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ON THE WU INVARIANTS FOR IMMERSIONS OF A GRAPH
INTO THE PLANE

RYO NIKKUNI

(communicated by Alexander Mishchenko)

Abstract
We give an explicit calculation of the Wu invariants for
immersions of a finite graph into the plane and classify all
generic immersions of a graph into the plane up to regular homo-
topy by the Wu invariant. This result is a generalization of the
fact that two plane curves are regularly homotopic if and only
if they have the same rotation number.

1. Introduction

Throughout this paper we work in the piecewise linear category. In [6, 7], Wu
defined an isotopy invariant of embeddings and immersions of polyhedra into the
Euclidean space in terms of the cohomology of deleted product spaces. In case of
embeddings, this invariant classifies all embeddings of a graph into R? up to spatial
graph-homology (Taniyama [4]). But as far as the author knows, little is known about
an application of this invariant in case of immersions. Our purpose in this paper is to
give an explicit calculation of Wu'’s invariant of immersions of a graph into R? and
apply it to a geometric classification.

Let G be a finite, connected and simple graph which has at least one edge. We
denote the set of all vertices (resp. edges) of G by V(G) (resp. E(G)). If the ter-
minal vertices of an edge e of G are u and v, then we denote e = (u,v) = (v, u).
We denote the number of edges incident to a vertex v by degwv. Note that G has a
structure of a finite 1-dimensional simplicial complex. We regard G as a topological
space by considering its geometric realization, namely G is a compact and connected
1-dimensional polyhedron. In this situation, each of the vertices and the edges of
G can be regarded as a subset of G. We call a continuous map f: G — R? a plane
immersion of G if there exists an open covering {U,, } of G such that f|y, is an embed-
ding for any v. A plane immersion f of G is said to be generic if all of its multipoints
are transversal double points away from vertices. We say that two plane immersions
f and g of G are reqularly homotopic if there exists a homotopy F': G x [0, 1] — R?
from f to g and an open covering {U,} of G such that f;|y, is an embedding for
any v and for any t € [0, 1], where f; is a continuous map from G to R? defined by
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fi(x) = F(x,t) for any 2 € G. Note that regular homotopy defines an equivalence
relation on plane immersions of a graph.!

We give the precise definition of the Wu invariant R(f) of a plane immersion f of a
graph in the next section and also give an explicit calculation of R(f) in Section 3. It
can be calculated as a first cohomology class of a subspace of the symmetric deleted
product of the graph, which is called the symmetric tube of the graph. Moreover, we
have the following classification theorem.

Theorem 1.1. Let f and g be two generic plane immersions of a graph G. Then the
following are equivalent:
(1) f and g are regularly homotopic.

(2) f and g are transformed into each other by the local moves as illustrated in
Figure 1(1), (2), (3) and ambient isotopies.

(3) R(f) =R(9)-

Figure 1.

Let K,, be the complete graph on m vertices for a positive integer m, namely
V(Ky) = {v1,v2,...,0} and E(K,,) = {(v;,v;)(1 <i<j<m)}. A plane immer-
sion f of K3 is called a plane curve. By Theorem 1.1, we have the following corollary.

Corollary 1.2. Let f and g be two generic plane curves. Then the following are
equivalent:
(1) f and g are regularly homotopic.

(2) f and g are transformed into each other by the local moves as illustrated in
Figure 1(1), (2) and ambient isotopies.

1 This equivalence relation was introduced in [6] by the name of local isotopy.
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(3) R(f) = R(g)-

We prove Theorem 1.1 in Section 4. As we will see in Example 3.11, R(f) of a plane
curve f coincides with the rotation number [5] of f. (In this paper we consider the
orientation on R? with positive rotation numbers in the counterclockwise direction.)
Thus Corollary 1.2 coincides with the regular homotopy classification of plane curves
by Whitney-Graustein’s theorem [5] and Kauffman’s combinatorial interpretation [2].
We remark here that recently Permyakov gives a simple combinatorial interpretation
of R(f) and shows a theorem which corresponds to Theorem 1.1 [3].
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2. Wu invariant

