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Abstract. The purpose of this paper is to study the stable extendibility of the m-times

Whitney sum mtn of the tangent bundle tn ¼ tðRPnÞ of the n-dimensional real pro-

jective space RPn. We determine the dimension N for which mtn is stably extendible to

RPN but is not stably extendible to RPNþ1 for ma 10.

1. Introduction

Let X be a space and A its subspace. A t-dimensional real vector bundle

z over A is said to be extendible (respectively stably extendible) to X , if there is

a t-dimensional real vector bundle over X whose restriction to A is equivalent

(respectively stably equivalent) to z, that is, z is equivalent (respectively stably

equivalent) to the induced bundle i�h of a t-dimensional real vector bundle h

over X under the inclusion map i : A ! X (cf. [10, p. 20] and [3, p. 273]). Let

RPn denote the n-dimensional real projective space. For a real vector bundle z

over RPn, define an integer sðzÞ by

sðzÞ ¼ maxfm jmb n and z is stably extendible to RPmg;

where we put sðzÞ ¼ y if z is stably extendible to RPm for every mb n.

The following theorem is known.

Theorem 1 ([7, Theorem 4.2]). For the tangent bundle tn ¼ tðRPnÞ of

RPn,

sðtnÞ ¼ y if n ¼ 1; 3 or 7; and sðtnÞ ¼ n if n0 1; 3; 7:

The purpose of this paper is to study sðmtnÞ for mb 2. Our main results

are as follows.

We write simply sðm; nÞ instead of sðmtnÞ.

Theorem 2. (1) If 1a na 8, then sð2; nÞ ¼ y.

(2) If nb 9, then sð2; nÞ ¼ 2nþ 1.
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Theorem 3. (1) If 1a na 8, then sð3; nÞ ¼ y.

(2) If nb 9, then

(a) sð3; nÞ ¼ 3n for n1 0; 1 mod 4,

(b) sð3; nÞ ¼ 3nþ 1 for n1 2 mod 4,

(c) sð3; nÞ ¼ 3nþ 2 for n1 3 mod 4.

Theorem 4. (1) If 1a na 9, then sð4; nÞ ¼ y.

(2) If nb 10, then sð4; nÞ ¼ 4nþ 3.

Theorem 5. (1) If 1a na 9, then sð5; nÞ ¼ y.

(2) If nb 10, then

(a) sð5; nÞ ¼ 5n for n1 0; 2; 3; 5 mod 8,

(b) sð5; nÞ ¼ 5nþ 1 for n1 6 mod 8,

(c) sð5; nÞ ¼ 5nþ 2 for n1 1 mod 8,

(d) sð5; nÞ ¼ 5nþ 3 for n1 4 mod 8,

(e) sð5; nÞ ¼ 5nþ 4 for n1 7 mod 8.

Theorem 6. (1) If 1a na 11, then sð6; nÞ ¼ y.

(2) If nb 12, then

(a) sð6; nÞ ¼ 6nþ 1 for n1 0; 1 mod 4,

(b) sð6; nÞ ¼ 6nþ 3 for n1 2 mod 4,

(c) sð6; nÞ ¼ 6nþ 5 for n1 3 mod 4.

Theorem 7. (1) If 1a na 11, then sð7; nÞ ¼ y.

(2) If nb 12, then

(a) sð7; nÞ ¼ 7n for n1 0; 1 mod 8,

(b) sð7; nÞ ¼ 7nþ i � 1 for n1 i mod 8 with 2a ia 7.

Theorem 8. (1) If 1a na 11 or n ¼ 15, then sð8; nÞ ¼ y.

(2) If n ¼ 12; 13; 14 or nb 16, then sð8; nÞ ¼ 8nþ 7.

Theorem 9. (1) If 1a na 11, n ¼ 14 or 15, then sð9; nÞ ¼ y.

(2) If n ¼ 12; 13 or nb 16, then

(a) sð9; nÞ ¼ 9n for n1 0; 2; 4; 6; 7; 9; 11; 13 mod 16,

(b) sð9; nÞ ¼ 9nþ 1 for n1 14 mod 16,

(c) sð9; nÞ ¼ 9nþ 2 for n1 5 mod 16,

(d) sð9; nÞ ¼ 9nþ 3 for n1 12 mod 16,

(e) sð9; nÞ ¼ 9nþ 4 for n1 3 mod 16,

(f ) sð9; nÞ ¼ 9nþ 5 for n1 10 mod 16,

(g) sð9; nÞ ¼ 9nþ 6 for n1 1 mod 16,

(h) sð9; nÞ ¼ 9nþ 7 for n1 8 mod 16,

(i) sð9; nÞ ¼ 9nþ 8 for n1 15 mod 16.

Theorem 10. (1) If 1a na 15, then sð10; nÞ ¼ y.

