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Contact integral geometry and the Heisenberg algebra

DMITRY FAIFMAN

Generalizing Weyl’s tube formula and building on Chern’s work, Alesker reinterpreted
the Lipschitz—Killing curvature integrals as a family of valuations (finitely additive
measures with good analytic properties), attached canonically to any Riemannian
manifold, which is universal with respect to isometric embeddings. We uncover a
similar structure for contact manifolds. Namely, we show that a contact manifold
admits a canonical family of generalized valuations, which are universal under contact
embeddings. Those valuations assign numerical invariants to even-dimensional
submanifolds, which in a certain sense measure the curvature at points of tangency to
the contact structure. Moreover, these valuations generalize to the class of manifolds
equipped with the structure of a Heisenberg algebra on their cotangent bundle. Pursu-
ing the analogy with Euclidean integral geometry, we construct symplectic-invariant
distributions on Grassmannians to produce Crofton formulas on the contact sphere.
Using closely related distributions, we obtain Crofton formulas also in the linear
symplectic space.
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3042 Dmitry Faifman

1 Introduction

1.1 Background and motivation

Intrinsic volumes first appeared in convex geometry through Steiner’s formula: given
a compact convex body K C R”, vol(K +€B") = > 1_, On—k 1k (K)e" ™% where
B/ is the unit Euclidean ball in R/ and wj is its volume. The coefficient uy (K), the
k'™ intrinsic volume, can be written explicitly for smooth K as

wr(K) = cn’k/a Op—1-k(K1,...,kn—1) dAreag,
K

where «; are the principal curvatures of dK. Alternatively, uy(K) can be given by
integral-geometric Crofton formulas: uy(K) = c}’l * / AGr,_; (R x(KNE)dE, where
dE is the rigid motion-invariant measure on the affine Grassmannian, and y is the Euler
characteristic. A third, axiomatic, definition was given by Hadwiger, who described
the intrinsic volumes as the unique rigid motion-invariant, continuous, finitely additive
measures on compact convex sets.

A closely related famous result is Weyl’s tube formula [54]. It asserts that the volume
of an e—tube around a Riemannian manifold M embedded isometrically in Euclidean
space R¥ is a polynomial in € < 1, whose coefficients are, remarkably, intrinsic
invariants of the Riemannian manifold M, independent of the isometric embedding.
These coefficients, now known as the intrinsic volumes of M, are intimately linked
with the asymptotic expansion of the heat kernel; see Donnelly [27].

These results fall naturally in the domain of valuations on manifolds, a fairly young
branch of valuation theory introduced by Alesker [4; 5; 6] and Alesker and Fu [10; 11],
the last being a survey. Valuation theory itself is a mixture of convex and integral
geometry, originating in the early 20th century in works of Steiner, Blaschke, Chern and
Santalo, as well as in Dehn’s solution to Hilbert’s third problem. Generally speaking,
valuations are finitely additive measures on some family of nice subsets. In this
note, there is typically some analytic restriction on the nature of the valuation, such
as smoothness or smoothness with singularities, and the subsets are manifolds with
corners or differentiable polyhedra.

Building on results of Chern, Alesker noticed a natural extension of Weyl’s theorem
for valuations: restricting to M the intrinsic volumes of RV, (considered as valua-
tions), yields an intrinsically defined family of valuations on M, now known as the
Lipschitz—Killing valuations. Weyl’s intrinsic volumes of M are then the integrals of
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the corresponding valuations. In recent work, Fu and Wannerer [30] characterized the
Lipschitz—Killing valuations as the unique family of valuations attached canonically
(in a sense made precise therein) to arbitrary Riemannian manifolds that are universal
to isometric embeddings.

Other spaces whose (smooth) valuation theories were considered in recent years include
complex space forms — see Bernig and Fu [20] and Bernig, Fu and Solanes [21] — the
quaternionic plane — see Bernig and Solanes [22; 23] — the octonionic plane — see
Bernig and Voide [24] — and exceptional spheres; see Solanes and Wannerer [51].

Numerous intriguing connections between convex and symplectic geometries are known
to exist. To name a few: Viterbo’s conjectured isoperimetric inequality for capacities
of convex bodies [53], was later shown by Artstein-Avidan, Karasev and Ostrover to
imply Mihler’s famous conjecture [15]. Capacities have been successfully studied
up to a bounded factor using convex techniques; see Artstein-Avidan, Milman and
Ostrover [16] and Gluskin and Ostrover [32]. Alvarez Paiva and Balacheff [13] and
Alvarez Paiva, Balacheff and Tzanev [14] establish links between systolic geometry,
contact geometry, Mihler’s conjecture and the geometry of numbers. Schiffer’s dual
girth conjecture for normed spaces has been proved by Alvarez Paiva using symplectic
techniques [12], and generalized further by Faifman [28] using hamiltonian group
actions. In a recent work of Abbondandolo, Bramham and Hryniewicz [1], some
links are established between the geometry of the group of symplectomorphisms and
systolic geometry of the 2—sphere. For an exposition of some of those connections,
see Ostrover [44].

The main objective for this work is to further explore the convex-symplectic link by
studying the valuation theory of contact manifolds, using the Riemannian case and
Weyl’s principle as guides.

1.2 Informal summary

We find that like in the Riemannian setting, contact manifolds possess a canonical
family of valuations associated to them. We describe those valuations in two ways:
geometrically through a curvature-type formula, and also dynamically through the
invariants of a certain vector field at its singular points.