In this section we give the definition of the Wu invariant of a plane immersion of
a graph G. We refer the reader to [6] for the general case. Let X be a topological
space. For the embedding d: X — X x X defined by d(z) = (z,z), we call X* =
(X x X)\ d(X) the deleted product of X. A map o(z,y) = (y,z) gives a free Zo-
action on )?*.~We call X* = X*/ZQ the symmetric deleted product of X. We denote
the image of d(X) by the natural projection from X x X to (X x X)/Zs by d(X).
Let U be a neighborhood of d(X) in X x X. Then U* = U \ d(X) is called a deleted
neighborhood of ci(X) in X*. A deleted neighborhood U* is said to be o-invariant if
o(U) = U. Then we call U* = U*/Zy a symmetric deleted neighborhood of d(X) in
X*.

For a graph G, let {U}} be the set of all symmetric deleted neighborhoods of d(G)
in G*. Then {Uy, <} forms an oriented set by Uy < U}; if U} D Uj;. For this oriented
set, {HY(U5;Z),i%"} forms an inductive system of modules, where H'(-;Z) denotes
the integral first cohomology group and

i H\(UZ) — HY(USZ)

is a homomorphism induced by the inclusion. Then we denote the inductive limit
lim H'(U$;Z) by R(G). We note that we have the following natural homomorphism

it: HY(US; Z) — R(G) (2.1)

for any symmetric deleted neighborhood U} of d(G) in G*.
Let f: G — R? be a plane immersion. Namely there exists an open covering U =
{U,} of G such that f|y, is an embedding for any v. Then the set

Wu = {(z1,22) € G* | there exists a U, such that xz1,z9 € U, }

forms a o-invariant deleted neighborhood of d(G@) in G* and a continuous map
f: Wy — (R?)* is defined by f[z1, 2] = [f(x1), f(22)]. On the other hand, it is well
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known that a continuous map r: (@2)* — St defined by

r(y1,y2) = (y1 — y2)/llyr — 2|

is a o-equivariant strong deformation retract and r: (R?)* — S'/Zy ~ S! is also a
strong deformation retract, where S'/Zy denotes the quotient space of S! by identi-
fying the antipodal points. Let ¥ be a generator of H'(S';Z) = Z. Then the image
of ¥ by the composition
H'(S,Z) = H'(R*;2) 1= H' (Wi Z) % R(G)

is denoted by R(f), where i, is the natural homomorphim of (2.1) for W;,. We call
R(f) a Wu invariant® of f. We remark here that the definition above is independent
of the choice of U.

Proposition 2.1 ([6]). R(f) is a regular homotopy invariant.

Proof. Let f and g be two regularly homotopic plane immersions of G. Namely there
exists a homotopy F': G x [0,1] — R? from f to g and an open covering {U,} of G
such that f;|y, is an embedding for any v and for any t € [0, 1], where fi(z) = F(z,t)
for z € G. Then we can define a homotopy Fi;: Wy x [0,1] — (R?)* from f to g by
Fy([z1, z2],t) = [fe(x1), fi(x2)]. Thus we have that R(f) = ¢, f*7*(X) = i},g"7(X) =
R(g). This completes the proof. O

3. Symmetric tube of a graph

A precise method to calculate R(G) is provided in [6]. Let X and Y be two topo-
logical spaces and M = X U (X xY x [0,1]) UY the disjoint union. Let us consider
a quotient space by identifying (z,y,0) € X x Y x [0,1] with z € X and (z,y,1) €
X xY x[0,1] with y € Y. We call the quotient space a join of X and Y and denote
it by XoY. We set [X,V]© = {[z,y,1/2] € XoY |z € X, y € Y}. For example, the
join woe of a vertex v and an edge e is homeomorphic to a 2-simplex, and [U,e](o)
is homeomorphic to a 1-simplex. The following is a special case of what is called a
canonical cellular decomposition of the product space of X [1, 6].

