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Abstract. The new concept of an irrationality measure of sequences is introduced

in this paper by means of the related irrational sequences. The main results are two

criteria characterising lower bounds for the irrationality measures of certain sequences.

Applications and several examples are included.

1. Introduction

The concept of irrationality is very important in Diophantine approx-

imations. There are several criteria for the irrationality of numbers, see for

example, Erdös and Strauss [6], [7], Hančl and Rucki [14], Borwein [1], [2] or

Borwein and Zhou [3]. Some interesting results concerning the Cantor series

can be found in the paper of Tijdeman and Pingzhi Yuan [17]. Let us mention

the book of Nishioka [16] which contains a nice survey of Mahler theory

including many results on irrationality. If we want to approximate a real

number by rationals then it is appropriate to introduce the so-called irratio-

nality measure of numbers.

Definition 1. Let x be an irrational number. Then the number

lim sup
q!y
q AN

logq min
p AN

x� p

q

����
����

� ��1

is called the irrationality measure of the number x.

Let us note that for such a measure we have the following theorem.

Theorem 1. Any irrational number has an irrationality measure greater or

equal to 2.

The proof of Theorem 1 can be found in the book of Hardy and Wright in

[15]. The result concerning the lower bound for the irrationality measure of
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the sum of infinite series which consist of terms of rational numbers is included

in the paper of Duverney [4] for instance. In 1975 Erdös [5] defined irrational

sequences in the following way.

Definition 2. Let fangyn¼1 be a sequence of positive real numbers. If for

every sequence fcngyn¼1 of positive integers the sum of the series

Xy
n¼1

1

ancn

is an irrational number, then the sequence fangyn¼1 is called irrational. If

fangyn¼1 is not an irrational sequence, then it is a rational sequence.

Erdös [5] also proved that the sequence f22 ngyn¼1 is irrational. Some

generalizations and similar criteria can be found in [8], [9], [11] or [12]. To

each irrational sequence fangyn¼1 we can associate the sums of infinite seriesPy
n¼1

1
cnan

; cn A N
n o

which are all irrational numbers. If we want to ap-

proximate such a set by rationals then it is suitable to introduce the so-called

irrationality measure of sequences in the following way.

Definition 3. Let fangyn¼1 be an irrational sequence. Let C be the set of

all sequences of positive integers, C ¼ ffcngyn¼1; cn A Ng. Then the number

inf
fcngyn¼1 AC

lim sup
q!y
q AN

logq min
p AN

Xy
n¼1

1

ancn

� p

q

�����
�����

 !�1

is called the irrationality measure of the sequence fangyn¼1.

Unfortunately it is impossible to find a version of Duverney’s criterion (see [4])

for irrationality measure in the case of irrational sequences. We now introduce

Theorem 2 and Theorem 3 which are new criteria.

2. Main result

Theorem 2. Let e, e1 and S be three positive real numbers such that

e1 <
e

1 þ e
ð1Þ

and

S >
1

1 � e1
: ð2Þ
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Assume that fangyn¼1 and fbngyn¼1 are two sequences of positive integers such that

fangyn¼1 is nondecreasing, and that

lim sup
n!y

a1=ðSþ1Þn

n > 1; ð3Þ

bn ¼ Oða e1
n Þ; ð4Þ

and for every su‰ciently large positive integer n

an > n1þe: ð5Þ

Then the sequence
an

bn

n oy
n¼1

is irrational and has the irrationality measure greater

than or equal to maxð2;Sð1 � e1ÞÞ.

Theorem 3. Let e and S be two positive real numbers with S > 1.

Assume that fangyn¼1 and fbngyn¼1 are two sequences of positive integers, such that

fangyn¼1 is nondecreasing, (3) and (5) for every su‰ciently large positive integer n

hold, and that for every positive real number b

bn ¼ oðab
nÞ: ð6Þ

Then the sequence
an

bn

n oy
n¼1

is irrational and has the irrationality measure greater

than or equal to maxð2;SÞ.

