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ON TRIVIALITIES OF STIEFEL-WHITNEY CLASSES OF
VECTOR BUNDLES OVER ITERATED SUSPENSION SPACES

RYUICHI TANAKA
(communicated by Brooke Shipley)

Abstract
A space B is described as W-trivial if for every vector bundle
over B, all the Stiefel-Whitney classes vanish. We prove that if
B is a 9-fold suspension, then B is W-trivial. We also determine
all pairs (k, n) of positive integers for which X¥ F P™ is W-trivial,
where F' = R, C or H.

1. Introduction and results

A space B is called W-trivial if W (a) = 1 holds for every vector bundle « over B.
Here W («) denotes the total Stiefel-Whitney class of «. If B is W-trivial, then a kind
of Borsuk-Ulam type theorem holds for every vector bundle a over B; precisely, for
any integer i with ¢ > dim «, there does not exist a Zo-map from S*~! to S(a), the
sphere bundle of a [6, Proposition 2.2]. Thus it would be interesting to ask whether
a space is W-trivial or not. As is well-known, the sphere S™ is W-trivial if and only
if n#£1,2,4,8 (see [5]). Obviously, the projective space FP", where FF =R,C or
H, is not W-trivial for any n > 0. For the stunted projective space F'P", all (m,n)
for which FP is W-trivial were determined in [9]; roughly speaking, F'P[ is not
W-trivial if and only if m is very small compared with n.

As is seen in the case B = S™, it is not true that if B is W-trivial, then its suspen-
sion Y B is also W-trivial. In this paper, we first prove the following theorem.

Theorem 1.1. For a space B, its 8-fold suspension 8B is W-trivial if either of the
following conditions is satisfied:

(1) B is W-trivial.
(2) The cup product in H*(B;Zs) is trivial.

In general, the cup product in H *(XB;Zs) is trivial, so that from the above theo-
rem, we immediately obtain the following result.

Corollary 1.2. For any space B, its 9-fold suspension ¥.°B is W-trivial.

As is easily seen by using the suspension theorem, a k-connected complex B with
dim B < 2k + 1 is homotopy equivalent to the suspension of a (k — 1)-connected com-
plex of dimension dim B — 1. By iterating this, we see that a k-connected complex
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B is homotopy equivalent to the 9-fold suspension of a (k — 9)-connected complex
(k >9) if dim B < 2k — 7. Therefore, from Corollary 1.2, we obtain the following
result.

Corollary 1.3. Let B be a k-connected complex with k > 9. If dim B < 2k — 7, then
B is W-trivial.

This corollary greatly improves Theorem 1.3 in [8]. Since the smallest integer 4
such that w;(a) # 0 is a power of 2 (see [8, Lemma 2.1]), the above corollary is actu-
ally useful only when k > 12. For example, we see that a 16-dimensional complex is
Wh-trivial if it is 12-connected. It should be also noted that the 16-dimensional stunted
projective space RPkw is W-trivial for 9 < k < 16 while RP}% is not W-trivial (see |8,
Theorem 4.1]).

Next, in this paper, we investigate whether Z¥FP" is W-trivial or not, where
F =R,C or H. Because of Corollary 1.2, our interests are only in the case when
0 < k < 8. For F =R, we have the following result.

Theorem 1.4. For positive integers k and n, the k-fold suspension SFRP™ of RP"
is not W-trivial if and only if k and n satisfy one of the following conditions:
(1) k=1,2,4 or8 andn > k.
(2) k=3,50r7Tandn+k=4 or8.
(3) k=6 andn =2 or 3.
This result shows that the condition k > 9 is best possible for ¥ B to be W-trivial

in general.
For F' = C and F' = H, we have the following results.

Theorem 1.5. For positive integers k, n with n > 1, the k-fold suspension L*CP™
of CP™ is not W-triwial if and only if k =2 or 4.

Theorem 1.6. For positive integers k, n with n > 1, the k-fold suspension LFHP"
of HHP™ is not W-trivial if and only if k = 4.

It is worth noting that the W-triviality of £* FP™ does not depend on n for F = C
or H.

Throughout this paper, all cohomology is assumed to have coefficients Zy unless
otherwise stated. The total Stiefel-Whitney class of « is denoted by W (a), and the
total Chern class by C(«).

The following two lemmas are straightforward to show but they are of fundamental
importance for our proofs of theorems.