Proposition 3.1. Let G be a graph. Then G x G is decomposed into the following
cells:
(1) d(s) for s € V(G) or E(G).
(2) s1 X 89 for s; € V(G) or BE(G) (i =1,2) and sy N sy = 0.
(3) d(s) o (s1 X s2) for s, s1,s5 € V(G) or E(G), s1 Nsy =0 and s U s; is contained
in a vertex or an edge of G (i = 1,2).

In particular, the cellular complex which consists of all cells [s, 51 x s5](®) for sim-
plices s, s and s2 of Proposition 3.1(3) is called a tube of G and is denoted by
GO, Clearly GO is g-invariant in G*. We call é(o)/ZQ a symmetric tube of G
and denote it by G(©). We denote [s, s; x s2](®)/Zy by [s, 51 * 53], and we note that
[s, 81 % s3] = [s, 52 * $1].

2This invariant was introduced in [6] by the name of local isotopy class and denoted by A (G).
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Ezxample 3.2. Let K3 be the complete graph on three vertices as illustrated in Fig-
ure 2. The figure on the right side in Figure 2 illustrates the canonical cellular decom-
position of K3 x K3 in the sense of Proposition 3.1 as an expanded diagram of the
2-dimensional torus. The dotted thick parts and black thick parts represent the cells

of Proposition 3.1(1) and (2), respectively. The gray thick parts represent K 3()0). Thus

we can see that K?()O) is homeomorphic to the circle.

Vq V3

ey €; €2

Vs

V2 e, Vs

€4

K, v

Ks; X K3

Figure 2.

Let P(é*) be the cellular complex which consists of all cells s; x sy for sim-
plices s1, $5 of Proposition 3.1(2). Clearly P(é*) is also o-invariant in G*. We denote
P(G*)/Zy by P(G*). We note that G* \ P(G*) is a symmetric deleted neighborhood
of d(G) in G*. It is known that

iGpae: H(G*\ P(G");Z) — R(G),

where i p(g«) I8 the natural homomorphism of (2.1) for G* \ P(G*), and there

exists a deformation retract j: G* \ P(G*) — G©) [6]. Therefore we have the follow-
ing.

Theorem 3.3 ([6]). if;, = ig-\ p(g-)d*: HU(G®;Z) — R(G).

Thus the calculation of H'(G(®);Z) provides a precise method to calculate R(G).
To calculate H'(G(?); Z), we investigate the structure of G(9) directly. We set V(G) =
{v1,v2,...,0m} and E(G) = {e1,e2,...,e,}. We choose a fixed orientation on each
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edge of G. We put
Z::t = Ztss = [US7US * Ut] for ('US,'Ut) S LE(G)7
Wi =W = [vy,vs % v]  for (vy,vs), (Vu,v) € E(G),vs # vy,
Xl = X[, =[esvsxvy]  for e; = (vs,01) € B(G),

and

Y = [vs, v % ¢;]  for (vs,v1),e; € E(GQ), (vs,v¢) # €; and vg C e;.

Note that Z% and W are 0-dimensional simplices of G(?), and X7, and Y;} are
1-dimensional simplices of G(*). An orientation of X?, is induced by e;, and an orien-
tation of Y} is induced by e;. We can consider Z%, and W2 as 0-chains in Co(G(?); Z)
and X!, and Y;§ as 1-chains in Cy(G(®);Z). The dual cochain of Z5,, W&, X?, and
Y} are denoted by Z:t, W5t X5t and Y, respectively. It is not difficult to see the
following.

Proposition 3.4. For a graph G, a cell of symmetric tube GO is one of Z%, W4,
X, and Y3 as above. Therefore GO s also a graph.

For example, let S, be a graph as illustrated in Figure 3. By enumerating vertices
and edges of 57(10) and observing the connection between them directly, we have the
following.

Lemma 3.5. The symmetric tube ST(LO) of S, is a graph as follows:

(1) V(SY) ={Zi 1, and Z251, (i=1,2,....n), Wit (1<j <k <n)}

(2) B(SY) ={Xi 1, (i=1,2,....n), Vit  and Y/ (1<j <k<n)}.

