Homology, Homotopy and Applications, vol. 9(2), 2007, pp.101-135

FROM LOOP GROUPS TO 2-GROUPS

JOHN C. BAEZ, DANNY STEVENSON, ALISSA S. CRANS AND
URS SCHREIBER

(communicated by J. Daniel Christensen)

Abstract

We describe an interesting relation between Lie 2-algebras,
the Kac-Moody central extensions of loop groups, and the
group String(n). A Lie 2-algebra is a categorified version of
a Lie algebra where the Jacobi identity holds up to a natural
isomorphism called the ‘Jacobiator.” Similarly, a Lie 2-group is
a categorified version of a Lie group. If G is a simply-connected
compact simple Lie group, there is a 1-parameter family of Lie
2-algebras gi each having g as its Lie algebra of objects, but
with a Jacobiator built from the canonical 3-form on G. There
appears to be no Lie 2-group having g; as its Lie 2-algebra,
except when k = 0. Here, however, we construct for integral k
an infinite-dimensional Lie 2-group PG whose Lie 2-algebra
is equivalent to gr. The objects of PG are based paths in
G, while the automorphisms of any object form the level-k
Kac-Moody central extension of the loop group QG. This 2-
group is closely related to the kth power of the canonical gerbe
over G. Its nerve gives a topological group |PrG| that is an
extension of G by K(Z,2). When k = +1, |P;G| can also be
obtained by killing the third homotopy group of G. Thus, when
G = Spin(n), |PxG| is none other than String(n).

1. Introduction

The theory of simple Lie groups and Lie algebras has long played a central role
in mathematics. Starting in the 1980s, a wave of research motivated by physics
has expanded this theory to include structures such as quantum groups, affine Lie
algebras, and central extensions of loop groups. All these structures rely for their
existence on the left-invariant closed 3-form v naturally possessed by any compact
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simple Lie group G:

V(I,y,Z): <‘Ta [y,z]> T,Y,2 €9,

or its close relative, the left-invariant closed 2-form w on the loop group QG:

w(f.o) =2 [ (f0).g 6000 fge0n

Moreover, all these new structures fit together in a framework that can best be
understood with ideas from physics — in particular, the Wess—Zumino—Witten
model and Chern—Simons theory. Since these ideas arose from work on string the-
ory, which replaces point particles by higher-dimensional extended objects, it is not
surprising that their study uses concepts from higher-dimensional algebra, such as
gerbes [6, 8, 9].

More recently, work on higher-dimensional algebra has focused attention on Lie 2-
groups [1] and Lie 2-algebras [2]. A ‘2-group’ is a category equipped with operations
analogous to those of a group, where all the usual group axioms hold only up to
specified natural isomorphisms satisfying certain coherence laws of their own. A ‘Lie
2-group’ is a 2-group where the set of objects and the set of morphisms are smooth
manifolds, and all the operations and natural isomorphisms are smooth. Similarly,
a ‘Lie 2-algebra’ is a category equipped with operations analogous to those of a Lie
algebra, satisfying the usual laws up to coherent natural isomorphisms. In particular,
the Jacobi identity holds only up to an isomorphism called the ‘Jacobiator.” Just
as Lie groups and Lie algebras are important in gauge theory, Lie 2-groups and
Lie 2-algebras are important in ‘higher gauge theory,” which describes the parallel
transport of higher-dimensional extended objects [4, 5].

The question naturally arises whether every finite-dimensional Lie 2-algebra
comes from a Lie 2-group. The answer is surprisingly subtle, as illustrated by a class
of Lie 2-algebras coming from simple Lie algebras. Suppose G is a simply-connected
compact simple Lie group G, and let g be its Lie algebra. For any real number k,
there is a Lie 2-algebra g;, for which the space of objects is g, and the space of endo-
morphisms of any object is R. This Lie 2-algebra has [[z, y], 2] = [z, [y, 2]] + [[z, 2], ¥]
for any objects z,y, z € g, but the Jacobiator isomorphism

Toyzt [l2,y], 2] = [@, [y, 2] + [z, 2], 9]
is not the identity; instead we have
Jz,y,z =k l/(l’, Y, Z)

where v is as above. If we normalize the invariant inner product (-,-) on g so that
the de Rham cohomology class of the closed form v/27 generates the third inte-
gral cohomology group of G, then there is a 2-group Gy, corresponding to gj in a
certain sense whenever k is an integer [1]. The construction of this 2-group is very
interesting, because it uses Chern—Simons theory in an essential way. However, for
k # 0 there is no good way to make this 2-group into a Lie 2-group! The set of
objects is naturally a smooth manifold, and so is the set of morphisms, and the
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group operations are smooth, but the associator
Uzy,zt (2y)2 — x(yz)

cannot be made everywhere smooth, or even continuous.

It would be disappointing if such a fundamental Lie 2-algebra as g, failed to
come from a Lie 2-group even when k was an integer. Here we resolve this dilemma
by finding a Lie 2-algebra equivalent to g that does come from a Lie 2-group —
albeit an infinite-dimensional one:

Theorem 1.1. Let G be a simply-connected compact simple Lie group. For any
k € Z, there is a Fréchet Lie 2-group PrG whose Lie 2-algebra Prg is equivalent to
k-

Here two Lie 2-algebras are ‘equivalent’ if there are homomorphisms going back and
forth between them that are inverses up to natural isomorphism.

We also study the relation between PG and the topological group G obtained by
killing the third homotopy group of G. When G = Spin(n), this topological group
is famous under the name of String(n), since it plays a role in string theory [21,
26, 27]. More generally, any compact simple Lie group G has 73(G) = Z, but after
killing 71 (G) by passing to the universal cover of G, one can then kill 73(G) by
passing to G, which is defined as the homotopy fiber of the canonical map from G
to the Eilenberg-Mac Lane space K(Z,3). This specifies G up to homotopy, but
there is still the interesting problem of finding nice geometrical models for G.

Stolz and Teichner [26] have already given one solution to this problem. Here we
present another. Given any topological 2-group C, the geometric realization of its
nerve is a topological group |C|. Applying this process to PyG when k = £1, we
obtain G:

Theorem 1.2. Let G be a simply-connected compact simple Lie group. Then |PrG|
is an extension of G by a topological group that is homotopy equivalent to K(Z,2).
Moreover, |PyG| ~ G when k = £1.

While this construction of G uses simplicial methods and is thus arguably less
‘geometric’ than that of Stolz and Teichner, it avoids their use of type III; von
Neumann algebras, and has a simple relation to the Kac—-Moody central extension
of G.

The 2-group PG is easy to describe, in part because it is ‘strict:” all the usual
group axioms hold as equations. The basic idea is easiest to understand using some
geometry. Apart from some technical fine print, an object of PG is just a path
in G starting at the identity. A morphism from the path f; to the path fs5 is an
equivalence class of pairs (D, z) consisting of a disk D going from f; to fa:

1

|
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together with a unit complex number z. Given two such pairs (D1, z1) and (Da, 22),
we can always find a 3-ball B whose boundary is D U D5, and we say the pairs are
equivalent when

2/ = e IBY

where v is the left-invariant closed 3-form on G given above. Note that exp(ik [ V)
is independent of the choice of B, because the integral of v over any 3-sphere is 27
times an integer. There is an obvious way to compose morphisms in PG, and the
resulting category inherits a Lie 2-group structure from the Lie group structure of
G.

The above description of PG is modeled after Murray’s construction [19] of a
gerbe from an integral closed 3-form on a manifold with a chosen basepoint. Indeed,
PrG is just another way of talking about the kth power of the canonical gerbe on
G, and the 2-group structure on PG is a reflection of the fact that this gerbe is
‘multiplicative’ in the sense of Brylinski [7]. The 3-form kv, which plays the role of
the Jacobiator in gy, is the 3-curvature of a connection on this gerbe.

In most of this paper we take a slightly different viewpoint. Let PyG be the space
of smooth paths f: [0,27] — G that start at the identity of G. This becomes an
infinite-dimensional Lie group under pointwise multiplication. The map f — f(27)
is a homomorphism from PyG to G whose kernel is precisely QG. For any k € Z,
the loop group QG has a central extension

1—U(1) — QG 250G — 1

which at the Lie algebra level is determined by the 2-cocycle ikw, with w defined as
above. This is called the ‘level-k Kac—-Moody central extension’ of G. The infinite-
dimensional Lie 2-group PrG has PyG as its group of objects, and given f1, fo €
PyG, a morphism i f1 — f2 is an element /e Qk/\G such that

fo) i = p(0).

In this description, composition of morphisms in PG is multiplication in Qk/?l,
while again PrG becomes a Lie 2-group using the Lie group structure of G.