The contact valuations satisfy Weyl’s principle of universality under embeddings,
similarly to the valuation extension of the Weyl principle. Let us emphasize the role
played by valuations in this phenomenon: It so happens that contact valuations only
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assume nonzero values on even-dimensional submanifolds, while they live on odd-
dimensional contact manifolds. Thus unlike the Riemannian case, Weyl’s principle in
the contact setting is only manifested in its extended to valuations form, as the statement
in the original form becomes vacuous: all integrals of the contact valuations vanish.

Contact valuations are in fact an instance of a natural collection of valuations associated
to the larger class of manifolds whose cotangent spaces admit a smoothly varying
structure of Heisenberg algebras. The Heisenberg algebra provides a unifying link
between contact, symplectic and metric geometries.

This path leads us to consider the valuation theory of the dual Heisenberg algebra,
invariant under the group of the automorphisms of the Heisenberg algebra, which is
closely related to the symplectic group. From this perspective, this is another step
in the study of the valuation theory of noncompact Lie groups, which up to now
has only been considered for the indefinite orthogonal group by Alesker, Bernig and
Faifman [9; 19; 29], and in a somewhat different framework for the special linear group;
see Ludwig and Reitzner [41; 40].

Further similarity to the metric setting is exhibited by the contact sphere, where we prove
Crofton formulas and a Hadwiger-type theorem, thus establishing an integral-geometric
and an axiomatic description of the contact valuations.

Finally, in the last part we explore the valuation theory of linear symplectic spaces. We
show that there are no nontrivial invariant valuations, but nevertheless one can write
oriented Crofton formulas for the symplectic volume of submanifolds.

1.3 Main results

Let us very briefly recall or indicate the relevant notions. For precise definitions see
Sections 2 and 3.

A contact manifold M?"+! is given by a maximally nonintegrable hyperplane distri-
bution, namely a smooth field of tangent hyperplanes H C TM such that locally one
can find o € Q1(M) with H = Ker(«) and do|y a nondegenerate 2—form.

A smooth valuation ¢ on an orientable manifold M”, written ¢ € V>*°(M), is a
finitely additive measure on the compact differentiable polyhedra of M, denoted
by P(M), which has the form ¢(X) = [y 1+ [y« y @ for some forms p € Q" (M)
and @ € Q""1(S*M). Here S*M is the cosphere bundle, and N*X is the conormal
cycle of X, which is just the conormal bundle when X is a manifold. Orientability is
not essential, and is only assumed to simplify the exposition.
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There is a natural filtration W°(M) C --- C WG°(M) = V*°(M). Very roughly
speaking, WJ‘.’O (M) consists of valuations which are locally homogeneous of degree at
least j, for example Wg° (M) are the smooth measures on M.

The generalized valuations V~°°(M) are, roughly speaking, distributional valuations:
we allow w and u to be currents rather than smooth forms. Generalized valuations can
be naturally evaluated on sufficiently nice subsets X € P(M). The filtration WJC.’O (M)
on V*°(M) extends to a filtration Wj_oo (M) on V™°°(M).

Theorem 1.1 To any contact manifold M?"*! with contact distribution H C TM
there are canonically associated, linearly independent generalized valuations ¢2Mk €
V~™°(M) for 0 <k <n. They have the following properties:

(1) ¢(1)M is the Euler characteristic, and (]5% EW (M) \WL(M).

(ii) ¢% can be naturally evaluated on submanifolds in generic position relative to
the contact structure (see Definition 4.10). For a generic closed hypersurface F,

P(F)= Y ¢ (F.p),
T,F=H,

where the local contact area ¢% (F, p) only depends on the germ of F at p.
It is described explicitly below in equations (1) and (2).

(iii) Universality to restriction under embedding If i: N2+l — M2+l jga
contact embedding, then for k < m one has i*¢2Mk = ¢é\,’€.

(iv) For a 2k —dimensional submanifold in general position F, qb%(F ) > 0, with
equality if and only if there are no contact tangent points.

(v) The space of generalized valuations on M invariant under all contactomorphisms
of M is spanned by (¢2Mk)£=0.

Remark 1.2 The universality with respect to embeddings is sometimes referred to as
the Weyl principle. Thus we recover a Weyl principle in the contact setting.

The local contact areas ¢% (F, p) can be given explicitly in two different ways, through
a geometric or a dynamical approach.

e From a dynamical point of view, ¢2Mk(F , p) encodes the invariants of the lin-
earized vector field B € X (F') representing the characteristic foliation. While
there are many such vector fields, there is a distinguished choice, to linear order,
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at the critical points: choose an arbitrary contact form « near p and let B be
given by da|F (B, ®) = ¢|F . One then has

1 M(F,p)=
(D ¢2k( . D) \detd,, B|
e From a geometric point of view,
2 -
@) o (F.p) = (') lder(s =)' D(S — h2n — k], J K.

Here D denotes the mixed discriminant,

(0 -1,
=0 0")

S is the second fundamental form of F at p, and & the second fundamental
form of the contact distribution at p (see Definition 4.20), both written with
respect to a frame compatible with the contact structure in a natural way at p;
see Definition 4.7. Thus they are reminiscent of (certain symmetric functions of)
the principal radii of an embedded hypersurface in a Riemannian manifolds. This
point of view is applicable in the wider setting of DH manifolds, as described
below.

We may extend ¢,; to a nonnegative lower-semicontinuous functional on all 2k —
dimensional submanifolds with boundary, denoted by CA,; (F'), the contact area of F.
We observe that CA,; (F) =0 if and only if F can be made nowhere tangent to the
contact distribution by an arbitrarily small perturbation.