3. Proofs

Lemma 1. Let e1 be a positive real number such that e1 < 1. Assume that

fangyn¼1 and fbngyn¼1 are two sequences of positive integers with fangyn¼1 non-

decreasing, such that

bn ¼ Oðae1
n Þ ð7Þ

and

an > 2n ð8Þ

for every su‰ciently large n. Then for every e2 with e2 > e1 and su‰ciently

large n

Xy
j¼0

bnþj

anþj

<
1

a1�e2
n

: ð9Þ

Proof (of Lemma 1). Let n be a su‰ciently large positive integer such

that (8) holds. From equation (7) we obtain that there exists a positive real

number K which does not depend on n and such that
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bn aKa e1
n : ð10Þ

Inequality (10) implies that

Xy
j¼0

bnþj

anþj

a
Xy
j¼0

Ka e1

nþj

anþj

¼
Xy
j¼0

K

a1�e1

nþj

¼
X

nanþj<log2 an

K

a1�e1
nþj

þ
X

nþjblog2 an

K

a1�e1
nþj

: ð11Þ

Now we will estimate the both sums on the right hand side of inequality (11).

For the first sum of (11), we obtain that

X
nanþj<log2 an

K

a1�e1

nþj

a
K log2 an

a1�e1
n

: ð12Þ

For the second sum of (11), inequality (8) yields

X
nþjblog2 an

K

a1�e1

nþj

a
X

nþjblog2 an

K

2ðnþjÞð1�e1Þ

a
K

a
ð1�e1Þ
n

Xy
j¼0

1

2 jð1�e1Þ
a

L

a1�e1
n

; ð13Þ

where L is a suitable positive real constant which does not depend on n. From

(11), (12) and (13) we obtain that for every e2 with e2 > e1 and for every

su‰ciently large positive integer n

Xy
j¼0

bnþj

anþj

a
X

nanþj<log2 an

K

a1�e1
nþj

þ
X

nþjblog2 an

K

a1�e1
nþj

a
K log2 an þ L

a1�e1
n

a
1

a1�e2
n

:

Thus (9) holds. The proof of Lemma 1 is complete. r

Lemma 2. Let S, e1, fangyn¼1 and fbngyn¼1 satisfy all conditions in Theorem

2. Then there exists a positive real number a such that for every su‰ciently

large n

Xy
j¼0

bnþj

anþj

a
1

aa
n

: ð14Þ
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Proof (of Lemma 2). From (4) we obtain that there exists a positive real

constant K , such that

bn aKa e1
n : ð15Þ

Inequality (15) implies

Xy
j¼0

bnþj

anþj

a
Xy
j¼0

Ka e1
nþj

anþj

¼
Xy
j¼0

K

a1�e1

nþj

¼
X

nanþj<a
1=ð1þeÞ
n

K

a1�e1

nþj

þ
X

nþjba
1=ð1þeÞ
n

K

a1�e1

nþj

: ð16Þ

Now we will estimate the both sums on the right hand side of inequality (16).

For the first sum, we obtain that

X
nanþj<a

1=ð1þeÞ
n

K

a1�e1

nþj

a
Ka

1=ð1þeÞ
n

a1�e1
n

¼ K

a
1�1=ð1þeÞ�e1
n

¼ K

a
e=ð1þeÞ�e1
n

: ð17Þ

For the second sum, inequality (5) implies that there exist positive real

constants V and R not depending on n, such that

X
nþjba

1=ð1þeÞ
n

K

a1�e1

nþj

a
X

nþjba
1=ð1þeÞ
n

K

ðn þ jÞð1þeÞð1�e1Þ

a

ðy
a

1=ð1þeÞ
n

V dx

xð1þeÞð1�e1Þ
a

R

a
e=ð1þeÞ�e1
n

: ð18Þ

From (16), (17) and (18) we obtain that

Xy
j¼0

bnþj

anþj

a
X

nanþj<a
1=ð1þeÞ
n

K

a1�e1
nþj

þ
X

nþjba
1=ð1þeÞ
n

K

a1�e1
nþj

a
K

a
e=ð1þeÞ�e1
n

þ R

a
e=ð1þeÞ�e1
n

¼ K þ R

a
e=ð1þeÞ�e1
n

: ð19Þ

Let a ¼ 1
2

e
1þe

� e1

� �
. Then inequality (1) implies that a > 0. This and (19)

yield that for every su‰ciently large n

Xy
j¼0

bnþj

anþj

a
1

aa
n

:

Thus (14) holds. The proof of Lemma 2 is complete. r
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Proof (of Theorem 2). Let fcngyn¼1 be a sequence of positive integers.