(2) If nb 16, then
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(a) sð10; nÞ ¼ 10nþ 1 for n1 0; 2; 3; 5 mod 8,

(b) sð10; nÞ ¼ 10nþ 3 for n1 4; 6; 7; 14 mod 16,

(c) sð10; nÞ ¼ 10nþ 4 for n1 1 mod 16,

(d) sð10; nÞ ¼ 10nþ 5 for n1 9 mod 16,

(e) sð10; nÞ ¼ 10nþ 7 for n1 12 mod 16,

(f ) sð10; nÞ ¼ 10nþ 9 for n1 15 mod 16.

This paper is arranged as follows. In § 2 we state some known theorems

that are used to prove Theorems 2–10. In § 3 we state some applications. In

§ 4 we study on mtn. In § 5 we prove Theorem 10. In § 6 and § 7 we prove

Theorems 2–9.

2. Some known theorems

Let xn denote the canonical real line bundle over RPn.

Theorem 2.1 ([1, Theorem 7.4]). (1) The reduced KO-group fKOKOðRPnÞ is

isomorphic to the cyclic group Z=2fðnÞ, generated by xn � 1, where fðnÞ is the

number of integers s such that 0 < sa n and s1 0; 1; 2 or 4 mod 8.

(2) ðxnÞ2ð¼ xn n xnÞ ¼ 1, where n denotes the tensor product.

For a real vector bundle z, we denote by Span z the maximum number of

linearly independent cross-sections of z.

Theorem 2.2 ([5, Theorem 1]). Let l, n and t be integers with tb 0 and

0a tþ l < 2fðnÞ, and let z be a t-dimensional real vector bundle over RPn which

is stably equivalent to ðtþ lÞxn. Then the following hold.

(1) sðzÞ ¼ y if and only if la 0.

(2) Let lb 1 and mb n. Then, sðzÞbm if and only if

Spanða2fðnÞ þ tþ lÞxm b a2fðnÞ þ l for some integer ab 0.

For a non-negative integer t and a positive integer l, define an integer

eðt; lÞ as follows.

eðt; lÞ ¼ min j

���� t < j and
tþ l

j

� �
1 1 mod 2

� �
;

where n
r

� �
denotes the binomial coe‰cient n!=ðr!ðn� rÞ!Þ. Clearly t < eðt; lÞa

tþ l.

Theorem 2.3 ([6, Theorem 2]). Let z be a t-dimensional real vector bundle

over RPn and assume that there is a positive integer l satisfying the following

properties:

(1) z is stably equivalent to ðtþ lÞxn,
(2) tþ l < 2fðnÞ.

Then n < eðt; lÞ and sðzÞ < eðt; lÞ.

The following theorems are useful.
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Theorem 2.4 ([12, Theorem 2.4], [4, (1.1) and Section 4]). Let nþ 1 ¼
ð2bþ 1Þ2cþ4d , where b, c, d are non-negative integers and 0a ca 3. Then

Spanðnþ 1Þxn ¼ 2c þ 8d:

Theorem 2.5 ([9, Theorem 1.1]). Let k ¼ 8l þ p, n ¼ 8mþ q, where

0ama l and 0a p; qa 7. If the binomial coe‰cient l
m

� �
is odd, then

Span kxn ¼ ðk � nÞ þ j, with j given by Table I below:

Theorem 2.6 ([9, Theorem 3.1]). (A) Let k ¼ 8l þ p, n ¼ 8mþ q, where

1 < m < l and l
m

� �
is even. Then for 0a pa 6 and 1a qa 7, Span kxn b

ðk � nÞ þ j, with j given by Table II below:

Table I

p 0 1 2 3 4 5 6 7

q

0 0 0 0 0 0 0 0 0

1 1 0 1 0 1 0 1 0

2 2 1 0 0 2 1 0 0

3 3 2 1 0 3 2 1 0

4 4 3 2 1 0 0 0 0

5 5 4 3 2 1 0 1 0

6 6 5 4 3 2 1 0 0

7 7 6 5 4 3 2 1 0

Table II

p 0 1 2 3 4 5 6

q

1 3 4 3 3 4 3 3

2 3 5 4 4 5 4 3

3 4 6 5 5 6 5 4

4 5 4 3 5 5 4 3

5 6 5 4 3 5 4 3

6 7 6 5 4 6 5 4

7 8 7 6 5 4 3 3
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(B) Furthermore, if l
m

� �
1 2 mod 4, then Span kxn ¼ ðk � nÞ þ j except

when ðp; qÞ ¼ ð3; 4Þ.

Theorem 2.7 ([11, Lemma 2.6, p. 5]). Let a ¼ a02
0 þ a12

1 þ � � � þ al2
l

and b ¼ b02
0 þ b12

1 þ � � � þ bl2
l ð0a ai; bi < 2Þ. Then

a

b

� �
1 0 mod 2 if and only if ai ¼ 0 and bi ¼ 1 for some i:

The following theorem may be well-known. For completeness, we give a

proof.