After we wrote the first version of this paper [3], André Henriques [14] showed
that PG arises from a general theory for integrating Lie n-algebras to obtain Lie
n-groups of his sort. The two papers should be read together.

2. Review of Lie 2-Algebras and Lie 2-Groups

We begin with a review of Lie 2-algebras and Lie 2-groups. More details can be
found in our papers HDAS5 [1] and HDAG6 [2]. Our notation largely follows that of
these papers, but the reader should be warned that here we denote the composite
of morphisms f: x - yand g: y > zasgo f:x — 2.

2.1. Lie 2-algebras

The concept of ‘Lie 2-algebra’ blends together the notion of a Lie algebra with
that of a category. Just as a Lie algebra has an underlying vector space, a Lie 2-
algebra has an underlying 2-vector space: that is, a category where everything is



Homology, Homotopy and Applications, vol. 9(2), 2007 105

linear.

More precisely, a 2-vector space L is a category for which the set of objects
Ob(L) and the set of morphisms Mor(L) are both vector spaces, and the maps
s,t: Mor(L) — Ob(L) sending any morphism to its source and target, the map
i: Ob(L) — Mor(L) sending any object to its identity morphism, and the map o
sending any composable pair of morphisms to its composite are all linear. As usual,
we write a morphism as f: x — y when s(f) = z and ¢(f) = y, and we often write
i(z) as 1.

To obtain a Lie 2-algebra, we begin with a 2-vector space and equip it with a
bracket functor, which satisfies the Jacobi identity up to a natural isomorphism
called the ‘Jacobiator.” Then we require that the Jacobiator satisfy a new coherence
law of its own: the ‘Jacobiator identity.’

Definition 2.1. A Lie 2-algebra consists of:
e a 2-vector space L
equipped with:
e a functor called the bracket
[,]: LxL—L,
bilinear and skew-symmetric as a function of objects and morphisms,

e a natural isomorphism called the Jacobiator,
Jm,y,z: H.’E, y]a Z] - [.’E, [y7 ZH + [[.’E, Z]’ y]7
trilinear and antisymmetric as a function of the objects x,y,z € L,

such that:

e the Jacobiator identity holds: the following diagram commutes for all objects

w,x,y,z € L:
[[[w,z],y],2]
[Jw,2,y,2] Jw,al,y,2
([[w,y].z],z]+([w, [z,y]],2] ([[w,z],2],y]+([w,z],[y,=]]
J[w,y],m,z+J'w,[z,y],z [Jw,m,zvy]“rl
([[w,y],2],2]+[[w,y][2,2]] ([w,[z,2]],y]
+Hw,[[z,y], 2]+ [[w, 2], [=,y]] Hw,a], [y, 2]]+[[[w,2],2],y]
[Juw,y,z @] +1 Jwo2ly T syt w e, ly,2)
([[w,2],y],2]+[[w, [y,2]],2] ([[w,z],yl,a]+[[w, 2], [z, y]] +{[w,y],[2,2]]
[w,Jz,y,2]+1

+lw,yl, [z, 2]+ [w, [[z,y], 2]+ [[w, 2] [2,9]] ————— +[w,[[z,2].9]]+[[w,[y,2]],2]+[w, [z, [y,2]]]
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Note that for any object z € L, bracketing with z defines a functor from L to itself,
which we use above to define morphisms such as [Jy, 4.y, 2]

A homomorphism between Lie 2-algebras is a linear functor preserving the
bracket, but only up to a specified natural isomorphism satisfying a suitable coher-
ence law. More precisely:

Definition 2.2. Given Lie 2-algebras L and L', a homomorphism F: L — L'
consists of:

e a functor F' from the underlying 2-vector space of L to that of L’, linear on
objects and morphisms,

e a natural isomorphism
Fy(z,y): [F(x), F(y)] — Flz,y],
bilinear and skew-symmetric as a function of the objects x,y € L,
such that:

e the following diagram commutes for all objects x,y,z € L:

JF(2), F(y),F(z)

[F(2), [F(y), F(2)] [F(@). Fu)]. F()] + [F (). [F(x). P(2)]
[1,F2] [Fa,1]4(1, F2]
[F(), Fly. <] [Fla.yl, F(2)] + [F(y), Flz, 2]
. -
Fla, [y, 2] ) Fllz.y).2] + Fly. 2. 2]).

Here and elsewhere we omit the arguments of natural transformations such as Fs
and G5 when these are obvious from context.

Similarly, a ‘2-homomorphism’ is a linear natural isomorphism that is compatible
with the bracket structure:

Definition 2.3. Let F,G: L — L’ be Lie 2-algebra homomorphisms. A 2-homo-
morphism 0: F' = G is a natural transformation

0.: F(z) — G(x),

linear as a function of the object x € L, such that the following diagram commutes
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for all x,y € L:

[F(x), F(y)] ——=— Flz,y]

[02,0y] Oz.y)

Glz,y].
In HDA6 we showed:

Proposition 2.4. There is a strict 2-category Lie2Alg with Lie 2-algebras as
objects, homomorphisms between these as morphisms, and 2-homomorphisms
between those as 2-morphisms.

2.2. L,-algebras

Just as the concept of Lie 2-algebra blends the notions of Lie algebra and cate-
gory, the concept of ‘L..-algebra’ blends the notions of Lie algebra and chain com-
plex. More precisely, an L.,-algebra is a chain complex equipped with a bilinear
skew-symmetric bracket operation that satisfies the Jacobi identity up to a chain
homotopy, which in turn satisfies a law of its own up to chain homotopy, and so
on ad infinitum. In fact, L..-algebras were defined long before Lie 2-algebras, going
back to a 1985 paper by Schlessinger and Stasheff [23]. They are also called ‘strongly
homotopy Lie algebras,” or ‘sh Lie algebras’ for short.

Our conventions regarding L..-algebras follow those of Lada and Markl [15]. In

particular, for graded objects z1,...,z, and a permutation o € S,, we define the
Koszul sign ¢(o; 21, ...,2,) by the equation

TIN ATy = €(0321, 0, T0) Ta) A A Zo(n),
which must be satisfied in the free graded-commutative algebra on x4, ..., z,. Fur-

thermore, we define
x(o) =sgn(o)e(o;z1,...,25).

Thus, x (o) takes into account the sign of the permutation in .S, as well as the Koszul
sign. Finally, if n is a natural number and 1 < j < n — 1, we say that o € 5, is a
(j,m — j)-unshuffle if

o) <o(2)<---<o(j) and o(j+1)<o(j+2) < - <o(n).

Readers familiar with shuffles will recognize unshuffles as their inverses.

Definition 2.5. An L..-algebra is a graded vector space V = 69;20 Vi equipped
with linear maps lj: V&* — V for k > 1 with deg(lx) = k — 2 such that:

lk(xo'(l)r'-axa(k:)) = X(G)lk(xla"'axn) (1)

for all 0 € S, and z1,...,x, € V, and moreover, the following generalized form of
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the Jacobi identity holds for n > 0:

S D X@ DI U(oys - Ta)s Ty Tom) =0, (2)

1+j=n+1 o

where the summation is taken over all (i,n — ¢)-unshuffles with i > 1.

In this definition the map I3 makes V into a chain complex, since this map has
degree —1 and Equation (2) says its square is zero. In what follows, we denote [;
as d. The map I resembles a Lie bracket, since it is skew-symmetric in the graded
sense by Equation (1). The map I3 gives the Jacobiator and I, gives the Jacobiator
identity.

To make this more precise, we make the following definition:

Definition 2.6. A k-term L.,-algebrais an L..-algebra V with V,, = 0forn > k.

A 1-term L.,-algebra is simply an ordinary Lie algebra, where I3 = 0 gives the
Jacobi identity. However, in a 2-term L.-algebra, we no longer have [3 = 0. Instead,
Equation (2) says that the Jacobi identity for x,y, z € V; holds up to a term of the
form dl3(z,y, z). We do, however, have 4 = 0, which provides us with the coherence
law that I3 must satisfy. It follows that a 2-term L..-algebra consists of:

e vector spaces Vj and Vi,

e a linear map d: V; — V,

e bilinear maps lp: V; x V; — V4, where 0 < i+ j <1,

e a trilinear map I3: Vo x Vo x Vo — V4
satisfying a list of equations coming from Equations (1) and (2) and the fact that
l4 = 0. This list can be found in HDAG6, but we will not need it here.

In fact, 2-vector spaces are equivalent to 2-term chain complexes of vector spaces:
that is, chain complexes of the form

Vi L.

To obtain such a chain complex from a 2-vector space L, we let Vg be the space
of objects of L. However, V7 is not the space of morphisms. Instead, we define the
arrow part f of a morphism f: z — y by

F=f—is(f),

and let V7 be the space of these arrow parts. The map d: V3 — V; is then just the
target map ¢: Mor(L) — Ob(L) restricted to V4 C Mor(L).