Then there exists a bijection f : N ! N such that for every n A N, An ¼
afðnÞcfðnÞ and the sequence fAngyn¼1 is nondrecreasing. From this description of

a bijection f and from the fact that fangyn¼1 is a nondecreasing sequence of

positive integers we obtain that for every n A N

An ¼ afðnÞcfðnÞ b an: ð20Þ

Let Bn denote bfðnÞ for all n A N. This and (20) imply that the sequences

fAngyn¼1 and fBngyn¼1 satisfy all asumptions of Theorem 2 too. From this fact,

(2) and Theorem 1 we obtain that to prove Theorem 2 it is su‰cient to prove

that for every real number S1 with

S1 > e1S; ð21Þ

and with S1 � e1S su‰ciently small we have

lim inf
N!y

YN�1

n¼1

an

 !S�S1Xy
n¼N

bn

an

¼ 0: ð22Þ

Inequality (21) implies that there is a positive real number e2 with e2 > e1 and

such that S1 > e2S. Let us put

d ¼ S1 � e2S

2
:

Then d > 0 and we have

e2 þ
S � S1

S � d
¼ 1 � S1 � e2S � dþ e2d

S � d

¼ 1 �
S1�e2S

2
þ e2d

S � d
< 1: ð23Þ

Inequality (3) implies that

lim sup
n!y

a1=ðSþ1�dÞ n

n ¼ y: ð24Þ

Let A be a su‰ciently large positive real number. From (24) we obtain that

there exists a positive integer n such that

a1=ðSþ1�dÞ n

n > A:

Assume that a is a positive real number which satisfies condition (14) in

Lemma 2. Let for every positive integer k bmaxða1; 3Þ, wk denote the least

positive integer such that

188 Jaroslav Hančl and Ferdinánd Filip



a1=ðSþ1�dÞwk

wk
> k2=a: ð25Þ

Suppose that tk is the greatest positive integer less than wk such that

atk
a k tk : ð26Þ

Let vk be the least positive integer greater than tk such that

a1=ðSþ1�dÞ vk

vk
> k: ð27Þ

From the description of sequences ftkgyk¼a1
, fvkgyk¼a1

, fwkgyk¼a1
and from (25),

(26) and (27) we obtain that

tk < vk awk; ð28Þ

lim
k!y

vk ¼ y

and for every positive integers r and s with vk a rawk and tk < s < vk

ar > kr > 2 r ð29Þ

and

as < kðSþ1�dÞ s

: ð30Þ

The fact that the sequence fangyn¼1 of positive integers is nondecreasing and

inequality (26) imply that

Ytk

n¼1

an a atk
tk
a kt2

k : ð31Þ

From (28) and (30) we obtain

kðSþ1�dÞ vk
b kðS�dÞððSþ1�dÞ vk�1þðSþ1�dÞ vk�2þ���þ1Þ

¼
Yvk�1

n¼1

kðSþ1�dÞ n

 !ðS�dÞ

b
Yvk�1

n¼1

an

 !ðS�dÞ Ytk

n¼1

an

 !�ðS�dÞ

:

This fact, (28) and (31) yield

kðSþ1�dÞ vk
b

Yvk�1

n¼1

an

 !ðS�dÞ Ytk

n¼1

an

 !�ðS�dÞ

b
Yvk�1

n¼1

an

 !ðS�dÞ

k�t2
k
ðS�dÞ

b
Yvk�1

n¼1

an

 !ðS�dÞ

k�v2
k
ðS�dÞ: ð32Þ
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Inequality (32) implies that