Theorem 2.8. Let a ¼
Pl
i¼0

ai2
i and b ¼

Pl
i¼0

bi2
i ð0a ai; bi < 2Þ. Then

a
b

� �
1 2 mod 4 if a

b

� �
can be described as follows:

a

b

� �
¼ mþ 2pþ1 þ 0þ r

nþ 0þ 2p þ s

� �
;

where m; n1 0 mod 2pþ2; 2p > r; sb 0; m
n

� �
; r

s

� �
1 1 mod 2.

Proof. For a positive integer N, let nðNÞ denote the non-negative in-

teger such that N ¼ ð2qþ 1Þ2nðNÞ, where q is a non-negative integer. Clearly,

N1 1 mod 2 if and only if nðNÞ ¼ 0, and N1 2 mod 4 if and only if

nðNÞ ¼ 1. It is known that (cf. [2, Lemma 4.8]), for a positive integer M,

nðM!Þ ¼ M � aðMÞ, where aðMÞ is the number of the non-zero terms in the

2-adic expansion of M. Hence we have

n
a

b

� �
¼ aða� bÞ þ aðbÞ � aðaÞ:

Thus a
b

� �
1 1 mod 2 if and only if aða� bÞ þ aðbÞ � aðaÞ ¼ 0, and a

b

� �
1 2

mod 4 if and only if aða� bÞ þ aðbÞ � aðaÞ ¼ 1. Therefore, if a
b

� �
is described

as in the theorem, we see that n a
b

� �
¼ 1. r

3. Some applications

Proposition 3.1. Let z be a t-dimensional real vector bundle over RPn.

Then

sðzÞ ¼ sðzn xnÞ:

Proof. If z is stably extendible to RPm ðmb nÞ, then there is a t-

dimensional real vector bundle a over RPm such that z is stably equivalent

to i�a, where i : RPn ! RPm is the standard inclusion. Since zn xn is stably

equivalent to i�an xn ¼ i�ðan xmÞ, zn xn is stably extendible to RPm
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ðmb nÞ. On the other hand, by using Theorem 2.1(2) and the above result,

we see that z ¼ ðzn xnÞn xn is stably extendible to RPm ðmb nÞ if zn xn is

stably extendible to RPm. r

In the same way as the above proof, we have the following.

Remark. Let z be a t-dimensional real vector bundle over RPn. Then, z

is extendible to RPm ðmb nÞ if and only if zn xn is extendible to RPm.

For a non-negative integer t and a positive integer l, we define an integer

mðt; l; nÞ as the maximum of integers m satisfying

tþ lbmþ 1 ¼ ð2bþ 1Þ2cþ4d > n and 2c þ 8db l;

where b, c and d are non-negative integers with 0a ca 3. We remark that

the above mðt; l; nÞ does not necessarily exist, even if tþ l > n.

Proposition 3.2. Let z be a t-dimensional real vector bundle over RPn and

assume that there is a positive integer l satisfying the following properties:

(1) z is stably equivalent to ðtþ lÞxn,
(2) tþ l < 2fðnÞ.

If moreover mðt; l; nÞ exists, then mðt; l; nÞa sðzÞ.

Proof. Put mðt; l; nÞ ¼ m. Then, Spanðtþ lÞxm b Spanðmþ 1Þxm ¼ 2c þ
8db l by the definition and Theorem 2.4. Therefore, by using Theorem 2.2(2),

we have sðzÞbm. r

Proposition 3.3. Let tb 0, lb 1 and tþ l < 2fðnÞ. Then

eðt; lÞ ¼ eðt; 2fðnÞ � t� lÞ:

Proof. We put 2fðnÞ � l ¼ 2q1 þ 2q2 þ � � � þ 2qm ðq1 > q2 > � � � > qm b 0Þ,
e ¼ eðt; lÞ and ~ee ¼ eðt; 2fðnÞ � t� lÞ.

The proof is given by induction on t. When t ¼ 0, by Theorem 2.7 we see

that e ¼ ~ee ¼ 2qm and hence the proposition holds. Now we may assume that

e ¼ ~ee for all t 0 with 0a t 0 < t, and consider the case for t by putting t ¼ 2p þ s,

where pb 0 and 0a s < 2p.

Now in order to apply Theorem 2.7 more easily, we put e0ðh; kÞ ¼
eðk; h� kÞ, that is

e0ðh; kÞ ¼ min j

���� h

j

� �
1 1 mod 2 and j > k

�
:

�

(1) Let qm > p. Then e0ð2q1 þ � � � þ 2qm ; 2p þ sÞ ¼ 2qm by Theorem 2.7.

