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ON THE HOMOTOPY TYPE OF A CHAIN ALGEBRA
MAHMOUD BENKHALIFA

(communicated by James Stasheff)

Abstract

Let R be a P.I.D and let A be a dga over R. It is well-known
that the graded homology modules H,(A) and Tor?(R,R)
alone do not suffice (in general) to determine the homotopy
type of the dga A. J.H. Baues had built a more precise invari-
ant, the “certain” exact sequence of Whitehead associated with
A. Whitehead had built it for CW-complexes. In this work we
explore this sequence to show how it can be used to classify
the homotopy types of A.

1. Introduction

The classification of homotopy types is a classical and fundamental task in ho-
motopy theory. There are only a few explicit results in the literature (see [4], [6],
[7], [8], [9], [12], [17]) within the context of finite polyhedra and (see [4], [5], [6],
[11]) within the context of differential graded algebras and differential graded Lie
algebras. Recall that the existence of the models of Adams-Hilton [1], Anick [2], [3]
and Quillen [16] justify the geometrical interest of these types of algebras.

Let R be a principal ideal domain P.I.D. We denote by DG A, (flat) the category
of R-flat, differential, graded, associative, augmented and connected algebras (dga).
Recall that DGA.(flat) is a cofibration category [5, 6], so an object cylinder is
well defined in this category; hence we can define the notion of homotopy.

In [18] J.H.C. Whitehead has introduced a “certain” exact sequence associated
with a simply connected CW-complex and derived the classification of 4-dimensional
simply connected CW-complexes. After these results J.H. Baues proved, in [5], that
the Whitehead sequence exists also for a dga A and showed that this sequence can
establish a classification of the homotopy types of 4-dimensional simply connected
dgas.

Let V = (V;)i>0 be a graded module, with V5 = 0. The tensor algebra T'(V)

is the graded algebra whose underlying graded module is the graded sum @ V&
n=0

(here V®0 = 0). We say that a dga A is free if, forgetting differentials, one has
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A = T(V) for some V. In this case the differential on A is determined by its
restriction V' — T'(V) and the graded module of indecompsable of A is isomorphic
to V.

A dga-morphism f : A — B is called a quasi-isomorphism if the induced morphism
H.(f): H.(A) — H.(B) is an isomorphism.

In [5] Baues showed that for each object A of DGA,(flat) there exists a quasi-
isomorphism (T'(V'),d) — A. The tensor algebra (T'(V),d) is called a model of A.
It is not unique up to isomorphism but it is unique up to homotopy.

Let (T'(V),0 be a model of A, then the Whitehead exact sequence associated
with A is the following long exact sequence:

- = Tord, o (R, R) 3 T, — H,(A) — Tor’,, (R, R) =& ...
Recall that Tor2(R, R) = H,.(s~'V,d), where s~! is the desuspension graded ho-
momorphism and where d is the linear part of the differential 0 (see [4, 5]).
Recall also that I';, is defined by setting:

Ty, =ker(Hp(T(Vgn)) — Va).

In this paper we study the problem of the classification of homotopy types in
the category DG A, (flat). How we can recognize the homotopy type of an object in
DGA . (flat) and how we can compute the number of homotopy types of a certain
object in DG A, (flat) satisfying some given data?

Our tool to address this problem is the Whitehead exact sequence. Indeed this
sequence can be taken apart to give the following characteristic elements which we
call the I'-system associated with A:

- a graded module Tor/\, (R, R),

- a family of homomorphisms (by42)n>2, where by, 4o : Torﬁ+2(R, R)—T,,

- a family of extensions (i (m,) € Ext(Tor, (R, R), coker b”+2))n>2 ,
Ext(ker,, 41, cokerb,12) denotes the extension represented by the short exact se-

where m,, €

quence coker b, 19 — H,,(A) — kerb,11 and where ker b, 11 < Torf_H(R, R).

We start by defining an algebraic category denoted I'. Roughly speaking each
object of this category is the I'-system associated with a certain free dga. Then we
define a surjective function:

F: ObDGA, (flat),/~ — ObT,

by using the I'-system associated with A. But unfortunately the function F' is
not a functor since it is not natural with respect to dga morphisms. Therefore,
to make this correspondence natural, we introduce the subcategory TDGA , (flat)
of DGA, (flat) whose morphisms are the dga morphisms « satisfying the condition
(3.3) and thereby F becomes a functor DGA.(flat),/~ — I' which satisfies the
properties of a “detecting functor”, a notion introduced by H.J. Baues in [5], which
implies that the functor F' induces the following results:

Theorem 1. Two objects A and B in DGA., (flat) have the same homotopy type
if their I'-systems are isomorphic.
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Theorem 2. Homotopy types in the category TDGA, (flat) /~ are in bijection
with the classes of isomorphisms of objects in the category I

Moreover, we have:

Theorem 3. Two objects A and B in TDGA (flat) have the same homotopy type
if and only if their Whitehead exact sequences are isomorphic.

If the condition (4.1) is satisfied, we can identify the category DGA.,(flat) with
its subcategory TDGA . (flat). Therefore, under this condition, we conclude that
theorems 2 and 3 are also true in DGA, (flat).

The functor F' is surjective on objects then for every I'-system there exists a
free dga (T'(V),d) such that F((T(V),0)) = I'-system. When R is a field of any
characteristic we show that the dga (T'(V),9) coincides with the minimal model
defined in [10]. So the notion of I'-system is probably the best substitute for the
minimal model in the case of differential algebras over a P.I.D R, rather than over
a field.

In the last section we treat a particular case where the definition of the category
I may be simplified. Indeed when the dga A is an object of TDGA3"*2(flat) (the
subcategory of TDGA ,(flat) of which the objects are those satisfying the relations
Tor(R,R) = 0 for i < n and i > 3n + 3) we can denote the graded module T,
simply by the graded module Tor2(R, R). Then we define an algebraic category
'37+2 and a functor:

E3+2 . TDGA32(flat) /.~ — [3n+2

and we show that F>"*2 is also a “detecting functor”. Hence we derive the following
homotopy classification theorem in TDGA3"+2(flat):

Theorem 4. Homotopy types of objects in TDGA3"+2(flat) are in bijection with
the proper equivalence classes ( see definition 15) of tuples (bspi2, Tany -vey Dant2, Tan)
where byra € Hom(Hyy2,T%) and where m, € Ext(Hp41,cokerbgia) for each
k < 3n.

This article is organized as follows. In section 2, the Whitehead exact sequence
associated with a dga is defined and its essential properties are given. Section 3
is devoted to the I'-homotopy systems of order n, a notion needed to define the
category I'" and to introduce the functor F' and therefore to announce the main
results in section 4. We conclude with some geometric applications and examples in
section 5.