To understand this construction a bit better, note that given any morphism
f:x —y, its arrow part is a morphism f: 0 — y — z. Thus, taking the arrow part
has the effect of ‘translating f to the origin.” We can always recover any morphism
from its source together with its arrow part, since f = f + i(s(f)). It follows that
any morphism f: x — y can be identified with the ordered pair (z, f) consisting of
its source and arrow part, and so we have Mor(L) =V, @ V.
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We can actually recover the whole 2-vector space structure of L from just the
chain complex d: Vi — V. To do this, we take:
Ob(L) = Vo
MOI‘(L) = Vo &3] Vl,

with source, target and identity-assigning maps defined by:

s(x, i) = x B
t(z,f) = z+df
i(z) = (2,0)

and with the composite of f: x — y and g: y — z defined by:
gof=(x,f+9.

It follows that 2-vector spaces are equivalent to 2-term chain complexes.

Given this, it should not be surprising that Lie 2-algebras are equivalent to 2-
term L..-algebras. Since we make frequent use of this fact in the calculations to
come, we recall the details here.

Suppose V is a 2-term Lo-algebra. We obtain a 2-vector space L from the under-
lying chain complex of V as above. We continue by equipping L with additional
structure that makes it a Lie 2-algebra. It is sufficient to define the bracket functor
[,]: L x L — L on a pair of objects and on a pair of morphisms where one is an
identity morphism. We set:

[x, ] = ZQ('T y),
[ f] = (la(z2),1a(z ),
[f> ]-z} = (ZQ(:L' Z)v Z(fa ))7

where f: x — y is a morphism in L and z is an object. Finally, we define the
Jacobiator for L in terms of its source and arrow part as follows:

Jz,y,z = (Hxvy]v Z]v lg(fﬂ, y,Z))

For a proof that L defined this way is actually a Lie 2-algebra, see HDAG6.
In our calculations we shall often describe Lie 2-algebra homomorphisms as homo-
morphisms between the corresponding 2-term L.,-algebras:

Definition 2.7. Let V and V' be 2-term L.-algebras. An L,.-homomorphism
¢: V — V' consists of:
e a chain map ¢: V — V' consisting of linear maps ¢o: Vo — Vj and ¢1: V] —
Vi,
e a skew-symmetric bilinear map ¢o: Vy x Vo — V/,
such that the following equations hold for all z,y,z € Vy and h € V7 :
d(¢2(z,y)) = ¢o(l2(z,y)) — l2(do(@), do(y)) (3)
¢2(z, dh) = ¢1(l2(z, h)) — la(do(z), P1(R)) (4)

N
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I3(do(x), Po(y), do(2)) — 1(ls(x,y, 2)) =
$2(,l2(y, 2)) + P2y, 12(2, 7)) + d2(2, la(2, ) + ()
l2(¢0(£)7 ¢2(y’ Z)) + l2(¢0(y)7 ¢2(Za 33‘)) + l2(¢0(2’), (ﬁg(ﬂ?, y))

Equations (3) and (4) say that ¢ defines a chain homotopy from l2(¢(-), ¢(+)) to
@(l2(+,)), where these are regarded as chain maps from V ® V to V'. Equation (5)
is just a chain complex version of the commutative diagram in Definition 2.2.

Let us sketch how to obtain the Lie 2-algebra homomorphism F' corresponding
to a given Lg,-homomorphism ¢: V — V’'. We define the chain map F: L — L'
in terms of ¢ using the fact that objects of a 2-vector space are 0-chains in the
corresponding chain complex, while morphisms are pairs consisting of a 0-chain and
a l-chain. To make F' into a Lie 2-algebra homomorphism we must equip it with
a natural transformation Fy satisfying the conditions in Definition 2.2. In terms of
its source and arrow parts, we define F5 by

F2(I7y) = (ZQ(QSO(x)a ¢O(y))7 ¢2(xvy))

We should also know how to compose Ly,-homomorphisms. We compose a pair
of Lso-homomorphisms ¢: V — V' and ¢: V' — V" by letting the chain map v o
¢: V. — V" be the usual composite, while defining (¢ o ¢)5 by

(Yo @)a(z,y) = Ya(do(z), Po(y)) + 1(P2(z,y)). (6)

This is just a chain complex version of how we compose homomorphisms between
Lie 2-algebras. Note that the identity homomorphism 1y : V — V has the identity
chain map as its underlying map, together with (1y )2 = 0.

We also have ‘2-homomorphisms’ between homomorphisms:

Definition 2.8. Let V and V' be 2-term L..-algebras and let ¢,%: V — V' be
Lso-homomorphisms. An L.,-2-homomorphism 7: ¢ = v is a chain homotopy 7
from ¢ to 1 such that the following equation holds for all z,y € Vj:

P2(2,y) = Ya(2,y) = la(do(2), 7(y)) + la(7(2), Y0 (y)) — 7(l2(2,9)).  (7)

Given an Ly,-2-homomorphism 7: ¢ = 1 between L,,-homomorphisms ¢,:
V — V', there is a corresponding Lie 2-algebra 2-homomorphism 6 given by

0(x) = (¢o(),7(x)).
In HDAG, we showed:

Proposition 2.9. There is a strict 2-category 2TermL., with 2-term L, -algebras
as objects, Loo-homomorphisms as morphisms, and L.o-2-homomorphisms as 2-
morphisms.

Using the equivalence between 2-vector spaces and 2-term chain complexes, we
established the equivalence between Lie 2-algebras and 2-term L.,-algebras:

Theorem 2.10. The 2-categories Lie2Alg and 2TermL., are 2-equivalent.

We use this result extensively in Section 5.
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2.3. The Lie 2-Algebra g;
Thanks to the formula

af =t(f) - s(f),

a 2-term L,-algebra with vanishing differential corresponds to a Lie 2-algebra for
which the source of any morphism equals its target. In other words, the correspond-
ing Lie 2-algebra is ‘skeletal:’

Definition 2.11. A category is skeletal if isomorphic objects are always equal.

Every category is equivalent to a skeletal one formed by choosing one represen-
tative of each isomorphism class of objects [16]. As shown in HDAG6, the same sort
of thing is true for Lie 2-algebras:

Proposition 2.12. Every Lie 2-algebra is equivalent, as an object of Lie2Alg, to a
skeletal one.

This result helps us classify Lie 2-algebras up to equivalence. We begin by remind-
ing the reader of the relationship between L,-algebras and Lie algebra cohomology
described in HDAG:

Theorem 2.13. There is a one-to-one correspondence between isomorphism classes
of Loo-algebras consisting of only two nonzero terms Vy and V,, with d =0, and
isomorphism classes of quadruples (g,V, p, [ln+2]) where g is a Lie algebra, V is a
vector space, p is a representation of g on V., and [l,y2] is an element of the Lie
algebra cohomology group H"2(g, V).

Here the representation p comes from fy: Vy x V,, — V.
Because L.-algebras are equivalent to Lie 2-algebras, which all have equivalent
skeletal versions, Theorem 2.13 implies:

Corollary 2.14. Up to equivalence, Lie 2-algebras are classified by isomorphism
classes of quadruples (g, p, V, [¢3]) where:

e g is a Lie algebra,

o V is a vector space,

® p is a representation of g on 'V,

o [(3] is an element of H3(g, V).

This classification lets us construct a 1-parameter family of Lie 2-algebras g; for
any simple real Lie algebra g:

Ezxample 2.15. Suppose g is a simple real Lie algebra and k € R. Then there is a
skeletal Lie 2-algebra g given by taking Vo = g, Vi = R, p the trivial representation,
and Il3(z,y, z) = k{z, [y, 2]).

Here (-, -) is a suitably rescaled version of the Killing form tr(ad(-)ad(-)). The precise
rescaling factor will only become important in Section 3.1. The equation saying that
l3 is a 3-cocycle is equivalent to the equation saying that the left-invariant 3-form
v on G with v(z,y,z) = (z,[y, 2]) is closed.



Homology, Homotopy and Applications, vol. 9(2), 2007 112

2.4. The Lie 2-Algebra of a Fréchet Lie 2-Group

Just as Lie groups have Lie algebras, ‘strict Lie 2-groups’ have ‘strict Lie 2-
algebras.” Strict Lie 2-groups and Lie 2-algebras are categorified versions of Lie
groups and Lie algebras in which all laws hold ‘on the nose’ as equations, rather
than up to isomorphism. All the Lie 2-groups discussed in this paper are strict.
However, most of them are infinite-dimensional ‘Fréchet’ Lie 2-groups.