And e0ð2fðnÞ � 2q1 � � � � � 2qm þ 2p þ s; 2p þ sÞ ¼ 2qm by Theorem 2.7. Hence

e ¼ ~ee.
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(2) Let qm ¼ p. Then mb 2 and e0ð2q1 þ � � � þ 2qm�1 þ 2qm ; 2qm þ sÞ ¼
2qm�1 . And e0ð2fðnÞ � 2q1 � � � � � 2qm�1 þ s; 2qm þ sÞ ¼ 2qm�1 . Hence ~ee ¼ e.

(3) Let qi > p > qiþ1 ð1a iam� 1Þ. Then e0ð2q1 þ � � � þ 2qm ; 2p þ sÞ ¼
2qi . And e0ð2fðnÞ � 2q1 � � � � � 2qi þ 2p � 2qiþ1 � � � � � 2qm þ s; 2p þ sÞ ¼ 2qi .

Hence e ¼ ~ee.

(4) Let p ¼ qi ð1a iam� 1Þ. If 2qiþ1 þ � � � þ 2qm a s then ib 2 and

e0ð2q1 þ � � � þ 2qm ; 2qi þ sÞ ¼ 2qi�1 . And e0ð2fðnÞ � 2q1 � � � � � 2qi�1 � 2qiþ1 � � � �
� 2qm þ s; 2qi þ sÞ ¼ 2qi�1 . Hence e ¼ ~ee.

If 2qiþ1 þ � � � þ 2qm > s then e0ð2q1 þ � � � þ 2qm ; 2qi þ sÞ ¼ 2qi þ e0ð2q1 þ � � �
þ 2qm ; sÞ. And e0ð2fðnÞ � 2q1 � � � � � 2qi�1 � 2qiþ1 � � � � � 2qm þ s; 2qi þ sÞ ¼ 2qi þ
e0ð2fðnÞ � 2q1 � � � � � 2qi�1 � 2qiþ1 � � � � � 2qm þ s; sÞ ¼ 2qi þ e0ð2fðnÞ � 2q1 � � � � �
2qm þ s; sÞ. Hence we see that e ¼ ~ee by using the assumption of induction.

r

Theorem 3.4. Let z be a t-dimensional real vector bundle over RPn and

assume that there is a positive integer l satisfying the following properties:

(1) z is stably equivalent to ðtþ lÞxn,
(2) tþ l < 2fðnÞ.

If moreover mðt; l; nÞ exists, then mðt; l; nÞa sðzÞ < eðt; lÞ ¼ eðt; 2fðnÞ � t� lÞ.

Proof. The proof follows from Theorem 2.3 and Propositions 3.2 and

3.3. r

4. Study on mtn

Lemma 4.1. Let mtn be the m-times Whitney sum of the tangent bundle

tn ¼ tðRPnÞ of RPn. Then the equality

mtn ¼ mðnþ 1Þxn �m

holds in KOðRPnÞ.

Proof. Since tn l 1 is equivalent to ðnþ 1Þxn, the equality holds. r

Proposition 4.2. If mb 2fðnÞ, sðmtnÞ ¼ y.

Proof. Let m ¼ b2fðnÞ þ g, where bb 1 and 0 < g < 2fðnÞ. Then Lemma

4.1 implies mtn ¼ ðb2fðnÞ þ gÞðnþ 1Þxn � ðb2fðnÞ þ gÞ in KOðRPnÞ. So, we see

that mtn is stably equivalent to gðnþ 1Þxn by using Theorem 2.1. Then, since

gðnþ 1Þ < mn, we see that sðmtnÞ ¼ y by using Theorem 2.2(1). r

Proposition 4.3. Let 0 < m < 2fðnÞ. Then sðmtnÞ ¼ y if and only if

2fðnÞ amðnþ 1Þ.

Proof. Since mtn ¼ mðnþ 1Þxn �m holds in KOðRPnÞ, we see that

mtn n xn is stably equivalent to ð2fðnÞ �mÞxn by using Theorem 2.1. Now
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0 < 2fðnÞ �m < 2fðnÞ by the assumption. Hence, by Theorem 2.2(1), 2fðnÞ �
m�mna 0 if and only if sðmtnÞ ¼ sðmtn n xnÞ ¼ y. r

Proposition 4.4.

sðmtnÞbmn

Proof. Propositions 4.2 and 4.3 imply that sðmtnÞ ¼ y if mðnþ 1Þb
2fðnÞ.

Let mðnþ 1Þ < 2fðnÞ. Then, since SpanðmnþmÞxmn b ðmnþmÞ �mn ¼
m, we see that sðmtnÞbmn by using Theorem 2.2(2). r

5. Proof of Theorem 10

In this section we give a proof of Theorem 10. Before proving the

theorem, we prepare two lemmas.