Yvk�1

n¼1

an

 !ðS�S1Þ

a kððS�S1Þ=ðS�dÞÞðSþ1�dÞ vkþðS�S1Þv2
k : ð33Þ

From (27), (29) and Lemma 1 we obtain the fact that

Xwk

n¼vk

bn

an

a
1

a1�e2
vk

a
1

kð1�e2ÞðSþ1�dÞ vk
: ð34Þ

Inequality (25), the fact that the sequence fangyn¼1 is nondecreasing and Lemma

2 yield

Xy
n¼wkþ1

bn

an

a
1

aa
wkþ1

a
1

aa
wk

a
1

k2ðSþ1�dÞwk
: ð35Þ

Since 2 > 1 � e2 then, (28), (34) and (35) imply that for every su‰ciently

large k

Xy
n¼vk

bn

an

¼
Xwk

n¼vk

bn

an

þ
Xy

n¼wkþ1

bn

an

a
1

kð1�e2ÞðSþ1�dÞ vk
þ 1

k2ðSþ1�dÞwk
a

2

kð1�e2ÞðSþ1�dÞ vk
: ð36Þ

From (33) and (36) we obtain that for every su‰ciently large vk

Yvk�1

n¼1

an

 !ðS�S1ÞXy
n¼vk

bn

an

a kðS�S1Þv2
k
�ð1�ðe2þðS�S1Þ=ðS�dÞÞÞðSþ1�dÞ vk

: ð37Þ

Inequality (23) yields that 1 � e2 þ S�S1

S�d

� �
> 0. From this fact and (37) we

obtain the fact that

lim
k!y

Yvk�1

n¼1

an

 !S�S1Xy
n¼vk

bn

an

¼ 0:

This implies (22). The proof of Theorem 2 is now complete. r

Proof (of Theorem 3). Suppose that the sequence
an

bn

n oy
n¼1

has an ir-

rationality measure less than S. Then there exists a positive real number

S1 < min S � 1; e
1þe

� �
such that the irrationality measure of the sequence

an

bn

n oy
n¼1

is less than S � S1. Let e1 ¼ S1

S
. Then (6) implies that bn ¼ oðae1

n Þ.
Hence bn ¼ Oðae1

n Þ. From this and Theorem 2 we obtain that the sequence
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an

bn

n oy
n¼1

is irrational and has irrationality measure greater than or equal to

maxð2;Sð1 � e1ÞÞ. This is a contradiction since Sð1 � e1Þ ¼ S � Se1 ¼ S � S1.

r

4. Examples and comments

Corollary 1. Let e1 and S be positive real numbers such that

Sð1 � e1Þ > 2. Assume that fangyn¼1 and fbngyn¼1 are two sequences of positive

integers such that fangyn¼1 is nondecreasing, with

lim sup
n!y

a1=ðSþ1Þn

n > 1

and

bn ¼ Oða e1
n Þ:

Then the sequence
an

bn

n oy
n¼1

has irrationality measure greater than or equal to

Sð1 � e1Þ.

Corollary 1 is an immediate consequence of Theorem 2.

Example 1. Corollary 1 implies that the sequence

35 n þ n5

25 n þ n5

� �y

n¼1

has irrationality measure greater than or equal to
4ðlog2 3�1Þ

log2 3 .

Example 2. Let K be a positive integer with K 1 � 1
log2 e

� �
> 2. Denote

that lcmðx1; x2; . . . ; xnÞ is the least common multiple of the numbers

x1; x2; . . . ; xn. Then Corollary 1 yields that irrationality measure of the

sequence

lcmð1; 2; . . . ; ðK þ 1ÞnÞ þ n

2ðKþ1Þ n þ n2

� �y

n¼1

is greater than or equal to K 1 � 1
log2 e

� �
.

Corollary 2. Let S be a positive real number with S > 2. Assume that

fangyn¼1 and fbngyn¼1 are two sequences of positive integers, that fangyn¼1 is

nondecreasing, that

lim sup
n!y

a1=ðSþ1Þn

n > 1

with
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bn ¼ oðab
nÞ

for every positive real number b. Then the sequence
an

bn

n oy
n¼1

has irrationality

measure greater than or equal to S.

Corollary 2 is an immediate consequence of Theorem 3.