Lemma 1.7.
(1) If I/(\é(B) =0, then B is W-trivial.
(2) Let/f/: B — X be a map and suppose that X is W-trivial. If f*: I?a(X)
— KO(B) is epimorphic, then B is W-trivial.
Lemma 1.8.
(1) If H* (B) =0 for all v > 0, then B is W-trivial.
(2) Let f: X — B be a map and suppose that X is W-trivial. If f*: H* (B)
— H?'(X) is monomorphic for all v > 0, then B is W-trivial.
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2. Proof of Theorem 1.1

In this section, we prove Theorem 1.1. We use the Bott periodicity theorem for
KO-theory. Let j: S® x B — X®B denote the quotient map and let p; : S x B — 8
and ps: S® x B — B denote the projections. Let o be an arbitrary vector bundle
over X3B. By the Bott periodicity theorem, we see that j*« is stably equivalent to
pi(v —8) ® p5(B8 —m) for some vector bundle S over B. Here v denotes the Hopf
vector bundle over S8 and m = dim 3. Then, we have

7 W () = W(pjv @ p38) - W(piv) ™™ - W(p35)~". ()

We compute this and show that W («) = 1. Note that W(piv) = piW(v) =1+ s x 1,

where s denotes the generator of H®(S®). Let
8

W(piv) = [[(1+s) and W(psp) =

i=1 j=1

s

(1 + tj)

be formal factorizations of W (pir) and W(p33). Then, by an analogous formula to
Formula III of Theorem 4.4.3 in [4], we have W (piv ®@ p38) = [[, ;(1 + si +¢;). We

first calculate the product for i’s by using Hle(l +5;) =14 s x 1 as follows:
8 8

[T+t +s) = @+t A(s1,52,. .., 53)
i=1 k=0
= (L+1t;)° + s152- - 53
=1+tf+sx1,

where )\ denotes the elementary symmetric polynomial of degree k and we used the
fact that Ag(s1,$2,...,88) =0 for 0 < k < 8. Therefore we have

m

Wivers) = [[(1+sx 1) +1)

Il
—

(1+4sx )™ N 5,65,...,15).

NE

=
I
=

Now, we assume that the cup product in H *(B) is trivial. Then, we clearly have
W(B)? = 1, so that W (p33)® = p5sW ()® = 1. This implies that [h=,(1+ t§) =150
that A\, (3,45, ...,t5,) = 0 for every k > 0. Therefore we have

W(piv @ p3f) = (1+sx 1)™.
Substituting these results into (x), we obtain
FWa)=1+sx )™ - (14+sx1) ™ 171 =1. )

Since j*: H*(X®B) — H*(S® x B) is monomorphic, we conclude that W(a) = 1.
Thus the proof of Theorem 1.1 under the assumption (2) is completed.

The proof under the assumption (1) is quite similar. Since W (p35) =1 from the
assumption that B is W-trivial, we may regard all the ¢;’s as zeros in our previous
calculations. Then we obtain W(piv ® p53) = (1 + s x 1)™ and have the same result
as (xx). Thus the theorem under the assumption (1) follows.
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Here we prepare the following lemma, which will be used to prove Theorems 1.4
and 1.5 in later sections.

Lemma 2.1. Let d and m be positive integers with d < m.

(1) If v is a vector bundle over S® with dim~ = m and 3 is a line bundle over B,
then in H*(S? x B) we have

W((piy —m) ® (p368 — 1)) = 1 +wa(v) x (1 +wi(8))"* = 1),
where p1: S x B — 5% and po: S% x B — B are the projections.

(2) If v is a complex vector bundle over S?? with dimcy =m and 3 is a complex
line bundle over B, then in H*(S?*? x B;7Z) we have

C((piy —m) @c (P36 — 1)) =1+ ca(y) x (1 +cr(B)) 4 = 1),

where py: S?? x B — 8% and py: S*? x B — B are the projections.

Proof. We prove only (1) since the proof of (2) is quite similar. Let us put wgq(7y)
= s and wy(B) =t. Let W(piy) =1+sx1=1m"19. H?Zl(l +s;) and W(p3p) =
141 xt =1+ t; be formal factorizations. Then, just like before, we can calculate as
follows:

d
W(piy@psB) = (1+t)™ % [[(1+ s + 1)

=1
=(1+t)™ 4 (1+t) +sx1)
=(14+1xt)™ (T4+sx (1+t)7%.
Therefore, we have
W((piy —m) @ (p36 — 1)) = W(piy @ p30) - W(p38) ™™ - W(piy) ™

=(1+sx(14+t)"H - 14+sx1)""
=(1+sx 1+t - (1-sx1)
=14+sx(14+t)"1-1).

