kFyk. Thus

we only prove that any F A ðccÞ� has the requisite form. For every

n A N, we put kðx1; . . . ; xnÞkn ¼ kðx1; . . . ; xn; 0; 0; . . .Þkc and kðx1; . . . ; xnÞkn � ¼
kðx1; . . . ; xn; 0; 0; . . .Þkc � , respectively. Since ðCn; k � knÞ

� ¼ ðCn; k � kn� Þ for

every n, we can find a sequence fyngyn¼1 with F ðxÞ ¼
Py

n¼1 xnyn for any

x A l0. For any n, we have
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kðy1; . . . ; yn; 0; 0; . . .Þkc� ¼ sup

����Xn
k¼1

xkyk

���� : kxkc ¼ 1

( )

a supfjF ðxÞj : kxkc ¼ 1ga kFk:

Since y A lc � , we have F ¼ Fy. This implies ðccÞ� ¼ lc � . This completes the

proof. r

3. Separability

It is well known that there is a natural correspondence between all

symmetric sequence spaces and all symmetric normed ideals (cf. [3, 10]).

Connecting with this result, we introduce the following.

Definition 3.1. Let U be an ideal of ly such that UI l0. Then U is

said to be absolute if there exists some norm k � k on U such that ðU; k � kÞ is a

Banach space and

kenk ¼ 1 ðEnÞ and kaxka kakykxk ðEa A ly; Ex A UÞ: ð2Þ

Proposition 3.2. The norm k � k on U satisfying (2) is an absolute nor-

malized norm on l0.

Proof. For any x ¼ ðx1; . . . ; xn; 0; 0; . . .Þ A l0, we put rn ¼ arg xn A ½0; 2pÞ
for each n, where arg 0 ¼ 0. Then

kðx1; . . . ; xn; 0; 0; . . .Þk ¼ kðeir1 jx1j; . . . ; eirn jxnj; 0; 0; . . .Þk

a kðeir1 ; . . . ; eirn ; 0; 0; . . .Þkykðjx1j; . . . ; jxnj; 0; 0; . . .Þk

¼ kðjx1j; . . . ; jxnj; 0; 0; . . .Þk

We similarly have

kðx1; . . . ; xn; 0; 0; . . .Þkb kðjx1j; . . . ; jxnj; 0; 0; . . .Þk:

Thus k � k is an absolute norm on l0. r

Theorem 3.3. Let U be an absolute ideal with k � k. Then

( i ) There exists some c A Cy such that cc HUH lc and k � k ¼ k � kc.
(ii) U is separable if and only if U ¼ cc. In particular, lc is separable if and

only if lc ¼ cc.

Proof. (i) By Proposition 3.2, there exists a convex function c A Cy

such that kxk ¼ kxkc for any x A l0. By Definition 3.1(2), we have for any

x ¼ ðx1; . . . ; xn; . . .Þ A U
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kðx1; . . . ; xn; 0; 0; . . .Þkc ¼ kðx1; . . . ; xn; 0; 0; . . .Þk

a kð1; . . . ; 1; 0; 0; . . .Þkykðx1; . . . ; xn; . . .Þk ¼ kxk:

Thus x A lc and so UH lc. Further, since U is a Banach space and l0 HU,

we have cc HU.

(ii) Assume that UZ cc. We take an element b ¼ fbngyn¼1 A U with

b B cc. Then there exists a d > 0 such that for every positive integer n,

kð0; 0; . . . ; 0; bn; bnþ1; . . .Þkc > d:

Hence, for each n, there exists an mðnÞ ð>nÞ such that

kð0; 0; . . . ; 0; bn; bnþ1; . . . ; bmðnÞ�1; 0; 0; . . .Þkc > d:

Now we take an integer nj ð j ¼ 1; 2; . . .Þ satisfying n1 ¼ 1 and nj ¼ mðnj�1Þ for

jb 2. Define L ¼ ffajgyj¼1 : aj ¼ 0 or 1g. For each a ¼ fajgyj¼1 A L, we put

xa ¼ ða1b1; . . . ; a1bn1�1; a2bn1 ; . . . ; a2bn2�1; . . . ; akbnk�1
; . . . ; akbnk�1; . . .Þ:

Since U is an absolute ideal of ly, fxa : a A Lg is an uncountable subset of

U. Suppose that a0 a 0, where a ¼ fajgyj¼1 and a 0 ¼ fa 0
jg

y
j¼1. We take any j0

with aj0 0 a 0
j0

and so jaj0 � a 0
j0
j ¼ 1. Then we have

kxa � xa 0 kc

¼ kða1b1; . . . ; a1bn1�1; a2bn1 ; . . . ; a2bn2�1; . . . ; akbnk�1
; . . . ; akbnk�1; . . .Þ

� ða 0
1b1; . . . ; a

0
1bn1�1; a

0
2bn1 ; . . . ; a

0
2bn2�1; . . . ; a

0
kbnk�1

; . . . ; a 0
kbnk�1; . . .Þkc

b jaj0 � a 0
j0
j kð0; . . . ; 0; bnj0�1

; . . . ; bnj0�1; 0; 0; . . .Þkc

> jaj0 � a 0
j0
jd ¼ d:

Therefore U is not separable. r

4. Strict convexity and uniform convexity

A Banach space X or its norm k � k is called strictly convex if, for all

x; y A X such that x0 y and kxk ¼ kyk ¼ 1, xþy
2

�� �� < 1. A function c A Cy is

called strictly convex if for any s; t A Dy with s0 t, one has

c
sþ t

2

� �
<

cðsÞ þ cðtÞ
2

:

In [8], we characterized the strict convexity of absolute norms on Cn. For

ðl0; k � kcÞ and lc, we similarly have
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Theorem 4.1. Let c A Cy. Then

( i ) ðl0; k � kcÞ is strictly convex if and only if c is strictly convex on Dy.

(ii) If lc is strictly convex, then c is strictly convex on Dy.

However, the converse of the assertion (ii) is not true in general. For

example, let fpngyn¼1 be the sequence defined by

pn ¼
log 2

log 1þ 1
n2þ4nþ3

� � :
Note that 1 < pn < þy ðEnÞ and pn ! þy as n ! þy. By the induction,

we define Banach spaces Xn ðn ¼ 1; 2; . . .Þ by

X1 ¼ ðClCÞp1
and

Xn ¼ ðXn�1 lCÞpn ðnb 2Þ:

Let k � kXn
be the norm of Xn. We define the norm k � k on l0 by

kxk ¼ kðx1; x2; . . . ; xnÞkXn�1
ðx ¼ ðx1; x2; . . . ; xn; 0; 0; . . .Þ A l0Þ:

Then k � k A ANy and we define f by the corresponding convex function, that is,

fðsÞ ¼ ksk ðs A DyÞ. Since X1;X2; . . . are strictly convex, ðl0; k � kfÞ is strictly

convex. However lf is not strictly convex. Indeed, we put

x ¼ 2

3
;
2

3
;
3

4
;
4

5
; . . . ;

n� 1

n
;

n

nþ 1
; . . .

� �
and

y ¼ � 2

3
;
2

3
;
3

4
;
4

5
; . . . ;

n� 1

n
;

n

nþ 1
; . . .

� �
:

Note that ���� nþ 1

nþ 2
;
nþ 1

nþ 2

� �����
pn

¼ nþ 1

nþ 2
21=pn ¼ nþ 2

nþ 3
ð3Þ

for every positive integer n. Then we show that���� 2

3
;
2

3
;
3

4
; . . . ;

n

nþ 1
;
nþ 1

nþ 2

� �����
Xn

¼ nþ 2

nþ 3
ð4Þ

holds true for any n with nb 2. If n ¼ 2, then we have by (3),���� 2

3
;
2

3
;
3

4

� �����
X2

¼
�����
���� 2

3
;
2

3

� �����
p1

;
3

4

 !�����
p2

¼
���� 3

4
;
3

4

� �����
p2

¼ 4

5
:

8 Ken-ichi Mitani and Kichi-Suke Saito



Now assume that (4) holds true for n. For nþ 1, we have���� 2

3
;
2

3
;
3

4
; . . . ;

nþ 1

nþ 2
;
nþ 2

nþ 3

� �����
Xn

¼
�����
���� 2

3
;
2

3
;
3

4
; . . . ;

nþ 1

nþ 2

� �����
Xn

;
nþ 2

nþ 3

 !�����
pnþ1

¼
���� nþ 2

nþ 3
;
nþ 2

nþ 3

� �����
pnþ1

¼ nþ 3

nþ 4
:

Hence (4) holds true for every n with nb 3. Letting n ! y, x A lf and

kxkf ¼ 1, and hence y A lf and kykf ¼ 1. By the definition of k � kf, we also

have for every n,

n

nþ 1
a

���� 0;
2

3
;
3

4
; . . . ;

n

nþ 1
;
nþ 1

nþ 2
; 0; 0; . . .

