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Abstract. In the present paper static and dynamical one-dimensional models for

elastic rods are constructed. The existence and uniqueness of solutions to the cor-

responding boundary and initial boundary value problems are proved, the rate of

approximation of the solutions to the original three-dimensional problems by vector-

functions restored from the solutions of one-dimensional problems is estimated.

1. Introduction

Hierarchic modelling is widely used while constructing the lower-

dimensional models in the theory of elasticity and mathematical physics ([1–3]).

In the paper [4] I. Vekua proposed a new method of constructing the hierarchic

two-dimensional models of elastic prismatic shells. In the static case the lower-

dimensional model obtained in [4] first was investigated in the papers [5, 6].

More precisely, in [5] the estimate of accuracy was obtained in Ck spaces and

existence and uniqueness of solution to the reduced two-dimensional boundary

value problem in Sobolev spaces were studied in [6]. Further, static and

dynamical two-dimensional hierarchical models for prismatic shells constructed

by I. Vekua’s reduction method were investigated using variational approach

and modelling error estimates in Sobolev spaces were obtained in the paper [7].

Various lower-dimensional hierarchical models in mathematical physics were

constructed and investigated in [8–18].

Generalizing an idea of I. Vekua, one-dimensional models for linearly

elastic rods were obtained in [19, 20]. In the paper [19], expanding fields of

displaycements, strains and stresses of the three-dimensional elastic body into

double Fourier-Legendre series, one-dimensional mathematical models of bars

were constructed. Note that in [19] main relations were obtained in the spaces

of classical regular functions. Di¤erent approach were used in [20], where a

hierarchy of static one-dimensional models was obtained in Sobolev spaces
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directly from the variational formulation of the three-dimensional problem and

the results of investigation of the constructed hierarchy were announced.

In the present paper we extend the methodology developed in [7] for elastic

rods with variable cross-sections. We construct the one-dimensional models

of the static and dynamical problems for elastic rod, prove existence and

uniqueness of solutions to the corresponding boundary and initial boundary

value problems. Moreover, we establish convergence in suitable spaces of the

sequences of approximate solutions to the exact solutions of the original three-

dimensional problems.

In order to simplify notations throughout the paper we assume that the

indices i, j, p, q take their values in the set f1; 2; 3g, while the indices a, b vary

in the set f1; 2g and the repeated index convention is used in conjunction

with these rules. The partial derivative with respect to the p-th argument

q=qxp we denote by qp. For any Lipschitz domain DHRs, L2ðDÞ denotes the
space of real-valued square-integrable functions in D in the Lebesgue sense,

HmðDÞ ¼ Wm;2ðDÞ denotes the Sobolev space of order m, Hm
0 ðDÞ is the closure

of the set of infinitely di¤erentiable functions Cy
0 ðDÞ with compact support

in D in the space HmðDÞ, and the spaces of vector-functions we denote by

HmðDÞ ¼ ½HmðDÞ�3, Hm
0 ðDÞ ¼ ½Hm

0 ðDÞ�3, L2ðDÞ ¼ ½L2ðDÞ�3, s;m A N.

Let us consider an elastic rod with initial configuration WHR3,

W ¼ fx ¼ ðx1; x2; x3Þ A R3; h�a ðx3Þ < xa < hþa ðx3Þ; x3 A I ¼ ðd1; d2Þg;

hþ1 ðx3Þ > h�1 ðx3Þ; hþ2 ðx3Þ > h�2 ðx3Þ; Ex3 A ½d1; d2�; hG1 ; h
G
2 A C1ð½d1; d2�Þ;

where d1 < d2, W is a Lipschitz domain ([21]) and W denotes the closure of the

set WHR3. The upper surface of the rod fx A W; x3 ¼ d2g we denote by G2

and the rest part of the boundary qWnG2 is denoted by ~GG .

We suppose that the material constituting the rod is linearly elastic,

homogeneous and isotropic with Lamé constants l, m. The rod is clamped

along the upper surface G2. The density of the applied body forces acting

on the rod we denote by f ¼ ð fiÞ : W� ð0;TÞ ! R3 and applied surface force

density is denoted by g ¼ ðgiÞ : ~GG � ½0;T � ! R3. The linear three-dimensional

model of the rod has the following form:

q2ui

qt2
�
X3
j¼1

q

qxj
fleppðuÞdij þ 2meijðuÞg ¼ fiðx; tÞ; ðx; tÞ A WT ;ð1:1Þ

uðx; 0Þ ¼ jðxÞ; qu

qt
ðx; 0Þ ¼ cðxÞ; x A W;ð1:2Þ

u ¼ 0; on G2 � ½0;T �;
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X3
j¼1

ðleppðuÞdij þ 2meijðuÞÞnj ¼ gi; on ~GG � ½0;T �;ð1:3Þ

where WT ¼ W� ð0;TÞ, u ¼ ðuiÞ : WT ! R3 is the unknown displacement vector

function, j;c : W ! R3 are the initial displacement and velocity vector fields of

the rod, n ¼ ðnjÞ denotes the outward unit normal to the boundary ~GG , dij is the

Kronecker delta and eðuÞ ¼ feijðuÞg is the deformation tensor

eijðuÞ ¼
1

2

qui

qxj
þ quj

qxi

� �
; i; j ¼ 1; 2; 3:

In Section 2 we consider the static case of problem (1.1)–(1.3), construct

one-dimensional model of the rod and investigate convergence of the sequence

of vector functions restored from the solutions of the corresponding boundary

value problems to the solution of the original three-dimensional problem.

Section 3 is devoted to study of dynamical problem (1.1)–(1.3), where we

construct and investigate a hierarchy of dynamical one-dimensional models for

the elastic rod.

2. Static boundary value problem

As we referred in the introduction in this section, we study the static case

of problem (1.1)–(1.3), which admits the following variational formulation: find

a vector function u A VðWÞ ¼ fv ¼ ðviÞ A H1ðWÞ; v ¼ 0 on G2g, such that

BWðu; vÞ ¼ LWðvÞ; Ev A VðWÞ;ð2:1Þ

where

BWðu; vÞ ¼
ð
W

ðleppðuÞeqqðvÞ þ 2meijðuÞeijðvÞÞdx;

LWðvÞ ¼
ð
W

fivi dxþ
ð
~GG

givi d ~GG:

The variational method of investigation of static problem (2.1) in the

theory of linear elasticity is based on Korn’s inequality first proved in [22].

Later on, many interesting papers were devoted to proof of Korn’s type

inequalities in various domains ([23–26]). Note that Korn’s inequlaity directly

follows from lemma of J.-L. Lions, which was proved for Lipschitz domains

in [27, 28]. According to Korn’s inequality, there exists a positive constant

c ¼ const > 0 such that

X3
i¼1

ð
W

vivi dxþ
X3
i; j¼1

ð
W

eijðvÞeijðvÞdxb ckvk2H1ðWÞ; Ev A H1ðWÞ:
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Applying this inequality, it can be proved that for Lamé constants l, m

satisfying conditions m > 0, 2mþ 3l > 0, the bilinear form BWð: ; :Þ is co-

ercive in VðWÞ, i.e. BWðv; vÞb cWkvk2H1ðWÞ, cW ¼ const > 0, for all v A VðWÞ.
Consequently, from Lax-Milgram theorem ([29]) it follows that three-

dimensional problem (2.1) has a unique solution if m > 0, 2mþ 3l > 0,

f A L2ðWÞ, g A L2ð ~GGÞ, which is also a unique solution of the following min-

imization problem: find u A VðWÞ such that

JWðuÞ ¼ inf
v AVðWÞ

JWðvÞ; JWðvÞ ¼ 1

2
BWðv; vÞ � LWðvÞ; Ev A VðWÞ:

In order to reduce three-dimensional problem (2.1) to one-dimensional

problem, let us consider equation (2.1) on the subspace of VðWÞ, which consists

of polynomials of degree N1, N2 with respect to the variables x1 and x2,

i.e.