Thus the lemma follows. O

).
).

3. Proof of Theorem 1.4

In this section, we investigate whether X*RP™ is W-trivial or not. Since S¥RP™ is
Wh-trivial for k£ > 8 by Corollary 1.2, our interests are only in the case when 0 < k < 8.
We divide into three cases: (1) k=1,2,4 or 8, (2) k= 3,5 or 7 and (3) k = 6.

First we consider the case when k = 1,2,4 or 8. The result is as follows.

Proposition 3.1. Let d =1,2,4 or 8. Then LRP"™ is not W-trivial if and only if
n>d.

Proof. Recall that for a vector bundle «, the smallest integer ¢ such that w;(«) # 0
is a power of 2 (see [8, Lemma 2.1]). If n < d, then X¢RP™ has no cells of dimension
a power of 2, so that ZRP™ is W-trivial. Now, let us consider the exact sequence

0 KO(STVRP") < KO(8% x RP") < KO(SRP") «— 0,
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where i and j are obvious maps. Let v denote the Hopf vector bundle over S¢
and let ¢ denote the canonical line bundle over RP™. Since *((pjv — d) ® (p3& — 1))
= 0, there is a vector bundle a over XYRP™ such that j*« is stably equivalent to
(pjv — d) ® (p5¢ — 1). By Lemma 2.1, in H*(S? x RP") we have

W(j*a) =1+sx ((1+1)7-1)
=14+sx (24434 ...,

where s and ¢ denote the generator of H%(S?) and H'(RP™) respectively. Hence, we
see that j*W(a) # 1 if n > d. We thus conclude that W (a) # 1, so that XRP" is
not W-trivial if n > d. O

Before we consider the second case, we prepare a few lemmas.

Lemma 3.2. If SFRP?" ~F is W-trivial, then SFRP™ is W-trivial for any integer n
with 2™ — k <n < 2mt — k.

Proof. Let i: S¥RP2"—F — S¥RP" be the inclusion map. If 2™ < n + k < 2m+1
then i*: H? (XFRP") — H? (Z*RP?"~F) is monomorphic for all 7 > 0 for dimen-
sional reasons. Therefore, the lemma follows from Lemma 1.8. O

Lemma 3.3. Let « be a vector bundle over a complex B. Let v be an integer with
r > 2 and suppose that w;(a) =0 for 0 <i < 2". Then we have Sq’war () =0 for
0<j<2m L.

Proof. We put 2”1 = m and consider the inclusion i: B®™) < B, where BG™) ig
the 3m-skeleton of B. For dimensional reasons, the induced bundle i*« is stably
equivalent to some 3m-dimensional vector bundle 5. Then we clearly have W (i*«)
= W(3). We denote by P(() the associated projective bundle of 3, and by e the
Zso-Euler class of the line bundle § — P(3). The cohomology H*(P(f3)) is a free
H*(B®™)-module generated by 1,e,e?,...,e*”~ 1, in which we have the relation
3™ = S0 g i) - €f. Since we have w;(3) = i*w;(e) = 0 for 0 <i < 2m by
the assumption, we can write this relation as e3™ = wsy, + W3m_1 - €+ -+ + Wam
- €™, where we have abbreviated w;(3) as w;. We apply the total squaring oper-
ation Sq =73, Sq* to this relation. Since Sq(e?) = (Sqe)’ = (e + €?)! = ei(1 + e)?,
we obtain the following equation:

3™ (14 €)3™ = Sqwsm + SqW3m_1 - (14 €) + -+ + Sqwam - ™ (1 +e)™.  (¥x)

In this equation, we like to compare the coefficients of e?’s. To do this, we must rewrite
the left-hand side of (x*x) so that all summands have exponents of e less than 3m.
We calculate using the previous relation as follows:

e3m(1 + e)3m — e3m(1 + e™m +62m + eBm)
_ 63m(1 + em) + (63m — Wo, - em)62m + Woyy, - eBm + (63m)2
= (w3m + W3m—1 €+ -+ Wop, - em)(l + em)

m—l)e2m

+ (Wam + Wym—1 - €+ -+ + Wamy1 - €
+ Worn (Wam + Wam—1-€+ -+ + Wap, - ")