� �����
f

a

���� xþ y

2

����
f

a 1:

So we have kðxþ yÞ=2kf ¼ 1. Therefore lf is not strictly convex.

Problem. If c is strictly convex on Dy, is cc strictly convex?

We next consider the uniform convexity of lc. A Banach space X

or its norm is called uniformly convex if, for every e > 0, there exists

some d ð0 < d < 1Þ such that kx� ykb e, kxka 1 and kyka 1 implies

kðxþ yÞ=2ka 1� d.

Theorem 4.2. Let c A Cy. Then lc is uniformly convex if and only if

ðl0; k � kcÞ is uniformly convex.

Proof. The su‰ciency assertion is clear since ðl0; k � kcÞ is isometrically

imbedded into lc. Assume that ðl0; k � kcÞ is uniformly convex. Take ar-

bitrary e > 0. Then there exists some d ð0 < d < 1Þ such that x; y A l0,

kxkc a 1, kykc a 1 and

kx� ykc b
e

2

implies kðxþ yÞ=2kc a 1� d. We take any x ¼ fxngyn¼1, y ¼ fyngyn¼1 A lc such

that kxkc a 1, kykc a 1 and

lim
n!y

kðx1 � y1; . . . ; xn � yn; 0; 0; . . .Þkc ¼ kx� ykc b e:

For each n, we put

xðnÞ ¼ ðx1; x2; . . . ; xn; 0; 0; . . .Þ
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and

yðnÞ ¼ ðy1; y2; . . . ; yn; 0; 0; . . .Þ

in l0. Then there exists some positive integer n0 such that kxðnÞ � yðnÞkc b e=2

for all n with nb n0. By kxðnÞkc a 1 and kyðnÞkc a 1, we have for all n with

nb n0, ���� xðnÞ þ yðnÞ

2

����
c

a 1� d:

So kðxþ yÞ=2kc a 1� d. Thus lc is uniformly convex. This completes the

proof. r

Problem. What are the equivalent conditions for c that lc is uniformly

convex?

5. Equivalent norm

In this section, we consider the norms in ANy which are equivalent to l1-

and ly-norms, respectively. As in [3], we similarly have

Proposition 5.1. Let c A Cy. Then the following are equivalent:

( i ) k � kc is equivalent to k � ky.

(ii) sup
t ADy

cðtÞ
cyðtÞ ¼ sup

n
nc

�
1

n
; . . . ;

1

n

zfflfflfflffl}|fflfflfflffl{n

; 0; 0; . . .

�
< y.

Proof. (i) ) (ii) If (i) holds, then there exists some M > 0 such that

kxkc aMkxky for x A l0. Thus we have for all t A Dy,

cðtÞ
cyðtÞ ¼

ktkc
ktky

aM:

Thus we have (i) ) (ii).

(ii) ) (i) Assume that supt ADy

cðtÞ
cyðtÞ ð¼ MÞ < y. Then we have, for all

x ¼ fxngyn¼1 A l0, kxky a kxkc aMkxky. Thus k � kc is equivalent to k � ky.

We next show that

sup
t ADy

cðtÞ
cyðtÞ ¼ sup

n
nc

�
1

n
; . . . ;

1

n

zfflfflfflffl}|fflfflfflffl{n

; 0; 0; . . .

�
ð5Þ

For any t ¼ ðt1; t2; . . . ; tn; 0; 0; . . .Þ A Dy, we have
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cðtÞ
cyðtÞ ¼

1

ktky
kðt1; t2; . . . ; tn; 0; 0; . . .Þkc

a kð1; 1; . . . ; 1
zfflfflfflfflfflffl}|fflfflfflfflfflffl{n

; 0; 0; . . .Þkc

¼ nc

�
1

n
; . . . ;

1

n

zfflfflfflffl}|fflfflfflffl{n

; 0; 0; . . .

�
¼

c 1
n
; . . . ; 1

n
; 0; 0; . . .

� 	
cy

1
n
; . . . ; 1

n
; 0; 0; . . .

