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Abstract. This paper is concerned with error bounds for asymptotic expansions of

the distribution of a multivariate scale mixture variate defined by X ¼ SZ, where

Z ¼ ðZ1; . . . ;ZpÞ 0, Z1; . . . ;Zp are i:i:d: random variables, and S is a symmetric positive

definite random matrix independent of Z. Recently Fujikoshi, Ulyanov and Shimizu

(2005) obtained L1-norm error bounds for asymptotic expansions of the density function

of X when S ¼ diagðS1; . . . ;SpÞ. In this paper, first we obtain uniform error bounds

for asymptotic expansions of the distribution function of X under the same diagonal

structure of S. Next we extend the L1-norm error bounds to tha case when S is a

symmetric positive definite random matrix provided Z1 is distributed as the standard

normal distribution Nð0; 1Þ.

1. Introduction

Let Z ¼ ðZ1; . . . ;ZpÞ0 be a random vector, where Z1; . . . ;Zp are i:i:d:

random variables, and G and g be the distribution function and the density

function of Z1, respectively. Further, let S be a symmetric positive definite

random matrix independent of Z. Our interest is to obtain error bounds for

asymptotic expansions of the distribution of

X ¼ SZ ð1:1Þ
which is called a multivariate scale mixture of Z. Here it is tacitly assumed

that the scale factor S is close to I p in some sense. Some important appli-

cations appear in two cases when Z1 is distributed as the standard normal

distribution Nð0; 1Þ or a gamma distribution. Having in mind statistical ap-

plications and a unified treatment of our results we consider a transformation

given by

S ¼ Y dr or Y ¼ S d=r; ð1:2Þ
where d ¼ 1 or �1 and r is a positive constant. The notation d is used for two

types of asymptotic expansions. In practical applications the positive constant
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r is chosen as r ¼ 1=2 or 1 according to that Z1 is distributed as the standard

normal distribution or a gamma distribution.

It may be noted that a relatively wide class of statistics can be expressed

as a mixture of the standard normal or a chi-square distribution and its

multivariate versions as in (1.1). On the other hand, a scale mixture appears

as a basic statistical distribution. Then one of the important problems in the

former case is to study asymptotic expansions of the distributions of such mixture

variates and theier error bounds. In the latter case we are interesting in the

distance of a mixture from its parent, see, example, Keilson and Steutel (1974).

In this paper we are interesting in asymptotic expansions of the distri-

bution of X in (1.1) and their error bounds. Asymptotic expansions have been

studied for a function of the sum of i:i:d: random vectors, see, for example,

Bhattacharya and Ghosh (1978). Our class of statistics may be not large in

the the class of statistics in Bhattacharya and Ghosh (1978). However, our

class is not a subset of the latter class. Furthermore, it may be noted that

our error estimate has been done by deriving error bounds in explicit and

computable forms.

Asymptotic expansions and their error bounds in the univariate case of

(1.1) have been extensively studied. For the results, see, e.g., Hall (1979),

Fujikoshi and Shimizu (1990), Fujikoshi (1993), Shimizu and Fujikoshi (1997),

Ulyanov, Fujikoshi and Shimizu (1999), etc. However, for multivariate scale

mixtures, some special cases have been studied. As for results on the dis-

tribution function, Fujikoshi and Shimizu (1989a) treated the case S ¼ sIp.

Fujikoshi and Shimizu (1989b) treated the case S � Ip bO, G ¼ F, d ¼ 1 and

r ¼ 1=2, where F is the distribution function of Nð0; 1Þ. As for results on the

density function, Shimizu (1995) obtained L1-error bound when G ¼ F, d ¼ 1

and r ¼ 1=2. Recently Fujikoshi, Ulyanov and Shimizu (2005) obtained L1-

norm error bounds for asymptotic expansions of the density function of X

when S ¼ diagðS1; . . . ;SpÞ.
In this paper, first we obtain uniform error bounds for asymptotic expan-

sions of the distribution function of X when S ¼ diagðS1; . . . ;SpÞ. We note

that the results have improved error bounds in the comparison with the ones

derived from the L1-norm error bounds due to Fujikoshi, Ulyanov and Shimizu

(2005). Next we extend the L1-norm error bounds due to Fujikoshi, Ulyanov

and Shimizu (2005) to tha case when S is a symmetric positive definite random

matrix provided Z1 is distributed as the standard normal distribution Nð0; 1Þ.