Example 3. Corollary 2 yields that the sequence

34 n þ 2n

33 n þ 5n

� �y

n¼1

has irrationality measure greater than or equal to 3.

Example 4. Let S be a positive real number with S b 2. Assume that

pðxÞ is the number of primes less than or equal to x. As an immediate

consequence of Corollary 2 we obtain that the sequence

fpððS þ 1ÞnÞ!þ 1gyn¼1

has irrational measure greater than or equal to S.

Example 5. Let K be a positive integer such that K > 3. Also let ½x� be

the greatest integer less than or equal to x. Then Theorem 2 implies that the

sequence

2nþ3ðKþ1Þ22½log2 log2 n�

þ n2

21þðKþ1Þ22½log2 log2 n�

þ n

8<
:

9=
;
y

n¼1

has irrationality measure greater than or equal to 2K
3 .

Example 6. Let K be a positive real number such that K > 2. Then

Theorem 3 yields that the sequence

2nþðKþ1Þ22½log2 log2 n�

þ n!

2pððKþ1Þ22½log2 log2 n�
Þ þ nn

8<
:

9=
;
y

n¼1

has irrationality measure greater than or equal to K.

Definition 4. Let x be an irrational number. If the irrationality

measure of the number x is infinity then x is called Liouville number. Let

fangyn¼1 be a sequence of positive real numbers. If for every sequence fcngyn¼1

of positive integers, the sum of the series
Py

n¼1
1

ancn
is a Liouville number, then

the sequence fangyn¼1 is called Liouville.
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Corollary 3. Let e and e1 be two positive real numbers with e1 < e
1þe

.

Assume that fangyn¼1 and fbngyn¼1 are two sequences of positive integers, that

fangyn¼1 is nondecreasing, and that

bn ¼ Oða e1
n Þ;

with, for every positive real number S,

lim sup
n!y

a1=S n

n ¼ y

and for every su‰ciently large positive integer n, an > n1þe. Then the sequence
an

bn

n oy
n¼1

is Liouville.

Corollary 3 is an immediate consequence of Theorem 2 and Definition 4.

Example 7. As an immediate consequence of Corollary 3 we obtain that

the sequences

22n! þ n

2n! þ n!

� �y

n¼1

and
23n n þ 1

2n n þ 1

� �y

n¼1

are Liouville.

Corollary 4. Let e be a positive real number. Assume that fangyn¼1 and

fbngyn¼1 are two sequences of positive integers. Suppose that fangyn¼1 is non-

decreasing, and that for every positive real number b

bn ¼ oðab
nÞ:

Finally assume that for every positive real number S,

lim sup
n!y

a1=S n

n ¼ y

and for every su‰ciently large positive integer n, an > n1þe. Then the sequence
an

bn

n oy
n¼1

is Liouville.

Corollary 4 is an immediate consequence of Corollary 3.

Example 8. As an immediate consequence of Corollary 4 we obtain that

the sequences

nn! þ 1

2n! þ 1

� �y

n¼1

and
2ðnþ1Þ! þ 1

2n! þ 1

� �y

n¼1

are Liouville.
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Remark 1. In either Corollary 3 or Corollary 4 choose bn ¼ 1 for every

n A N. Then we obtain Erdös theorem which states the following. Let fangyn¼1

be a sequence of positive integers such that for every positive integer S,

lim sup
n!y

a1=S n

n ¼ y:

Let also e be a positive real number such that for every su‰ciently large positive

integer n, an > n1þe. Then the sum of the series
Py

n¼1
1

an
is a Liouville number.

For more details see [5] or [10], for instance.

Open Problem. We do not know if the sequence f44 ngyn¼1 has the ir-

rationality measure greater than 3.
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194 Jaroslav Hančl and Ferdinánd Filip



[16] K. Nishioka, Mahler functions and transcendence, Lecture Notes in Mathematics 1631,

Springer, 1996.

[17] R. Tijdeman and Pingzhi Yuan, On the rationality of Cantor and Ahmes series, Indag

Math. and (N. S.), 13(3) (2002), 407–418.

Jaroslav Hančl
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