A Fréchet Lie group is a Fréchet manifold [13] G such that the multiplication
map m: G X G — G and the inverse map inv: G — G are smooth. A homomor-
phism of Fréchet Lie groups is a group homomorphism that is also smooth. For
example, the space of smooth paths in a Lie group G is a Fréchet Lie group, and
evaluation at a point defines a homomorphism to G. For more details we refer the
reader to the survey article by Milnor [17], or Pressley and Segal’s book on loop
groups [22].

Definition 2.16. A strict Fréchet Lie 2-group C is a category such that the set
of objects Ob(C) and the set of morphisms Mor(C') are both Fréchet Lie groups, and
the source and target maps s,t: Mor(C) — Ob(L), the map ¢: Ob(C) — Mor(C)
sending any object to its identity morphism, and the map o: Mor(C') X op(cy Mor(C)
— Mor(C) sending any composable pair of morphisms to its composite are all
Fréchet Lie group homomorphisms.

Here Mor(C) xob(cy Mor(C) is the set of composable pairs of morphisms, which we
require to be a Fréchet Lie group.

Just as for ordinary Lie groups, taking the tangent space at the identity of a
Fréchet Lie group gives a Lie algebra. Using this, it is not hard to see that strict
Fréchet Lie 2-groups give rise to Lie 2-algebras. These Lie 2-algebras are actually
‘strict:’

Definition 2.17. A Lie 2-algebra is strict if its Jacobiator is the identity.

This means that the map I3 vanishes in the corresponding L..-algebra. Alterna-
tively:

Proposition 2.18. A strict Lie 2-algebra is the same as a 2-vector space L such
that Ob(L) and Mor(L) are equipped with Lie algebra structures, and the maps s,t,i
and o are Lie algebra homomorphisms.

Proof. This is a straightforward verification; see also HDAG. O

Proposition 2.19. Given a strict Fréchet Lie 2-group C, there is a strict Lie 2-
algebra ¢ for which Ob(c) and Mor(c) are the Lie algebras of the Fréchet Lie groups
Ob(C) and Mor(C), respectively, and the maps s,t,i and o are the differentials of
the corresponding maps for C.

Proof. This is a generalization of a result in HDAG6 for ordinary Lie 2-groups, which
is straightforward to show directly. O

In what follows all Fréchet Lie 2-groups are strict, so we omit the term ‘strict.’
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3. Review of Loop Groups

Next we give a brief review of loop groups and their central extensions. More
details can be found in the canonical text on the subject, written by Pressley and
Segal [22].

3.1. Definitions and Basic Properties

Let G be a simply-connected compact simple Lie group. We shall be inter-
ested in the loop group QG consisting of all smooth maps from [0,27] to G
with f(0) = f(27) = 1. We make QG into a group by pointwise multiplication of
loops: (fg)(0) = f(0)g(6). Equipped with its C*° topology, QG naturally becomes
an infinite-dimensional Fréchet manifold. In fact QG is a Fréchet Lie group, as
defined in Section 2.4.

As remarked by Pressley and Segal, the behavior of the group G is “untypical in
its simplicity,” since it turns out to behave remarkably like a compact Lie group. For
example, it has an exponential map that is locally one-to-one and onto, and it has
a well-understood highest weight theory of representations. One striking difference
between QG and G, though, is the existence of nontrivial central extensions of QG
by the circle U(1):

1-U(1) - QG 206 — 1. (8)
It is important to understand that these extensions are nontrivial, not merely in
that they are classified by a nonzero 2-cocycle, but also topologically. In other words,
QG is a nontrivial principal U(1)-bundle over QG with the property that QG is a
Fréchet Lie group, and U(1) sits inside OG as a central subgroup in such a way that
the quotient QG/U(1) can be identified with QG. QG is called the Kac—Moody
group.

Associated to the central extension (8) there is a central extension of Lie algebras

0—u(l) - Qg -2 Qg — 0. (9)
Here Qg is the Lie algebra of QG, consisting of all smooth maps f: S' — g such
that f(0) = 0. The bracket operation on Qg is given by the pointwise bracket of

functions: thus [f, g](8) = [f(6),9(0)] if f, g € Qg. Qg is the simplest example of an
affine Lie algebra.

The Lie algebra extension (9) is simpler than the group extension (8) in that
it is determined up to isomorphism by a Lie algebra 2-cocycle w(f, g), i.e. a skew
bilinear map w: Qg x Qg — R satisfying the 2-cocycle condition

w([f, 9, h) +w(lg, k], f) + w([h, fl,9) = 0. (10)

For G as above we may assume the cocycle w equal, up to a scalar multiple, to the
Kac—Moody 2-cocycle

w(f.g) =2 / "1£(0). 4/ (0)) db (11)

where (-, -) is the basic inner product on g divided by 47. Recall from Pressley and
Segal [22] that the basic inner product on g is the unique invariant inner product
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(+,+) with (hg, hg) = 2 where hy is the coroot associated to the highest root 6 of g.
Thus, as a vector space (g is isomorphic to Qg & R, but the bracket is given by

[(fs ), (g9,8)] = (If, g, w(f, 9))-

Since w is a skew form on g, it defines a left-invariant 2-form w on QG. The cocycle
condition, Equation (10), says precisely that w is closed.
For any k € R, the cocycle kw defines an extension of Lie algebras

0— u(1) = Qg — Qg — 0

where Qg = Qg @ u(1) with bracket defined in the same way as for Qg. When k is
an integer, Pressley and Segal [22] show that associated to this central extension of
Lie algebras is a central extension

1—>U(1)—>Qk/é—>QG—>1

of Lie groups. The integer k is called the level of the central extension Qk/a

3.2. The Kac—Moody group Q/;;\G

Several closely related explicit constructions of Qk/z' appear in the literature: first
came the work Mickelsson [18], then Murray [20], then Brylinski-McLaughlin [8],
and more recently Murray—Stevenson [21]. The last construction, inspired by the
work of Mickelsson, will be the most convenient for our purposes. We shall use this
to prove a result, Proposition 3.1, that will be crucial for constructing the 2-group
PrG.

First, suppose that G is any Fréchet Lie group. Let PyG denote the space of
smooth based paths in G:

PG = {f € COO([O’ZWLQ): f(O) = 1}'

PyG is a Fréchet Lie group under pointwise multiplication of paths, whose Lie alge-
bra is

PyL={feC>([0,27],L): f(0)=0}

where L is the Lie algebra of G. Furthermore, the map 7: PG — G which evaluates
a path at its endpoint is a homomorphism of Fréchet Lie groups. The kernel of 7 is
equal to

0G ={f e C=([0,27],9): f(0) = f(2m) =1}

Thus, G is a normal subgroup of PyG. Note that we are defining {0G in a somewhat
nonstandard way, since its elements can be thought of as loops f: S' — G that are
smooth everywhere except at the basepoint, where both left and right derivatives
exist to all orders, but need not agree. However, we need this for the sequence

1—0G — PG —G—1

to be exact. Moreover, our 2G is homotopy equivalent to the usual group of smooth
based loops in G. We give here a proof of this fact, due to Andrew Stacey [25]. For
the purposes of this proof, let LyG denote the group of of smooth based maps from
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the circle S' into G, equipped with its C* topology. LoG is a closed subgroup of QG,
so we have a continuous inclusion i: LoG — QG. We construct a map j: QG — LG
as follows. Let ¢: [0,27] — [0, 27] be a smooth map of the interval [0, 27] to itself,
preserving the endpoints and with the property that all derivatives of ¢ vanish
in some neighborhood of the endpoints. If f € QG, then fo ¢ € LyG. This defines
a map j: QG — LoG, which is easily seen to be continuous. To see that joi is
homotopic to the identity map of LyG, choose a linear homotopy h; from the identity
map of the interval [0, 27] to ¢. If f € LoG, then it is easy to check that f o h; is also
in LoG. This defines a homotopy from j o4 to the identity. A similar proof shows
the composite i o j is homotopic to the identity map of QG.

At present we are most interested in the case where G = QG. Then a point in PyG
gives a map f: [0,27] x ST — G with £(0,0) =1 for all § € S, f(¢,0) =1 for all
t € [0,27]. It is an easy calculation [21] to show that the map x: PyQG x PyQG —
U(1) defined by

s =eo (2 [ [Tuerre.doo0 N aa) o2

is a group 2-cocycle. This 2-cocycle k£ makes PyQG x U(1) into a group with the
following product:

(f1,21) - (f2, 22) = (f1fa, 2122 K(f1, f2)) -

Let N be the subset of PyQ2G x U(1) consisting of pairs (v, z) such that : [0, 27] —
QG is a loop based at 1 € QG and

zZ = exp <—zk/ w>7
D’Y

where D, is any disk in G with v as its boundary. It is easy to check that N is a
normal subgroup of the group PoyQG x U(1) with the product defined as above. To
construct Q,G, we form the quotient group (Po2G x U(1))/N. In [21] it is shown
that the resulting central extension is isomorphic to the central extension of QG at
level k. So we have the commutative diagram

PG x U(1l) —= ,.G (13)

L

PG ——= QG

where the horizontal maps are quotient maps, the upper horizontal map correspond-
ing to the normal subgroup N, and the lower horizontal map corresponding to the
normal subgroup Q2G of P,QG.