vN1N2
¼
XN1

k1¼0

XN2

k2¼0

a1a2 k1 þ
1

2

� �
k2 þ

1

2

� �
v

k1k2
Pk1ða1x1 � b1ÞPk2ða2x2 � b2Þ;

where v
k1k2 ¼ ð vi

k1k2Þ A H1ðIÞ, k1 ¼ 0;N1, k2 ¼ 0;N2, aa ¼
2

hþa � h�a
, ba ¼

hþa þ h�a
hþa � h�a

,

a ¼ 1; 2, and Pk is the Legendre polynomial of order k A NU f0g ([30]). Hence

we obtain the following problem

BWðwN1N2
; vN1N2

Þ ¼ LWðvN1N2
Þ; EvN1N2

A VN1N2
ðWÞ;ð2:2Þ

VN1N2
ðWÞ ¼

(
vN1N2

¼
XN1

k1¼0

XN2

k2¼0

a1a2 k1 þ
1

2

� �
k2 þ

1

2

� �
v

k1k2
Pk1ðo1ÞPk2ðo2Þ;

v
k1k2

A H1ðIÞ; v
k1k2 ¼ 0 for x3 ¼ d2; k1 ¼ 0;N1; k2 ¼ 0;N2

)
;

oa ¼ aaxa � ba, a ¼ 1; 2. In problem (2.2) the unknown is the vector function

wN1N2
A VN1N2

ðWÞ,

wN1N2
¼
XN1

k1¼0

XN2

k2¼0

a1a2 k1 þ
1

2

� �
k2 þ

1

2

� �
w
k1k2

Pk1ðo1ÞPk2ðo2Þ:

Therefore we have to find the vector function

~wwN1N2
¼ ðw00; . . . ; w

N1N2Þ A ~VVN1N2
ðIÞ ¼ f~vvN1N2

¼ ð v00; . . . ; v
N1N2Þ; v

k1k2
A H1ðIÞ; v

k1k2 ¼ 0

for x3 ¼ d2; k1 ¼ 0;N1; k2 ¼ 0;N2g;
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which satisfies the following equation

BW
N1N2

ð~wwN1N2
;~vvN1N2

Þ ¼ LW
N1N2

ð~vvN1N2
Þ; E~vvN1N2

A ~VVN1N2
ðIÞ;ð2:3Þ

where BW
N1N2

, LW
N1N2

are the forms BWðwN1N2
; vN1N2

Þ and LWðvN1N2
Þ, which are

written in terms of the components w
k1k2

and v
k1k2

of ~wwN1N2
and ~vvN1N2

.

Thus, three-dimensional problem (2.1) have been reduced to one-

dimensional problem, for which the following theorem is true.

Theorem 2.1. Assume that Lamé constants satisfy conditions m > 0,

2mþ 3l > 0 and f A L2ðWÞ, g A L2ð ~GGÞ, then reduced one-dimensional problem

(2.3) has a unique solution, which is also a unique solution of the following

minimization problem

~wwN1N2
A ~VVN1N2

ðIÞ; JN1N2
ð~wwN1N2

Þ ¼ inf
~vvN1N2

A ~VVN1N2
ðIÞ

JN1N2
ð~vvN1N2

Þ;

JN1N2
ð~vvN1N2

Þ ¼ 1

2
BW
N1N2

ð~vvN1N2
;~vvN1N2

Þ � LW
N1N2

ð~vvN1N2
Þ; E~vvN1N2

A ~VVN1N2
ðIÞ:

Proof. In order to prove the theorem first let us show that VN1N2
ðWÞ is

a closed subset of VðWÞ. Let fvðlÞN1N2
gyl¼1 be a Cauchy sequence in the space

VN1N2
ðWÞ, i.e.

kvðlÞN1N2
� v

ðmÞ
N1N2

kH1ðWÞ ! 0; as l;m ! y:ð2:4Þ

Consequently, fvðlÞN1N2
gyl¼1 is a Cauchy sequence in the space L2ðWÞ and the

orthogonality of the Legendre polynomials imply that f v
k1k2

ðlÞ
gyl¼1, 0a k1 aN1,

0a k2 aN2, are Cauchy sequences in the space L2ðIÞ. Moreover,

1

2

XN1

k1¼0

XN2

k2¼0

a1a2 k1 þ
1

2

� �
k2 þ

1

2

� �
ð v
k1k2Þ0Pk1ðo1ÞPk2ðo2Þ

�����
�����
2

L2ðWÞ

a
XN1

k1¼0

XN2

k2¼0

q3 a1a2 k1 þ
1

2

� �
k2 þ

1

2

� �
Pk1ðo1ÞPk2ðo2Þ

� �
v

k1k2

�����
�����
2

L2ðWÞ

þ qvN1N2

qx3

����
����
2

L2ðWÞ
; EvN1N2

A VN1N2
ðWÞ;

where the prime denotes di¤erentiation with respect to the argument. Ap-

plying the last inequality, we obtain that fð v
k1k2

ðlÞ
Þ0gyl¼1 are Cauchy sequences in

the space L2ðIÞ ð0a k1 aN1; 0a k2 aN2Þ.
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Therefore f v
k1k2

ðlÞ
gyl¼1 are Cauchy sequences in the space H1ðIÞ and

v
k1k2

ðlÞ
! z

k1k2
in H1ðIÞ; as l ! y;

v
k1k2

ðlÞ
¼ 0; for x3 ¼ d2; 0a k1 aN1; 0a k2 aN2;

from which it immediately follows that

v
ðlÞ
N1N2

! zN1N2
in VðWÞ; as l ! y;

where zN1N2
A VN1N2

ðWÞ is defined by

zN1N2
¼
XN1

k1¼0

XN2

k2¼0

a1a2 k1 þ
1

2

� �
k2 þ

1

2

� �
z

k1k2
Pk1ðo1ÞPk2ðo2Þ:

So, the space VN1N2
ðWÞ is closed and taking into account that VðWÞ is com-

plete, we obtain that VN1N2
ðWÞ and ~VVN1N2

ðIÞ are Hilbert spaces.

Since BW is coercive in VðWÞ, we have that it is coercive in the subspace

VN1N2
ðWÞHVðWÞ. Hence the bilinear form BW

N1N2
ð: ; :Þ is coercive in ~VVN1N2

ðIÞ
and applying Lax-Milgram theorem we obtain that problem (2.3) has a unique

solution, which is a unique solution of energy functional JN1N2
minimization

problem. r

So, we have investigated the well-posedness of the obtained one-

dimensional problems. Now, let us prove the following approximation the-

orem.