(3) sz+1,i = (Z::-tll,wzriz-&-l,i) (i=1,2,...,n), Yﬁ“ = (Zgill,jv Wﬁfrl) and Yk@“ =
(Z3 e Wi (1< <k <n).

(4) deg Zflﬂ,i =1, deg Z:fj_'ll,i =n(i=1,2,...,n)
and degW;}jl =2 (1<j<k<n).
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Example 3.6. Figure 4 illustrates the symmetric tube S,(IO) of S, for n =1,2 and 3.
We can see that the subgraph H of 57(10) defined by

V(H)={ZH, (i=1,2,...,n), Wit' (1<j<k<n)},
B(H) ={Y". Vi (1<j <k <n)}

is homeomorphic to K,,. Precisely speaking, H is isomorphic to the graph which is
obtained from K, by subdividing each edge of K,, once.

1
V1 Z21
1
e1 X21
v 2
2 Z5
S Sy
1 1
1
L
4]
€
£]
€,
V2
S
vy
€1
Vy
e, €3
2] Vs
S (0)
3 3

Figure 4.

By Lemma 3.5 and Example 3.6, we can see that the symmetric tube G(?) of a graph
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G is obtained from G by “substituting” Ky for each vertex vs of G as follows, where
d = degvs. Also see Examples 3.11 and 3.13.

Lemma 3.7. Let G be a graph. For a vertex vs of G, let vs,,Vs,,...,vs, be all ver-
tices connected to vs so that e;, = (vs,vs,) (1=1,2,...,d, 1 <i; <ip < dforj <k).
Then GO is obtained from G by replacing each vy with the graph Hy, which is home-
omorphic to Ky defined by

V(H) ={Z, (i=12,....d), W), (1<j<k<d},
E( S) = {}/jjzk = ( 880 Wssjsk) skzj (Zsskv Sgsk) (1 < d)},
and by replacing e;, with X, = (Z3.,Z5,) (1=1,2,....d).

By the universal coefficient theorem, it is sufficient to know H; (G(); Z) to calculate
HY (G, 7). So in the following we construct a spanning tree of G(°). First we define

a subgraph T of S as follows. We set V( S(o)) (Sf«bo)) and
E(Ty0) ={X)41; (=1,2,...,n), YT (j=1,2,...,n—1),
Yot (t=1,2,...,n—1), Y/ (1<k<l<n—1)}
We note that
E(SIO)\ B(Tyo) = (¥ 1<k <l<n—1)}.
Then we easily have the following.

Lemma 3.8. A subgraph Ty is a spanning tree of Sr(LO)

Now we construct a spanning tree of G(°) on the outcome of Lemma 3.8. For
vs € V(QG), let st(vs) be a subgraph of G consisting of v and all edges incident to vs.
Let vg,,vs,,...,vs, be all vertices connected to v, so that

ei, = (vs,05,) (1=1,2,...,d, 1 <ij <ip <dforj<k),
where d = degv,. We construct a spanning tree Ty (,,) of st(vs) in the same way as
S\, Namely, V(T(o.)) = V(st(vs)) and
E(Ty(,)) = {X;gl (1=12,...,d), Yo (j=1,2,...,d-1),

Yo, G=12...,d-1), Y, 1<j<k<d-1)}

Let T be a spanning tree of G. We define a subgraph Tg) of GO by V(Thw) =
V(G®) and

E(Tgw) ={X1,, | e; = (vj,,v5,) € E(Ta)}
U U (E(Tst(vs)) \ {X;lsl (l =12,.. ~ad)}) .

v €V(G)

Then we have the following.

Lemma 3.9. A subgraph Tgo) is a spanning tree of G(©).
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We note that
E(st(vs)) \ E(Tstv,) = {Y5, 1 <j<k<d-1)}
for vs € V(@) and this set is empty for d = 1, 2. Therefore we have that

E(GO)\ B(Tgo) = {X],;, | ¢; = (vj,,v3) € B(G) \ B(Tg)}
U U v, 0<i<k<d-1)}
ZSE'V(S)

Thus we can determine a structure of H*(G(?);Z) completely as follows.
Theorem 3.10.