+ (w3m+w3m—1 e+ o+ Way 'em)Z.
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With this expression of the left-hand side of (xkx), we can compare the coefficients
of el’s for j < 3m. Comparing the coefficients of 2™, we obtain Sqwam, = Wam
+ w3m + w3,,. Hence we have Sq’ way, = 0 for 0 < j < m and Sq"wa;, = wsy,. We
here recall that w; = i*w;(c). Since i*: H*(B) — H*(B®™) is monomorphic for
i < 3m, we conclude that Sq’wa,, () =0 for 0 < j < m and Sq™way, (@) = wzm ().
Thus the lemma follows. O

Remark. When w; = 0 for 0 <4 < 2", Wu's formula [10] turns out to be Sq’wsr
= (2 j_l)w2r+j =wzr4; (0<j <27). Lemma 3.3 implies that this is zero for 0 < j
< 2771, We also remark that there is a vector bundle over X*HP? such that wg # 0

and w2 # 0 (see [8, Theorem 4.5]). Thus our result is best possible at least for r = 3.
Now, we consider the second case: k = 3,5 or 7. The result is as follows.

Proposition 3.4. Let k =3,5 or 7. Then SFRP™ is not W-trivial if and only if
n+k=4 or8.

Proof. We consider the cofibration SFRP"1 5 SFRP™ L g7tk First, let n+ k
= 8. Since S® is not W-trivial and j*: H®(S®) — H®(X*RP") is monomorphic,
it follows from Lemma 1.8 that X*RP™ is not W-trivial. Similarly X*RP" is not
Wh-trivial when n + k = 4. Thus the “if” part of the proposition follows. Next, we
suppose n + k # 4,8 and show that X*RP™ is W-trivial. Our proof is divided into
two cases.

Case 1: n+k > 16.

__First we consider the case when n+k =2" with r > 4. In this case, we have
KO(X*RP" ') =0 by [3, Theorem 1] since k=3,5,7 and n+k — 1 =7 (mod 8).
Hence j*: KO(S?") — [f(\(/)(ZkRP") is epimorphic. Since S?" is W-trivial for r > 4,
it follows from Lemma 1.7 that S¥RP" is W-trivial, that is, Y*RP2" ~* is W-trivial
for all » > 4. Hence, by Lemma 3.2, we see that SFRP™ is W-trivial for all n > 16 — k.

Case 2: k+1<n+k<16 (n+k #4,8).

Let a be a vector bundle over Y*RP™ and let r be the smallest integer such that
war () is (possibly) non-zero. Then we obviously have r = 2 or 3 when k = 3, and
r =3 when k =5,7. Also, note that 2" < n + k from our assumption n + k # 4, 8.
From Lemma 3.3, we must have Sqlwgr(a) = 0. On the other hand, since k is odd
and 2" < n+k, Sq': H* (X*RP") — H? *1(X*RP™) is non-trivial. Therefore, we
have wor () = 0. We thus obtain W (a) = 1 and conclude that S*RP™ is W-trivial if
n+k <16 (n+ k # 4,8). This completes the proof of the proposition. O

Finally, we consider the third case: k = 6. The result is as follows.
Proposition 3.5. XRP" is not W-trivial if and only if n = 2 or 3.

Proof. The proof is very similar to that of the preceding proposition. Considering
the cofibration S7 —— YSRP2 -, S8, we see that XORP? is not W-trivial in exactly
the same way as before. Let us consider the cofibration S°RP? L SSRP3 L 69
Since KO(X°RP?) is a finite group (precisely, Z»), we see from the exact sequence
that i*: [f(\é(EGRP?’) — I?O(EGRPQ) is epimorphic. Since XRP? is not W-trivial,
as shown above, it follows from Lemma 1.7 that 3R P3 is not W-trivial either. Thus
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the “if” part of the proposition follows. Next, we show that Z6RP" is W-trivial for
n# 2,3.

Case 1: n > 10. -

By [3, Theorem 1], we have KO(X°RP"™!) =0 when n+ 6 = 2" (r > 4). Hence
7% KO(S?") — KO(SPRP™) is epimorphic, from which we see by Lemma 1.7 that
YORP™ is W-trivial when n + 6 = 2" (r > 4). Therefore, it follows from Lemma 3.2
that X6RP™ is W-trivial for all n > 10.

Case 2: 1 <n <10 (n #2,3).

Obviously Z6RP™ is W-trivial when n = 1. So we suppose that n > 4. For a vec-
tor bundle a over L°RP", the smallest integer such that war () is (possibly) non-
zero is 8. Hence, from Lemma 3.3, we have Sq’wg(a) = 0 for 0 < j < 4. Since Sq*
acts trivially on H3(X6RP™), we use Sq? in place of Sq'. Indeed, Sq?: H3(Z6RP™)
— H9(ZORP™) is non-trivial since n > 4. Therefore, we have wg(a) = 0, so that we
obtain W(a) = 1. Thus XRP" is W-trivial when 4 < n < 10. This completes the
proof of the proposition. O

The proof of Theorem 1.4 is completed by Propositions 3.1, 3.4 and 3.5.