Lemma 5.1. eð10n; 10Þ ¼ 10nþ 2 for n1 0; 2; 3; 5 mod 8, ¼ 10nþ 4 for

n1 6 mod 8, ¼ 10nþ 6 for n1 1 mod 8, ¼ 10nþ 8 for n1 4 mod 8,

¼ 10nþ 10 for n1 7 mod 8.

Proof. The results follow from the definition of eð10n; 10Þ and Theorem

2.7. r

Lemma 5.2. mð10n; 10; nÞb 10nþ 5 for n1 9 mod 16, b 10nþ 7 for

n1 12 mod 16, b 10nþ 9 for n1 15 mod 16.

Proof. Let n ¼ 16k þ 9 ðkb 1Þ and put 10nþ 6ð¼ 25ð5k þ 3ÞÞ ¼
ð2bþ 1Þ2cþ4d ð0a ca 3Þ. Then we see 2c þ 8db 10. So we get mð10n; 10;
nÞb 10nþ 5 by the definition of mð10n; 10; nÞ.

For n1 12; 15 mod 16, by putting 10nþ 8, 10nþ 10 ¼ ð2bþ 1Þ2cþ4d re-

spectively, we obtain the results similarly. r

Proof of Theorem 10. We recall the following

10tn ¼ ð10nþ 10Þxn � 10 A KOðRPnÞ:

(1) Since 10b 2fðnÞ for 1a na 7, sð10tnÞ ¼ y for 1a na 7 by Prop-

osition 4.2. And since 10 < 2fðnÞ and 2fðnÞ � 10� 10na 0 for 8a na 15,

sð10tnÞ ¼ y for 8a na 15 by Proposition 4.3.

(2) Let nb 16. Then 0a 10nþ 10 < 2fðnÞ and 10tn is stably equivalent

to ð10nþ 10Þxn.
(a) Let n1 0; 2; 3; 5 mod 8. Since 10nþ 10 is even and 10nþ 1 is odd,

we have Spanð10nþ 10Þx10nþ1 b ð10nþ 10Þ � ð10nþ 1Þ þ 1 ¼ 10 by Theorems

2.5 and 2.6(A). Hence, by Theorem 2.2(2), sð10tnÞb 10nþ 1. On the other

hand, we see eð10n; 10Þ ¼ 10nþ 2 by Lemma 5.1. Hence sð10tnÞ < 10nþ 2 by

Theorem 2.3. Therefore sð10tnÞ ¼ 10nþ 1.
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(b) Let n ¼ 16k þ 4 ðkb 1Þ. We see 10nþ 10 ¼ 8ð20k þ 6Þ þ 2 and

10nþ 3 ¼ 8ð20k þ 5Þ þ 3. Here 20kþ6
20kþ5

� 	
1 0 mod 2. So, by Theorem 2.6(A),

we see Spanð10nþ 10Þx10nþ3 b 10nþ 10� 10n� 3þ 5 ¼ 12b 10. Hence, by

using Theorem 2.2(2), we obtain sð10tnÞb 10nþ 3. On the other hand, we see

a2fðnÞ þ 10nþ 10 ¼ 8ða2fð16kþ4Þ�3 þ 20k þ 6Þ þ 2 and 10nþ 4 ¼ 8ð20k þ 5Þþ
4. Here, by Theorem 2.8, a2fð16kþ4Þ�3þ20kþ6

20kþ5

� 	
1 2 mod 4 for any ab 0. Hence,

by Theorem 2.6(B), Spanða2fðnÞ þ 10nþ 10Þx10nþ4 ¼ a2fðnÞ þ 10nþ 10� 10n�
4þ 3 < a2fðnÞ þ 10 for any ab 0. So we obtain sð10tnÞ < 10nþ 4 by using

Theorem 2.2(2). Therefore we have sð10tnÞ ¼ 10nþ 3.

Let n ¼ 8k þ 6 ðkb 2Þ. We see 10nþ 10 ¼ 8ð10k þ 8Þ þ 6 and

10nþ 3 ¼ 8ð10k þ 7Þ þ 7. Here 10kþ8
10kþ7

� 	
1 0 mod 2. So, by Theorem

2.6(A), we see Spanð10nþ 10Þx10nþ3 b 10nþ 10� 10n� 3þ 3 ¼ 10. Hence

we obtain sð10tnÞb 10nþ 3. On the other hand, we see eð10n; 10Þ ¼
10nþ 4 by Lemma 5.1. Hence sð10tnÞ < 10nþ 4. Therefore we have

sð10tnÞ ¼ 10nþ 3.