2. Whitehead exact sequence associated with a dga

In this section we give the definition and the essential properties of the Whitehead
exact sequence associated to an associative differential graded algebra. Recall that
Baues has constructed this sequence for dgas in [5] and he proved that it is an exact
sequence.
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Let A be a dga and let (T'(V'),0) be a model of A. Form the following long exact
sequence:

= Ho(T(Ven)) 25 Vo 225 o (T(Vepo1)) = -
where the connecting (3, is defined by:

Bn(vn) = 0(vn), (2.1)
where 0(vy,) € Hy—1(T(Vgp—1)) is the homology class of the (n — 1)-cycle d(vy,) €
T—1(Vgn—1), we define the graded module (I'y),>2 by setting:

T, = ker(Hp(T(Vn)) -2 V). (2.2)
Recall that the linear part d of the differential O is given by:
dn+1 = jJp-10 Bn Vn > 2. (23)

The Whitehead exact sequence associated with the dga A is by definition ( see [5])
the following long exact sequence:

e Torj:‘+2(R, R) e r, — H,(A) — Torf_H(R, R) s
where b, 12(Z) = Bni1(2).
Remark 1. Since V,, is free, for each n > 2, from the short exact sequence:
L= Hy(T(Vgn)) — ker B, C Vy,
we deduce that:
H,(T(Vgyn)) 2Ty, @ ker G, (2.4)

and in terms of the differential dyto @ Vg1 — Vi, we deduce the following decom-
position:

Vig1 = (Imdpq2) @ kerdyyo, (2.5)

where (Imd,y2)" C Vpy1 is a copy of Imd, 1o C V,. Therefore the short exact
sequence:

dn
(Imd,5) — kerd, 1 — Torl, (R, R),

is a free resolution of the module Tor} (R, R).

- Since dpyo ((Imd,,42)") C ker 3, then the short exact sequence:

dnt2

(Imd,y2) — ker B, — kerb,y1, (2.6)
is a free resolution of the sub-module ker b, 41 C Tori, | (R, R).
- According to the relations (2.5) and (2.4), if (zn12,0)ses and (Iny2,0/)orcy de-

note respectively the basis of the free modules ker d,, 1o and (Imd,y2)’, the formula
(2.1) can be written :

ﬁn+1(zn+2,o’ + ln+2,a’) - bn+2<zn+2,0) + Pn (ln+2,a’) + dn+2 (ln+2,a’)7 (27)

where @, : (Imd,4+2) — Ty, is a homomorphism given by the differential in O.
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Proposition 1. Let A be a dga, then for each n > 2, we have:
coker b, 1o @ ker (3,

H,(A) = 2.8
(4) Ime, & Imd, 1o (2:8)
where:
Zn: (Imdy,q0) 23 Ty —coker by, 4.
Proof. Let (T'(V),9) be a model of A. From the following exact sequence:
Vi 25 Ho(T(Ven)) = Ho(T(Venin)) = 0.
and the relation (2.4) we get:
Iy, @ ker 3,
H,)(T(Veysy)) = 2200 2.9
(T(V<n+t1)) T G0y (2.9)
Substituting the relation (2.7) in the formula (2.9) we get:
Iy, & ker 3,
H(T(Venyi1)) = , 2.10
( ( <+1)) Imcpn+1mbn+2+1mdn+2 ( )
but T'(V) is a model of A, so:
Hn(T(Vent1)) = Ho(T(V)) = Hn(A),
thus the relation (2.10) can be written as:
coker by, 2 @ ker 3,
H,(A) = H,(T(V)) = ,
() B, (1(v)) = e
as desired. O

It’s well know that the Whitehead exact sequence is natural with respect to
dga morphisms; namely, a dga morphism f : A — B induces the following useful
commutative diagram:

.. = Tord (R,R) "S5 TA — H,(A) — Tord (R,R) "5 ..

n+1
f f f
(4) Tor! (R, R) +i H.,(f) Tor! (R, R)

bil+2 bil+1

oo Toriz (R,R) “5TE — H,(B) — Torfﬂ(R, R) = ..

where %Jf : T4 — T'B is the graded homomorphism induced by the dga morphism
f- The commutativity of the above diagram induces the formula:

(Torfs (B R)) (HA(B)) = (W) ([Ha(A)), (2.11)

where [H,(A)] € Ext(ker b1, cokerby2), [Hn(B)] € Ext(kerbj, ,,, cokerb;, ,,) and
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where:

(T or!

TR, R)) : Ext(ker by, |, coker by, , 5) — Ext(ker by 41, cokerd), ,,)

()« : Ext(ker by 11, coker by, 4 5) — Ext(ker b, 1, coker blia)-
Remark 2. Formula (2.11) means the following:
consider:
(Imd,,12) 482 yer Bn —» kerb, 1
.
(Imd,,,,)" " ker 3], — kerb),,,

as two free resolutions of ker b, 1 and ker b, respectively. To the given extensions
[H,(A)], [H.(B)] and homomorphisms v}, T0r£+1(R, R) there correspond the fol-
lowing diagrams:

A2 dn42
(Imdy,12) 2 ker B, — ker b1 (Imdy42) " ker B, — ker b1
Pn Ent2
v Y d;l+2
coker by, 41 (Imd;, )" — ker ) — kerb;
7 o
Y Y
coker by, coker by, |

where [on] = [Hn(A)] , [¢),] = [Hn(B)] and where 772 (respectively &,42) is the
homomorphism induced by v/ (respect. by T07"£+1(R7 R)) on the quotient module
coker by, 1o (respectively on the sub-module (Imd,2)").

The homomorphisms(i,). and (Tor£+1(R, R)) satisfy the following relations:

(). ([H(A) = bl o 2]

(Tor] ;1 (R, R)*([Hn(B)]) = [¢], 0 &nsal,

so the formula (2.11) is equivalent to the relation:

[77; 0 Pn] = [}, 0 &nya] in Ext(kerb,q1,coker b, ),

or that there exists a homomorphism g, : ker 3, — cokerl], ,, satisfying the rela-
tion:

’YTfL °¥Yn — 90741 0 &nt2 = gn © dpy2. (2.12)

3. TI'-Homotopy systems of order n and their category

The notion of homotopy systems of order n was defined by Baues in [5] for CW-
complexes. For him a homotopy system of order n is a triple constituting with a



Homology, Homotopy and Applications, vol. 6(1), 2004 115

CW-complex X" of dimension n, a chain complex (C\,d) which coincides with the
cellular chain complex C,(X"™) in dimension below n + 1 and a homomorphism
of abelian groups f,+1 : Cp41 — m,(X™) which satisfies the cocycle condition
fn+1 o dn+2 =0.

In this section we introduce the notion of homotopy systems of order n for dgas
and their morphisms. Although this definition is completely different from Baues
one but they express the same ideas.

Definition 1. Let n > 2. A I'-homotopy system of order n is a triple
(T(V,0"), bpya, ) where:

1- T(Vgp, 0™) is an R-free graded algebra.

2- (V>1,d.) is a positive chain complex.