In Riemannian or Hermitian manifolds, a fair amount of the valuation theory appears
already in the corresponding flat space, which can be thought of as the tangent space
to the given manifold. In the contact setting, it is no longer true: the tangent space of a
contact manifold does not itself inherit a contact structure.

The main observation guiding this paper is that every cotangent space of a contact
manifold is canonically the Heisenberg Lie algebra. We are thus led to study the
valuation theory of general manifolds with such structure.

Definition 1.3 A manifold X equipped with a hyperplane distribution H (called
horizontal) and a smooth field of nowhere-degenerate forms

w € T®(X, N H} ® (Tx X/Hy))

will be called a dual Heisenberg (DH) manifold.
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The space of valuations naturally associated to such manifolds turns out to resem-
ble somewhat the Lipschitz—Killing space of valuations in Riemannian geometry; in
particular, they exhibit universality with respect to embeddings.

Theorem 1.1 is then the contact instance of the following general result:

Theorem 1.4 To any DH manifold M*"*1 with horizontal distribution H C TM
there are canonically associated generalized valuations ¢,1€M EWL (M) for 0<k <2n.
They have the following properties:

1) ¢(1)M is the Euler characteristic, and ¢2Mk EWLT(M)\W,.2 (M).

(i1) ¢£4 can be naturally evaluated on submanifolds in generic position with respect
to the horizontal distribution. For a generic closed hypersurface F,

o (F)= Y ¢ (F.p),
T,F=H,
where d)]]y (F, p) only depends on the germ of F at p.
(iii) If iz N>™+1 — M2+ js a DH embedding, then i*¢M = ¢ for k <2m.

The local contact areas ¢]1€” (F, p) are given by the same curvature-type formula (2) as
in the contact case.

As an intermediate step of independent interest, we obtain a Hadwiger-type theorem
for the dual Heisenberg algebra itself. We denote by U = R?"*! the dual of the
Heisenberg Lie algebra 2,41, and by Spg (U) its automorphism group.

Theorem 1.5 It holds that Val~*>° (U )SpH (U) consists of even valuations. For 0 <k <n,
Val, 22 | (U )Ser (U) = {0} while dim Val,>° (U )3 (U) = 1. The corresponding Klain
sections are zero-order distributions (that is, regular Borel measures).

We also consider Spj{l (U), the connected component of the identity. We prove:

Theorem 1.6 For0<k <n, Val;,ffrl(U)Sp;; ) = {0} and dimVal;,?o(U)Sleg ) =».
In the latter space, the Spy (U)—invariant valuations are complemented by a one-
dimensional space of odd valuations.

We then consider the standard contact sphere S2”*1, which we identify with the
oriented projectivization Py (V') of a symplectic space V = (R?"**2 ). We construct
a canonical distribution fte, € M™% (Grax (V))SP(Y) . We obtain the following Crofton
formulas, establishing further common ground with the Riemannian setting.
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Theorem 1.7 Define for 0 < i < n the generalized valuations V,; on S?"*1 given
by the Crofton formula

Vi 1= f (e E) djio(E).
Grop42—2i (V

Then for certain explicit constants c;‘j one has
n
n
Y2i = Zcij¢2j-
J=i

We also establish a Hadwiger-type theorem for the contact sphere.
Theorem 1.8 Both (¢ox)7_,, and (Y2x)?_,, are bases of V™=°°(§21+1)SpCn+2),

Finally, we find that while symplectic space and manifolds do not possess interesting
invariant valuations, one can nevertheless write certain integral geometric formulas for
symplectic volumes of manifolds. We construct a canonical distribution on the affine
oriented Grassmannian i, € M™% (AGr;r X (R2™)) which is translation-invariant and
Sp(2n)—invariant, and odd to orientation reversal. We prove the following Crofton
formula on symplectic linear space:

Theorem 1.9 Let F2K c R?" bea C! compact, oriented submanifold with boundary.
Then

k k(M) (2n —1(2n—1)"/ B
=1 e I(E. F) dJio(E),
/Fa) (=1 (k)(Zk) Sk+1 Aot @) ( Ydjie(E)

where ¥k = min(k,n — k) and I is the oriented intersection index.

Plan of the paper

In Section 2 we introduce notation and present the basic geometric facts we will use.
In Section 3 we recall the basics of valuation theory and prove some lemmas we will
need. In Section 4 we construct the canonical valuations on general DH manifolds
and establish their universality to embeddings, proving Theorem 1.4. We also explore
some geometric properties of those valuations. In Section 5 we classify the translation-
invariant valuations of the dual Heisenberg algebra, proving Theorems 1.5 and 1.6, and
note their relation to gaussian curvature. Apart from its intrinsic interest, the linear
classification is needed for the uniqueness statement in Theorem 1.1, as well as for
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Theorem 1.8. In Section 6 we specialize the DH valuations to contact manifolds and
prove Theorem 1.1. In particular, we give the dynamical description of the contact
valuations. In Section 7 we construct symplectic-invariant distributions on linear and
affine Grassmannians in symplectic space, which are used in the subsequent two
sections. In Section 8 we consider the standard contact sphere. We produce Crofton
formulas for ¢, that are invariant under Sp(V'), proving Theorems 1.7 and 1.8, and
compute some examples explicitly. We also bound from below the contact valuations of
a convex set. Finally, in Section 9, we study the integral geometry of linear symplectic
space, proving Theorem 1.9.
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2 Preliminaries

2.1 Notation

We use o] to denote the unit SO(#)—invariant measure on various homogeneous spaces
of the special orthogonal group. We write Grg (V) for the k—Grassmannian in V,
Gr;cr for the oriented Grassmannian and AGr") for the affine (oriented) Grassmannian.
K(V) is the set of compact convex subsets of V.