4. Proof of Theorem 1.6

In this section, we investigate whether or not X*FP™ is W-trivial for F = H.
Because of Corollary 1.2, we have only to consider the case when 0 < k < 8. Then,
unless k =4 or 8, X*HP" has no cells of dimension a power of 2, so that we have
H? (S*HP™) = 0 for all » > 0. Thus, from Lemma 1.8, the possibility for S*HP" not
to be W-trivial is only when k = 4 or 8. Therefore, Theorem 1.6 follows if we prove
the following proposition.

Proposition 4.1.
(1) SAHP"™ is not W-trivial for all n > 1.
(2) SBHP" is W-trivial for all n > 1.

Proof. First, let us consider the cofibration & —— S4HP" SA(HP™/S*). Since
Y3 (HP™/S*) has cells only of dimension 3 or 7 modulo 8, we have KO (X3 (HP"/S*))

=0 from the Atiyah-Hirzebruch spectral sequence [2]. Hence, i*: KO(X*HP™)
— I?é(Ss) is epimorphic. Since S® is not W-trivial, it follows from Lemma 1.7 that
YAHP™ is not W-trivial. This proves (1).

Next we prove (2). Let us consider the cofibration

E8HPTL—1 L) ESHPn L) S4n+8.

Since @(54"'*'7) =0,*: If(\a(zsﬂpn) — I?a(ZsHP"_l) is epimorphic. Hence, we
see that if X8HP™ is W-trivial, then X¥HP" ! is also W-trivial. Thus, it suffices
to prove that 3HP?" is W-trivial for all m > 3. Now, let a be a vector bundle
over Y8HP2". Abusing notation, let i denote the inclusion Z8HP? «— LSHP?".
From [7, Theorem 4.3], S8 HP? is W-trivial. Since i*: H'6(X8HP?") — H'6(Z8HP?)
is monomorphic, we obtain wyg(c) = 0. Let 7 be the smallest integer such that war ()
is (possibly) non-zero. Then, we have r > 5 from the above argument. Also note
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that » < m + 2 since 2" < 8+4-2" and r > 5. Now let us consider the operation
Sq®: H? (S8HP?") — H? +8(X8HP?"). Since (2%;_2) =1 (mod 2) and r < m + 2,
this operation is non-trivial. On the other hand, by Lemma 3.3, we have Sq®ws- ()
= 0 since r > 5. Therefore, we obtain wer(a) = 0 and conclude that W(a) = 1. This
completes the proof. O

5. Proof of Theorem 1.5

Finally, in this section, we investigate whether Y*CP" is W-trivial or not. If k is
odd, then L*CP" has no cells of dimension a power of 2. Thus, from Lemma 1.8 and
Corollary 1.2, the possibility of Z¥CP™ being not W-trivial is only when k = 2,4,6
or 8. For k = 2 or 4, we have the following result.

Proposition 5.1. 2CP" and S*CP" are not W-trivial for all n > 1.

Proof. First we consider £2CP". Analogously to the proof of Proposition 3.1, we
consider the exact sequence

0 K(8%VCP") < K(S? x CP") <= K(Z2CP") — 0

and the stable class of (pjv — 1) ®c¢ (p3n — 1). Here, v is the Hopf vector bundle over
S? considered as a complex (line) bundle, while 7 is the canonical complex line bundle
over CP™. Then, we can take a complex vector bundle a over ¥2CP" such that j*a
is stably equivalent to (piv — 1) ®c (p3n — 1). By Lemma 2.1, in H*(S? x CP";7Z),

C(j7e) = Cl(piv — 1) ®c (pan — 1))
=1+a@)x ((1+am)™ 1)
=1+sx(—t+t?—t3+-..),
where s and t are generators of H2(S?;Z) and H?(CP™;Z), respectively. Hence we
have j*ca(a) = —s x t £ 0 (mod 2) for n > 1. Therefore we have wy(a) # 0, so that
Y2CP™ is not W-trivial for n > 1.