3- b2 is a homomorphism of modules:

bio : Hyyo(s7'Vi) = Ty € Ho(T(Viy)).
4- T 18 an extension such that:

Tp € BExt(H,11(s7 Vi), coker by, 12).

Recall that the R-module T, is given by the formula (2.2) and recall that s=1 is
the desuspension graded homomorphism.

Definition 2. A morphism between two T'-homotopy systems (T(V,0™), byp12, )
and (T(W,6™),b,, .o, m,,) of order n is a pair (§,a™) such that:
a : T((Vgp, 0™)) = T(Wgp,0™)) is a dga-morphism,
& s W, — sT'W, is a chain map such that:
H;(&,) =Tor®" (R, R),Vi <n+1,

satisfying the following two conditions:
1= bl 00 Hypa(&s) = 'Vgn 0 b2
2 = [Hng1 (8] (m) = (9 ) (),
where the homomorphism %(f" 18 induced by o™ and where:
[Hpy1 (€] Ext(Hypq (s~ W), coker bl ) — Ext(H,41(s™ Vi), coker ), ,)
(V" )yt Ext(Hypy1 (s~ V4), coker byyo) — Ext(Hpy1 (s~ V,), coker b, ia)-

Remark 3. As in the remark (2), the last condition means the following:
Put Hy, 11 = Hy,y1(s7 V) and H ., = H,11(s7W.) and consider:

n
/ dn+2
(Im dn+2) —" ker dnJrl —» HnJr]
dl
/ r “nt2 U !
(Imd},,5)" = kerd, ., - H, _,

as two free resolutions of Hy41 and H) , respectively. To the given extensions m,
and 7!, and homomorphisms v, Hy41(E,) there corresponds the following diagram:
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dn+2 dn+2
(Im dn+2)/ — ker dn+1 - Hn—i—l (Im dn+2)/ — ker dn+1 - Hn—i—l
©On £n+2
' ! ! !/ d:Z+2 U U
coker by, 41 (Imd;,,5)" — kerd, , - H,
— .
Tn ©h
Y Y
coker by, coker by,

where [Fr) = T, [¢h)] = 7, and where Y& is the homomorphism induced by 42"
on the quotient module coker by, 2.
The homomorphisms (72", and [Hp41(&4)]

( _

(8" )« (mn) = 12" © Pl
[Hrg1 (&))" () =[], © Ensal-

So the second condition is equivalent to the existence of a homomorphism h,, :
ker d,, 41 — cokerb;, 5 satisfying the relation:

satisfy the relation:

*

*ygo@—@ogn_ﬂ = hpodpya. (3.1)

Denote by H,, the category of I'-homotopy systems of order n and their mor-
phisms.

Definition 3 (see [5]). Let (i, a™) and (&, ™) be two morphisms in the category
H,. We say that they are homotopic in H, and we write (&, a™) ~ (&,a™), if
a™ and o'™ are homotopic as a dga morphisms and if there exist homomorphisms
okr1: (7)) — (s71W)ky1, k = n, such that:

fk—fzzokodk+d%+1oak+1,k>n—|—l.

Denote by H,, /'~ the category whose objects are those of H,, and whose mor-
phisms are the homotopy classes {(&,, a™)} of morphisms (&, a™) of H,,. We denote
also by H2! the subcategory of H, whose objects are the I'-homotopy systems
(T(V,0™), bpta,m,) of order n such that V; =0 for all i > n + 2.

3.1. Definition of the functor F**!
The Whitehead exact sequence introduced in the previous section allows us to
define a function:

F, : OBDGA,(flat) /~ — OBH,, /~,

as follows :
let (T(V,0) € OBDGA.,(flat) /~ and let:

— Tork (R, R) "2 T,y — Ho(T(V)) — Tort () (R, R) "2 ..
be the Whitehead exact sequence associated with T'(V).
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This sequence gives us a homomorphism by,,42 : Torz;_%) (R,R) — T',, and a short
exact sequence coker b1 — H,(T(V)) — ker b,41. But according to relation (2.8)
we have:

coker by, 12 @ ker 3,

H,(A) = ,
(4) Im®, +Imd, 12

where ¢, : (Imd,, 1)’ o I 2 cokerby 1.
Since the relation (2.3) implies ker 3, C ker d,, 11 we set:
coker by, 42 @ ker dy 41

— . 3.2
i Im 7, + Im dpo (3:2)

Therefore, m, € Ext(Toij_‘{)(R, R), coker b, y2). We define F;, by:

Fo(T(V)) = (T(V,0"), bny2,Tn)-

We now wish to define F,, on dga morphisms by setting F,(a) = Tor?(R, R),
but unfortunately this definition is not natural with respect to dga morphisms since
we have seen that if « is a dga morphism then the induced graded homomorphism
Tor? (R, R) implies the formula (2.12). But as we know, in order to be a morphism
in H,, a graded homomorphism f, should satisfy the formula (3.1).

Therefore to make this correspondence natural with respect to dga morphisms,
we define TDGA . (flat) as the subcategory of DGA . (flat) whose morphisms are
the dga morphisms « satisfying the following condition: for all n > 2 :

(V& 0 @n] = [l © Enya) in Ext(TorZ_E_‘{)(R7 R), cokerb;, ). (3.3)

Note that this condition is trivial when we work over a field of any characteristic.
Thus we define the functor:

F, :TDGA.(flat) /'~ — Hy  ~,
by setting:
Fo(T(V) = (T(V,0"), bny2, ™)
Fo({a}) = {(&, ™)}

where o™ denote the restriction of the dga-morphism « on T'(Vg,,d") and where
the &, is the chain transformation induces by the dga-morphism « on the indecom-
posables.

Corollary 1. The condition (3.3) implies that the morphism (., a™) satisfies the
second condition which define the morphisms in H,,.

Let DGA»2(flat) be the subcategory of DG A, (flat) on which the objects A
are those satisfying the relation Tor*(R,R) =0, Vi > n + 3.

Remark 4. If A is an object of the category DGA»2(flat) then a model TV 41,0)
of A can be chosen such that V; =0 for each i > n + 2. Therefore Torﬁ+2(R, R) =
ker d, 1o C Vyp1. So Torid, o(R, R) is free.
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We can also consider the functor:
F' . TDGA?2?(flat) /~ — H2T! /.,
given by the formula:
Fy (T (Ven1,0)) = (T(Vans1,0"), bngz, m)
Fptt({a™1}) = {(&. 0"},

which is the restriction of the functor F,, to the subcategory TDGAR*2(flat) /~
of DGA,(flat) /~.

3.2. Properties of the functor F"*!
Now we approach the study of the functor F+1.

Theorem 5. A morphism o : T(Vgpi1,0) — T(Wgpi1,0) in TDGART2(flat) is
a quasi-isomorphism if and only if "1 () is an isomorphism in HRHY /.