Let n ¼ 16k þ 7 ðkb 1Þ. We see 10nþ 10 ¼ 8ð20k þ 10Þ and 10nþ 3 ¼
8ð20k þ 9Þ þ 1. Here 20kþ10

20kþ9

� 	
1 0 mod 2. So, by Theorem 2.6(A), we see

Spanð10nþ 10Þx10nþ3 b 10nþ 10� 10n� 3þ 3 ¼ 10. Hence we obtain sð10tnÞ
b 10nþ 3. On the other hand, we see a2fðnÞ þ 10nþ 10 ¼ 8ða2fð16kþ7Þ�3

þ 20k þ 10Þ and 10nþ 4 ¼ 8ð20k þ 9Þ þ 2. Here, by Theorem 2.8,
a2fð16kþ7Þ�3þ20kþ10

20kþ9

� 	
1 2 mod 4 for any ab 0. Hence, by using Theorem 2.6(B),

Spanða2fðnÞ þ 10nþ 10Þx10nþ4 ¼ a2fðnÞ þ 10n þ 10 � 10n � 4 þ 3 < a2fðnÞ þ 10

for any ab 0. So we obtain sð10tnÞ < 10nþ 4. Therefore we have sð10tnÞ ¼
10nþ 3.

(c) Let n ¼ 16k þ 1 ðkb 1Þ. We see 10nþ 10 ¼ 8ð20k þ 2Þ þ 4 and

10nþ 4 ¼ 8ð20k þ 1Þ þ 6. Here 20kþ2
20kþ1

� 	
1 0 mod 2. So, by Theorem 2.6(A),

we see Spanð10nþ 10Þx10nþ4 b 10nþ 10� 10n� 4þ 6 ¼ 12b 10. Hence we

obtain sð10tnÞb 10nþ 4. On the other hand, we see a2fðnÞ þ 10nþ 10 ¼
8ða2fð16kþ1Þ�3 þ 20k þ 2Þ þ 4 and 10nþ 5 ¼ 8ð20k þ 1Þ þ 7. Here, by Theo-

rem 2.8, a2fð16kþ1Þ�3þ20kþ2
20kþ1

� 	
1 2 mod 4 for any ab 0. Hence, by Theorem

2.6(B), Spanða2fðnÞ þ 10nþ 10Þx10nþ5 ¼ a2fðnÞ þ 10nþ 10� 10n� 5þ 4 < a2fðnÞ

þ 10 for any ab 0. So we obtain sð10tnÞ < 10nþ 5. Therefore we have

sð10tnÞ ¼ 10nþ 4.

(d) Let n ¼ 16k þ 9 ðkb 1Þ. Then eð10n; 10Þ ¼ 10nþ 6 by Lemma 5.1.

Hence sð10tnÞ < 10nþ 6 by Theorem 2.3. And we get mð10n; 10; nÞb 10nþ 5

by Lemma 5.2. Therefore, by Proposition 3.2, sð10tnÞb 10nþ 5.

(e) Let n ¼ 16k þ 12 ðkb 1Þ. Then eð10n; 10Þ ¼ 10nþ 8 by Lemma

5.1. Hence sð10tnÞ < 10nþ 8. And we get mð10n; 10; nÞb 10nþ 7 by Lemma

5.2. Therefore sð10tnÞb 10nþ 7.
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(f ) Let n ¼ 16k þ 15 ðkb 1Þ. Then eð10n; 10Þ ¼ 10nþ 10 by Lemma

5.1. Hence sð10tnÞ < 10nþ 10. And we get mð10n; 10; nÞb 10nþ 9 by

Lemma 5.2. Therefore sð10tnÞb 10nþ 9. r

6. Proof of Theorem 6

In this section we prove Theorem 6, since the method of the proofs of

Theorems 2–5, 7–9 is simpler than and similar to that of Theorem 6.

Proof of Theorem 6. We recall the following

6tn ¼ ð6nþ 6Þxn � 6 A KOðRPnÞ:

(1) Since 6b 2fðnÞ for 1a na 3, sð6tnÞ ¼ y for 1a na 3 by Propo-

sition 4.2. And since 6 < 2fðnÞ and 2fðnÞ � 6� 6na 0 for 4a na 11, sð6tnÞ ¼
y for 4a na 11 by Proposition 4.3.

(2) Let nb 12. Then 0a 6nþ 6 < 2fðnÞ and 6tn is stably equivalent to

ð6nþ 6Þxn.
(a) Let n1 0; 1 mod 4. We use the method similar to the proof

of Theorem 10(a). Since 6nþ 6 is even and 6nþ 1 is odd, we have

Spanð6nþ 6Þx6nþ1 b ð6nþ 6Þ � ð6nþ 1Þ þ 1 ¼ 6 by Theorems 2.5 and 2.6(A).

Hence, by Theorem 2.2(2), sð6tnÞb 6nþ 1. On the other hand, eð6n; 6Þ ¼
6nþ 2 by Theorem 2.7. Hence sð6tnÞ < 6nþ 2 by Theorem 2.3. Therefore

sð6tnÞ ¼ 6nþ 1.