The one-dimensional space of real-valued Lebesgue measures over V' is denoted by
Dens(V'). For a manifold M, |wys| denotes the line bundle of densities, whose fiber
over x € M is Dens(Tx M ). We will write M for the translation-invariant elements
of a module M over V. For a group G C GL(V), G is the group generated by G and
all translations in V.

We will write Q2_oo (M) for the space of currents on M, since we typically consider
them as generalized differential forms.
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=(57%)

is the standard real form of +/—1.
2.2 The symplectic group action on the Grassmannian

Throughout the note,

This subsection is the symplectic version of the corresponding section in [19], where
O(p, q) is considered.

Let V = (R?" w) be a symplectic space. Let X;‘(V) for0<r<k:= I_% min(k, 2n —k)J
be the orbits of Gry (V') under the real symplectic group Sp(V'), where

(3) X*(V)={E € Grp(V) : dimKerw|g = min(k, 2n —k) —2r}.

When no confusion can arise we write simply X f In the oriented Grassmannian
Gr]': (R2"), the double covers Xf"" of Xf are orbits of Sp(V) when 0 <r <k —1.
For r = k, there are two possibilities: for even k, the double cover of X ,]f o+ splits into
two open orbits, denoted by X* | corresponding to the different orientations induced
by w on the subspace; for odd k, X ,]f tisa single orbit.

We use the same notation for the corresponding Sp(V')—orbits in the (oriented) affine
Grassmannian.

We will need a simple lemma from linear algebra, which is a linearized version of

Witt’s theorem.

Lemma 2.1 Take E € Xf‘. Write Eg = ENE®. Let mo: E*®V/E — Ef ® E§
denote the map 7o(T)(x,y) = w(Tx,y). Then

TEX¥ ={T: E - V/E | no(T) € Sym® E}}.

Proof Clearly 7 is onto. Denote by ng: V* ® V — E* ® (V/E) the natural
projection. Recall that sp(V) ={T € gl(V) : o(Tx,y) =w(Ty,x) forall x,y € V}.
We have to show that mgsp(V) = 710_1 Sym? E;.

The inclusion wgsp(V) C 7y 1 Sym? Ej is immediate. In the other direction, take
T: E — V/E such that 79T € Sym? E§ . We should lift 7 to T esp(V).

Choose any subspaces E' C E and E” C E® with E=Ey® E’, E® =Eo® E".

Write k = min(k, 2n—k), and note that dim Eq =« —2r. Then dim E' =k —« +2r and
dim E” =2n—k —k +2r, and they are both nondegenerate. Moreover, E'® E” CV is
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a nondegenerate subspace of dimension 2n — 2« +4r, and E) is an isotropic subspace
of the nondegenerate space W := (E’@® E”)®, and dim W =2k —4r. Thatis, Eg C W
is a Lagrangian subspace. Fix a Lagrangian complementing space F' C W such that
W=Ey®F. Then V=E"®E"®EyDF.

Let 71 e Hom(E, V) be aliftof T suchthat Ty (E") CE"®F, T1(Eo) CE"®F®E’
and
w(w'(T1x),e) :=w(Te,x) forall x € Eg, e € E',

where 7/(Tyx) is the E’—component of T} x.

Note that w gives identifications E* = E'@® F,as wellas (E® E")* =E' @ E"® F.
We extend T to amap T € Hom(E & E”, V) by requiring T»(E"”) C E' & F and

w(Tre",e) == w(Tie,e”) forall " € E”, ec E.
Note that w(Tze1,e2) = 0 for all ey, e, € E”.

Finally, we extend T to amap 7’ € Hom(V, V) by requiring T"(F) CE'® E" ® F
and
o(T' f,x)=w(Trx, f) foral xe EQE", feF.

Again we have (T’ f, f') =0 for f, f' € F. Then T’ € sp(V) lifts T, as required. O
Corollary 2.2 There is a natural identification of Ng X with N? Eg.

Proof We have
NegX¥ = Tg G (V) TeXF = E*® (V/E) /x5 Sym?® E¢
= (E§ ® E§)/ Sym® E§ = N E§. O

Lemma 2.3 Fix L € P.(V), and let Z;, = {E € Grp(V) : L C E}. Then Zj,
intersects XX transversally for all r .

Proof Take EF € Z; N er; let Eo = ENE?. Let A: E — V/E be an arbitrary
linear map. We will find a representation A = Ay + A, with A € TgZ1, (that is,
A1l =0)and A; € TEer. Fix | € L and write Al =v + E.

Casel (L ¢ Eg) Weset A|r := A|r and Az|g, =0.

Case2 (L C Epand w(v, Eg)=0) Decompose Eg =L@ F andset Ax([)=v+E
and A>(f)=0forall f €F.
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Case 3 (L C Eg and w(L,AL) # 0) Since w(l,v) # 0, we may decompose
Eo=EoNv? @ L. Wethenset A2(/) =v+ E and A»(x) =0 for x € Eg Nv®.

Cased4 (L C Ey, w(v,Ep) # 0 and w(L,AL) = 0) Then we decompose Eg =
L& F @ Span(u), where L & F =v?NEp and w(u,v) = 1. Choose w € V such that
o(w,l)=—1 and w € F®. This is possible since [“ # F®. Then set A2/ =v+ E
and A, f =0 for f € F,and Aou = w + E.