Proof. Recall that by definition of the functor F"*! we have the formulas:

FrTLhLl(T(Vgnﬂle a)) = (T(V<n+17 an), bn+27 7rn)
Fpt (T (Wens1,0)) = (T(Went1,6"), 000 7,),

n

and the relation:
Torl V<) (R R) = H, (s 'Vepi1,d.)
Tort W< )R R) = H, (s *Wepi1,d.).
So if F"*1(a) is an isomorphism in H?*! /. then we deduce that the graded
homomorphism:

Tor?(R, R) : Tort "<"*Y(R, R) — Torl "<"+(R, R),

is an isomorphism and then we apply the classical theorem of Moore [13, 15] which
asserts that a dga morphism f in DGA,(flat) is a quasi-isomorphism if and only
if Tor! (R, R) is a quasi-isomorphism as a chain morphism. O

Theorem 6. For each I'-homotopy system (T (Vepi1,0m), bpta, ) in H2TL there
exists a free dga T(V<pi1,0) in DGART2(flat) such that:

EH T (Veng1,0)) = (T(Veng1, 0™, buya, m0)

Torp 55 (R, R) = Hoyao(s™ Vensn).

Proof. Consider:
dn42

(Imd,,42) — ker 3, — kerb, 41,

as a free resolution of ker by, ;1. The inclusion ker by, 41 < H, 11 (s~'V,) implies the
homomorphism:

Ext(H, 41 (571 Vi), coker by, 12) LN Ext(ker b, 11, coker by, y2).
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Therefore for the given extension 7, € Ext(H,1(s~'V),cokerb,2) and the ho-

momorphism b,,;, there exist homomorphisms fi,,+2, ¢, which make the following
diagram commutative:

0
}
% (Im dn+2)l
ker dy, 42 Hnt2 Zn(T(Vén)) l

lpr ~ ker 3,

bn+2 Pn

I',, — coker by, 42 ker by, 41

where [@r] = s (mh).
Using the decomposition of the module V;,11 = (Imd,12)’ @ker d,, 12 in the relation
(2.5), we define 0 on T'(V<p41) by the formulas:
8n-i-l (Zn+2,0' + ln+2,a’) - dn+2(ln+2,a’) + @n(ln-&-Q,a/) + Mn+2(zn+2,a)
3<n = gna
where (2p12,5)0ey> and (ln+2,0/)alez/ denote respectively bases of the free sub-

modules ker d,, 2 and (Imdy,42)’.
Note that by the above diagram the element:

Wn(ln+27o’) + /~‘n+2(zn+270) € Zn(T(VSTL))v

hence 8T<\Ln((pn(ln+27o"> + ,U/n-‘r2(zn+270)) =0.
Since 92, (dn+2 (ln+2,07)) = dn+1 (dn+2(lnt2,07)) = 0 we deduce that 9 is a differen-
tial on T(V§n+1)-
It’s easy to see that the Whitehead exact sequence associated with the dga A =
(T'(Vgn+1), 0) can be written:

kerd, o = Tor?,o(R, R) "3 T, — H,(A) — Tor, | (R,R) — ---
then according to the definition of the functor F**!, it easy to check that:

F’ZLZ+1(A) = (T(V<n+1,0"), bpt2, mn)
TorZ, o(R.R) = Henpa(s ™ Vens),

and the proof is completed. O

Theorem 6 allows us to describe an action of the group
Hom(Tor,TL_E_‘g)(R, R),T,,) on the set OBDGA, (flat) as follows:

Corollary 2. Given a free dga (T(V),0), let byio € Hom(Torz:i‘g)(R, R),T,).
Perturb the differential 0" in the dga (T(V<pi1,0" ) by setting:

a/n+1(zn+2,a + ln+2,0’) = an+1(zn+2,d + ln+2,a”) + Hn+2 (Zn+2,a-)- (34)
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For a given extension m, € Ext(Tor:i‘;) (R, R),cokerb), ,,), also perturb 0" to
obtain a new differential 6" of T(V<yy1) by setting:

6n+1(zn+2,a + ln+2,a') = a/n+1(zn+2,a + ln+2,a’) + dn+2 (ln+2,o") (35)
+¢n(ln+2,a’)7 (3'6)
so that the differential § is defined by the formulas:
§=0"=0" Vi#n4+1
S =0 + dpgo + = 0" diso + o

Definition 4. The dga (T (V<p+1),0) constructed below is called the dga associated
with the T'-homotopy system (T (Vgpt1,0™), bpt2,mp) of order n.

Definition 5. We call the pair (byy2, 7)) an adapted couple for the dga (T (V<y), O™).

Definition 6. A dga morphism o" : (T'(Vgp),0™) — (T(Wg,),0™) is said to be
n-diagonal if o™ maps T(V¢,—1) onto T(Wg,—1) and the direct factor ker d,, 41 of
V.. onto the module W,.

Lemma 1. Ifa" : (T(Vgy,),0") — (T'(Wg,),6™) is n-diagonal then according to the
splitting H,, (T (V<p)) = Ty @ ker by, 41 (respectively. H,(T(Wgy)) =T, @kerb;, ),
the homomorphism:

Hy(a™) : Hn(T(Vgn)) - Hn(T(Wgn))a

splits into:
Hy(a") =73 @ &nsa, (3.7)

where v is the homomorphism induced by o™ on the sub-module T',,, and where
&nt1 @ ker B, — ker B8], is the chain transformation induced by o™ on the indecom-
posables.

Theorem 7. Let (T(Vpy1,0) and (T(Wenyi1,0) be two free dgas in DG A2 (flat)
and let:

(&™) FyH (T (Vent1,0)) = (T (Wens1,0)),

be a morphism in HB2T1 such that o™ is n-diagonal. Then there exists a dga-
morphism A : (T(Vgnt1),0) — (T(Wgpt1),0) such that A is (n + 1)-diagonal
and satisfies:

F;LL—H(A) = Hpt2(&0)- (3.8)

In order to prove the theorem we consider the following diagram:
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VnJrl §n+2 Wn+1
ﬁn+1 :1—&-1
dnt2 H,(a") d,
H,(T(Vn)) - n nt2 , Ho(T(Wgn))
Jn In
Y Y
xin Ent1 . vlvn

- where the left and right triangles commute by the definition of the linear differen-
tials,
- where the lower trapezoid commutes by the definition of the given morphism

—(gvy;ilaerg ,the central square commutes by the definition of &,.
Since jy, (Hik(a") © Bpi1 — Bjpq © §ns2) = 0, then:
Im (Hp(a™) 0 By — 5;&1 0&nto) C T,
We begin by giving the following lemma:
Lemma 2. There exists a homomorphism g, : V,, — I such that
Hp(a") o Bpi1 = Bry1 0&nt2 = gn o dnyr  (mod Imb;, o).