Theorem 2.2. If conditions of Theorem 2.1 hold, then the vector function

wN1N2
¼
PN1

k1¼0

PN2

k2¼0

a1a2 k1 þ 1
2

� �
k2 þ 1

2

� �
w
k1k2

Pk1ðo1ÞPk2ðo2Þ corresponding to the

solution ~wwN1N2
¼ ðw00; . . . ; w

N1N2Þ of reduced problem (2.3) tends to the solution

u of three-dimensional problem (2.1) wN1N2
! u in the space H1ðWÞ, as

minfN1;N2g ! y. Moreover, if u A Hs; s;1ðWÞ ¼ fv A H1ðWÞ; qk
a v A H1ðWÞ; 0a

ka s� 1; a ¼ 1; 2g, sb 2, then the following estimate is valid

ku� wN1N2
k2H1ðWÞ a

1

N 2s�3
1

þ 1

N 2s�3
2

� �
d1ðhG1 ; h

G
2 ;N1;N2Þ;

where d1ðhG1 ; h
G
2 ;N1;N2Þ ! 0, as minfN1;N2g ! y. In addition, if kuk2H s; s; 1ðWÞ

¼
Ps�1

k¼0

P2
a¼1

kqk
a uk

2
H1ðWÞ a c, where c is independent of h1 ¼ max

x3 A I
ðhþ1 ðx3Þ � h�1 ðx3ÞÞ,

h2 ¼ max
x3 A I

ðhþ2 ðx3Þ � h�2 ðx3ÞÞ, then the following estimate holds
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ku� wN1N2
k2EðWÞ a

h
2ðs�1Þ
1

N 2s�3
1

þ h
2ðs�1Þ
2

N 2s�3
2

 !
d2ðN1;N2Þ;

where d2ðN1;N2Þ ! 0, as minfN1;N2g ! y, kvk2EðWÞ ¼ BWðv; vÞ, v A VðWÞ.

Proof. From Theorem 2.1 we have that ~wwN1N2
is a solution of the mini-

mization problem of energy functional JN1N2
, i.e.,

JN1N2
ð~wwN1N2

Þa JN1N2
ð~vvN1N2

Þ; E~vvN1N2
A ~VVN1N2

ðIÞ:ð2:5Þ

Since

BW
N1N2

ð~vvN1N2
;~vvN1N2

Þ ¼ BWðvN1N2
; vN1N2

Þ;

LW
N1N2

ð~vvN1N2
Þ ¼ LWðvN1N2

Þ;
E~vvN1N2

A ~VVN1N2
ðIÞ;

where vN1N2
¼
PN1

k1¼0

PN2

k2¼0

a1a2 k1 þ 1
2

� �
k2 þ 1

2

� �
v

k1k2
Pk1ðo1ÞPk2ðo2Þ, then applying

(2.5), we have

BWðu� wN1N2
; u� wN1N2

ÞaBWðu; uÞ � 2LWðvN1N2
Þ þ BWðvN1N2

; vN1N2
Þ:

From the last inequality we obtain, that for all vN1N2
A VN1N2

ðWÞ;

BWðu� wN1N2
; u� wN1N2

ÞaBWðu� vN1N2
; u� vN1N2

Þ:ð2:6Þ

By the trace theorems for Sobolev spaces ([21]), for any v A H1ðWÞ, v ¼ 0

on G2, there exists continuation ~vv A H1
0ðW1Þ of the vector function v, where

W1 IW, qW1 IG2. From the density of Cy
0 ðW1Þ in H1

0ðW1Þ, we obtain that

the set of infinitely di¤erentiable functions in W, which are equal to zero on G2,

is dense in VðWÞ. The relations, which we obtain below to prove the esti-

mates of the theorem, imply that 6
N1;N2b0

VN1N2
ðWÞ is dense in VðWÞ and thus

wN1N2
! u in the space H1ðWÞ, as minfN1;N2g ! y.

Now let us estimate the rate of approximation of u by wN1N2
, if

qk
a u A H1ðWÞ, 0a ka s� 1, sb 2. Denote by

eN1N2
¼ u� uN1N2

¼ u�
XN1

k1¼0

XN2

k2¼0

a1a2 k1 þ
1

2

� �
k2 þ

1

2

� �
u

k1k2
Pk1ðo1ÞPk2ðo2Þ;

where u
k1k2 ¼

Ð hþ
2

h�
2

Ð hþ
1

h�
1
uPk1ðo1ÞPk2ðo2Þdx1dx2, 0a k1 aN1, 0a k2 aN2.

Applying the following recurrence relations for the Legendre polynomials

([30])
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PrðtÞ ¼
1

2rþ 1
ðP 0

rþ1ðtÞ � P 0
r�1ðtÞÞ; rb 1;

tP 0
rðtÞ ¼ P 0

rþ1ðtÞ � ðrþ 1ÞPrðtÞ; rb 0;

ð2:7Þ

we infer, that for almost all x3 A I ,

u
k1k2 ¼

~hh1
2k1 þ 1

ð q1u
k1�1;k2

� q1u
k1þ1;k2

Þ ¼
~hh2

2k2 þ 1
ð q2u
k1;k2�1

� q2u
k1;k2þ1

Þ:ð2:8Þ

q3
1

~hh1~hh2
u

k1k2

� �
¼ 1

~hh1~hh2

�
q3u
k1k2

þ ðh1Þ0q1u
k1k2

þ ð~hh1Þ0
k1
~hh1

u
k1k2 þ q1u

k1þ1;k2
� �

ð2:9Þ

þ ðh2Þ0q2u
k1k2

þ ð~hh2Þ0
k2
~hh2

u
k1k2 þ q2u

k1;k2þ1
� ��

;

where ~hha ¼ 1
2 ðhþa � h�a Þ, ha ¼ 1

2 ðhþa þ h�a Þ, a ¼ 1; 2. Applying the formulas

(2.7)–(2.9), we obtain

quN1N2

qx1
¼
XN1�1

k1¼0

XN2

k2¼0

1
~hh1~hh2

k1 þ
1

2

� �
k2 þ

1

2

� �
q1u
k1k2

Pk1ðo1ÞPk2ðo2Þ

�
XN1þ1

k1¼N1

XN2

k2¼0

1

2~hh1~hh2
k2 þ

1

2

� �
q1u
k1k2

P 0
k1�1ðo1ÞPk2ðo2Þ;

quN1N2

qx2
¼
XN1

k1¼0

XN2�1

k2¼0

1
~hh1~hh2

k1 þ
1

2

� �
k2 þ

1

2

� �
q2u
k1k2

Pk1ðo1ÞPk2ðo2Þ

�
XN1

k1¼0

XN2þ1

k2¼N2

1

2~hh1~hh2
k1 þ

1

2

� �
q2u
k1k2

P 0
k2�1ðo2ÞPk1ðo1Þ;

quN1N2

qx3
¼
XN1

k1¼0

XN2

k2¼0

k1 þ
1

2

� �
k2 þ

1

2

� �
q3

1
~hh1~hh2

u
k1k2

� �
Pk1ðo1ÞPk2ðo2Þ

�
XN1

k1¼1

XN2

k2¼0

1
~hh1~hh2

k1 þ
1

2

� �
k2 þ

1

2

� �
u

k1k2

~hh1
ððh1Þ0P 0

k1
ðo1Þ

þ ð~hh1Þ0ðk1Pk1ðo1Þ þ P 0
k1�1ðo1ÞÞÞPk2ðo2Þ

�
XN1

k1¼0

XN2

k2¼1

1
~hh1~hh2

k1 þ
1

2

� �
k2 þ

1

2

� �
u

k1k2

~hh2
ððh2Þ0P 0

k2
ðo2Þ

þ ð~hh2Þ0ðk2Pk2ðo2Þ þ P 0
k2�1ðo2ÞÞÞPk1ðo1Þ
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¼
XN1

k1¼0

XN2

k2¼0

1
~hh1~hh2

k1 þ
1

2

� �
k2 þ

1

2

� �
q3u
k1k2

Pk1ðo1ÞPk2ðo2Þ

þ
XN1

k1¼0

ðh2Þ0
~hh1~hh2

k1 þ
1

2

� �
N2 þ

1

2

� �
q2u
k1N2

Pk1ðo1ÞPN2
ðo2Þ

þ
XN2

k2¼0

ðh1Þ0
~hh1~hh2

k2 þ
1

2

� �
N1 þ

1

2

� �
q1u
N1k2

PN1
ðo1ÞPk2ðo2Þ

þ
XN1þ1

k1¼N1

XN2

k2¼0

1

2~hh1~hh2
k2 þ

1

2

� �
q1u
k1k2

ððh1Þ0P 0
k1�1ðo1Þ þ ð~hh1Þ0P 0

k1
ðo1ÞÞPk2ðo2Þ

þ
XN2þ1

k2¼N2

XN1

k1¼0

1

2~hh1~hh2
k1 þ

1

2

� �
q2u
k1k2

ððh2Þ0P 0
k2�1ðo2Þ þ ð~hh2Þ0P 0

k2
ðo2ÞÞPk1ðo1Þ:

Hence, taking into account the expressions for derivatives of the Legendre

polynomials

P 0
rðtÞ ¼

Xr�1

k¼0

k þ 1

2

� �
ð1� ð�1ÞrþkÞPkðtÞ; rb 1;

and
Ð 1
�1 jP 0

rðtÞj
2
dt ¼

Pr�1

k¼0

k þ 1
2

� �
ð1� ð�1ÞkþrÞ2 ¼ rðrþ 1Þ, r A N, we have

keN1N2
k2L2ðWÞ ¼

X
ðk1;k2Þ AKN1þ1;N2þ1

ð
I

a1a2 k1 þ
1

2

� �
k2 þ

1

2

� �
k u
k1k2k2R3dx3;

qeN1N2

qx1

����
����
2

L2ðWÞ
¼

X
ðk1;k2Þ AKN1 ;N2þ1

ð
I

a1a2 k1 þ
1

2

� �
k2 þ

1

2

� �
kq1u
k1k2

k2R3dx3

þ
XN1þ1

k1¼N1

XN2

k2¼0

ð
I

a1a2 k2 þ
1

2

� �
k1

4
ðk1 � 1Þkq1u

k1k2
k2R3dx3;

qeN1N2

qx2

����
����
2

L2ðWÞ
¼

X
ðk1;k2Þ AKN1þ1;N2

ð
I

a1a2 k1 þ
1

2

� �
k2 þ

1

2

� �
kq2u
k1k2

k2R3dx3

þ
XN2þ1

k2¼N2

XN1

k1¼0

ð
I

a1a2 k1 þ
1

2

� �
k2

4
ðk2 � 1Þkq2u

k1k2
k2R3dx3;
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qeN1N2

qx3

����
����
2

L2ðWÞ
a 5

0
@ X

ðk1;k2Þ AKN1þ1;N2þ1

ð
I

a1a2 k1 þ
1

2

� �
k2 þ

1

2

� �
kq3u
k1k2

k2R3dx3

þ
XN1þ1

k1¼N1

XN2

k2¼0

ð
I

a1a2 k2 þ
1

2

� �
N1 þ 1

4
ðð2k1 �N1Þð~hh

0
1Þ

2

þ ð3N1 � 2k1 þ 2Þðh 0
1Þ

2Þkq1u
k1k2

k2R3dx3

þ
XN2þ1

k2¼N2

XN1

k1¼0

ð
I

a1a2 k1 þ
1

2

� �
N2 þ 1

4
ðð2k2 �N2Þð~hh

0
2Þ

2

þ ð3N2 � 2k2 þ 2Þðh 0
2Þ

2Þkq2u
k1k2

k2R3dx3

1
A;

where KN1;N2
¼ fðk1; k2Þ A N�N; k1 bN1 or k2 bN2g, k:kR3 denotes the norm

in Euclidean space R3.

Therefore applying (2.8), we infer that

keN1N2
k2L2ðWÞ a

1

N 2s
1

þ 1

N 2s
2

� �
dðhG1 ; h

G
2 ;N1;N2Þ;

qeN1N2

qxi

����
����
2

L2ðWÞ
a

1

N 2s�3
1

þ 1

N 2s�3
2

� �
dðhG1 ; h

G
2 ;N1;N2Þ;

where i ¼ 1; 2; 3, dðhG1 ; h
G
2 ;N1;N2Þ ! 0, as minfN1;N2g ! y.

From (2.6) and coerciveness of the bilinear form BWð: ; :Þ we obtain

ku� wN1N2
k2H1ðWÞ a

1

N 2s�3
1

þ 1

N 2s�3
2

� �
d1ðhG1 ; h

G
2 ;N1;N2Þ;

where d1ðhG1 ; h
G
2 ;N1;N2Þ ! 0, as minfN1;N2g ! y.

In addition, if
Ps�1

k¼0

P2
a¼1

kqk
a ukH1ðWÞ a c, where c is independent of h1, h2, then

from (2.8) we have

keN1N2
k2L2ðWÞ a

h2s1
N 2s

1

þ h2s2
N 2s

2

� �
dðN1;N2Þ;

qeN1N2

qxi

����
����
2

L2ðWÞ
a

h
2ðs�1Þ
1

N 2s�3
1

þ h
2ðs�1Þ
2

N 2s�3
2

 !
dðN1;N2Þ;

where i ¼ 1; 3, dðN1;N2Þ ! 0, as minfN1;N2g ! y. From the latter inequal-

ities, taking into account (2.6), we obtain the second estimate of the theorem
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ku� wN1N2
k2EðWÞ a

h
2ðs�1Þ
1

N 2s�3
1

þ h
2ðs�1Þ
2

N 2s�3
2

 !
d2ðN1;N2Þ;

where d2ðN1;N2Þ ! 0, as minfN1;N2g ! y, kvkEðWÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BWðv; vÞ

p
. r

3. Dynamical initial boundary value problem

In the present section we construct a hierarchy of dynamical one-

dimensional models of elastic rod and investigate the corresponding initial

boundary value problems. In addition, we prove, that the sequence of vector

functions restored from the solutions of the reduced problems converges to the

solution of the original three-dimensional problem.

Let us consider initial boundary value problem (1.1)–(1.3), the weak for-

mulation of which is of the following form: Find the unknown vector function

u A C 0ð½0;T �;VðWÞÞ, u 0 A C0ð½0;T �;L2ðWÞÞ, which satisfies the equation

d

dt
ðu 0; vÞL2ðWÞ þ BWðu; vÞ ¼ LWðvÞ; Ev A VðWÞ;ð3:1Þ

in the sense of distributions in ð0;TÞ together with the following initial con-

ditions

uð0Þ ¼ j; u 0ð0Þ ¼ c;ð3:2Þ

where j A VðWÞ, c A L2ðWÞ and C0ð½0;T �;HÞ is a space of continuous vector

functions from ½0;T � to a Banach space H. Note that each z A C0ð½0;T �;HÞ
can be identified with distribution in ð0;TÞ with values in H and its generalized

derivative we denote by z 0.