Notice that the group of based paths PyG acts on 2G by conjugation. The next
proposition shows that this action lifts to an action on Qk/z?:

Proposition 3.1. The action of PG on QG by conjugation lifts to a smooth action
a of PyG on Qi G, whose differential gives an action da of the Lie algebra Pyg on
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the Lie algebra ﬁk\g with
da(p)(L.¢) = ([p. 1], 2k / " p(0),¢(0)) o)

for all p € Pyg and all (£,¢) € Qg PR = Qg

Proof. To construct « it suffices to construct a smooth action of PyG on PyQQG X
U(1) that preserves the product on this group and also preserves the normal sub-
group N. Let p: [0,27] — G be an element of PyG, so that p(0) = 1. Define the
action of p on a point (f, z) € PyQG x U(1) to be

2m

p-(f.2) = (pfp~ ", zexp(ik [ B,(f(t)7'f(t)dt))

0

where 3, is the left-invariant 1-form on G corresponding to the linear map f,:
Qg — R given by:

B,(6) = —2 / " (€(0).0(0) "1 (0)) db

for £ € Qg. To check that this action preserves the product on PyQG x U(1), we
have to show that

2
(pfip™", 21 exp(ik ; Bp(frt) T fL(1)) dt)) -

27

(pfap™", z2exp(ik ; Bp(f2(8) " f5(t)) dt) )

27
= (pfifap™ ", z1206(f1, f2) exp(ik | Bp((f1f2) ()" (fLf2) (1)) dt)).

It therefore suffices to establish the identity

2
Koo ™) = s e (i [ (G20 (R 0)-
B0 D) = Byl o)™ F3(0)) ).

This is a straightforward computation that can safely be left to the reader.
Next we check that the normal subgroup N is preserved by the action of PyG.
For this we must show that if (f,2) € N then

27
(pfp~", zexp(ik ; Bp(f~1f)dt)) € N.

Recall that N consists of pairs (v, z) such that v € Q2G and z = exp(—ik Jp. w)
where D, is a disk in QG with boundary ~. Therefore we need to show that

27
exp <zk/ w> = exp <Zk/ w) exp <—ik ﬁp(’YlV')dt> .
Dpfl’vp Dy 0
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This follows immediately from the identity
Ad(p)'w =w —dfp,

which is easily established by direct computation.
Finally, we have to check the formula for da. On passing to Lie algebras, dia-
gram (13) gives rise to the following commutative diagram of Lie algebras:

POgeR > QgaR

L

PQg ——= Qg

where &V is the homomorphism (f,c) — (f(27),¢) for f € PyQg and c € R. To cal-

culate da(p)(¢,c) we compute ev(da(p)(¢,c)) where ¢ satisfies ev(¢) = ¢ (take, for

example, £(t) = t¢/2x). It is then straightforward to compute that

ev(da(p)(Z, ) = ([p. ], 2% / " (0(6),(6)) do). 0

4. The Lie 2-Group PG

Having completed our review of Lie 2-algebras and loop groups, we now study a
Lie 2-group PG whose Lie 2-algebra Pyg is equivalent to gi. We begin in Section 4.1
by giving a construction of PrG in terms of the central extension Qk/?? of the loop
group of G. This yields a description of Prg which we use later to prove that this
Lie 2-algebra is equivalent to gy.

Section 4.2 gives another viewpoint on PrG, which goes a long way toward
explaining the significance of this 2-group. For this, we study the topological group
|PrG| formed by taking the geometric realization of the nerve of PG.

4.1. Constructing PrG
In Proposition 3.1 we saw that the action of the path group FPyG on the loop
group 2G by conjugation lifts to an action a of PyG on the central extension Qk/E
This allows us to define a Fréchet Lie group PyG x Qk/?? in which multiplication is
given by
(Pl,éﬂ : (pzjz) = (p1p27 éla(pl)(g2) )

This, in turn, allows us to construct the 2-group PxG which plays the starring role
in this paper:
Proposition 4.1. Suppose G is a simply-connected compact simple Lie group and
k € Z. Then there is a Fréchet Lie 2-group PyG for which:

e The Fréchet Lie group of objects Ob(PrG) is PyG.

o The Fréchet Lie group of morphisms Mor(PyG) is PoG X .G
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o The source and target maps s,t: Mor(PyG) — Ob(PyG) are given by:

s(p,l) = p

tp,0) = a(l)p
where p € PyG, le Q/k\G, and O: Q/k\G — PyG is the composite
OG- QG — PG.
o The identity-assigning map i: Ob(PrG) — Mor(PrG) is given by
i(p) = (p,1).

e The composition map o: Mor(PrG) Xobp,a) Mor(PrG) — Mor(PrG) is

given by

(p1.01) © (p2, o) = (p2, b102)

whenever (pl,él), (pg,gg) are composable morphisms in PiLG.

Proof. One can check directly that s,¢,4, 0 are Fréchet Lie group homomorphisms
and that these operations make PrG into a category. Alternatively, one can check
that (PG, Q/k?;', a, 0) is a crossed module in the category of Fréchet manifolds. This
merely requires checking that

d(ap)(£)) = pa(f)p~* (14)
and

a(0(6))(bz) = bbbt (15)
Then one can use the fact that crossed modules in the category of Fréchet manifolds
are the same as Fréchet Lie 2-groups (see for example HDAG). O

We denote the Lie 2-algebra of PpG by Prg. To prove this Lie 2-algebra is
equivalent to gx in Section 5, we will use an explicit description of its corresponding
L.-algebra:

Proposition 4.2. The 2-term Loo-algebra V' corresponding to the Lie 2-algebra Prg
has:

o Vo =Pyg and Vi = Qg = Qg d R;
o d: Vi — Vy equal to the composite
Qg — Qg — Pog;
o [y: Vo x Vo — Vi given by the bracket in Pyg
l2(p1, p2) = [p1,p2],
and la: Vo x Vi — Vq given by the action da of Pyg on @, or explicitly:

27
b(p, (6,0)) = (Ip, 1], 2k / (p(0).£(0)) dO)

for allp € Pyg, ¢ € QG and c € R;
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o [3: Vo x Vo x Vo — Vi equal to zero.

Proof. This is a straightforward application of the correspondence described in
Section 2.2. The formula for I5: Vi x Vi3 — V5 comes from Proposition 3.1, while
{3 = 0 because the Lie 2-algebra Pyg is strict. O

4.2. The Topology of |PxG]|
In this section we construct an exact sequence of Fréchet Lie 2-groups

lﬁﬁkG;PkGLGﬁl,

where G is considered as a Fréchet Lie 2-group with only identity morphisms. Taking
the geometric realization of the nerve, we obtain this exact sequence of topological
groups:

RN N NUNT. e NN

Note that |G| = G. We then show that the topological group |£;G| has the homo-
topy type of the Eilenberg—Mac Lane space K (Z,2). Since K (Z, 2) is also the classi-
fying space BU(1), the above exact sequence is a topological analogue of the exact
sequence of Lie 2-algebras describing how gy, is built from g and u(1):

0—bu(l) > g —g—0,

where bu(1) is the Lie 2-algebra with a 0-dimensional space of objects and u(1) as
its space of morphisms.

The above exact sequence of topological groups exhibits | PG| as the total space
of a principal K(Z,2) bundle over G. Bundles of this sort are classified by their
‘Dixmier—Douady class,” which is an element of the integral third cohomology group
of the base space. In the case at hand, this cohomology group is H*(G) =2 Z, gen-
erated by the element we called [v/27] in the Introduction. We shall show that the
Dixmier-Douady class of the bundle | PG| — G equals k[v/2r]. Using this, we show
that for k = 1, |P,G| is a version of G — the topological group obtained from G
by killing its third homotopy group.

We start by defining a map 7: PG — G as follows. We define 7 on objects
p € PrG as follows:

m(p) = p(2m) € G.

In other words, m applied to a based path in G gives the endpoint of this path.
We define m on morphisms in the only way possible, sending any morphism
(p, @) p— 5(@)}7 to the identity morphism on 7(p). It is easy to see that 7 is a
strict homomorphism of Fréchet Lie 2-groups: in other words, a map that strictly
preserves all the Fréchet Lie 2-group structure. Moreover, it is easy to see that 7 is
onto both for objects and morphisms.