(1) Hl(G(O);Z)g @ <X]jlj2>@ @ €B )

e EB(G\E(Tg) vs €V (G) 1<j<k<d—1
ej=('ujl,ruj2) degvg>3

1 m
1/(0). 1 _ - 2
(2) rank H (G\";Z) =1—2n + 5 E (deg vs)

s=1

Proof. (1) is clear. We show (2). We have that

rank H(G; Z) = rank H( Z (degvs — 1)(degvs — 2)

l\3|H

n—m+1+ 52{(degvs)2 — 3deguv, + 2}

s=1

1 & s 3
n—m—i—l—l—i;(degvs) —§;degvs+m
m

1
ntl+g ;(degvs)Q —3n

1 & 5
1-2n+ B Z(deg Vs)

s=1

This completes the proof. O

Ezxample 3.11. Let K3 be the complete graph on three vertices as illustrated in the
left side of Figure 5. As we saw in Example 3.2, the symmetric tube K. éo) is a graph as
illustrated in Figure 5. For a spanning tree Tk, = e; U ez of K3, by Theorem 3.10 we

have that HI(K:gO);Z) = (X{%) = Z. We note that if [z,y, 1/2] € K( ) rotates once
around the one in the direction induced by the orientation of Xi, then the non-ordered
pair (z,y) rotates once around K3; see Figure 6. Here the initial and terminal points
of a vector in Figure 6 correspond to x and y, respectively. This shows that R(f) of
a plane curve f coincides with the rotation number of f.

Example 3.12. For Ss and its symmetric tube S(O) as illustrated in Figure 4, by
Theorem 3.10 we have that H' (S5 Z) = (Y2') = Z. We note that if [z, y,1/2] € 540
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1
P Ziz 5
Wos VAT
Vy
! 2
Zys Wis
e‘l €3
3 2
Z13 223
V2 e Vs
? 3 3
Wiz Z3s
(0)
K 3 3
Figure 5.
Vy Vq Vy
€y e; €y e; €1 €3
--------------- > B e o
V2 e, V3 7] e, V3 V2 e, V3
¥
Vq Vy Vq
€ e3 (=] €3 € €3
e D
2] e, Vs 2] e, V3 7] e V3
v
V4 V4 vy
€1 e3 € e; €1 €3
........... - .
7] e, V3 Vo e, V3 7] e, V3

Figure 6.
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rotates once around the cycle represented by Y34 in the direction induced by the
orientation of the one then the non-ordered pair (x,y) rotates once around vy4; see
Figure 7. Here the initial and terminal points of a vector in Figure 7 correspond to x
and y, respectively.

Let f be a generic plane immersion of S3. Then there exists a neighbourhood U of vy
such that f|y is an embedding. We can see that R(f) = 1 if fly(e1 NU), flu(eaNU)
and f|y(e3NU) are embedded in R? as illustrated in Figure 8(1), and R(f) = —1
if flu(exnU), flu(eaNU) and f|y(e3 NU) are embedded in R? as illustrated in
Figure 8(2).

Vi vy vy
ey ey (=]
Vi > Vie\ W - - Vy
e, e3 e, e3 e, e;
Vo V3 Vs V3 Vo V3
¥
V4 V4 Vy
€y €4 €y
V4 e V4 B et V4
€ €3 2 €3 € €3
7] V3 7] V3 Vo V3
¥
vy
€4
Z
e, e
7] V3
Figure 7.