� 	 !
;

which implies (5). This completes the proof. r

Let c A Cy. Then we define Dc as the norm closure of Dy in ðlc; k � kcÞ.

Proposition 5.2. Let c A Cy. Then

( i ) Dc1
¼ ffsngyn¼1 A ly :

Py
n¼1 sn ¼ 1; sn b 0g.

(ii) For all c A Cy, we have Dc1
HDc.

Proof. (i) We put A ¼ ffsngyn¼1 A ly :
Py

n¼1 sn ¼ 1; sn b 0g. Take any

t ¼ fsngyn¼1 A A and put tn A Dy as

tn ¼
1Pn

k¼1 sk
ðs1; s2; . . . ; sn; 0; 0; . . .Þ:

Then ktn � tk1 ! 0 and so t A Dc1
. Conversely, we take any t ¼ fsngyn¼1 A Dc1

.

Then there exists some sequence ftkgyk¼1 in Dy such that ktk � tk1 ! 0, where

tk ¼ fsk;ngyn¼1. For each n, we have jsk;n � snja ktk � tk1 ! 0. So sn b 0 for

all n. Since ktkk1 ! ktk1 as k ! y, we have ktk1 ¼ 1 or
Py

n¼1 sn ¼ 1. Hence

we have t A A.

(ii) Take any t A Dc1
. Then there exists ftkgyk¼1 in Dy such that

ktk � tk1 ! 0. By Lemma 2.1,

ktk � tkc a ktk � tk1 ! 0:

Hence we have t A Dc. This completes the proof. r

Proposition 5.3. Let c A Cy. Then the following assertions are equiv-

alent:

( i ) k � kc is equivalent to k � k1.
( ii ) inf

t ADy

cðtÞ > 0.

(iii) 0 B Dc.

Proof. As in the proof of Proposition 5.1, we similarly have (i) , (ii).

It is easy to see that 0 A Dc if and only if there exists a sequence fskgyk¼1 in

Dy such that cðskÞ ! 0. Therefore we have (ii) , (iii). This completes the

proof. r

11On generalized lp-spaces



Acknowledgement

The authors are very grateful to the referee for many kind corrections and

comments on the original version of this paper.

References

[ 1 ] B. Beauzamy, Introduction to Banach Spaces and Their Geometry, 2nd ed., North-

Holland, Amsterdam-New York-Oxford, 1985.

[ 2 ] F. F. Bonsall and J. Duncan, Numerical Ranges II, London Math. Soc. Lecture Note

Series, Vol. 10, 1973.

[ 3 ] I. C. Gohberg and M. G. Kreı̆n, Introduction to the theory of linear non-selfadjoint

operators in Hilbert space, Izdat. ‘‘Nauka’’, Moscow 1965.

[ 4 ] M. Kato, K.-S. Saito and T. Tamura, On c-direct sums of Banach spaces and convexity,

J. Austral. Math. Soc., 75 (2003), 413–422.

[ 5 ] R. E. Megginson, An Introduction to Banach Space Theory, Grad. Texts in Math. 183,

Springer, New York, 1998.

[ 6 ] K. Mitani, S. Oshiro and K.-S. Saito, Smoothness of c-direct sums of Banach spaces,

Math. Inequal. Appl., 8 (2005), 147–157.

[ 7 ] K.-S. Saito and M. Kato, Uniform convexity of c-direct sums of Banach spaces, J. Math.

Anal. Appl., 277 (2003), no. 1, 1–11.

[ 8 ] K.-S. Saito, M. Kato and Y. Takahashi, Absolute norms on Cn, J. Math. Anal. Appl., 252

(2000), 879–905.

[ 9 ] R. Schatten, Norm Ideals of Completely Continuous Operaters, Springer, 1960.

[10] B. Simon, Trace ideals and their applications, London Mathematical Society Lecture Note

Series, 35, Cambridge University Press, Cambridge-New York, 1979.

Ken-ichi Mitani

Department of Mathematics and Information Science

Graduate School of Science and Technology

Niigata University

Niigata 950-2181 Japan

E-mail: mitani@m.sc.niigata-u.ac.jp

Kichi-Suke Saito

Department of Mathematics

Faculty of Science

Niigata University

Niigata 950-2181 Japan

E-mail: saito@math.sc.niigata-u.ac.jp

12 Ken-ichi Mitani and Kichi-Suke Saito