The formulated three-dimensional dynamical problem (3.1), (3.2) has

a unique solution u if 2mþ 3l > 0, m > 0, f A L2ðW� ð0;TÞÞ, g,
qg

qt
A

L2ð ~GG � ð0;TÞÞ, which satisfies the following energy equality: for all t A ½0;T �,

ðu 0ðtÞ; u 0ðtÞÞL2ðWÞ þ BWðuðtÞ; uðtÞÞ ¼ ðc;cÞL2ðWÞ þ BWðj; jÞ þ ~LLWðuÞðtÞ;

where

~LLWðuÞðtÞ ¼ 2

ð t
0

ð f ðtÞ; u 0ðtÞÞL2ðWÞdtþ 2ðgðtÞ; uðtÞÞL2ð ~GGÞ

� 2ðgð0Þ; uð0ÞÞL2ð ~GGÞ � 2

ð t
0

qg

qt
ðtÞ; uðtÞ

� �
L2ð ~GGÞ

dt; Et A ½0;T �:

As in the case of static problem, to reduce three-dimensional problem (3.1),

(3.2) to a hierarchy of one-dimensional problems, let us consider equation (3.1)
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on the subspace VN1N2
ðWÞ ðVN1N2

ðWÞ is defined in Section 2) and take j, c

from the subspaces VN1N2
ðWÞ and HN1N2

ðWÞ, respectively, where

HN1N2
ðWÞ ¼

(
vN1N2

¼
XN1

k1¼0

XN2

k2¼0

a1a2 k1 þ
1

2

� �
k2 þ

1

2

� �
v

k1k2
Pk1ðo1ÞPk2ðo2Þ;

v
k1k2

A L2ðIÞ;oa ¼ aaxa � ba; a ¼ 1; 2; k1 ¼ 0;N1; k2 ¼ 0;N2

)
:

Thus, we obtain the following problem: Find wN1N2
A C 0ð½0;T �;

VN1N2
ðWÞÞ, w 0

N1N2
A C0ð½0;T �;HN1N2

ðWÞÞ, which satisfies the equation

d

dt
ðw 0

N1N2
; vN1N2

ÞL2ðWÞ þ BWðwN1N2
; vN1N2

Þ ¼ LWðvN1N2
Þ;ð3:3Þ

for all vN1N2
A VN1N2

ðWÞ, in the sense of distributions in ð0;TÞ, together with the

following initial conditions

wN1N2
ð0Þ ¼ jN1N2

; w 0
N1N2

ð0Þ ¼ cN1N2
;ð3:4Þ

where jN1N2
A VN1N2

ðWÞ, cN1N2
A HN1N2

ðWÞ.
Note, that problem (3.3), (3.4) is equivalent to the following one: Find a

vector function ~wwN1N2
¼ ðw00; . . . ; w

N1N2Þ A C0ð½0;T �; ~VVN1N2
ðIÞÞ, ~ww 0

N1N2
A C 0ð½0;T �;

½L2ðIÞ�ðN1þ1ÞðN2þ1ÞÞ, which satisfies the equation

d

dt
ðM~ww 0

N1N2
;~vvN1N2

Þ½L2ðIÞ�ðN1þ1ÞðN2þ1Þ þ BW
N1N2

ð~wwN1N2
;~vvN1N2

Þð3:5Þ

¼ LW
N1N2

ð~vvN1N2
Þ; E~vvN1N2

A ~VVN1N2
ðIÞ;

in the sense of distributions in ð0;TÞ, together with the initial conditions

~wwN1N2
ð0Þ ¼~jjN1N2

; ~ww 0
N1N2

ð0Þ ¼ ~ccN1N2
;ð3:6Þ

where

~jjN1N2
¼ ðj00; . . . ; j

N1N2Þ A ~VVN1N2
ðIÞ; ~ccN1N2

¼ ðc00; . . . ; c
N1N2Þ A ½L2ðIÞ�ðN1þ1ÞðN2þ1Þ;

jN1N2
¼
XN1

k1¼0

XN2

k2¼0

a1a2 k1 þ
1

2

� �
k2 þ

1

2

� �
j

k1k2
Pk1ðo1ÞPk2ðo2Þ;

cN1N2
¼
XN1

k1¼0

XN2

k2¼0

a1a2 k1 þ
1

2

� �
k2 þ

1

2

� �
c
k1k2

Pk1ðo1ÞPk2ðo2Þ;
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M~wwN1N2
¼ ðM00w

00
; . . . ;MN1N2

w
N1N2Þ; Mk1k2 ¼ a1a2 k1 þ

1

2

� �
k2 þ

1

2

� �
;

k1 ¼ 0;N1, k2 ¼ 0;N2 and BW
N1N2

, LW
N1N2

are defined in Section 2.

So, we have obtained a hierarchy of dynamical one-dimensional models

of the rod. In order to investigate initial boundary value problem (3.5), (3.6)

let us consider more general variational problem and formulate theorem on

the existence and uniqueness of its solution, from which we obtain the cor-

responding result for reduced problem (3.5), (3.6).

Let V and H be separable real Hilbert spaces, V is dense in H and

is continuously imbedded in it. The dual space of V we denote by V 0 and

H is identified with its dual with respect to the scalar product in H, then

V ,! H ,! V 0 with continuous and dense imbeddings. The duality relation

between the spaces V 0 and V we denote by h: ; :i.
Assume that A, B, L are linear continuous operators, such that

B ¼ B1 þ B2; B1 A LðV ;V 0Þ; B2 A LðV ;HÞVLðH;V 0Þ; A;L A LðH;HÞ;

B1 is self-adjoint and B1 þ b1I is coercive for some real number b1, A is self-

adjoint and coercive, i.e.,

b1ðu; vÞ ¼ b1ðv; uÞ; jb1ðu; vÞja cb1kukVkvkV ;

b1ðu; uÞb bkuk2V � b1kuk
2
H ; b > 0;

Eu; v A V ;

jb2ð~uu; ~vvÞja
cb2k~uukVk~vvkH ; E~uu A V ; ~vv A H;

cb2k~uukHk~vvkV ; E~uu A H; ~vv A V ;

�

aðu1; v1Þ ¼ aðv1; u1Þ; aðu1; u1Þb aku1k2H ; a > 0;

jaðu1; v1Þja caku1kHkv1kH ; jlðu1; v1Þja clku1kHkv1kH ;
Eu1; v1 A H;

ð3:7Þ

where b1ðu; vÞ ¼ hB1u; vi, b2ðu; vÞ ¼ hB2u; vi, lðu1; v1Þ ¼ ðLu1; v1ÞH , aðu1; v1Þ ¼
ðAu1; v1ÞH , bðu; vÞ ¼ b1ðu; vÞ þ b2ðu; vÞ, for all u; v A V , u1; v1 A H:

Let us consider the following variational problem: Find a vector function

z A C 0ð½0;T �;VÞ, z 0 A C0ð½0;T �;HÞ, which satisfies the equation

d

dt
aðz 0; vÞ þ bðz; vÞ þ lðz 0; vÞ ¼ ðF ; vÞH þ h ~FF ; vi; Ev A V ;ð3:8Þ

in the sense of distributions in ð0;TÞ, together with the following initial con-

ditions

zð0Þ ¼ z0; z 0ð0Þ ¼ z1;ð3:9Þ

where z0 A V , z1 A H, F A L2ð0;T ;HÞ, ~FF ; ~FF 0 A L2ð0;T ;V 0Þ.
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For the formulated problem the following theorem is true.

Theorem 3.1. If conditions (3.7) are satisfied, then problem (3.8), (3.9)

possesses a unique solution, which satisfies the energy equality

aðz 0ðtÞ; z 0ðtÞÞ þ b1ðzðtÞ; zðtÞÞ þ 2

ð t
0

b2ðzðtÞ; z 0ðtÞÞdtþ 2

ð t
0

lðz 0ðtÞ; z 0ðtÞÞdt

¼ aðz1; z1Þ þ b1ðz0; z0Þ þ 2

ð t
0

ðF ðtÞ; z 0ðtÞÞHdtþ 2h ~FF ðtÞ; zðtÞi

� 2h ~FF ð0Þ; z0i� 2

ð t
0

h ~FF 0ðtÞ; zðtÞidt; Et A ½0;T �:

The existence result of Theorem 3.1 can be proved in a standard way

applying Faedo-Galerkin’s method (Chap. 18, sect. 5 of [31]), while the energy

equality can be obtained through the usual regularization and limiting pro-

cedure.