Similarly for X*CP", let us consider the exact sequence

0 K(S*VCP") < K(S* x CP") <— K(S*CP") «— 0.
Let 1, be a complex vector bundle whose stable class is a generator of K(S%). We
can take v as dimcry = 2. From the previous argument, considering S* as X2CP!,
we see that co(v2) = —s2, where sy is the generator of H*(S*;Z) corresponding to
s x t. Now we take a complex vector bundle o over X*CP" such that j*a is stably
equivalent to (pjre — 2) ®c (p3n — 1). By Lemma 2.1, in H*(S* x CP™;Z) we have

C(j"a) = C((piv2 — 2) ®c (pPan — 1))
=1+ca(m) x (L + () ~1)
=1—8yx (=2t +3t2 —4t3 +---).

Hence we have j*cs(a) = =359 x t2 #Z 0 (mod 2) for n > 2. Therefore we have wg(a)
£ 0, so that X*CP"™ is not W-trivial for n > 2. O
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Here, before we proceed to consider S¥CP™ for k = 6 or 8, we need to prepare a
lemma concerning Steenrod operations. For a non-negative integer m, let a(m) denote
the number of ones in the dyadic expansion of m. It is easy to see that if m and ¢ are
positive integers such that (")) =1 (mod 2), then a(m + £) < a(m). Also, we clearly
have (2! — k) = a(2° — k) + 1 for any integer k with 0 < k < 2¢, whence we have
(2771 — k) > (277 — k) for positive integers j and r with j < r. Thus, we obtain
the following lemma.

Lemma 5.2. If k > 0, any Steenrod operation o: H? (S2*CP™) — H2 (S2KCP™) is
trivial for j <.

Now, we are ready to consider S*CP" for k = 6 or 8. We have the following result.
Proposition 5.3. X5CP" and X8CP" are W-trivial for all n > 1.

Proof. Let a be a vector bundle over S*CP", where k = 6 or 8, and let 7 be the small-
est integer such that war () is (possibly) non-zero. Clearly we have r > 3 when k = 6,
and 7 > 4 when k = 8. Since Sqws(a) = 0 by Lemma 3.3 and also Sq*: H®(Z6CP")
— H(X5CP") is non-trivial, we have wg(a) = 0. So we may suppose that r > 4 also
when k = 6. To prove war () = 0 for r > 4, the above method fails depending on the
value of n + k. So we use secondary operations. Let T'(«) be the Thom space of «
and denote the Thom class by U; U e H™(D(a),S(a)) = H™(T(c)), where
m = dima. Since Sq‘U = we(a)U (£ >0), we have Sq'U =0 for ¢ < 2". Since
r > 4, secondary operations on U are defined. Indeed, for integers i,j with
0<i<j<r(i#j—1),0,;U)ec H" ) (T(a))is defined with an indeterminacy
QM) (T (a);4, ), where d(i,5) = 2 +27 — 1, and the following formula holds:

Sq U E a; ;®; ;(U) modulo E aiJQerd("’j)(T(oc);i,j),
0<i<j<r 0<i<j<r
21 21

where each a; ; is a certain Steenrod operation (see [1, Theorem 4.6.1]). Now let us
investigate each summand in this decomposition of qurU . We divide into two cases
depending on whether i is zero or not.

Case 1: 1 #0.

In this case, d(i,7) is odd, so that we have H4 %) (SFCP™) =0 (k =
by the Thom isomorphism, we have H™+4)(T(a)) = 0, so that ®; ;
QUTAEN(T();i, j) = 0.

Case 2: i = 0.
In this case, d(i, j) = 27. Therefore, it follows that a; ; is an operation H™*+% (T ()

— H™+2"(T(a)). We claim that the following diagram commutes, where the vertical
maps are the Thom isomorphisms.

6, 8). Hence,
(U) =0 and

a

H™ (T(a)) == H™(T(a))

gT 4

a

H? (ukCcpr)y -2 H2'(SkCPM).
In fact, for z € H*(S*CP™) and h < 2" — 27, we have Sq"(2U) = Sq"z - U by the
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Cartan formula since Sq‘U = we(a)U =0 for 0 < ¢ < 2". Thus we have a;;(zU)

= a; jx - U for x € H¥ (Z*CP"), so that the diagram commutes. Now, in the above
diagram, the lower a; ; is trivial by Lemma 5.2. Therefore, we see that the upper a; ;
is also trivial. ,

Therefore, from the arguments in Cases 1 and 2, we obtain [SqQT U] = 0 modulo 0,
that is, Sq> U = 0. Since Sq2 U = war (a)U, we conclude that war (o) = 0. This com-
pletes the proof of the proposition. O

The proof of Theorem 1.5 is completed by Propositions 5.1 and 5.3.
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