Proof. Since the dga morphism «" is n-diagonal, the relations (2.7) and (3.7) give
us an explicit expression of the homomorphism Hy,(a™) o fn11 — 8,41 0 nye s0 it's

easy to show that:
Hy(a") o Bny1 — 5;4-1 0&nt2 = ’an O Yn — ‘P;«L 0 &nq2-

Since pr o (’y,‘f" © pp — @, 0 fn+2) = v9" 0 B, — ¢l 0 &upe and according to the
condition (2) defining a morphism in the category H,, and remark 3, there exists a
homomorphism g, which makes the following diagram commutative after composi-
tion with the projection pr:

0 (Imdpys) dnt2 ckerd, 1

V" on — Phnta In

I, pr mcoker by o

Since V;,, = (Imd;, ;) ® kerd, 41 then we can extend g, to V, and the proof is
completed. O
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Proof. (of theorem (7))
According to lemma 2 we have:

Hy () o i1 — /6%4-1 0&n+2 — gn 0 dny2 ¢ (Im d;+2) — Im b/n—i—27
or:
(Hn(a) —9n© Jn) o Bpy1 — ﬁiwl 0&ny2: (Im d;wrz) — Im b:z+2-

As a result there exists a homomorphism A, ;1 which makes the upper triangle in
the following diagram commutative:

!
kerd;, o

)\n+1

Vn+l (Hn (™) = gnjn)Bn+1 — Bry1&nt2 , Im b/n+2 C F/n

(a" — h")a — 65,,,4,2 pT

Zn(T(Wsn))

X

where the homomorphism h,, : V,, — Z, (T (Wx,,)) satisfies the relation proh,, = g,
and where Z,,(T'(Wg,,)) is the module of n-cycles of the dga T'(W).

Choose (2n42,0)oes> and (ln12,07 ), Tespectively as bases of the free sub-modules
(Imd,,+2) and ker d,, ;2. Recall that:

Vn+1 = (Im dn+2)/ D (ker dn+2)

By the commutativity of the above diagram, for each 0 € ¥ and ¢’ € ¥/, there
exists an element t,,12 50 € Tnt1(Wgp) such that:
((an = hn)0 = 06n42)(Znt2,0 + lnt2,07) = 0 0 Any1(lnt2,00) (3.9)
+5(tn+2,070’)~
If zni20 + lnt2o € Vot then we define A : (T (Vgny1),0) — (T(Wgny1),9) by
setting:
An+1(zn+2,a + ln+2,0/) = >\n+1(ln+2,a,a/) + tn+2,a,a’ + §n+2 (Zn+2,a + ln+2,a’)

A, =a, —h,

A = oy i #n,n+ 1.
A is a dga morphism i.e. Aod = do A. Indeed, since for each zp42,6 +lnt2,0 € Vi1

we have 0(zni2.0 + lnt2,0) € Zn (T'(Wgy)), then according to the definition of A
we have

Ao a(zn+2,a + ln+2,a’) = (an - hn) o a(zn+2,0' + ln+2,a')7

and, on the other hand, according to the relation (3.9) and the definition of A, we
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have

do An+1(zn+2,o + ln+2,0’) =do )‘n+l(ln+2,0’) +d0 §n+2<zn+2,o + ln+2,a’)
+ 0(tnt2,07)
= ((an —hyp)od—6o £n+2)((zn+2,o + ln+2,o’))
+ 00 &nt2(2nt2,0 + lnt2,0r)
= (an - hn) © 8((Zn+2,cr + ln+2,0’))~

Therefore A is a dga morphism. Finally by the definition, it’s clear that « is (n+1)-
diagonal and satisfies the relation (3.8). O

Following H.J. Baues in [5], let A and B be two categories and let F': A — B
be a functor. We say that F is a “detecting functor ” if the following conditions are
satisfied:

1 -A morphism « : A; — As in the category A is an isomorphism if and only if
F(a): F(A1) — F(Ay) is an isomorphism.

2 - For each object B in the category B, there exists an object A in A such that
F(A) = B.

3 - Let A; and A be two objects in A and let 5 : F(A;) — F(A3) be a morphism
in B, there exists a morphism « : Ay — Ay verifying F(«) = .

We summarize the properties of the functor F"*! in the following result:

Theorem 8. The functor:
F'1 . TDGA*?(flat) /~ — H2T! /.,

is a detecting functor.

4. The category I

4.1. Notion of I'-system and I'-morphism

Roughly speaking, each object of the category I' gives a long exact sequence which
is the Whitehead exact sequence associated with a certain object in DGA.(flat).
Given a graded R-module H,, choose a free chain complex (s~1V,,d) such that
H, = H,(s"'V,,d) .

Definition 7. A I'-system is a triple (Hy, byt2,mn)n>2 where, for each n, (byto,mn)
is an adapted couple (see definition 5) for the dga (T (Vy), ™) which is constructed
from the dga (T (Vg2),d) and the pairs (byto Tk)o<k<n—1 according to theorem 6.

Thus if we iterate this process we find a free dga (T(V'),9) having the following

property:

for each n > 2 we have:
E.((T(V),0)) = (T(V,0"), by g2, ).

Definition 8. The dga (T(V'),0) constructed below is called the dga associated with

the T'-system (Hp, byt2, ) >2.
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Remark 5. The (T(V),0) is not unique but we shall prove later that (T'(V),0) is
unique up to homotopy.

Let (Hp, byt2, Tn)n>2 and (H,,, b}, o, 7}, )n>2 be two I'-systems and let f, : H, — H;
be a graded homomorphism of degree 0. We say that f, is a [-morphism if f, satisfies
the following inductive construction:

let (T'(V),0) and (T'(W),d) be two free dgas associated respectively with the given
I-systems. By virtue of the homotopy extension theorem [14], there exists a chain
transformation &, : (s71V,d) — (s7'W,d’) such that H.(£.) = f.. We begin by

considering the dga morphism o? : (T'(V<a),d) — (T(Wg2),d') given by:
a® =& on Vs
a? = & on V.

Since kerds = Hs we deduce that (&, a?) is a morphism in the category H3 and
it’s clear that a? is 2-diagonal by the definition, so theorem 7 gives a dga morphism
o (T(Vgs), %) — (T(Wg3),82) which is 3-diagonal and such that Tor?s(R, R) =
fi for all ¢ < 4.

Suppose now that we have built a dga morphism:

a" : (T(Ven), 0") = (T(Wgn), 6"),
by using the above process, such that o' is n-diagonal and such that:

Tor®" (R,R) = f; for all i <n + 1.
If we assume that (£,,a™) is a morphism in H?™1  then theorem 7 allows us to
construct a dga morphism o™t : (T(Vgpg1), 0" ) — (T(Wgpg1),6™F1) which is
(n + 1)-diagonal and such that:

n+1

Tory (R,R)= f; foralli <n+ 2.

Thus if we iterate this process for all n > 2 we find a dga morphism « : (T'(V),9) —
(T (W), 0) satistying the following properties:

1- Tor$ (R, R) = f..

2- For each n > 2, (§&,a™) is a morphism in the category H,, where
a™ : T(Vgy),0) = (T(Wgy),d) is the restriction of .