Applying Theorem 3.1 for one-dimensional problem (3.5), (3.6), we obtain

the following theorem.

Theorem 3.2. Assume that Lamé constants satisfy conditions 2mþ 3l > 0,

m > 0 and f A L2ðW� ð0;TÞÞ, g, qg=qt A L2ð ~GG � ð0;TÞÞ, ~jjN1N2
A ~VVN1N2

ðIÞ, ~ccN1N2

A ½L2ðIÞ�ðN1þ1ÞðN2þ1Þ
, then problem (3.5), (3.6) has a unique solution ~wwN1N2

ðtÞ and

the following energy equality is valid

ðw 0
N1N2

ðtÞ;w 0
N1N2

ðtÞÞL2ðWÞ þ BWðwN1N2
ðtÞ;wN1N2

ðtÞÞð3:10Þ

¼ ðcN1N2
;cN1N2

ÞL2ðWÞ þ BWðjN1N2
; jN1N2

Þ

þ ~LLWðwN1N2
ÞðtÞ; Et A ½0;T �:

Proof. The formulated theorem is a consequence of Theorem 3.1.

Indeed, it su‰ces to take V ¼ ~VVN1N2
ðIÞ, H ¼ ½L2ðIÞ�ðN1þ1ÞðN2þ1Þ,

zðtÞ ¼ ~wwN1N2
ðtÞ; v ¼~vvN1N2

; z0 ¼~jjN1N2
; z1 ¼ ~ccN1N2

;

b1ð~wwN1N2
;~vvN1N2

Þ ¼ BW
N1N2

ð~wwN1N2
;~vvN1N2

Þ; b2 1 0; l1 0;

að~wwN1N2
;~vvN1N2

Þ ¼ ðM~wwN1N2
;~vvN1N2

Þ½L2ðIÞ�ðN1þ1ÞðN2þ1Þ ; F ¼ ð F
k1k2

Þ;

F
k1k2

¼
ð hþ

1

h�
1

ð hþ
2

h�
2

f a1a2 k1 þ
1

2

� �
k2 þ

1

2

� �
Pk1ðo1ÞPk2ðo2Þdx1dx2;

h ~FF ;~vvN1N2
i ¼ ðg; vN1N2

ÞL2ð ~GGÞ; E~vvN1N2
A ~VVN1N2

ðIÞ:

Note that since the norm k:k½H1ðIÞ�ðN1þ1ÞðN2þ1Þ in the space ~VVN1N2
ðIÞ is

equivalent to the norm k:k�, k~vvN1N2
k� ¼ kvN1N2

kH1ðWÞ, where vN1N2
A VN1N2

ðWÞ
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corresponds to ~vvN1N2
A ~VVN1N2

ðIÞ, then all conditions of Theorem 3.1 are ful-

filled. Therefore problem (3.5), (3.6) has a unique solution, ~wwN1N2
satisfies the

energy equality

ðM~ww 0
N1N2

ðtÞ;~ww 0
N1N2

ðtÞÞ½L2ðIÞ�ðN1þ1ÞðN2þ1Þ þ BW
N1N2

ð~wwN1N2
ðtÞ;~wwN1N2

ðtÞÞ

¼ ðM~ccN1N2
; ~ccN1N2

Þ½L2ðIÞ�ðN1þ1ÞðN2þ1Þ þ BW
N1N2

ð~jjN1N2
;~jjN1N2

Þ

þ 2

ð t
0

ð f ;w 0
N1N2

ðtÞÞL2ðWÞdtþ 2ðgðtÞ;wN1N2
ðtÞÞL2ð ~GGÞ � 2ðgð0Þ; jN1N2

ÞL2ð ~GGÞ

� 2

ð t
0

qg

qt
ðtÞ;wN1N2

ðtÞ
� �

L2ð ~GGÞ
dt; Et A ½0;T �;

which is equivalent to equality (3.10). r

Thus, we have reduced three-dimensional problem (3.1), (3.2) to one-

dimensional problem (3.5), (3.6) and have proved the existence and uniqueness

of its solution. Now we estimate the rate of approximation of the exact

solution u of the three-dimensional problem by the vector functions wN1N2
ðtÞ

restored from the solutions ~wwN1N2
ðtÞ of the reduced problems. For simplicity

of notes we denote by k:k and j:j norms in the spaces VðWÞ and L2ðWÞ,
respectively, and the scalar product in L2ðWÞ we denote by ð: ; :Þ.

Theorem 3.3. If conditions of Theorem 3.2 are fulfilled and jN1N2
, cN1N2

corresponding to ~jjN1N2
, ~ccN1N2

tend to j, c in the spaces VðWÞ and L2ðWÞ,
respectively, then the vector function wN1N2

ðtÞ corresponding to the solution

~wwN1N2
ðtÞ ¼ ðw00ðtÞ; . . . ; w

N1N2ðtÞÞ of reduced problem (3.5), (3.6) tends to the solution

uðtÞ of three-dimensional problem (3.1), (3.2) in the space VðWÞ,

wN1N2
ðtÞ ! uðtÞ strongly in VðWÞ;

w 0
N1N2

ðtÞ ! u 0ðtÞ strongly in L2ðWÞ; as minfN1;N2g ! y; Et A ½0;T �:

Moreover, if components of ~jjN1N2
, ~ccN1N2

are moments of j, c with respect to the

Legendre polynomials, i.e. ~jjN1N2
¼ ðj00; . . . ; j

N1N2Þ, ~ccN1N2
¼ ðc00; . . . ; c

N1N2Þ,

j
k1k2 ¼

ð hþ
1

h�
1

ð hþ
2

h�
2

jPk1ðo1ÞPk2ðo2Þdx1dx2; c
k1k2 ¼

ð hþ
1

h�
1

ð hþ
2

h�
2

cPk1ðo1ÞPk2ðo2Þdx1dx2;

k1 ¼ 0;N1, k2 ¼ 0;N2, and u satisfies additional regularity properties with re-

spect to the spatial variables u A L2ð0;T ;Hs0; s0;1ðWÞÞ, u 0 A L2ð0;T ;H s1; s1;1ðWÞÞ,
u 00 A L2ð0;T ;Hs2; s2;1ðWÞÞ, s0 b s1 b s2 b 1, s1 b 2, then the following estimate is

valid: s ¼ minfs2; s1 � 3=2g,

ju 0 � w 0
N1N2

j2 þ ku� wN1N2
k2 a 1

N 2s
1

þ 1

N 2s
2

� �
hðT ; hG1 ; h

G
2 ;N1;N2Þ;
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where hðT ; hG1 ; h
G
2 ;N1;N2Þ ! 0, as minfN1;N2g ! y. If additionally the fol-

lowing conditions are fulfilled kukL2ð0;T ;H s0 ; s0 ; 1ðWÞÞ a ~cc, ku 0kL2ð0;T ;H s1 ; s1 ; 1ðWÞÞ a ~cc,

ku 00kL2ð0;T ;H s2 ; s2 ; 1ðWÞÞ a ~cc, where ~cc is independent of h1 ¼ max
x3 A I

ðhþ1 ðx3Þ � h�1 ðx3ÞÞ
and h2 ¼ max

x3 A I
ðhþ2 ðx3Þ � h�2 ðx3ÞÞ, then

ju 0 � w 0
N1N2

j2 þ ku� wN1N2
k2EðWÞ a

h2s1
N 2s

1

þ h2s2
N 2s

2

� �
hðT ;N1;N2Þ;

where hðT ;N1;N2Þ ! 0, as minfN1;N2g ! y, s ¼ minfs2; s1 � 1g.