(b) We use the method similar to the proof of Theorem 10(2)(d). Let

n ¼ 4k þ 2 ðkb 3Þ. Then eð6n; 6Þ ¼ 6nþ 4. Hence sð6tnÞ < 6nþ 4 by The-

orem 2.3. Also putting 6nþ 4 ¼ 23ð3k þ 2Þ ¼ ð2bþ 1Þ2cþ4d ð0a ca 3Þ, we

see 2c þ 8db 6. So we get mð6n; 6; nÞb 6nþ 3. Therefore, by Proposition

3.2, sð6tnÞb 6nþ 3.

(c) Let n ¼ 4k þ 3 ðkb 3Þ. Then eð6n; 6Þ ¼ 6nþ 6. Hence sð6tnÞ <
6nþ 6. Putting 6nþ 6 ¼ 23ð3k þ 3Þ ¼ ð2bþ 1Þ2cþ4d ð0a ca 3Þ, we see 2c þ
8db 6. So we get mð6n; 6; nÞb 6nþ 5. Therefore sð6tnÞb 6nþ 5. r

7. Proofs of Theorems 2–5, 7–9

In this section we give an outline of the proofs of Theorems 2–5, 7–9 in

the way similar to the proofs of Theorem 6(1) and Theorem 6(2)(b) by using

Theorem 2.3, Propositions 3.2, 4.2–4.4.

Proof of Theorem 2. We recall the following

2tn ¼ ð2nþ 2Þxn � 2 A KOðRPnÞ:
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(1) Since 2b 2fðnÞ for n ¼ 1, sð2tnÞ ¼ y for n ¼ 1 by Proposition

4.2. And since 2 < 2fðnÞ and 2fðnÞ � 2� 2na 0 for 2a na 8, sð2tnÞ ¼ y for

2a na 8 by Proposition 4.3.

(2) Let nb 9. Then 0a 2nþ 2 < 2fðnÞ and 2tn is stably equivalent to

ð2nþ 2Þxn.
We use the method similar to the proof of Theorem 6(2)(b). Now

eð2n; 2Þ ¼ 2nþ 2. Hence sð2tnÞ < 2nþ 2 by Theorem 2.3. Also putting 2nþ
2ð¼ 2ðnþ 1ÞÞ ¼ ð2bþ 1Þ2cþ4d ð0a ca 3Þ, we see 2c þ 8db 2. So we get

mð2n; 2; nÞb 2nþ 1. Therefore, by Proposition 3.2, sð2tnÞb 2nþ 1. r

Proof of Theorem 3. We recall the following

3tn ¼ ð3nþ 3Þxn � 3 A KOðRPnÞ:

(1) Since 3b 2fðnÞ for n ¼ 1, sð3tnÞ ¼ y for n ¼ 1. And since 3 < 2fðnÞ

and 2fðnÞ � 3� 3na 0 for 2a na 8, sð3tnÞ ¼ y for 2a na 8.

(2) Let nb 9. Then 0a 3nþ 3 < 2fðnÞ and 3tn is stably equivalent to

ð3nþ 3Þxn.
(a) Let n1 0; 1 mod 4. Then eð3n; 3Þ ¼ 3nþ 1. Hence sð3tnÞ < 3nþ 1

by Theorem 2.3. And we get sð3tnÞb 3n by Proposition 4.4.

(b), (c) Now eð3n; 3Þ ¼ 3nþ 2 for n1 2 mod 4, ¼ 3nþ 3 for n1 3

mod 4. Hence sð3tnÞ < 3nþ 2 for n1 2 mod 4, < 3nþ 3 for n1 3 mod 4.

Also let n ¼ 4k þ 2 ðkb 2Þ and put 3nþ 2ð¼ 22ð3k þ 2ÞÞ ¼ ð2bþ 1Þ2cþ4d

ð0a ca 3Þ. Then we see 2c þ 8db 3. So mð3n; 3; nÞb 3nþ 1. For n1 3

mod 4, we see similarly mð3n; 3; nÞb 3nþ 2. Therefore sð3tnÞb 3nþ 1 for

n1 2 mod 4, b 3nþ 2 for n1 3 mod 4. r

Proof of Theorem 4. We recall the following

4tn ¼ ð4nþ 4Þxn � 4 A KOðRPnÞ:

(1) Since 4b 2fðnÞ for 1a na 3, sð4tnÞ ¼ y for 1a na 3. And since

4 < 2fðnÞ and 2fðnÞ � 4� 4na 0 for 4a na 9, sð4tnÞ ¼ y for 4a na 9.

(2) Let nb 10. Then 0a 4nþ 4 < 2fðnÞ and 4tn is stably equivalent to

ð4nþ 4Þxn.
Now eð4n; 4Þ ¼ 4nþ 4. Also we get mð4n; 4; nÞb 4nþ 3. r

Proof of Theorem 5. We recall the following

5tn ¼ ð5nþ 5Þxn � 5 A KOðRPnÞ:

(1) Since 5b 2fðnÞ for 1a na 3, sð5tnÞ ¼ y for 1a na 3. And since

5 < 2fðnÞ and 2fðnÞ � 5� 5na 0 for 4a na 9, sð5tnÞ ¼ y for 4a na 9.