Next, we define the Fréchet Lie 2-group LG to be the strict kernel of 7. In
other words, the objects of LG are objects of PrG that are mapped to 1 by 7, and
similarly for the morphisms of £;G, while the source, target, identity-assigning and
composition maps for LG are just restrictions of those for PrG. So:

e the Fréchet Lie group of objects Ob(L;G) is QG,
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—

e the Fréchet Lie group of morphisms Mor(L;G) is QG x QG

where the semidirect product is formed using the action « restricted to QG. More-
over, the formulas for s, t,4, o are just as in Proposition 4.1, but with loops replacing
paths.

It is easy to see that the inclusion ¢: LG — PG is a strict homomorphism of
Fréchet Lie 2-groups. We thus obtain:

Proposition 4.3. The sequence of strict Fréchet 2-group homomorphisms
1— ﬁkG;'PkGLG% 1

is strictly exact, meaning that the image of each arrow is equal to the kernel of
the next, both on objects and on morphisms.

Any Fréchet Lie 2-group C' is, among other things, a topological category: a
category where the sets Ob(C') and Mor(C') are topological spaces and the source,
target, identity-assigning and composition maps are continuous. There is a standard
procedure for taking the ‘nerve’ of a topological category and obtaining a simplicial
space. One can then take the ‘geometric realization’ of any simplicial space, obtain-
ing a topological space. We use |C] to denote the geometric realization of the nerve
of a topological category C. If C' is in fact a topological 2-group — for example a
Fréchet Lie 2-group — then |C| naturally becomes a topological group [24].

Applying the functor | - | to the exact sequence in Proposition 4.3, we obtain this
result, which implies Theorem 1.2:

Theorem 4.4. The sequence of topological groups

1 - 166 L pal e -1

is exact, and |LyG| has the homotopy type of K(Z,2). Thus |PrG| is the total
space of a K(Z,2) bundle over G. The Dizmier—-Douady class of this bundle is
k[v/2n] € H3(G). Moreover, PyG is G when k = +1.

Proof. Tt is easy to see directly that the functor | - | carries strictly exact sequences
of topological 2-groups to exact sequences of topological groups. To show that |£G]|
is a K(Z,2), we prove there is a strictly exact sequence of Fréchet Lie 2-groups

1HU(1)HEQ/;€EHE;€GH1. (16)

Here U(1) is regarded as a Fréchet Lie 2-group with only identity morphisms, while
EQG is the Fréchet Lie 2-group with ;G as its Fréchet Lie group of objects and
precisely one morphism from any object to any other. In general:

Lemma 4.5. For any Fréchet Lie group G, there is a Fréchet Lie 2-group £G with:
e G as its Fréchet Lie group of objects,

e G X G as its Fréchet Lie group of morphisms, where the semidirect product is
defined using the conjugation action of G on itself,

and:
!

e source and target maps given by s(g,9') = g, t(g9,9") = g4,
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o identity-assigning map given by i(g) = (g,1),

e composition map given by (g1, 91) © (92,92) = (92, 9195) whenever (g1,41) and
(92, 95) are composable morphisms in £G.

Proof. 1t is straightforward to check that this gives a Fréchet Lie 2-group. Note
that £G has G as objects and one morphism from any object to any other. O

In fact, Segal [24] has already introduced £G under the name G, treating it as a
topological category. He proved that |G| is contractible. In fact, he exhibited |EG|
as a model of FG, the total space of the universal bundle over the classifying space
BG of G. Therefore, applying the functor | - | to the exact sequence (16), we obtain
this short exact sequence of topological groups:

1-UQ1) — EQk/Z? — |LpG| — 1.

Since EQ,G is contractible, it follows that |G| = E@/U(l) has the homotopy
type of BU(1) ~ K(Z,2).

To see that |7|: |PyG| — G is locally trivial, let U C G be open; then the inverse
image | PG|y = || 71 (U) is the geometric realization of the nerve of the topological
category with objects PoG|y and morphisms PyG|y X Q1,G, where PyG|y denotes
the inverse image of U C G under the projection PyG — G. Since PyG — G is a
locally trivial principal bundle with structure group QG, we can find a homeomor-
phism

P()G|U 5 U x QG.

This homeomorphism induces an isomorphism of categories

PG|y % UG —— U x QG UG

) !

PyGly U x QG.

Since the functor | - | preserves products, the geometric realization of the topological
category with objects U x QG and morphisms U x QG x .G is just U x |LkG).
Therefore the isomorphism of categories above induces, on taking geometric real-
izations, a homeomorphism

|'PkG‘U 5 U x |£kG|

commuting with the projections to U C G. Moreover this homeomorphism is clearly
|£,G| equivariant, thus |PrG| — G is alocally trivial principal bundle. Like any such
bundle, this is the pullback of the universal principal K(Z,2) bundle p: FK(Z,2) —
BK(Z,2) along some map f: G — BK(Z,2), giving a commutative diagram of
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spaces:

|l il

|L1G|

|PxG|

G

p*f f

K(Z,2) —— EK(Z,2) ——~ BK(Z,2).

Indeed, such bundles are classified up to isomorphism by the homotopy class of
f. Since BK(Z,2) ~ K(Z,3), this homotopy class is determined by the Dixmier—
Douady class f*k, where & is the generator of H3(K(Z,3)) = Z. The next order of
business is to show that f*k = k[v/2n7].

For this, it suffices to show that f maps the generator of n3(G) = Z to k times
the generator of m3(K(Z,3)) = Z. Consider this bit of the long exact sequences of
homotopy groups coming from the above diagram:

73(G)

m2(|LkGl)
m3(f) =~

3(K(Z,3)) —2~ m5(K(Z,2)).

Since the connecting homomorphism &’ and the map from 75 (| £, G|) to mo (K (Z,2))
are isomorphisms, we can treat these as the identity by a suitable choice of genera-
tors. Thus, to show that 73(f) is multiplication by k it suffices to show this for the
connecting homomorphism 0.

To do so, consider this commuting diagram of Frechét Lie 2-groups:

0G ——— PG —— G

£,G —— P,.G —— G.

Here we regard the groups on top as 2-groups with only identity morphisms; the
downwards-pointing arrows include these in the 2-groups on the bottom row. Apply-
ing the functor | - |, we obtain a diagram where each row is a principal bundle:

le| ||

QG - PG ~ G

-/

I [#'] 1

||

LG e Py

G.
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Taking long exact sequences of homotopy groups, this gives:

7T3(G)

)

13(G) —2+ my(|LKG]).

WQ(QG)

m2(|2])

Thus, to show that 0 is multiplication by k it suffices to show this for ma(]i]).

For this, we consider yet another commuting diagram of Frechét Lie 2-groups:

U(1) e /e

U(l) —— £0,G —— L3C.

Applying | - |, we obtain a diagram where each row is a principal U(1) bundle:
U(1) - G QG
l4]
u() EQ,G| — |LkG| =~ K(Z,2).

Recall that the bottom row is the universal principal U(1) bundle. The arrow [i| is
the classifying map for the U(1) bundle Qk/b — QG. The Chern class of this bundle
is k times the generator of H2(QG) (see for instance [22]), so ma(|i|) must map the
generator of mo(2G) to k times the generator of mo(K(Z,2)).

Finally, let us show that PG| is G when k = +1. For this, it suffices to show
that when k = 41, the map |7|: |PxG| — G induces isomorphisms on all homotopy
groups except the third, and that m3(|PxG|) = 0. For this we examine the long exact
sequence:

- — T (|LkG)) — T (|PeG) — 70 (G) —2 1 (|L4G]) — -

Since | L G| ~ K(Z,2), its homotopy groups vanish except for mo(|LrG|) & Z, so |7
induces an isomorphism on 7, except possibly for n = 2,3. In this portion of the
long exact sequence we have

0— m3(|PrG|) — Z -5 Z — 1 (|PG]) — 0

so m3(|PrG|) = 0 unless k =0, and 7o (|PrG|) 2 Z/kZ, so w2 (|PrG|) = m2(G) 20
when k = £1. O
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5. The Equivalence Between Pig and gy
In this section we prove our main result, which implies Theorem 1.1:
Theorem 5.1. There is a strictly exact sequence of Lie 2-algebra homomorphisms
0— EQg—5Prg - gr — 0
where EQg is equivalent to the trivial Lie 2-algebra and ¢ is an equivalence of Lie
2-algebras.

Recall that by ‘strictly exact’ we mean that both on the vector spaces of objects
and the vector spaces of morphisms, the image of each map is the kernel of the next.