Proof. From Theorem 3.2 we have, that the vector function wN1N2
ðtÞ

corresponding to the solution ~wwN1N2
ðtÞ of reduced problem (3.5), (3.6) satisfies

energy equality (3.10) and since jN1N2
! j in VðWÞ, cN1N2

! c in L2ðWÞ, for
all t A ½0;T �, we have

jw 0
N1N2

ðtÞj2 þ kwN1N2
ðtÞk2 a c1

 
jcj2 þ kjk2 þ

ð t
0

j f ðtÞj2dtþ kgðtÞk2L2ð ~GGÞ

þ kgð0Þk2L2ð ~GGÞ þ
ð t
0

qg

qt
ðtÞ

����
����
2

L2ð ~GGÞ
dtþ

ð t
0

ðjw 0
N1N2

ðtÞj2 þ kwN1N2
ðtÞk2Þdt

!
:

Applying Gronwall’s lemma ([32]), from the last inequality, we obtain

jw 0
N1N2

ðtÞj2 þ kwN1N2
ðtÞk2 < c2; EN1;N2 A N; t A ½0;T �:ð3:11Þ

It should be pointed out, that the method of constructing of the ap-

proximate solutions fwN1N2
g doesn’t coincide with Faedo-Galerkin’s method,

because for each pair ðN1;N2Þ the unknown vector functions w
k1k2 ð0a k1 aN1;

0a k2 aN2Þ depend on two variables. However, in order to prove strong

pointwise with respect to the variable t convergence of the sequence of ap-

proximate solutions fwN1N2
g it is possible to use the arguments which are

applied to prove the same property when the approximate solutions are con-

structed by Faedo-Galerkin’s method (Chap. 18, sect. 5 of [31]). Therefore we

present only the scheme of the proof.

Since the sequence fwN1N2
ðtÞg satisfies (3.11), it is bounded in the space

Lyð0;T ;VðWÞÞVL2ð0;T ;VðWÞÞ, while fw 0
N1N2

ðtÞg belongs to the bounded set

of the space L2ð0;T ;L2ðWÞÞVLyð0;T ;L2ðWÞÞ. Hence, taking into account

the density of the union 6
N1;N2b0

VN1N2
ðWÞ in VðWÞ, we obtain that as

minfN1;N2g ! y,

wN1N2
! u weakly in L2ð0;T ;VðWÞÞ; weakly-� in Lyð0;T ;VðWÞÞ;

w 0
N1N2

! u 0 weakly in L2ð0;T ;L2ðWÞÞ; weakly-� in Lyð0;T ;L2ðWÞÞ:
ð3:12Þ
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Applying energy equalities for uðtÞ and wN1N2
ðtÞ, we obtain the following

equality for their di¤erence dN1N2
ðtÞ ¼ uðtÞ � wN1N2

ðtÞ,

ðd 0
N1N2

ðtÞ; d 0
N1N2

ðtÞÞ þ BWðdN1N2
ðtÞ; dN1N2

ðtÞÞð3:13Þ

¼ ðd 0
N1N2

ð0Þ; d 0
N1N2

ð0ÞÞ þ BWðdN1N2
ð0Þ; dN1N2

ð0ÞÞ

þ ~LLWðdN1N2
ÞðtÞ þ 2 ~JJN1N2

ðtÞ;

where

~JJN1N2
ðtÞ ¼ ðu 0ð0Þ;w 0

N1N2
ð0ÞÞ þ BWðuð0Þ;wN1N2

ð0ÞÞ � BWðuðtÞ;wN1N2
ðtÞÞ

� ðu 0ðtÞ;w 0
N1N2

ðtÞÞ þ ~LLWðwN1N2
ÞðtÞ:

Since u and wN1N2
are solutions of problems (3.1), (3.2) and (3.3), (3.4),

respectively, from (3.11) we obtain that for any fixed t A ½0;T �,

wN1N2
ðtÞ ! uðtÞ weakly in VðWÞ;

w 0
N1N2

ðtÞ ! u 0ðtÞ weakly in L2ðWÞ; as minfN1;N2g ! y:

Applying the energy equality for u and passing to the limit in JN1N2
ðtÞ as

N1 and N2 tend to infinity, we get

~JJN1N2
ðtÞ ! ðu 0ð0Þ; u 0ð0ÞÞ þ BWðuð0Þ; uð0ÞÞ þ ~LLWðuÞðtÞð3:14Þ

� ðu 0ðtÞ; u 0ðtÞÞ � BWðuðtÞ; uðtÞÞ ¼ 0:

Thus, from (3.13) we deduce

jd 0
N1N2

ðtÞj2 þ kdN1N2
ðtÞk2 a c3ð2 ~JJN1N2

ðtÞ þ ðd 0
N1N2

ð0Þ; d 0
N1N2

ð0ÞÞð3:15Þ

þ BWðdN1N2
ð0Þ; dN1N2

ð0ÞÞ þ ~LLWðdN1N2
ÞðtÞÞ:

From the conditions of the theorem it follows that dN1N2
ð0Þ ! 0 strongly in

VðWÞ and d 0
N1N2

ð0Þ ! 0 strongly in L2ðWÞ. Applying (3.12), (3.14), we obtain

ðd 0
N1N2

ð0Þ; d 0
N1N2

ð0ÞÞ þ BWðdN1N2
ð0Þ; dN1N2

ð0ÞÞ þ 2 ~JJN1N2
ðtÞ þ ~LLWðdN1N2

ÞðtÞ ! 0;

as minfN1;N2g ! y, and from (3.15) we have

jd 0
N1N2

ðtÞj2 þ kdN1N2
ðtÞk2 ! 0; as minfN1;N2g ! y:

Therefore, for all t A ½0;T �;

wN1N2
ðtÞ ! uðtÞ strongly in VðWÞ;

w 0
N1N2

ðtÞ ! u 0ðtÞ strongly in L2ðWÞ; as minfN1;N2g ! y:
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Now we prove the estimates of the theorem. The solution u of the three-

dimensional problem satisfies equation (3.1) for all v A VðWÞ and hence satisfies

it for all vN1N2
A VN1N2

ðWÞHVðWÞ, i.e.

d

dt
ðu 0; vN1N2

Þ þ BWðu; vN1N2
Þ ¼ LWðvN1N2

Þ; EvN1N2
A VN1N2

ðWÞ:

Since the vector function wN1N2
corresponds to the solution ~wwN1N2

of problem

(3.5), (3.6) and satisfies equation (3.3), we have

d

dt
ððu� wN1N2

Þ0; vN1N2
Þ þ BWðu� wN1N2

; vN1N2
Þ ¼ 0; EvN1N2

A VN1N2
ðWÞ:

Suppose that u A L2ð0;T ;Hs0; s0;1ðWÞÞ, u 0 A L2ð0;T ;Hs1; s1;1ðWÞÞ, u 00 A L2ð0;T ;

Hs2; s2;1ðWÞÞ, s0 b s1 b s2 b 1, s1 b 2. From the regularity theorems we ob-

tain u A C0ð½0;T �;Hs1; s1;1ðWÞÞ, u 0 A C 0ð½0;T �;Hs2; s2;1ðWÞÞ. Let us consider the