Definition 9. A graded homomorphism f. : H, — H. satisfying the above inductive

condition for each n > 2 is called a T'-morphism.

Definition 10. The dga morphism a : (T(V),0) — (T(W),0) constructed by the
above process is called the dga morphism associated with the I'-morphism f,.

Remark 6. Since Tor$(R, R) = f. we deduce that the dga morphism « constructed
below satisfies condition (3.3). So it is a morphism in the category TDGA . (flat).

4.2. Definition of the category I' and the functor F
Now we are able to give the following definition:

Definition 11. The category I is defined as follows:
Objects: the I'-systems defined in the definition (7)
Morphisms: the I'-morphisms defined in the definition (9)
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Thus we define the functor F': TDGA,(flat),/~ — T by setting:
F((T(V),0)) = (Tor (R, R), b2, mi)io»
F({a}) = Tor®(R, R).

We now give some properties of the functor F' and we show that the functor
satisfies the properties of a “detecting functor”. We begin with the following propo-
sitions:

Proposition 2. Let (T(V),0) and (T(W),§) be two free dgas. If the T'-systems
(Tor,::(v)(R, R),bit2, Tk)k>2 and (Tor,::(w)(R, R), b} o, T k2 are isomorphic in
the category I', then the given dgas have the same homotopy type.

Proof. Let f, : (Torg(v)(R, R),bgt2, Tk)k>2 — (TO’I’Z(W)(R,R),b;€+2,ﬂ'lk)k>2 be
the isomorphism between the two I'-systems and let o : (T'(V),0) — (T'(W),0)
be the dga morphism associated with the I'-morphism f, (see definition 10). Since
Tor?(R,R) = f. and again we apply the classical Moore’s theorem to get the
result. O

Proposition 3. A dga-morphism « is a quasi-isomorphism if and only if F(«) is
an isomorphism.

Proof. Obvious since F'(a) = Tor%(R, R). O

Remark 7. ;From the proposition 3, we conclude that the dga morphism « asso-
ciated to the T'-morphism f, is unique up to homotopy.

Now we are able to announce the main theorem in this paper:
Theorem 9. The functor:
F :TDGA,(flat) /'~ — T,
is a detecting functor.

Proof. Definition 7 implies that to each I'-system is associated a dga (T'(V'), 9) such
that F(T(V)) is the given I'-system. Definition 10 implies that to each I'-morphism
is associated a morphism in TDGA, (flat) which has for image, by the functor F,
the given I'-morphism. We conclude the proof by proposition 3. O

As a consequence of theorem 9 we deduce the following result:

Theorem 10. Homotopy types in the category TDGA (flat) /~ are in bijection
with the classes of isomorphisms of objects in the category I.

Moreover, we derive the following theorem:

Theorem 11. Two objects of the category TDGA.(flat) have the same homotopy
type if and only if their Whitehead exact sequences are isomorphic.

Now we give a relation identifying the subcategory TDGA. . (flat) with DG A, (flat).
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Proposition 4. Let:

. — Tort\V) (R, R) R HA(T(V)) — Tor!" (R, R) butr

b [
oo = Tort (R, R) “3 T, — H,(T(W)) — Torl V) (R, R) =5 ...

be the Whitehead exact sequences associated respectively with two free dgas (T(V'), D)
and (T(W),9). If

TV
- (Torn “)(R,R)

ker b’ = > 2 4.1
kerb, , coker bn+1> 0 for alln > 2, (4.1)

then the condition (3.3) is satisfied.

Proof. ;From the following short exact sequence:

kerd, 1
ker 3,, ’

where i is the inclusion, and by the second isomorphism theorem which asserts that:

ker 3, <, kerd,41 —

kerdpi1 ., TOTZJ(X)(R, R)
ker 3, = kerb,y;

we deduce that:

Ext TOTZJ(X) (R,R) Kor b/ _ Hom(ker j3,, cokerb], ;)
xt | ——————,cokerb, | | =— -
ker b, 41 i*(Hom(ker dp, 11, cokerb;,, ;))

=0. (42

(From the relation (2.12) we know that the homomorphism 77 0 Pn — @l 0 &nt1
satisfies the following relation:

'Y£ o@_ﬂogn+l =gnodni1
where g, : kerfl, — cokerd)_ ,. So the relation (4.2) implies that
gn € i*(Hom(kerd,41,cokerd)  ;)). Hence there exists a homomorphism
hp : kerd,41 — cokerb; ,, such that g, = h, oi. Therefore the relation (4.1)
implies the condition (3.3). O
As a consequence of proposition 4, we derive the following result, which is the
main result in this paper

Theorem 12. If the relation (4.1) is satisfied, then two free dgas (T'(V),0) and
(T(W),6) have the same homotopy type if and only if their Whitehead exact se-
quences are isomorphic.

Corollary 3. If the relation (4.1) is satisfied for all dga (T'(V),0), then we have:
DGA.,(flat) =TDGA. . (flat).

Let k be a field of any characteristic. In [[10], thm 2.3] Baues and Lemaire
establish the following result: for every dga A over k there exists a quasi-isomorphism
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a: (T(V),0) — A, where the differential 9 is decomposable, i.e: 0 : V — T>o(V).
This tensor algebra is called the minimal model of A. It is unique up to isomorphism.
Over a field k, following the construction in definition (7), the tensor
algebra (T's™!(Tor2(R, R)),0) can be taken as the dga associated with the
I-system I'(A). Therefore by theorem 9 there exists a quasi-isomorphism « :
(T(s 'Tor2(R,R)),0) — A, where the differential 0 is decomposable.
The dga (T(s™'TorZ(R,R)),0) is not unique, but the TI-system I'(4) =
(Tor2(R, R)),bpi2)n>2 is unique.

5. The category I'>"2

In this section we treat a partial special case where the notion of the I'-system
may be simplified, even over a P.I.D. Indeed we will show when the dga A is an
object of TDGA32+2(flat) (the subcategory of TDG A, (flat) of which the objects
are those satisfying the relations T'or (R, R) = 0 for i < n and i > 3n + 3, we can
denote the graded module T', simply by the graded module Tor2(R, R) and the
homomorphism bg, 2.

This section is motivated by the following theorem which gives us explicitly the
graded module T'4 which appear in the Whitehead sequence associated with A.