Example 3.13. Let K4 be the complete graph on four vertices and f, g and h three
generic plane immersions of K, as illustrated in Figure 9. Then the symmetric tube
of K, is a graph as illustrated in Figure 10. For a spanning tree Tk, =e; UeyUes
of K4, by Theorem 3.10 we have that
Hl(Kio);Z) _ <Xf3,X§47Xg’4,Y131,Y231,Y3227Y423> YA YA
—_—
seven times
By calculating on the outcome of Examples 3.11 and 3.12, we have that
R(f) = (717 17 715 17 17 17 1)a
R(g)=(1,-1,1,1,—-1,1,-1)
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flu(esnU) flu(e:nU)
flu(vy) flu(vs)
flu (e2nU) flu(esnU) flu (esnU) fly (e2nU)

(1 (2)

Figure 8.

and

R(h) = (0,0,0,1,1,—1,1).

Vo

W
€6

f h
d
f(v2) g(v2) h(vz)
(vi) h(v;)
h(va). h(vs)
flvs ‘ f) gl 9(v)
Figure 9.

4. Proof of Theorem 1.1

First we show two lemmas which are needed to prove Theorem 1.1.

Lemma 4.1. Each of the local moves as illustrated in Figure 11(4) and (5) are rep-
resented by a sequence of moves from the list as illustrated in Figure 1(1), (2), (3)

and ambient isotopies.

Proof. See Figures 12 and 13.

We remark here that the local move as illustrated in Figure 11(4) is none other

than the Whitney trick.
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Figure 10.

(4) —

S

Figure 11.

57
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Figure 12.

fe

[

R =

Figure 13.
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Lemma 4.2. Let G be a graph, H a connected subgraph of G and f and g two plane
immersions of G. If R(f) = R(g), then R(f|m) = R(9|m)-

Proof. Let i: H — G be the inclusion. Since i is injective, the homomorphism
i*: HY(G©);z) — HY(H®;7)

is induced by 4. Clearly i*(R(f)) = R(f|x) and *(R(g)) = R(g|x). Therefore by the
assumption we have the desired conclusion. O

For a generic plane immersion f and a vertex vs of a graph G, a cyclic order of
the edges of G incident to v, is determined by considering a neighbourhood U of v,
so that f|y is an embedding. We call it a cyclic order of f(vs).

Proof of Theorem 1.1. Since (1) = (3) is shown by Proposition 2.1 and (2)=-(1) is
clear, it is sufficient to show that (3)=-(2). Assume that R(f) = R(g). In the following
we show that f and g are transformed into each other by the moves as illustrated in
Figure 1(1), (2), (3), Figure 11(4), (5) and ambient isotopies. Then by Lemma 4.1,
we have the desired conclusion. Since R(f) = R(g), by Lemma 4.2 we have that
R(flst(vs)) = R(glst(v,)) for any vertex v, of G. Then by Example 3.12 we have that
the cyclic order of f(vs) is equal to the cyclic order of g(vs) for any vertex v, of G.
Let T be a spanning tree of G. By using the moves as illustrated in Figure 1(1),
(2), (3), Figure 11(5) and ambient isotopies in case of necessity, we can deform f
(resp. g) so that f|r, (resp. g|r,) is an embedding. Since the cyclic order of f(vs)
is equal to the cyclic order of g(vs) for any vertex vs of G, we may assume that
flre = glre. We set E(G)\ E(Tg) = {€k,€ky,---» €k}, Where 3 denotes the first
Betti number of G. Let py, be the unique path on T which connects the terminal
vertices of ex,. We denote a cycle er, Upg, by 7vi,. Note that the double points of
fly, (resp. gly,. ) are only the double points of flc, (resp. gle,,). Then, by using
the moves as illustrated in Figure 1(1), (2), (3), Figure 11(4) and ambient isotopies
in case of necessity, we can deform f|,, into the generic plane immersion of vy, as
illustrated in Figure 14(1) or (2) (i = 1,12, ..., /). Then, by Lemma 4.2 we have that
R(flyk,) = R(glyy, ), namely f[,, and g|,, have the same rotation number. Thus we

may assume that f|,, = gl,, fori=1,2,..., 8. This implies that we can deform f

and g identically by the moves as illustrated in Figure 1(1), (2), (3), Figure 11(4),

(5) and ambient isotopies. This completes the proof. O
flex,) f(ex;)

Figure 14.
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