2. Uniform error bounds

The multivariate scale mixture variate X in (1.1) is written for p ¼ 1 as

X ¼ SZ ð2:1Þ
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where S is a positive random variable, and Z and S are independent. Let F

and G be the distribution fuctions of X and Z, respectively. We assume that

for a given positive integer k,

A1. G is k times continuously di¤erentiable on D,

where D ¼ fx A R : gðxÞ > 0g, and g is the density function of Z. Consider

the transformation Y ¼ S d=r as in (1.2). The distribution function of X ¼ SZ

given Y ¼ y is expressed as Gðxy�drÞ. For j ¼ 1; . . . ; k, let cd; jðxÞ be defined

by

q j

qy j
Gðxy�drÞ ¼ y�jcd; jðxy�drÞgðxy�drÞ; ð2:2Þ

for x A D, and cd; jðxÞ ¼ 0 for x B D, and write

ad; j 1
1; if j ¼ 0;

ð1=j!Þ supxjcd; jðxÞjgðxÞ; if jb 1:

�

Note that if p ¼ 1 we can take

ad;0 ¼ minfGð0Þ; 1� Gð0Þg:

However, ad;0 ¼ 1 for all pb 2. The functions cd; jðxÞ may be defined also by

q j

qy j
Gðxy�drÞ

����
y¼1

¼ cd; jðxÞgðxÞ:

For explicit expressions of cd; jðxÞ in normal or Gamma distribution, see, e.g.,

Fujikoshi and Shimizu (1990), Fujikoshi (1993), etc.

In this section we consider the distribution function of X ¼ ðX1; . . . ;XpÞ in

(1.1) with S ¼ diagðS1; . . . ;SpÞ. Then Xi ¼ SiZi ¼ Y
dr
i Zi, i ¼ 1; . . . ; p, and the

distribution function of X can be written as

FpðxÞ ¼ PðX1 a x1; . . . ;Xp a xpÞ

¼ E½Gðx1Y�dr
1 Þ . . .GðxpY�dr

p Þ�;

where x ¼ ðx1; . . . ; xpÞ0. Let GpðxÞ ¼ Gðx1Þ . . .GðxpÞ and gpðxÞ ¼ gðx1Þ . . .
gðxpÞ. We consider an approximation for FpðxÞ,

Gd;k;pðxÞ ¼ E

"
GpðxÞ þ

Xk�1

j¼1

1

j!
ðY1 � 1Þ q

qy1
þ � � � þ ðYp � 1Þ q

qyp

� �j

� Gðx1y�dr
1 Þ . . .Gðxpy�dr

p Þ
����
y1¼���¼yp¼1

#

455Error bounds for asymptotic expansions



¼ GpðxÞ þ
Xk�1

j¼1

X
ð jÞ

1

j1! . . . jp!
cd; j1ðx1Þ . . . cd; jpðxpÞgpðxÞ

� E½ðY1 � 1Þ j1 . . . ðYp � 1Þ jp �; ð2:3Þ

where the sum
P

ð jÞ is taken over all p-tupbs of non-negative integers such that

j1 þ � � � þ jp ¼ j.

Now we give two types of error bounds for an asymptotic expansion (2.3)

of FpðxÞ, which are given in Theorems 2.1 and 2.2. The results can be proved

by arguments similar to ones as in Fujikoshi, Ulyanov and Shimizu (2005) and

Shimizu (1995), respectively. In Section 4 we give an outline of the proofs.

Our error bounds are expressed as explicit functions of ad; j, j ¼ 1; . . . ; k. More

presicely, one of the error bounds depend on

wd; j;p ¼
X
½ j �

ðp� 1Þ!
i1! . . . im!

ad; j1 . . . ad; jp ; ð2:4Þ

where the summation
P

½ j � is taken over all p-tupbs of non-negative integers

0a j1 a � � �a jp such that j1 þ � � � þ jp ¼ j, and the constants m, i1; . . . ; im are

positive integers such that

0a j1 ¼ � � � ¼ ji1 < ji1þ1 ¼ � � � ¼ ji1þi2 < � � � < ji1þ���þim�1þ1

¼ � � � ¼ ji1þ���þimð¼ jpÞa j:

In particular, we have

wd;1;p ¼ ad;1;

wd;2;p ¼ ad;2 þ
1

2
ðp� 1Þa2d;1;

wd;3;p ¼ ad;3 þ ðp� 1Þad;1ad;2 þ
1

6
ðp� 1Þðp� 2Þa3d;1;

wd;4;p ¼ ad;4 þ
1

2
ðp� 1Þa2d;2 þ ðp� 1Þad;1ad;3

þ 1

2
ðp� 1Þðp� 2Þa2d;1ad;2 þ

1

24
ðp� 1Þðp� 2Þðp� 3Þa4d;1:

ð2:5Þ

Theorem 2.1. Let X ¼ SZ be a multivariate scale mixture in (1.1) with

S ¼ diagðS1; . . . ;SpÞ, and Yi ¼ S
d=r
i , i ¼ 1; . . . ; p, where d ¼ 1 or �1 and r > 0.