In all cases, extend A, arbitrarily to E. Thus in all cases, by Lemma 2.1, A € Tg X f
and A1 :=A—A,eTgZy . O

3 Valuation theory

3.1 Valuations on manifolds

For a manifold X, we let Py := P4 (T*X) denote the oriented projectivization of its
cotangent bundle and 77: Py — X the projection. Py has a canonical contact structure.
A form w € Q(Px) that vanishes when restricted to the contact distribution is usually
called vertical. However, we will have several different notions of verticality, so we
will call such forms Legendrian.

Definition 3.1 We say that a form o € Q% (Py) has horizontal degree at least k,
written degy w >k, if w(v1,...,vg) vanishes whenever d + 1 —k of the vectors v,
are vertical, that is, tangent to the fiber of 7: Py — X.

The following is a simple reformulation:

Lemma3.2 {weQ(Px):degy w >k} is the ideal in Q(IPx) generated by *Qk(X).
Proof Assume w =) 7n*w; Anj, where w; € Qk(X) and nj € Q4=k(Py). Clearly
if v1,...,vg41—k are vertical vectors then 7*w; An;(v1,...,Vg4+1-k,...) =0.

For the opposite direction, let us choose a Riemannian structure on X. Then Py is
the sphere bundle on X. Fix coordinates dx; on TxX and d&; on T¢SxX. Then
7*Qk%(X) is spanned over C*°(Px) by {/\ieln*dx,' = k}. Assume degy @ >k
and decompose w = ZI,J frym*dxy AdEy.

Assume a multi-index I appears in the sum with |/ | <k, say I =(iy,...,i;) with ] <k,
with corresponding J = (ji,...,jg—1). Let efl, .. .,e,{{,e}/, .. .,e,‘,’_l be dual to
a*dxy,...,7%dx,,dE,...,dEy—1. Then d —1 > d + 1 — k so, by assumption,
0=a)(el.11{,...,ef,e}j,...,ejz_l)=fIJ(x,S),SO J17 =0. O
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Let M be a smooth manifold, which we assume oriented for simplicity of exposition,
and refer the reader to [5; 10] for the general case. Denote by P(M) the compact
differentiable polyhedra of M. We remark that manifolds with corners are an example
of differentiable polyhedra, and refer to [5] for the definition of differentiable polyhedra.
The smooth valuations V°°(M) consist of functionals ¢: P(M) — R which can be
presented in the form ¢(X) = [yt + [y«x @ for some forms p € Q"(M) and
w € Q" 1(Py). Here N*X is the conormal cycle of X. It consists of codirections
¢ € P (T M) which are nonpositive on velocity vectors y(0) € Ty M of all curves
y(t) € X with x = y(0). The Euler characteristic y is an important example of a
smooth valuation. The smooth valuations over open subsets of X constitute a soft
sheaf over X ; see [5]. We denote the compactly supported valuations by V°(M), and
Wf; (M) :=V2°(M) N W?°(M). We remark that whenever a valuation is evaluated
on a subset, the subset is assumed compact. There is a natural integration functional
[ar: V(M) — R which is essentially evaluation on M, but, more precisely, on a
sufficiently large compact set. Both V*°(M) and V°(M) inherit natural topologies
from the corresponding spaces of pairs of forms.

There is a natural filtration WE°(M) C --- C Wg°(M) = V*°(M), introduced by
Alesker [5]. We will use an equivalent description, which is the content of Corollary
3.1.10 of [5].

Definition 3.3 W2°(M) consists of those valuations that can be represented by a pair
(w, n) with degg @ > k.

In particular, W;°(M) are just the smooth measures on M, denoted by M*°(M).

Alesker defined a product structure W>°(M) ® W]‘.’O (M) — W72 j (M) which turns
V(M) into a filtered algebra, whose unit is the Euler characteristic. It induces the
following Alesker—Poincaré duality:

Theorem 3.4 (Alesker [6]) The pairing W°(M) ® Wrczxii,c(M) — R given by
(¢, ¥) = (¢ -¥)(M) is nondegenerate.

The presentation of ¢ € V°°(M) by a pair of forms is not unique. There is an alternative
faithful description due to Bernig and Brocker [18]. In the following, a: Py — Pyy is
the antipodal map in every fiber, and D is the Rumin differential introduced in [49].
We recall that Do is the unique Legendrian form d(w + 1), where n € Q" 1(Py)
ranges over all Legendrian forms.
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Theorem 3.5 If ¢ is represented by the pair (w, 1) € Q"1 (Par) x Q" (M), then
4) (T,C):=(@*(Dw +7*1), mew) € Q" (Ppr) x C*°(M)

is determined by ¢ . They satisty the relations dT = 0 and 7w«T = (—=1)"dC,and T
is Legendrian. Moreover, any (T, C) with those properties corresponds to a valuation.

We refer to (T, C) as the defining currents of ¢ (and often we refer just to T as
the defining current). The reason for this terminology will become evident once we
introduce generalized valuations.

The Alesker—Poincaré duality is easy to describe using the defining currents.

Theorem 3.6 (Bernig [17]) Let (w, ) represent ¢y, and let ¢, have defining
current (T, C,). Then

5) /¢1-¢2=/ wlAT2+/ ot
M Pa M

Let us describe the filtration on V°°(M) through the defining currents.

Lemma 3.7 Let (T,C) € Q" (IPy)xC®(X) be the defining current of ¢p € V=°(M").
For1 <k <n,$ eW°(M") ifand only if C =0 and degy T > k.