Fourier-Legendre expansion of the vector function u with respect to the vari-

ables x1, x2. We denote by uN1N2
the piece of series, consisting of the first

N1 þN2 þ 2 terms, while the remainder term is denoted by gN1N2
, i.e. u ¼

uN1N2
þ gN1N2

,

uN1N2
¼
XN1

k1¼0

XN2

k2¼0

a1a2 k1 þ
1

2

� �
k2 þ

1

2

� �
u

k1k2
Pk1ðo1ÞPk2ðo2Þ;

u
k1k2 ¼

ð hþ
1

h�
1

ð hþ
2

h�
2

uPk1ðo1ÞPk2ðo2Þdx1dx2; o1 ¼ a1x1 � b1; o2 ¼ a2x2 � b2;

k1 ¼ 0;N1, k2 ¼ 0;N2. Let us take initial conditions ~jjN1N2
, ~ccN1N2

of the

problem (3.5), (3.6) such that ~jjN1N2
¼ ðj00; . . . ; j

N1N2Þ, ~ccN1N2
¼ ðc00; . . . ; c

N1N2Þ,

j
k1k2 ¼

ð hþ
1

h�
1

ð hþ
2

h�
2

jPk1ðo1ÞPk2ðo2Þdx1dx2; c
k1k2 ¼

ð hþ
1

h�
1

ð hþ
2

h�
2

cPk1ðo1ÞPk2ðo2Þdx1dx2;

where k1 ¼ 0;N1, k2 ¼ 0;N2. Hence the vector function DN1N2
¼ uN1N2

� wN1N2

is a solution of the following problem:

d

dt
ðD 0

N1N2
; vN1N2

Þ þ BWðDN1N2
; vN1N2

Þ

¼ �ððg 00N1N2
; vN1N2

Þ þ BWðgN1N2
; vN1N2

ÞÞ; EvN1N2
A VN1N2

ðWÞ;

DN1N2
ð0Þ ¼ uN1N2

ð0Þ � jN1N2
¼ 0; D 0

N1N2
ð0Þ ¼ u 0

N1N2
ð0Þ � cN1N2

¼ 0:

Applying Theorem 3.1 to the last problem, we have
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ðD 0
N1N2

ðtÞ;D 0
N1N2

ðtÞÞ þ BWðDN1N2
ðtÞ;DN1N2

ðtÞÞ

¼ �2

ð t
0

ðg 00N1N2
ðtÞ;D 0

N1N2
ðtÞÞdt� 2BWðgN1N2

ðtÞ;DN1N2
ðtÞÞ

þ 2

ð t
0

BWðg 0N1N2
ðtÞ;DN1N2

ðtÞÞdt; 0a taT :

From this equality it follows that for all t A ½0;T �;

jD 0
N1N2

ðtÞj2 þ kDN1N2
ðtÞk2EðWÞ a c4

�ð t
0

ðjD 0
N1N2

ðtÞj2 þ kDN1N2
ðtÞk2EðWÞÞdtð3:16Þ

þ
ð t
0

jg 00N1N2
ðtÞj2dtþ kgN1N2

ðtÞk2EðWÞ þ
ð t
0

kg 0N1N2
ðtÞk2EðWÞdt

�
;

where kvk2EðWÞ ¼ BWðv; vÞ, for all v A VðWÞ and c4 is independent of gN1N2
, DN1N2

and W. Applying Gronwall’s lemma to (3.16), we have

jD 0
N1N2

ðtÞj2 þ kDN1N2
ðtÞk2EðWÞ a c5

�ð t
0

jg 00N1N2
ðtÞj2dtþ kgN1N2

ðtÞk2EðWÞ

þ
ð t
0

kg 0N1N2
ðtÞk2EðWÞdt

�
; Et A ½0;T �:

Note that kvk2EðWÞ a c6kvk2H1ðWÞ, for all v A H1ðWÞ, where c6 ¼ 3 maxf3l; mg, l,
m are Lamé constants and hence c6 is independent of v and W. Therefore, as

in the proof of Theorem 2.2 we can show thatð t
0

jg 00N1N2
ðtÞj2dta 1

N 2s2
1

þ 1

N 2s2
2

 !
hðT ; hG1 ; h

G
2 ;N1;N2Þ;

kgN1N2
ðtÞk2EðWÞ a

1

N 2s1�3
1

þ 1

N 2s1�3
2

 !
hðT ; hG1 ; h

G
2 ;N1;N2Þ;ð3:17Þ

ð t
0

kg 0N1N2
ðtÞk2EðWÞdta

1

N 2s1�3
1

þ 1

N 2s1�3
2

 !
hðT ; hG1 ; h

G
2 ;N1;N2Þ;

where hðT ; hG1 ; h
G
2 ;N1;N2Þ ! 0, as minfN1;N2g ! y, 0a taT .

Consequently, taking into account coerciveness of the bilinear form

BWð: ; :Þ, we have that for all t A ½0;T �;

jD 0
N1N2

ðtÞj2 þ kDN1N2
ðtÞk2 a 1

N 2s
1

þ 1

N 2s
2

� �
ĥhðT ; hG1 ; h

G
2 ;N1;N2Þ;

where ĥhðT ; hG1 ; h
G
2 ;N1;N2Þ ! 0, as minfN1;N2g ! y, s ¼ minfs2; s1 � 3=2g.
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In addition, since u 0 A C0ð½0;T �;Hs2; s2;1ðWÞÞ, we have

jg 0N1N2
ðtÞj2 a 1

N 2s2
1

þ 1

N 2s2
2

 !
~hhðT ; hG1 ; h

G
2 ;N1;N2Þ; Et A ½0;T �;

where ~hhðT ; hG1 ; h
G
2 ;N1;N2Þ ! 0, as minfN1;N2g ! y. Therefore, for all

t A ½0;T �,

ju 0ðtÞ � w 0
N1N2

ðtÞj2 þ kuðtÞ � wN1N2
ðtÞk2 a 1

N 2s
1

þ 1

N 2s
2

� �
hðT ; hG1 ; h

G
2 ;N1;N2Þ;

where hðT ; hG1 ; h
G
2 ;N1;N2Þ ! 0, as minfN1;N2g ! y.

If kd ku=dtkkL2ð0;T ;H sk ; sk ; 1ðWÞÞ a ~cc, k ¼ 0; 1; 2, where ~cc is independent of h1,

h2, then instead of (3.17) we have

ð t
0

jg 00N1N2
ðtÞj2dta h2s21

N 2s2
1

þ h2s22

N 2s2
2

 !
h1ðT ;N1;N2Þ;

kgN1N2
ðtÞk2EðWÞ a

h
2ðs1�1Þ
1

N 2s1�3
1

þ h
2ðs1�1Þ
2

N 2s1�3
2

 !
h1ðT ;N1;N2Þ;

ð t
0

kg 0N1N2
ðtÞk2EðWÞdta

h
2ðs1�1Þ
1

N 2s1�3
1

þ h
2ðs1�1Þ
2

N 2s1�3
2

 !
h1ðT ;N1;N2Þ;

where h1ðT ;N1;N2Þ ! 0, as minfN1;N2g ! y and hence

jD 0
N1N2

ðtÞj2 þ kDN1N2
ðtÞk2EðWÞ a

h2s1
N 2s

1

þ h2s2
N 2s

2

� �
ĥh1ðT ;N1;N2Þ;

where ĥh1ðT ;N1;N2Þ ! 0, as minfN1;N2g ! y, s ¼ minfs2; s1 � 1g.
Similarly, for all t A ½0;T �,

jg 0N1N2
ðtÞj2 a h2s21

N 2s2
1

þ h2s22

N 2s2
2

 !
~hh1ðT ;N1;N2Þ;

where ~hh1ðT ;N1;N2Þ ! 0, as minfN1;N2g ! y, from which we obtain the

second estimate of the theorem. r
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