Suppose that the distribution function G of Z1 satisfies A1 and EðY k
i Þ < y,

i ¼ 1; . . . ; p for a given integer k. Then we have
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jFpðxÞ � Gd;k;pðxÞja bd;k;p
Xp
i¼1

E½jYi � 1jk�; ð2:6Þ

where bd;1;p ¼ 1þ wd;1;p and for kb 2

bd;k;p ¼ w
1=k
d;k;p þ 1þ p

Xk�1

j¼1

wd; j;p

 !1=k8<
:

9=
;

k

: ð2:7Þ

Theorem 2.2. Suppose that the conditions of Theorem 2.1 are satisfied.

Then we have

jFpðxÞ � Gd;k;pðxÞja gd;k;p
Xp
i¼1

E½jYi � 1jk�; ð2:8Þ

where gd;k;p are defined recursively by the relation

gd;k;p ¼ p�1 bd;k þ ðp� 1Þ
Xk�1

q¼0

gd;k�q;p�1ad;q

( )
; for kb 2; ð2:9Þ

with gd;1;p ¼ bd;1, gd;k;0 ¼ 0 and gd;k;1 ¼ bd;k for all kb 1; here

bd;k ¼ bd;k;1 ¼ fa1=kd;k þ ðad;0 þ � � � þ ad;k�1Þ1=kgk:

From the relation (2.9) the constants gd;k;p for k ¼ 1; . . . ; 4 are determined

recursively as follows.

gd;1;p ¼ bd;1;

gd;2;p ¼ bd;2 þ
1

2
ðp� 1Þad;1bd;1;

gd;3;p ¼ bd;3 þ
1

2
ðp� 1Þfad;1bd;2 þ bd;2bd;1g

þ 1

6
ðp� 1Þðp� 2Þad;1bd;1;

gd;4;p ¼ bd;4 þ
1

2
ðp� 1Þfad;1bd;3 þ ad;2bd;2 þ ad;3bd;1g

þ 1

6
ðp� 1Þðp� 2Þfa2d;1bd;2 þ 2ad;1ad;2bd;1g

þ 1

24
ðp� 1Þðp� 2Þðp� 3Þa3d;1bd;1:

ð2:10Þ

Combining Theorems 2.1 and 2.2 we have
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jFpðxÞ � Gd;k;pðxÞjaminðbd;k;p; gd;k;pÞ
Xp
i¼1

E½jYi � 1jk�: ð2:11Þ

Note that

bd;1;p ¼ gd;1;p; bd;2;p b gd;2;p: ð2:12Þ

In a special case d ¼ 1, r ¼ 1=2 and Z1 @Nð0; 1Þ we have the following

property.

q j

qy j
Fðxy�1=2Þ

����
y¼1

¼ �2�jH2j�1ðxÞfðxÞ; ð2:13Þ

where HnðxÞ is Hermite polynomial of degree n defined by the equality

HnðxÞ ¼ ð�1ÞnffðxÞg�1 d n

dxn
fðxÞ:

It follows from (2.13) that

q j

qy j
Fðxy�1=2Þ

����
y¼1

¼ 2�j d
2j

dx2j
FðxÞ: ð2:14Þ

Therefore from (2.3) we can write G1;k;p in the form

G1;k;pðxÞ ¼ E FpðxÞ þ
Xk�1

j¼1

1

2 j j!
fq 0

xðS d=r � IpÞqxg jFpðxÞ
" #

; ð2:15Þ

where FpðxÞ ¼ Fðx1Þ . . .FðxpÞ and qx ¼ ðq=qx1; . . . ; q=qxpÞ0. The approxima-

tion expressed by the right-hande side of (2.5) was considered by Fujikoshi and

Shimizu (1989b) in a special case when

S � Ip bO; d ¼ 1; r ¼ 1

2
; G ¼ F:

3. L1-norm error bounds

Fujikoshi, Ulyanov and Shimizu (2005) obtained L1-norm error bounds

for asymptotic expansions of the density function of X in (1.1) with S ¼
diagðS1; . . . ;SpÞ. In this section we extend their results to the case when S is a

general symmetric positive definite random matrix provided Z1 is distributed as

Nð0; 1Þ. First we review their results with the help of a fundamental property

that the density function fpðxÞ of X can be expressed in term of the distribution

function as
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fpðxÞ ¼
qp

qx1 . . . qxp
GpðxÞ:

Put gpðxÞ ¼ gðx1Þ . . . gðxpÞ, where g is the density function of Z1. Assume that

A2. g is k times continuously di¤erentiable on D,

where D ¼ fx A R : gðxÞ > 0g. For j ¼ 1; . . . ; k, let bd; jðxÞ be defined by

d

dx
ðcd; jðxÞgðxÞÞ ¼ bd; jðxÞgðxÞ: ð3:1Þ

The function may alternatively be also defined for jb 1 and for x A D, by

formula

q j

qy j
fy�drgðxy�drÞg

����
y¼1

¼ bd; jðxÞgðxÞ;

and bd; jðxÞ ¼ 0 for x B D. We define also for jb 0

xd; j ¼
1

j!
bd; jðxÞgðxÞ
�� ��

1
; ð3:2Þ

where for any integrable function hðxÞ,

khðxÞk1 ¼
ðy
�y

jhðxÞjdx:

It is natural ro approximate fpðxÞ by

gd;k;pðxÞ ¼
qp

qx1 . . . qxp
Gd;k;pðxÞ

¼ gpðxÞ þ
Xk�1

j¼1

X
ð jÞ

1

j1! . . . jp!
bd; j1ðx1Þ . . . bd; jpðxpÞgpðxÞ

� E½ðY1 � 1Þ j1 . . . ðYp � 1Þ jp �: ð3:3Þ

One of our error bounds depends on the quantity hd;k;p defined as follows. Put

hd;1;p ¼ 2þ vd;1;p and for kb 2

hd;k;p ¼ v
1=k
d;k;p þ 2þ p

Xk�1

j¼1

vd; j;p

 !1=k8<
:

9=
;

k

; ð3:4Þ

where

vd; j;p ¼
X
½ j �

ðp� 1Þ!
i1! . . . im!

xd; j1 . . . xd; jp : ð3:5Þ
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Here the summation
P

½ j � is taken in the sense of (2.4). Note that vd; j;p is

expressed in the same form as the expression (2.5) for wd; j;p, i.e., the one

replaced ad; j by xd; j in (2.5). Then we have the results corresponding to

Theorems 2.1 and 2.2, which were proved by Fujikoshi, Ulyanov and Shimizu

(2005).

Theorem 3.1. Let X ¼ SZ be a multivariate scale mixture in (1.1) with

S ¼ diagðS1; . . . ;SpÞ, and Yi ¼ S
d=r
i , i ¼ 1; . . . ; p, where d ¼ 1 or �1 and r > 0.

Suppose that the density function g of Z1 satisfies A2 and EðY k
i Þ < y, i ¼

1; . . . ; p for a given integer k. Then we have for any Borel set AHRp

PðX A AÞ �
ð
A

gd;k;pðxÞdx
����

����a 1

2
hd;k;p

Xp
i¼1

E½jYi � 1jk�: ð3:6Þ

Theorem 3.2. Under the same condition as in Theorem 3.1 we have for any

Borel set AHRp

PðX A AÞ �
ð
A

gd;k;pðxÞdx
����

����a 1

2
nd;k;p

Xp
i¼1

E½jYi � 1jk�; ð3:7Þ

where nd;k;p are determined recursively by the relation

nd;k;p ¼ p�1 hd;k þ ðp� 1Þ
Xk�1

q¼0

nd;k�q;p�1xd;q

( )
; for kb 2; ð3:8Þ

with nd;1;p ¼ hd;1, nd;k;0 ¼ 0 and nd;k;1 ¼ hd;k for all kb 1.

Note that nd; j;p is expressed in the same form as the expression (2.10) for

gd; j;p, i.e., the one replaced ad; j and bd; j by xd; j and hd; j, respectively, in (2.10).