Proof Consider first k =n. If ¢ € W°(M), we have C =0 and T = n*p for
some pu € Q"(M), which is clearly horizontal of degree at least n. In the other
direction, if deggy T > n, it follows that T = f(§)n*u for some pu € Q" (M) and
f eC®(Pp). Now 0=dT =df An*p, thatis df vanishes when restricted to the
vertical fiber, so f = 7* f] for some f; € C>*°(M). Hence T = n*(f1t), so ¢ is
just the measure fj .

Assume now 1 <k <n — 1. Recall that by Alesker—Poincaré duality, ¢ € W°(M) if
and only if |, @ v =0forall y € W;j_l_ k. (M). Combining Definition 3.3 with
equation (5), we conclude that ¢ € W2°(M) if and only if for all w € Q" 1(IPyr) with
degg w >n+1—k and all p € Q"(M), it holds that [y, (m«(w AT)+ Cp) = 0.

Assume that C =0 and deggy T > k. Then, by Lemma 3.2, o AT =0 for all @ as
above, and hence ¢ € W°(M).

In the other direction, assume ¢ € WZ°(M). Taking @ =0 and p arbitrary, we deduce
C = 0. It then follows that 7w«(w A T) = 0, and since w can have an arbitrarily small
support, also that o AT = 0 whenever degyy w >n—k +1,sothat degy 7> k. O

Geometry & Topology, Volume 23 (2019)



Contact integral geometry and the Heisenberg algebra 3055

The valuations that appear naturally in contact manifolds are not smooth. To formally
study them we will need the larger family of generalized valuations.

Definition 3.8 The generalized valuations V~°°(M) are the continuous dual of
V(M) equipped with the weak topology.

A generalized valuation is uniquely determined by its defining current (7,C) €
Du—1(Par) X Dy (M); see [8]. It can be an arbitrary pair of currents satisfying the
three properties: 7 is Legendrian, 7«7 = 0C and 07 = 0. If ¢ € V™°°(M) has
defining current (73, C2), it acts on smooth valuations ¢ € V°(M) represented by
forms (w1, p1) through equation (5). We will write ¢p = [T>, C3], T> = T(¢2) and
G, =C(¢2).

Example3.9 (1) Given X € P(M), the evaluation at X functional yx: V(M) —
R is a generalized valuation with defining currents C = [[X] and 7T = [N*X].
(2) A generalized valuation ¢; can be represented by a pair of generalized forms
w1 € QP L(Py) and pq € Q" (M). It acts on ¢ = [Ta, C2] € V(M)
through equation (5). It has defining currents given by 77 = a*(Dw; + 7% 1)

and C; = w01 .

The filtration WJ‘.’O (M) on V°°(M) extends to a filtration Wj_oo (M) on V™°°(M) by

taking Wj_oo (M) to be the annihilator of W, 29 _ e (M).
We refer to [36; 34] for the notion of the wavefront set of a distribution. Let us only

record that for an oriented submanifold X C M, WF([X]) = N*X.

Definition 3.10 The wavefront WF(¢) of ¢ € V™°°(M) is the pair of wavefront sets
(WE(T(¢)), WE(C(¢))). When WF(C(¢)) = @, we also write WF(¢) = WF(T'(¢)).

Given a closed cone I' C T*(Pas) \ 0, we let
Vr®(M) :={¢ € V"*(M): WF(T(¢)) CT, WF(C(¢)) = Z}.
It inherits a topology from Hormander’s topology on the corresponding space of currents
Dp—1,r(Ppr).
The Alesker—Poincaré duality extends to a pairing of generalized valuations, as long as

the wavefront sets are in good relative position. We will only need the following weak
version of Theorem 8.3 in [8].

For a subset T € T*IPys, we write —T for its image under the antipodal map in every
cotangent space T;ST*(IP’M). Define also 75 :=T U (—T)UaT U (—aT).
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Theorem 3.11 Let I7, I35 C T*(Pps) \ O be closed cones and T = I"JS Assume that
I NI, = @. Then there is a jointly sequentially continuous pairing

VITIOO(M) ® VI_~2°°(M) —-R
extending the Alesker—Poincaré duality on the dense subspaces of smooth valuations.

It follows that if ¢ = [T, C] with C smooth, and X € P(M) such that
WF[N*X] N WE(T*) = o,

then one can naturally evaluate ¢ (X) := (¢, yx). In particular, if X,Y € P(M) have
disjoint conormal cycles, one can evaluate |, m XX - Xy - In all reasonable settings, the
result should equal y(X NY). This was shown to be the case when X and Y are
transversal submanifolds with corners in [8, Theorem 6].

The Euler—Verdier involution o: V~°(M) — V~°°(M) was introduced by Alesker
in [5; 6]. It can be described through its action on the defining currents: o[7,C] =
[(=D)"a*T, C].

We will need the following simple lemma, which we use in the proof of Proposition 6.3.

Lemma 3.12 Take a generalized valuation ¢ € V~°(M™") satisfying c¢ = (—1)"T1¢
and C(¢) smooth. Assume that ¢(F) = 0 for all closed hypersurfaces F for which
N*(N*F) is disjoint from WF(¢). Assume moreover that M can be covered by
open charts U, =~ R" such that it K C Uy is a smooth, strictly convex body, then
N*(N*0K) NWF(¢) = &. Then ¢ =0.

Proof As generalized valuations form a sheaf over M [6, Proposition 7.2.2], we may
assume M = U, = R".

By [4], valuations of the form p(e — K), where K is a convex body with smooth
support function and p € MZ°(R"), span a dense subspace in VZ°(R™). It remains
dense if we only take strictly convex K. Fix such p and K.