Theorem 13. Let A be an object in DGA3"+2(flat). If we put Hy = Tor{}(R, R),
then we have:

A k—n+1 k—n
I'i= @& Hi®Hp_jz2® & Torr(Hi,Hpp1-3) 2n<k<3n-1

i=n-+1 1=n+1
2n+1 Hy1 @ Hpy1 @ Hyp
FAn = D Hi ® H. n—i > +
3 i=n+1 3 2 (Im b2n+2) & H71+1 + Hn+1 & (IIH b2n+2)
2n
® _7@+1T07"R(Hi7 Hspi1-4)

g =0, k<2n-1.
Proof. Recall that ', is defined, for each i > 2, by the formula:
Iy = ker(Hy(T'(V<i)) — Vi), (5.1)

where (T'(V),d) is a free model of A. Since A is an object of DGA3"*2(flat), we
can choose (T(V), ) such that:

Vi=0ifi<n—1andi>3n+1. (5.2)
Now we filter the dga (T'(V'),d) by setting :
FP = @ Ve,
iZp

—r
* k)

which induces a spectral sequence (E
H.(T(V),9).
According to the relation (5.1), we have

d, ) of the first quadrant converging to

Il = @ ES_;, k< 3n,

>
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from (5.2), we have

h—i = Efkl_ = Hp,(V®d), k<3n—1,

? ?

so for k£ < 3n — 1 we deduce
ik—i = 0fori>2
and we get
Iy = E55_o = He(VE2,d).

Finally by the Kiinneth formula we get
k k—n
Iy = _GjoHi ® Hy—jyo @ _7@+1T07"k(Hi7 Hypt1-4),k <3n—1.

Since H; = 0, i < n then we deduce
Tpy=0,i<2n—1.
For k = 3n, we remark that E3, , =0, > 4 because Ez_sln—l = H3,(V® d), so
we get
L3n = E20,03n72 D nggnf&
Observe that E5%, 5 = E2_,§n—2 = H3,,(V®?) so by the Kiinneth formula we get
s 2n+1 2n
B33y o= @© Hi®@H3, i1v2® @© Torg(Hi, Hzp—iv1)-

i=n+1 i=n+1

To compute ES%, 5, note that we have

d71
-1 2.3n—1 11 -1 .
E2,2n71 - E3,3n73 - E4,3n—5 =0. (5.3)

Applying the Kiinneth formula to (5.3), we get

2n+2 an1

2n+1
@ Hi®Hszp_iy2® @® Torg(Hi,Hsp—iv1) — Hpp1 @ Hypp1 @ Hyyy — 0
i=n+1 i=n—+1

and it’s easy to see that the differential d;?}?%1 is identified with the homomorphism:

dzi,:}znq = bopy2 ®idm,,, + (—1)"idm, ., ® b2,
SO

Imdy 3,y = Imbayyo ® Hugr + Hyg1 ® Imbop o
Finally we get

Hyp1 @ Hypy @ Hypg
Imboyto ® Hyt1 + Hpt1 ® Imboyyo”

and the theorem is proved. O

oo —
Ess, 3=

As a consequence of this result, we derive the following proposition, which is the
version of the Hurewicz theorem in the category DGA" "2 (flat).



Homology, Homotopy and Applications, vol. 6(1), 2004 129

Proposition 5. Let R be a P.1.D and A an object of DGA3™+2(flat). The Hurewicz
homomorphism:

hy, : Hi(A) — Tori 1 (R, R),

is an isomorphism for k < 2n — 1 and surjective for k = 2n.

Proof. One only need apply theorem 13 to the Whitehead exact sequence associated
with the dga A. O

That’s the same result obtained in ([10] ) where R is a field of any characteristic.
The next corollary is a known geometrical version of proposition 5.

Corollary 4. Let X be a (n — 1)-connected (3n + 1)-dimensional CW-complez.
Then the homomorphism:

hk : Hk(QX,R) — HkJrl(X,R),

is an isomorphism for k < 2n — 1 and surjective for k = 2n.

Proof. Tt suffices to apply proposition 5 to the free dga (Tx(V),d~) which is the
Adams-Hilton model of X in [1]. Note that since X is (n — 1)-connected (3n + 1)-
dimensional then the dga (Tx (V),d%) is an object in DGA32*2(flat). O

5.1. Definition of the category I'>»+?2

We recall that H., is said to be n-connected, (3n+ 2)-dimensional graded module
if Hi=0fori<nandi>3n+3.

Definition 12. For each n-connected, (3n+ 2)-dimensional graded module H, and
for each bayyo € Hom(Hapyo, Hyt1 @ Hyy1), we define the graded module T'<s,, by
setting:

I'n=0 k<2n-1
k—n+1 k—n

Il'k= & H, QHp_i12® & TOTR(HiaHkJrlfi) 2n<k<3n—1
i=n+1 i=n-+1
on+1 Hy 1 ®Hpy1 ® Hyyq

F - @ H ® H n—1u @
an i=n-+1 ‘ dn—it2 Im b2n+2 ® Hn+1 + Hn+1 ® Im b2n+2
2n

‘7@+1T07’R(Hi7 H3pp1-4).

I'<3y, is called the graded module associated with H, and the homomorphism bg,, 2.
Note that by theorem 13, FéSn is the graded module associated with T'or (R, R)
and by, o given by the Whitehead sequence associated with A.

Definition 13. For each graded homomorphism f. : H, — H. which makes the
following diagram commutative:
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b
Hoppo 2n+2 » Hyp1 @ Hy
fonyo Jn1 ® fnta
! b/ A A
242
Hjp o nt »Hy @ Hp

we define the homomorphisms y<s, by setting:

e =0 k<on—1
k—n+1 k—n

Y= @ fi®freiva® @ Torr(fi, fut1-i) m<kEL3n—-1
i=n+1 i=n—+1

2n+1 —®R3 2n
Yan= & [i® fan—iza® foy1 @® @& Torg(fi, fant1-i)
1=n—+1 i=n+1

where:
®3 Hypi @ Hypy @ Hyy -
' Imbopio ® Hyp1 + Hpp1 ® Imbay 4o
Hy @ Hy o @ Hyy g
Imbly, ., @ H), 4+ H} , ®Imb,

fn+1

v, is called the graded homomorphism associated with f,.

Proposition 6. Let a: A — B be a morphism in DGA3*+2(flat), then v : T4 —
I'Z is the graded homomorphism associated with Tor®(R, R).

Proof. The proof is very simple but it’s very long. It is just a simple computation
and verification (see [11]) O

Definition 14. The category T'32%2 s defined as follows:

Object: a collection (H., (Dit2,Ti)an<i<sn) Such that:

H., is an n-connected, (3n + 2)-dimensional graded module.

For each 2n < i < 3n, bi1o is a homomorphism of modules H; o — I'; where I'<sy,
is the graded module associated with H.,.

For each 2n < i < 3n, m; € Ext(H;41,coker b;y2).

Morphism: a morphism between two objects (Hi,(bit2,T;))on<i<an and
(H, (bi o, T;))2n<i<sn 15 a graded homomorphism f. : H, — H, satisfying the
conditions:
fira 0 b0 =i 0biya, (fir1)" (i) = (73)« () i < 3n,
where y<3y, s the homomorphism associated with f. and where the homomorphisms
(fir1)", (5i)« are given by:
(72)« : Ext(H, 41, coker b1o) — Ext(H/, ,coker b}, ;)

(fi+1)" : Ext(H;, cokerbj ) — Ext(H;;1,cokerbj 5)

and where 7; is induced by ~y; on coker b;yo.
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5.2. The functor F3"+2
As in the previous section we define the functor:

F3nT2 . TDGA3"%(flat) /. — 372,
by setting:

F3"2(A) = (Tor (R, R), (biy2, ™) 2n<i<sn)

E¥2({a}) =Torl (R, R).
The main result in this section is the following theorem:
Corollary 5. Under the condition (4.1), the functor
F3n 2. DGA32(flat) /. — T30F2

is a “detecting functor ”

Proof. The proof is the same as in theorem 9. O

As a corollary we have the result which we can use to compute the number of
the homotopy types in the category DGA3"*2(flat).