We prove this result in a series of lemmas. We begin by describing £€Qg and
showing that it is equivalent to the trivial Lie 2-algebra. Recall that in Lemma 4.5
we constructed for any Fréchet Lie group G a Fréchet Lie 2-group £G with G as its
group of objects and precisely one morphism from any object to any other. We saw
that the space |G| is contractible; this is a topological reflection of the fact that
£G is equivalent to the trivial Lie 2-group. Now we need the Lie algebra analogue
of this construction:

Lemma 5.2. Given a Lie algebra L, there is a 2-term Loo-algebra V' for which:
e Vo=LandV; =L,
e d: Vi — Vg is the identity,
o [r: Vo xVyg— Vi andls: Vo x Vi — Vi are given by the bracket in L,
e I3: Vo x Vo x Vo — Vi is equal to zero.
We call the corresponding strict Lie 2-algebra EL.
Proof. Straightforward. O

Lemma 5.3. For any Lie algebra L, the Lie 2-algebra EL is equivalent to the trivial
Lie 2-algebra. That is, EL ~ 0.

Proof. There is a unique homomorphism g: £L — 0 and a unique homomorphism
v: 0 — EL. Clearly (o equals the identity. The composite v o 8 has:

(yoB)o: T — 0
(vyoBh: z = 0
("}/Oﬁ)QZ (.ﬁl,ﬂfg) — 0,

while the identity homomorphism from £L to itself has:

idg : T —
idy: T — T
id2 : (1'17372) — 0.

There is a 2-isomorphism
T:v0f=id
given by
z) ==,

where the x on the left is in V5 and that on the right in V7, but of course V5 = V;
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here. O
We continue by defining the Lie 2-algebra homomorphism Pjg 2, Ok-
Lemma 5.4. There exists a Lie 2-algebra homomorphism
¢: Prg — Ok
which we describe in terms of its corresponding Ls.-homomorphism.:

bo(p) = p(27)
d1(l,c)=c

2
¢MW»ﬂA<@%w@mmw

where p,p1,p2 € Pog and (£,¢) € Qgd R = @

Before beginning, note that the quantity
2w

[ st = o) a0 =2 [ (o100 — tor(2m).pa(2m)
0 0

is skew-symmetric, but not in general equal to

21
2/<mmw
0

due to the boundary term. However, these quantities are equal when either p; or
p2 is a loop.

Proof. We must check that ¢ satisfies the conditions of Definition 2.7. First we show
that ¢ is a chain map. That is, we show that ¢y and ¢, preserve the differentials

—

Qrg———— Pog

R— g
where d is the composite given in Proposition 4.2, and d’ = 0 since gy, is skeletal.
This square commutes since ¢q is also zero.

We continue by verifying conditions (3)—(5) of Definition 2.7. The bracket on
objects is preserved on the nose, which implies that the right-hand side of (3) is
zero. This is consistent with the fact that the differential in the L..-algebra for g
is zero, which implies that the left-hand side of (3) is also zero.

The right-hand side of (4) is given by

¢1(l2(pa (ﬂ, C)) - 12(¢0(p)v ¢1(€7C)) = ¢1 ([pa é]a Qk/ <p7 £/> da) - lg(p(QTl‘),C)
=0
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— 2k [ (p.0) do.
This matches the left-hand side of (4), namely:
$2(p, d(£, c)) = ¢2(p, 1)
—k [(tn.) ~ t/.0) ao
y / (p, ') db.

Note that no boundary term appears here since one of the arguments is a loop.
Finally, we check condition (5). Four terms in this equation vanish because i3 = 0
in Prg and lo = 0 in gx. We are left needing to show:

I3(do(p1), Po(p2), bo(p3)) = d2(p1,l2(p2,3)) + P2(2,l2(p3, p1)) + P2(p3,l2(p1,p2))-
The left-hand side equals k(p1 (27), [p2(27), p3(27)]). The right-hand side equals:

¢2(p1,12(p2,p3)) + cyclic permutations

—k / ((p1. [p2ps)') — (W [p2spal)) d8 + cyclic perms

—k / (b1, [Py pal) + (pr o2, P4) — (@ [p2opal)) d8 + cyclic perms.

Using the antisymmetry of (-, [-,-]), this becomes:

k/(<p/2v [p3,p1]> + <p/3) [pl’p2]> - <p/1’ [p27p3]>) df + cyclic perms.

The last two terms cancel when we add all their cyclic permutations, so we are left
with all three cyclic permutations of the first term:

: / (B} 2, Pol) + (s [P p)) + (s [pr, pal}) .

If we apply integration by parts to the first term, we get:

k/(—(ph[p’z,psb — (p1, [p2, P5]) + (Ph, [p3, p1]) + (05, [p1, p2])) dO +
k(p1(2m), [p2(27), p3(27)]).

By the antisymmetry of (-, [-,]), the four terms in the integral cancel, leaving just
k(p1(27), [p2(27), p3(27)]), as desired. O

Next we show that the strict kernel of ¢: Prg — gi is £Qg:

Lemma 5.5. There is a Lie 2-algebra homomorphism
A EQg — Pry,

that is one-to-one both on objects and on morphisms, and whose range is precisely
the kernel of ¢: Prg — gk, both on objects and on morphisms.
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Proof. Glancing at the formula for ¢ in Lemma 5.4, we see that the kernel of ¢ and
the kernel of ¢; are both Q2g. We see from Lemma 5.2 that these are precisely the
spaces Vp and V in the 2-term Lo.-algebra V corresponding to £(g. The differential
d: ker(¢1) — ker(¢g) inherited from £Qg also matches that in V: it is the identity
map on g.

Thus we obtain an inclusion of 2-vector spaces A: £Qg — Prg. This uniquely
extends to a Lie 2-algebra homomorphism, which we describe in terms of its corre-
sponding L..-homomorphism:

Ao(f) = £

2
No(f,£2) = (0, 2k / (1, 64) do)
0

where ¢, 01,05 € Qg, and the zero in the last line denotes the zero loop.
To prove this, we must show that the conditions of Definition 2.7 are satisfied.
We first check that A is a chain map, i.e. that this square commutes:

994d>§lg

— 4

Org———— Pog

where d is the identity and d’ is the composite given in Proposition 4.2. To see this,
note that d'(A1(¢)) = d'(¢,0) = £ and \o(d(¥)) = Xo(£) = £.

We continue by verifying conditions (3)—(5) of Definition 2.7. The bracket on the
space V) is strictly preserved by Ag, which implies that the right-hand side of (3) is
zero. It remains to show that the left-hand side, d'(A2(¢1,£3)), is also zero. Indeed,
we have:

d'(Na(l1,0)) =d <0, —2k/<€1,€’2> d0> =0.
Next we check property (4). On the right-hand side, we have:

AM(l2(l1,€2)) — l2(Mo(41), A1 (£2)) = ([¢1,£2],0) — ([51752]7%/(51’59%)
- (0,—2k/<£1,£’2>d9).
On the left-hand side, we have:
No(lr, d(£2)) = Nal(r, £2) = (O,—2k/<£1,£’2> d8).

Note that this also shows that given the chain map defined by Ay and \;, the
function Ao that extends this chain map to an L..-homomorphisms is uniquely
fixed by condition (4).



Homology, Homotopy and Applications, vol. 9(2), 2007 128

Finally, we show that Ay satisfies condition (5). The two terms involving I3 vanish
since A is a map between two strict Lie 2-algebras. The three terms of the form
Ia(Mo(+), A2(+, ) vanish because the image of Ay lies in the center of Qpg. It thus
remains to show that

A2(l1,12(la, £3)) + A2(l2,l2(f3, £1)) + A2(f3,l2({1, £2)) = 0.
This is just the cocycle property of the Kac—Moody cocycle, Equation (10). O

Next we check the exactness of the sequence

OHEQQL'PkngkHO

at the middle point. Before doing so, we recall the formulas for the L.,-homo-
morphisms corresponding to A and ¢. The L.,-homomorphism corresponding to
A: EQg — Prg is given by

No(£) = ¢
/\1(6) = (éa 0)

27
A2 (01, 02) = (0, —Qk/ (01, 04) db)
0

where £, 1,05 € Qg, and that corresponding to ¢: Prg — gi is given by

do(p) = p(27)
D1l c) =c

27
$2(p1,p2) = k/o ((p1,ph) — (P, p2)) dO
where p, p1,p2 € Pog, £ € Qg, and ¢ € R.
Lemma 5.6. The composite
£0g 2 Prg 2 g

is the zero homomorphism, and the kernel of ¢ is precisely the image of A, both on
objects and on morphisms.

Proof. The composites (¢ o A)g and (¢ o A); clearly vanish. Moreover (¢ o \)y van-
ishes, since

(poN)2(l1,€2) = P2(Ao(f1), Ao(f2)) + d1(A2(f1,£2)) by (6)
= ¢2(l1,02) + ¢1(0, —2k/(€1,€’2>d9)
—k [ty (65, do — 2k [ (61, a0
-0

with the help of integration by parts. The image of A is precisely the kernel of ¢ by
construction. O



Homology, Homotopy and Applications, vol. 9(2), 2007 129

Note that ¢ is obviously onto, both for objects and morphisms, so we have an
exact sequence

0 — EQg—5Prag -2 gr — 0.