Combining Theorems 3.1 and 3.2 we have

PðX A AÞ �
ð
A

gd;k;pðxÞdx
����

����a 1

2
minðhd;k;p; nd;k;pÞ

Xp
i¼1

E½jYi � 1jk�: ð3:9Þ

Further, it is known (Fujikoshi, Ulyanov and Shimizu (2005)) that

hd;1;p ¼ nd;1;p; hd;2;p b nd;2;p: ð3:10Þ

In the following we extend the results (3.9) for the case when S is a

symmetric positive definite matrix, assuming that Z1 is distributed as Nð0; 1Þ.
For d ¼ 1 and r ¼ 1=2, we have an identity (2.15). Di¤erentiating both sides

of (2.15) with respect to x1; . . . ; xp we have
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g1;k;pðxÞ ¼ f1;k;pðxÞ

¼ E fpðxÞ þ
Xk�1

j¼1

1

2 j j!
fq 0

xðY � IpÞqxg jfpðxÞ
" #

; ð3:11Þ

where fpðxÞ ¼ fðx1Þ . . . fðxpÞ and Y ¼ diagðY1; . . . ;YpÞ. As it was shown in

Shimizu (1995) (see the proof of Theorem 2, p. 135) the alternative expression

of f1;k;p in the form (3.11) enables us to extend Theorem 3.2 to the general case

when the scale matrix S may not necessarily be diagonal. In the following we

give a more general extension as well as the result.

Fix any Borel set AHRp. We have

PðX A AÞ ¼ ES ½PðX A A jSÞ�;

where ES denotes expectation with respect to S. It means we can construct

at first approximation for PðX A AÞ for any given value of S and then taking

expectation with respect to S we get result for PðX A AÞ. Under the assump-

tion on S there exists an orthogonal matrix T such that S ¼ TLT 0, where

L ¼ diagðL1; . . . ;LpÞ. Then we have

PðSZ A AÞ ¼ PðLT 0Z A T 0AÞ ¼ PðLZ A T 0AÞ; ð3:12Þ

since T 0Z has also the standard multivariate normal distribution in Rp. Con-

sider the transformation

Yi ¼ L
d=r
i ; i ¼ 1; . . . ; p ð3:13Þ

as in (1.2) or Theorems 3.1 and 3.2. Applying the result (3.9) to the right-

hand side of (3.12), we have

PðX A AÞ � E

ð
T 0A

fd;k;pðx;YÞdx
� �����

����a 1

2
minðhd;k;p; nd;k;pÞ

Xp
i¼1

E½jYi � 1jk�;
ð3:14Þ

where

fd;k;pðx;YÞ ¼ fpðxÞ þ
Xk�1

j¼1

1

j!
ðY1 � 1Þ q

qy1
þ � � � þ ðYp � 1Þ q

qyp

� �j

� y
�dr
1 fðx1y�dr

1 Þ . . . y�dr
p fðxpy�dr

p Þ
����
y1¼���¼yp¼1

ð3:15Þ

For the case d ¼ 1, r ¼ 1=2, we can simplify (3.14) as follows.
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Theorem 3.3. Let X ¼ SZ be a multivariate scale mixture in (1.1) with

Z1 @Nð0; 1Þ. Suppose that for a given integer k > 0, ðS 2 � IpÞk is positive

semi-definite and E½trðS 2 � I pÞk� < y. Then we have for any Borel set AHRp

PðX A AÞ �
ð
A

E fpðxÞ þ
Xk�1

j¼1

1

2 j j!
fq 0

xðS 2 � I pÞqxg j
fpðxÞ

" #
dx

�����
�����

a
1

2
minðh1;k;p; n1;k;pÞE½trðS 2 � IpÞk�: ð3:16Þ

Proof. Di¤erentiating both sides of (2.14) with respect to x, we have

q j

qy j
y�1=2fðxy�1=2Þ

����
y¼1

¼ 2�j d
2j

dx2j
fðxÞ:

This implies that

ðY1 � 1Þ q

qy1
þ � � � þ ðYp � 1Þ q

qyp

� �j

hðx; yÞ
����
y1¼���¼yp¼1

¼
X
ð jÞ

j!

j1! . . . jp!

q

qx1

� �j1

. . .
q

qxp

� �jp

hðx; yÞ
����
y1¼���¼yp¼1

� ðY1 � 1Þ j1 . . . ðYp � 1Þ jp

¼ 1

2 j
fq 0

xðY � I pÞqxg jfpðxÞ; ð3:17Þ

where hðx; yÞ ¼
Qp

i¼1 y
�d=r
i fðxiy�d=r

i Þ. Note that

ð
T 0A

fpðxÞdx ¼
ð
A

fpðxÞdx; ð3:18Þ

as the standard multivariate normal distribution is invariant with respect to

orthogonal transformations. Moreover, if we put v ¼ Tx, then Tqx ¼ qv and

therefore we have

q 0
xðY � IpÞqx ¼ q 0

vTðY � IpÞT 0qv ¼ q 0
vðS 2 � IpÞqv:

Thus, we get for any j ¼ 1; 2; . . . ; k � 1

ð
T 0A

fq 0
xðY � IpÞqxg jfpðxÞdx ¼

ð
A

fq 0
vðS 2 � IpÞqvg jfpðvÞdv: ð3:19Þ

462 Y. Fujikoshi, V. V. Ulyanov and R. Shimizu



Note that

trðS 2 � IpÞk ¼
Xp
k¼1

ðYi � 1Þk

since ðS 2 � IpÞk is positive semi-definite.

Combining (3.14) and (3.18)–(3.19) we get (3.16).

Lemma 3.1. Let

hðx; yÞ ¼
Yp
i¼1

y
�d=r
i fðxiy�d=r

i Þ:

Then it holds that

ð1Þ
Xp
i¼1

ðYi � 1Þ q

qyi
hðx; yÞ

����
y1¼���¼yp

¼ drq 0
xðY � IpÞqxfpðxÞ;

ð2Þ
Xp
i¼1

ðYi � 1Þ q

qyi

( )2

hðx; yÞ
����
y1¼���¼yp

¼ ½ðdrÞ2fq 0
xðY � IpÞqxg2 þ drð2dr� 1Þq 0

xðY � IpÞ2qx�fpðxÞ;

ð3Þ
Xp
i¼1

ðYi � 1Þ q

qyi

( )3

hðx; yÞ
����
y1¼���¼yp

¼ ½ðdrÞ3fq 0
xðY � IpÞqxg3

þ 3ðdrÞ2ð2dr� 1Þfq 0
xðY � IpÞ2qxgfq 0

xðY � IpÞqxg

þ 2drð2dr� 1Þðdr� 1Þfq 0
xðY � IpÞ3qxg�fpðxÞ:

Proof. The results follow by using that for d ¼ �1 or þ1 and for any

positive r

ð1Þ q

qy
fy�drfðxy�drÞg

����
y¼1

¼ drH2ðxÞfðxÞ;

ð2Þ q2

qy2
fy�drfðxy�drÞg

����
y¼1

¼ fðdrÞ2H4ðxÞfðxÞ þ drð2dr� 1ÞH2ðxÞg;

ð3Þ q3

qy3
fy�drfðxy�drÞg

����
y¼1

¼ fðdrÞ3H6ðxÞfðxÞ þ 3ðdrÞ2ð2dr� 1ÞH4ðxÞ

þ 2drð2dr� 1Þðdr� 1ÞH2ðxÞg:
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Theorem 3.4. Let k ¼ 1; 2; 3 or 4 and X ¼ SZ be a multivariate scale

mixture (1.1) with Z1 @Nð0; 1Þ and S be a symmetric positive definite matrix

such that ðS d=r � IpÞk is symmetric positive semi-definite and E½trðS d=r � I pÞk�
< y, where d ¼ 1 or �1 and r > 0. Then for any Borel set AHRp we have

( i ) k ¼ 1:

PðX A AÞ �
ð
A

fpðxÞdx
����

����a 1

2
nd;1;pE½trðS d=r � IpÞ�;

( ii ) k ¼ 2:

PðX A AÞ �
ð
A

E½fpðxÞ þ ðdrÞfq 0
xðS d=r � IpÞqxgfpðxÞ�dx

����
����

a
1

2
nd;2;pE½trðS d=r � IpÞ2�;

(iii) k ¼ 3:�����PðX A AÞ �
ð
A

E

"
fpðxÞ þ

X2
j¼1

ðdrÞ j

j!
fq 0

xðS d=r � IpÞqxg jfpðxÞ

þ 1

2
drð2dr� 1Þfq 0

xðS d=r � IpÞ2qxgfpðxÞ
#
dx

�����
a

1

2
minfhd;3;p; nd;3;pgE½trðS d=r � IpÞ3�;

(iv) k ¼ 4:�����PðX A AÞ �
ð
A

E

"
fpðxÞ þ

X3
j¼1

ðdrÞ j

j!
fq 0

xðS d=r � IpÞqxg jfpðxÞ

þ 1

2
drð2dr� 1Þfq 0

xðS d=r � IpÞ2qxgfpðxÞ

þ 1

2
ðdrÞ2ð2dr� 1Þfq 0

xðS d=r � I pÞ2qxgfq 0
xðS d=r � I pÞqxgfpðxÞ

þ 1

3
drð2dr� 1Þðdr� 1Þfq 0

xðS d=r � IpÞ3qxgfpðxÞ
#
dx

�����
a

1

2
minfhd;4;p; nd;4;pgE½trðS d=r � I pÞ4�:

Proof. Note that we show Lemma 2.1 ð1Þ@ð3Þ for d ¼ �1 or þ1 and for

any positive r. Therefore the arguments simillar to ones in the proof of

Theorem 3.3 imply the parts (i)@(iv).
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The parts (ii) and (iv) in Theorem 3.4 hold without the assumption that

ðS d=r � IpÞ is positive definite matrix. Moreover if ðS d=r � IpÞ is not positive

definite, then in Theorem 3.4 (i) and (iii) we can replace E½trðS d=r � IpÞ� and
E½trðS d=r � IpÞ3� by E½

Pp
i¼1 jYi � 1j� and E½

Pp
i¼1 jYi � 1j3�. Further, we can

use inequalities

E
Xp
i¼1

jYi � 1j
" #

a p1=2 E
Xp
i¼1

jYi � 1j2
" # !1=2

¼ p1=2ðE½trðS d=r � IpÞ2�Þ1=2;

and

E
Xp
i¼1

jYi � 1j3
" #

a p1=4 E
Xp
i¼1

jYi � 1j4
" # !3=4

¼ p1=4ðE½trðS d=r � IpÞ4�Þ3=4;

provided that E½trðS d=r � IpÞ2� < y and E½trðS d=r � IpÞ4� < y, respectively.

The inequlities follow from Hölder’s inequality.

4. Proofs of Theorems 2.1 and 2.2

Proof of Theorems 2.1. We see that the result can be proved in the same

line as in Fujikoshi, Ulyanov and Shimizu (2005). Note that

FpðxÞ ¼ E½Qðx;YÞ�;

where Qðx;YÞ ¼ Gðx1Y�dr
1 Þ . . .GðxpY�dr

p Þ. Here Y is used for a vector nota-

tion such that Y ¼ ðY1; . . . ;YpÞ0. We use a Taylor formula for a function

QðyÞ ¼ Gðxy�drÞ with kb 1 continuous derivatives

QðyÞ ¼ Qð1Þ þ
Xk�1

j¼1

1

j!
Qð jÞð1Þðy� 1Þ j þ 1

k!
QðkÞð1þ tðy� 1ÞÞðy� 1Þk; ð4:1Þ

where t is a number on ð0; 1Þ. We construct an expansion for Qðx;YÞ using

(4.1) sequentially. Namely, at first we apply (4.1) to Gðx1y�dr
1 Þ. We get

Qðx; yÞ ¼ Gðx1Þ þ
Xk�1

j¼1

1

j!
cd; jðx1Þgðx1Þðy1 � 1Þ j þ R1ðy1 � 1Þk

" #
Q2ðx; yÞ; ð4:2Þ

where

R1 ¼
1

k!

q

qyk
ðGðx1 y�drÞÞ

����
y¼1þtðy1�1Þ

; and Q2ðx; yÞ ¼
Yp
i¼2

Gðxiy�dr
i Þ:
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Now we apply (4.1) for a function Gðx2y�dr
2 Þ so that for a summand

1

j!
cd; jðx1Þgðx1Þðy1 � 1Þ jQ2ðx; yÞ

we apply (4.1) with k replaced by k � j. At last we obtain the following

expansion

Qðx; yÞ ¼ Gðx1Þ . . .GðxpÞ þ
Xk�1

j¼1

X
ð jÞ

Yp
i¼1

1

ji!
cd; jiðxiÞgðxiÞðyi � 1Þ ji þ Rd;k;p; ð4:3Þ

where Rd;k;p is a sum of terms each of which can be written in the form

ðy1 � 1Þk1 . . . ðyp � 1ÞkpMk1ðy1Þ . . .MkpðypÞ ð4:4Þ

with ki b 0 for i ¼ 1; 2; . . . ; p and k1 þ � � � þ kp ¼ k. Each factor Mj in (4.4)

has one of the following form:

MkðyÞ ¼
1

k!

qk

qyk
1

ðGðxy�dr
1 ÞÞ

����
y1¼1þtðy�1Þ

; ð4:5Þ

M0ðyÞ ¼ GðxÞ or M0ðyÞ ¼ Gðxy�drÞ and when 1a ja k � 1, we have for

MjðyÞ one of the two representations:

1

j!
cd; jðxÞgðxÞ or

1

j!

q j

qy
j
1

ðGðxy�dr
1 ÞÞ

����
y1¼1þtðy�1Þ

: ð4:6Þ

Put

j1 ¼ ðwd;k;p=hd;k;pÞ
1=k: ð4:7Þ

At first we consider the case when 0 < minðy1; . . . ; ypÞa j1. Assume that y1
is such that 0 < y1 a j1. We have for any j ð1a ja kÞ,

j1� y1j j þ � � � þ j1� ypj j

a
1

ð1� j1Þ
k�j

ðj1� y1jk þ j1� y1jk�j j1� y2j j þ � � � þ j1� y1jk�jj1� ypj jÞ

a
p

ð1� j1Þ
k�j

ðj1� y1jk þ � � � þ j1� ypjkÞ: ð4:8Þ

Therefore, using Lemma 5.2 in Fujikoshi, Ulyanov and Shimizu (2005) and

(4.3) we get
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jRd;k;pja 2þ
Xk�1

j¼1

ðj1� y1j j þ � � � þ j1� ypj jÞwd; j;p

a
1

ð1� j1Þ
k
ðj1� y1jk þ � � � þ j1� ypjkÞ 2þ

Xk�1

j¼1

wd; j;p

 !

¼ hd;k;p½j1� y1jk þ � � � þ j1� ypjk�: ð4:9Þ

If minðy1; . . . ; ypÞ > j1 then using Lemma 5.2 in Fujikoshi, Ulyanov

and Shimizu (2005) and representations for summands contained in Rd;k;p

we get

jRd;k;pja
wd;k;p

jk
1

½j1� y1jk þ � � � þ j1� ypjk�

¼ hd;k;p½j1� y1jk þ � � � þ j1� ypjk�: ð4:10Þ

Combining (4.9) and (4.10) we finish the proof of Theorem 2.1.

Proof of Theorems 2.2. The result can be proved by using arguments

similar to the proof of Lemma 2 in Shimizu (1995). In order to prove (2.8) it

is enough as usual to show that

Yp
i¼1

Gðxiy�dr
i Þ � Gd;k;pðxÞ

�����
�����a gd;k;p

Xp
i¼1

jyi � 1jk; ð4:11Þ

where Gd;k;p is defined by (2.3) but Yi, i ¼ 1; . . . ; p, are considered as positive

real numbers yi.

We prove (4.11) by mathematical induction with respect to p. In the

case p ¼ 1 the inequality (4.11) was proved in Theorem 2.1 of Shimizu and

Fujikoshi (1997). Therefore, we can write for pb 2

Yp
i¼1

Gðxiy�dr
i Þ ¼ GðxpÞ þ

Xk�1

j¼1

1

j!
ðyj � 1Þ jcd; jðxÞgðxÞ þ Rd;p

" #Yp�1

i¼1

Gðxiy�dr
i Þ;

ð4:12Þ

where jRd;pja bd;kjyp � 1jk. Assume that (4.11) holds for p� 1. Then

we apply (4.11) to
Qp�1

i¼1 Gðxiy�dr
i Þ with p replaced by p� 1 and k replaced

by k � j when
Qp�1

i¼1 Gðxiy�dr
i Þ is a factor by ðyp � 1Þ j in (4.12). Thus, we

get
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Yp
i¼1

Gðxiy�dr
i Þ � Gd;k;pðxÞ

�����
�����a bd;kjyp � 1jk

þ
Xk�1

q¼0

ad;qjyp � 1jqgd;k�q;p�1

Xp
i¼1

jyi � 1jk�q: ð4:13Þ

We got (4.13) from (4.12) applying induction hypothesis to
Qp�1

i¼1 Gðxiy�dr
i Þ. It

is clear we could use the same arguments to the function
Qp

i¼1; i0j Gðxiy�dr
i Þ

with any j ¼ 1; . . . ; p. Then we could get (4.13) with jyp � 1j replaced by

jyj � 1j. Since in all these inequalities the left-hand sides will coincide, sum-

ming up the inequalities for j ¼ 1; . . . ; p and using

Xp
i0j

jyi � 1jk�qjyj � 1jq a ðp� 1Þ
Xp
i¼1

jyi � 1jk;

(cf. the proof of Lemma 2 in Shimizu (1995)) we come to (4.11) and recurrence

formula for gd;k;p stated in Theorem 2.2.
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