Theorem 14 (Homotopy classification theorem ). Homotopy types of objects
in TDGA3"*2(flat) are in bijection with the proper equivalence classes of tuples
(b3n+25 T3, -oos bont2, Ton) where bipo € Hom(H,yo, '), m; € Ext(H,y1,coker by ,),
2n < i < 3n and where H, is n-connected, (3n + 2)-dimensional graded module.

Recall that (I';);<sn is the graded module associated with H, and bo,yo.

Definition 15. Two tuples (b3n+2, T3ns -y bant2, T2n) and

by o, Th s, bh o, mh ) are called proper equivalent if there exists a graded auto-
3n+2 3n 2n+2 2n

morphism f<sp : Hesn = Hesy such that for every i < 3n:

(fix1)" (7)) = (F0)«(mi), and v 0 biya = b0 fito.
5.3. Examples

We conclude this work by giving some geometric applications to the above the-
orems.

Proposition 7. Let A an object of DGA3"*2(flat). Denote by S the set consist-
ing of the dgas B satisfying:

TorB(R, R) = Tor(R, R) for every n <i < 3n.
Assume that Tor (R, R) = 0 for each i satisfying:

3n+2

1< n2—|— if n is even (5.4)
3n+1

7 < n2—|— if n is odd

then all objects of the set Sa have the same homotopy type.
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Proof. If B is an element of S 4 then from the hypothesis (5.4) and theorem 13 we
deduce that the module T'; is trivial for all ¢ < 3n. Hence we get:

F3"t2(B) = (Tor?(R, R),0,0) = (Tor2(R, R),0,0) = F3"*2(A).

The relation (4.1) is trivially satisfied . So by corollary 5, F3"*2 is a detecting
functor, thus B and A have the same homotopy type. O

Proposition 8. Let n € N and X be a CW-complex such that
Hi(X,R) =0 for each k satisfying:

k:<3n2+2 if n is even
k;<3n2+1 if n is odd
k>3n+3
If we put H, = Hi(X, R) then we have :
H;(QX,R) = %H‘X’q if i=q(k—1)
H;(QX,R) = %(S S TorR(H;§<>S,H®t)) if i=qlk—1)+1
J(QX,R) = otherwise.
Proof. Let M (Hy, k) be a Moore space and let :

Y = VM (Hy, k)

be the wedge of the spaces M (Hy, k) and let A(X) and A(Y) be the Adams-Hilton
models associated respectively to X and Y. We recall that we have:

Tor2™) (R, R) = H.(X,R) and Tor2™) (R, R) = H.(Y, R).

Since H,(X, R) = H,.(Y, R), the relation implies that A(Y) is an object of the set
¥ A(x) in proposition 7, so that A(X) and A(Y) have the same homotopy type. We
deduce that:

HL(A(X)) = HL(A(Y)), (5.5)
since A(X) and A(Y") are respectively the Adams-Hilton models of X and Y. Then:
H,(A(X)) = H.(QX,R) and H.(A(Y)) = H.(QY, R),

so according to (5.5) we get:

HL(QX, R) = H.(Qy M(Hy, k), R) = ©H.(M(Hy, ), ).

Now the next lemma allows us to achieve the proof. O
Lemma 3. The graded algebra H.(QQM (Hy, k), R) is given by:
H;(QM (Hy, k), R) = H* if i=q(k—1)

H;(QM (Hy,k),R)= & Torg(HZ*, HZ?") if i=qk—1)+1
s+t=q
H;(QM (Hy,k),R) =0 otherwise.
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Proof. Let A(M(Hy,k)) be an Adams-Hilton model of the Moore space M (Hy, k).
The Whitehead sequence associated with A(M (Hy, k)) is:

— Hiro(M(Hy, k), R) — T; — Hi(QM(Hy,, k), R) — Hio1 (M(Hy, k), R) —
Since we have:
H;io(M(Hy,k),R) =0 unless i = k — 2
it follows that
H;(QM (Hy, k), R) =T;.
According to section (3), we can realize the object T’ ({A(M(Hy, k)}) by the free

d
dga T'(Vy, Vk—1,d) where Vi, — Vi1 — H}, is a free resolution of Hy.
Since the module I'; = ker (H;(T(Vi, Vk—1,d)) — V;) and since the differential d
is linear, the Kiinneth formula allows us to write:

T, = HY if i=q(k—1)
Ti= & Torr(HZ®, HEY) if i=qk—1)+1
s+t=q
I'=0 otherwise
and the proof is achieved. O

Example 1. Let X be a CW-complex 1-connected having the following homology
groups:
H,(X,Z) =172, H(X,Z) =Zs, H,(X,Z) = Zs,
H.(X,Z)=7,H;(X,Z) =0 otherwise.
How many homotopy type of the dga C.(QX) exist?

According to theorem 13 we have:
To=H,®H, =7,
Hy ® Hy ® Hy _
Imby ® Hy + Ho @ Im by

F3:H2®H3@H3®H2@ 2

We begin by computing the homomorphisms bs. We have:

Hom(H,(X),T2) = Hom(Zs,7Z5) = 0.
So we deduce that by = 0 and:

Ext(Hs, coker by) = Ext(Z3, Zs) = 0.

Then we only find the trivial extension mo = 0. Now we have:

bs € Hom(H,,T's) = Hom(Z,Zs) = Zs,
so we find two homomorphisms béo) =0 and bél) =1.
For béo) = 0 we get Ext(H,, coker béo)) = Ext(Z3,Z2) = 0 so in this case we also

find the trivial extension 7750) = 0. For bél) =1 then bél) is onto and we deduce that

Ext(H,, Cokerbél)) = 0 and also we get the trivial extension 7r:(31) =0.
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Then we find two T'-systems (0,0,0,0) , (1,0,0,0) which are obviously not isomor-
phic in their category.
Now since by computation we have:

Ext (ker ) ,coker b | = Ext(Zs3, Zy) = 0

Ext ( ,cokerbg | = Ext(Z,Z5) =

= Ext(0,Z3) =0 for n > 5,

Ext ,cokerbg | = Ext(0,Z2) =0
ker

H,
Ext ( ﬁn“, coker by, 12

then condition (4.1) is satisfied. Therefore, according to the theorem 14 of classifi-
cation of homotopy types, we have two homotopy types having the above homology
groups.
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