Next we construct a family of splittings ¥ : gr — Prg for this exact sequence:

Lemma 5.7. Suppose
f:10,27] - R
is a smooth function with f(0) =0 and f(2m) = 1. Then there is a Lie 2-algebra
homomorphism
¥ gk — Pro
whose corresponding L..-homomorphism is given by:
Yo(x) =xf

Y1(c) = (0,¢)
Vo (21, 22) = ([21, 22)(f — £7).,0)

where x,x1,x2 € g and ¢ € R.
Proof. We show that 1 satisfies the conditions of Definition 2.7. We begin by show-
ing that v is a chain map, meaning that the following square commutes:

R—— >3

Y1 Yo

Qg ——— Pg

where d = 0 since g, is skeletal and d’ is the composite given in Proposition 4.2.
This square commutes because 1 (d(c)) = 1o(0) = 0 and d’'(¢1(c)) = d'(0,¢) = 0.

We continue by verifying conditions (3)—(5) of Definition 2.7. The right-hand side
of (3) equals:

Yo(la(@1,22)) — la(Po(x1), %0 (22)) = [w1, 2] (f — f?).-
This equals the left-hand side d’'(w2(x1,22)) by construction.
The right-hand side of (4) equals
U1(la(z,¢)) = la2(vho(2),901(c)) = ¢1(0) = la(xf, (0,¢)) = 0

since both terms vanish separately. Since the left-hand side is ¥9(z, dc) = 2 (z,0) =
0, this shows that 1) satisfies condition (4).

Finally we verify condition (5). The term I3(¢o(-),%0(-),%0(+)) vanishes because
Pr.g is strict. The sum of three other terms vanishes thanks to the Jacobi identity
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VYo(21,l2(w2, 03)) + Pa(w2, l2 (23, 71)) + 2(23,l2(21, 72))

= (o, o2 )] + [, o3, 2] + [, [ar, 2al]) (f = £2), 0)

— (0,0).

Thus, it remains to show that:

— 1 (I3(x1, 22, 23)) =
la(to(x1), ¥2(w2, 3)) + l2(Yo(22), Y2(23, 21)) + l2(o(73), Y2 (w1, 22))-

This goes as follows:
la(o(21), Y2 (22, 73)) + l2(Yo(22), Y2 (23, 1)) + l2(o(23), P2(21, 2))
2m
=(0,3-2k , [z2, — ) do
(0320 [ Gor.loasaal) 517 - £ @0)
= (0, —k(x1, [x2, x3])) by the calculation below
= —1(l3(21, 72, 73)).

The value of the integral here is universal, independent of the choice of f:

”fq—f%we=/wkﬂmﬁw»—%%@fw»d9
0 0
1 2 1
=573~ % =

The final step in proving Theorem 5.1 is to show that ¢ o is the identity on
gk, while ¥ o ¢ is isomorphic to the identity on Prg. For convenience, we recall the
definitions first: ¢: Prg — gi is given by:

do(p) = p(2m)
¢1(L,c)=c

27
$2(p1,p2) :k/o ((p1,p5) — (P}, p2)) df

where p, p1,p2 € Pog, £ € ﬁk\g, and c € R, while ¥: g — Prg is given by:

Yo(x) =
Pi(e) = ( c)
Ya(z1,22) = ([1’1,1’2](f f ),0)
where x, 21,29 € g, ¢c € R, and f: [0,27] — R satisfies the conditions of Lemma 5.7.

Lemma 5.8. With the above definitions we have:
e p o is the identity Lie 2-algebra homomorphism on gi;

e 1) o ¢ is isomorphic, as a Lie 2-algebra homomorphism, to the identity on Pyg.
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Proof. We begin by demonstrating that ¢ o ¢ is the identity on gj. First,
(pov)o(x) = do(Yo()) = do(2f) = f(27) =z,
since f(2m) = 1 by the definition of f in Lemma 5.7. Second,
(@o)i(c) = ¢1(¥1(c)) = ¢1((0,¢)) = c.
Finally,

(pov)a(xr,x2) = d2(ho(x1),%0(2)) + d1(P2(21,22)) by (6)
= da(@1f,22f) + d1(fwr, 22)(f — f7),0)

= k/(<$1fa$2f/> —(z1f 2 f))dO + 0

— Konas) [(£F = 1) ds
=0.
Next we consider the composite
Yo¢: Prg— Prg.
The corresponding L..-algebra homomorphism is given by:

(¢ 0 @)o(p) =p (2m)f
(Y ogh(lc)=(0,¢)

wwammg—(m@ﬂmx%Mfﬁxk/«mma@;m»d@

where again we use equation (6) to obtain the formula for (i) o ¢)s.
For this to be isomorphic to the identity there must exist a Lie 2-algebra 2-
isomorphism

T:pog=id

where id is the identity on Prg. We define this in terms of its corresponding L,-2-
homomorphism by setting:

7(p) = (p — p(27)f,0).

Thus, 7 turns a path p into the loop p — p(27) f.
We must show that 7 is a chain homotopy satisfying condition (7) of Defini-
tion 2.8. We begin by showing that 7 is a chain homotopy. We have

d((p)) = d(p—p2n)f,0) =p—p(2n)f
=ido(p) — (¢ 0 ¢)o(p)
and
r(d(t,c)) = () = (£,0)
=idi(4,c) = (Yo @)1({,¢)

so 7 is indeed a chain homotopy.
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We conclude by showing that 7 satisfies condition (7):
(¢ 0 @)a(p1,p2) = 12((¥ © §)o(p1), T(p2)) + L2(7(p1), p2) — T(l2(p1, p2))-

In order to verify this equation, we write out the right-hand side more explicitly by
inserting the formulas for (1) o ¢)s and for 7, obtaining

l2 (pl (27T)fa (p2 - p2(27T)f, O)) + 12((p1 - p1(271')f, O)a p2)
= ([p1, p2] = [p1(27), p2(2m)] £, 0).

This is an ordered pair consisting of a loop in g and a real number. By collecting
summands, the loop itself turns out to be

[p1(27), p2(27)](f — fz)-

Similarly, after some integration by parts the real number is found to be

27
K / ((p1, ) — (P pa)) db.

Comparing these results with the value of (¢ o ¢)2(p1, p2) given above, one sees that
7 indeed satisfies (7). O

6. Conclusions

We have seen that the Lie 2-algebra gj is equivalent to an infinite-dimensional
Lie 2-algebra Prg, and that when k is an integer, Prg comes from an infinite-
dimensional Lie 2-group PrG. Just as the Lie 2-algebra gy, is built from the simple
Lie algebra g and a shifted version of u(1);

0—bu(l) —gr —g—0,
the Lie 2-group PG is built from G and another Lie 2-group;
1—L,G—P,G—G—1
whose geometric realization is a shifted version of U(1);
1— BU(1) — |PvG| — G — 1.

None of these exact sequences split; in every case an interesting cocycle plays a role
in defining the middle term. In the first case, the Jacobiator of gy, is kv: A3g — R.
In the second case, composition of morphisms is defined using multiplication in
the level-k Kac-Moody central extension of QG, which relies on the Kac-Moody
cocycle kw: A2Qg — R. In the third case, |P,G| is the total space of a twisted
BU(1)-bundle over G whose Dixmier-Douady class is k[v/2r] € H3(G). Of course,
all these cocycles are different manifestations of the fact that every simply-connected
compact simple Lie group has H?(G) = Z.

We conclude with some remarks of a more speculative nature. There is a theory
of ‘2-bundles’ in which a Lie 2-group plays the role of structure group [4, 5]. Con-
nections on 2-bundles describe parallel transport of 1-dimensional extended objects;
e.g. strings. Given the importance of the Kac—-Moody extensions of loop groups in
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string theory, it is natural to guess that connections on 2-bundles with structure
group PG will play a role in this theory.

The case when G = Spin(n) and k =1 is particularly interesting, since then
|PrG| = String(n). In this case we suspect that 2-bundles on a spin manifold M
with structure 2-group PG can be thought as substitutes for principal String(n)-
bundles on M. It is interesting to think about ‘string structures’ [21] on M from
this perspective: given a principal G-bundle P on M (thought of as a 2-bundle with
only identity morphisms), one can consider the obstruction problem of trying to lift
the structure 2-group from G to P;G. There should be a single topological obstruc-
tion in H*(M;Z) to finding a lift, namely the characteristic class p; /2. When this
characteristic class vanishes, every principal G-bundle on M should have a lift to
a 2-bundle P on M with structure 2-group Py G. It is tempting to conjecture that
the geometry of these 2-bundles is closely related to the enriched elliptic objects of
Stolz and Teichner [26].
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