By [6, Lemma 4.1.1] and approximating ¢ by smooth valuations in the Héormander
topology with the same Euler-Verdier eigenvalue, we have (—1)"T1¢(K) =o¢(K) =
(=)™ (¢(K) — ¢(0K)). By assumption, ¢(dK) = 0, and hence ¢(K) = 0. It follows
that

(6. 1(o— K) =<¢, fR AN ) du(X)>= fR B+ 3 dia(x) =0,

concluding the proof. a
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3.2 Translation-invariant valuations

We will need the following standard facts when we study valuations in the dual Heisen-
berg algebra in Section 5.

The space of smooth translation-invariant valuations Val®(R") can be defined as
V®(R™)". It is a Fréchet space. We will also consider generalized translation-invariant
valuations, Val~>°(R") := V™ (R")".

l:i:,:I:oo

The even/odd valuations are Va which have eigenvalue £1 under the antipodal

l:i:oo

map. The k—homogeneous valuations are those ¢ € Va that have eigenvalue A¥

under all rescalings of R” by A > 0.

It is well known that Valy*(R”) = Span{y}, and by Hadwiger’s theorem [35],
Val, % (R") = Span{vol, }. It follows from McMullen’s work [42] that Val*™(R") =
Do ValE™ ("),

The line bundle over Gry (R”) whose fiber over E is Dens(E) is called the Klain bundle.
The Klain map KI: Val;:’oo — ' (Grr(V),Dens(E)) is given by Kl(¢)(E) = ¢|E -
It is well defined by Hadwiger’s theorem, and injective by a theorem of Klain [37].
By [9], it admits an injective extension Kl: Val;:’_oo — I'7°(Grr(V), Dens(E)).

Dual to the Klain section is the Crofton map Cr: M (AGr,,_; (V)" — Val,j’oo(V),
given by Cr(u)(K) = fAGrn_k(V) x(E N K)du(E). It follows from Alesker’s irre-

ducibility theorem [2] that Cr is surjective. It was shown in [9] that it admits a surjective
extension Cr: M~ (AGr,_; (V)" — Val,j’_oo(V).

The relation to valuations on manifolds is as follows:

Theorem 3.13 [5] The quotient Wp°(M) /WS | (M) is naturally isomorphic to the
space I'°°(M, Valz°(TM)) of smooth sections of the bundle with fiber Valp® (T M)
over x € M.

Consequently, by Alesker—Poincaré duality we have
Wi (M) /Wi (M) >~ W22, (M) /W2 i (M)* ~ T°(M, Val? , (TM))*.

3.3 Crofton formulas on manifolds

Z/WXAX
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where 7w and t are proper and T X 7: W — Z x X is a closed embedding. We view
Z as a space parametrizing a family of submanifolds Z := 7t ~!z C X, of dimension
dimZ =dim W —dim Z . Assume furthermore that the map Z — D(Px), z — [N *Z],
is smooth.

Given a distribution u € M™°°(Z), define the generalized valuation Cr(u) € V~°°(X)

by Cr(it) = m«7™* 1, which is the Radon transform with respect to the Euler character-
istic of p in the terminology of Alesker [7]. Explicitly, for ¢ € V2°(X),

(Cr(w). ) = /Z V@) du(z).

Lemma 3.14 Let X be a manifold and ¢ = Cr(u) € V-°(X) for u € M™°°(Z).
Then ¢ € Wiio% _gim W +-dim z (X) and o¢ = (—1)dimX—dimWHdimZ g, - ywhere o is
the Euler—Verdier involution.

Proof We use the Alesker—Poincaré duality: for every smooth, compactly supported
¥ € W w—dim z+1(X), it holds that (, Cr(n)) = [, ¥(2) du(z) = 0. Now [6,
Proposition 7.3.2] implies the first statement. For the second statement, simply note
that the defining current of ¢ is given by [,[N*Z] du(z). O

4 Dual Heisenberg manifolds

4.1 Geometric preliminaries

Recall that the Heisenberg algebra is R?”*! whose Lie bracket is given on the standard
basis by [e;, ejyn] =e2n41 for 1 <i <n,and [e;,e;] =0 forall i <j #i+n. The
center of the algebra is thus Z := Span(ez,+1).

The dual Heisenberg algebra U2" 1 is R2"*+! equipped with a distinguished hyper-
plane H CU,and w € N H*®U /H is a nondegenerate (twisted) form. Let us justify
this terminology.

Lemma 4.1 The space U* is naturally the Heisenberg Lie algebra.

Proof Write Z = (U/H)* = HL C U*. There is a Z—valued symplectic form on the
quotient U*/Z = H*: we may consider  as the isomorphism H ~ H* ® (U/H),
or equivalently H* ~ H ® (U/H)*, which is a nondegenerate bilinear form w* €
(H® H)® (U/H)*, which is clearly antisymmetric, that is, 0* € A2 (U*/Z)*® Z.
The Lie bracket [x, y] := w*(x + Z, y + Z) then defines on U* a Heisenberg Lie
algebra structure with center Z . a
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Definition 4.2 A manifold X equipped with a hyperplane distribution H and a smooth
field of nowhere-degenerate forms w € I'*™°(X, N2 H ¥ ® (TxX/Hy)) will be called a
dual Heisenberg (DH) manifold. We call H the horizontal distribution and @ the DH
form.

Remark 4.3 Ovsienko [45] defines the closely related notion of a local Heisenberg
structure. Similar ideas lie in the foundation of Stein’s Heisenberg calculus; see eg
Ponge [46; 47].

Example 4.4 A contact manifold is naturally equipped with a DH structure. Let
(X, H) be contact, and let & be a contact form defined locally. Then «: Tx X/Hy =R
is an isomorphism, and we may define the 2—form w(u,v) = o~ !(da(u,v)) for
u,v € H,. It is independent of the choice of «.