(2) Let nb 10. Then 0a 5nþ 5 < 2fðnÞ and 5tn is stably equivalent to

ð5nþ 5Þxn.
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(a) Let n1 0; 2; 3; 5 mod 8. Then eð5n; 5Þ ¼ 5nþ 1. And we get sð5tnÞ
b 5n by Proposition 4.4.

(b), (c), (d), (e) Now eð5n; 5Þ ¼ 5nþ 2 for n1 6 mod 8, ¼ 5nþ 3 for

n1 1 mod 8, ¼ 5nþ 4 for n1 4 mod 8, ¼ 5nþ 5 for n1 7 mod 8. Also we

get mð5n; 5; nÞb 5nþ 1 for n1 6 mod 8, b 5nþ 2 for n1 1 mod 8, b 5nþ 3

for n1 4 mod 8, b 5nþ 4 for n1 7 mod 8. r

Proof of Theorem 7. We recall the following

7tn ¼ ð7nþ 7Þxn � 7 A KOðRPnÞ:

(1) Since 7b 2fðnÞ for 1a na 3, sð7tnÞ ¼ y for 1a na 3. And since

7 < 2fðnÞ and 2fðnÞ � 7� 7na 0 for 4a na 11, sð7tnÞ ¼ y for 4a na 11.

(2) Let nb 12. Then 0a 7nþ 7 < 2fðnÞ and 7tn is stably equivalent to

ð7nþ 7Þxn.
(a) Let n1 0; 1 mod 8. Then eð7n; 7Þ ¼ 7nþ 1. Also we get sð7tnÞb

7n by Proposition 4.4.

(b) Now eð7n; 7Þ ¼ 7nþ i for n1 i mod 8 with 2a ia 7. Also we get

mð7n; 7; nÞb 7nþ i � 1 for n1 i mod 8 with 2a ia 7. r

Proof of Theorem 8. We recall the following

8tn ¼ ð8nþ 8Þxn � 8 A KOðRPnÞ:

(1) Since 8b 2fðnÞ for 1a na 7, sð8tnÞ ¼ y for 1a na 7. And since

8 < 2fðnÞ and 2fðnÞ � 8� 8na 0 for 8a na 11 or n ¼ 15, sð8tnÞ ¼ y for

8a na 11 or n ¼ 15.

(2) Let n ¼ 12; 13; 14 or nb 16. Then 0a 8nþ 8 < 2fðnÞ and 8tn is

stably equivalent to ð8nþ 8Þxn.
Now eð8n; 8Þ ¼ 8nþ 8. Also we get mð8n; 8; nÞb 8nþ 7. r

Proof of Theorem 9. We recall the following

9tn ¼ ð9nþ 9Þxn � 9 A KOðRPnÞ:

(1) Since 9b 2fðnÞ for 1a na 7, sð9tnÞ ¼ y for 1a na 7. And since

9 < 2fðnÞ and 2fðnÞ � 9� 9na 0 for 8a na 11, n ¼ 14 or 15, sð9tnÞ ¼ y for

8a na 11, n ¼ 14 or 15.

(2) Let n ¼ 12; 13 or nb 16. Then 0a 9nþ 9 < 2fðnÞ and 9tn is stably

equivalent to ð9nþ 9Þxn.
(a) Let n1 0; 2; 4; 6; 7; 9; 11; 13 mod 16. Then eð9n; 9Þ ¼ 9nþ 1. Also

we get sð9tnÞb 9n by Proposition 4.4.

(b), (c), (d), (e), (f ), (g), (h), (i) Now eð9n; 9Þ ¼ 9nþ 2 for n1 14 mod 16,

¼ 9nþ 3 for n1 5 mod 16, ¼ 9nþ 4 for n1 12 mod 16, ¼ 9nþ 5 for n1 3

mod 16, ¼ 9nþ 6 for n1 10 mod 16, ¼ 9nþ 7 for n1 1 mod 16, ¼ 9nþ 8 for
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n1 8 mod 16, ¼ 9nþ 9 for n1 15 mod 16. Also we get mð9n; 9; nÞb 9nþ 1

for n1 14 mod 16, b 9nþ 2 for n1 5 mod 16, b 9nþ 3 for n1 12 mod 16,

b 9nþ 4 for n1 3 mod 16, b 9nþ 5 for n1 10 mod 16, b 9nþ 6 for n1 1

mod 16, b 9nþ 7 for n1 8 mod 16, b 9nþ 8 for n1 15 mod 16. r

Remark. According to Theorem 2.2 of [8], mtn is extendible to RPN if

and only if mtn is stably extendible to RPN , provided nb 1 and m > 1.
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