Definition 4.5 Let (X, Hy,wx) be a DH manifold. A DH submanifold is a sub-
manifold ¥ 261 ¢ X27+1 which is nowhere tangent to Hy . It inherits the structure of a
DH manifold with hyperplane distribution Hy = Hy NT'Y, and DH form wy = wx|H, ,
where we naturally identify TX/Hy =TY/Hy .

Definition 4.6 Let U2"*! be the dual Heisenberg Lie algebra, with horizontal hy-
perplane H C U and DH form w € N H*QU /H. A Euclidean structure P on U
is said to be compatible with the DH structure if one can find an orthonormal basis
1X;.Y;,Z} of U such that {X;,Y;} form a symplectic basis of H with respect to Z:
o(X;,Y;))=0and o(X;,Y;))=Z+HecU/H forall 1 <i,j <nandi #j. A
compatible form o € U* is any form such that Keroo = H. P is compatible with « if
a=P(Z,e).

Definition 4.7 Let M2"*! be a DH manifold with horizontal distribution H C TM
and DH forms o € N°H* @ TM /H. A Riemannian metric g on M is compatible if
gx is compatible for (T M, Hy, wy) for every x € M.

Remark 4.8 (1) A similar notion of adapted metric was used by Chern and Hamil-
ton in [26] for contact 3—manifolds and in later works by other authors.

(2) In fact, for the purposes of this work we only need the metric we choose to be
compatible with the contact structure at isolated points of interest.

Lemma 4.9 For any DH manifold M, a globally defined compatible Riemannian
metric exists. Moreover, if a compatible form o € Q! is given, one may choose the
metric to be compatible with «.
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Proof Cover M by contractible open subsets U;, and choose 1-forms «; on U;
such that @;|y;nu;, = £a;|u;nu; ; this can be accomplished by fixing an arbitrary
Riemannian metric and letting o;(x) € Ty M have unit norm for all x € U;. Set
wi =0jow€E I‘(U,-, /\2T*M). Let us also fix a complementing line bundle L to H,
LeH=TM.

For each U; we may choose a compatible complex structure J; for w; on H|y, such
that J;i|y;nu; = £Jj|u;nu; - We thus obtain the corresponding Euclidean forms 7;
on H |y, , which will satisfy h; = h;, and so can be patched to give a globally defined,
positive definite quadratic form 42 on H. Now for every U;, choose Z; € I'(U;, L)
satisfying «; (Z;) = 1, and define the Riemannian metric g; over U; by gi|lg = h,
gi(L,H)=0and g;(Z;,Z;) = 1. Then clearly g; = g; on U; N U; and thus (g;)
define a Riemannian metric g on M. Over U; we may locally choose an orthonormal
symplectic basis {XJ’-', Y;} for w; , and then w(XJ’.', in) = oci_l(l) = Z; for all j. This
shows g is a compatible metric.

Finally, if « is given, we just take o; = |y, in the construction above. a

Let M2"*1 be a DH manifold with horizontal distribution H and DH form w. Set
Mg :={(x,§):xeM, &1L Hy} CPy (=P (T*M)).

Definition 4.10 A C? boundaryless submanifold F C M is said to be normally
transversal (to H) if N*F intersects My transversally.

More generally, a C? submanifold with boundary F C M is normally transversal if
TxF ¢ Hy forall x € 9F and both N*(intF) and N*0F intersect My transversally.

Note that if F' is normally transversal then so is dF.

Lemma 4.11 If a submanifold with boundary F' C M intersects H normally transver-
sally, then WE([N*F) N N*My = &.

Proof For a boundaryless submanifold this is immediate: N*F is a boundaryless
submanifold, and WE([N*F])) = N*(N*F).

int
Usxeplé e PL(TEM) 1 & € (T F)1}. Both are manifolds with the same boundary
B={(x.£):x€0F, £c(TyF)*},and N*F = Ny FUNg F. Also, Ny, F C N*0F
is a submanifold with the same boundary B.

Now assume F has boundary. Consider the sets Ny F' = J,cop Ny F and Niji F :=
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By assumption, My intersects the interior points of Na*FF and N;» F transversally,
and does not intersect B. It also holds for (x,§) ¢ B that WF, ([N * F]) coincides

with N;,E(NgF F) if x € 0F, and with N;,g(Ni:tF) if x €int F. o
Normal transversality is of course generic:

Lemma 4.12 Any hypersurface with boundary F C M can be perturbed by an
arbitrarily C°° —small amount to become normally transversal.

Proof First, we may perturb F so that it is tangent to the contact distribution at isolated
points. Now near interior contact points, we only need to perturb F locally near those
points to get normal transversality. Next, we may perturb F' near the boundary to have
no contact points of F near the boundary, and isolated contact points of dF. We then
perturb F' near those contact points such that dF has normal transversality at all its
contact points. a

Normal transversality is universal to embeddings, as the following lemma shows.

Lemma 4.13 Let (Y, HY) c (X, HX) be DH manifolds and F C Y a normally
transversal submanifold with boundary. Then F C X is also normally transversal.

Proof We will distinguish the conormal bundles of F in the different ambient man-
ifolds by writing eg Ny F C Py. Recall that HY = TxX N HX. Thus, for x € dF,
TyF ¢ HX,since TyF C HY .

Next take (x,£) € Ny F. For x € int F we should check Ty ¢ Ny F N Ty ¢ Xy x ={0}.
Consider the natural surjective map f: Px|y \ N*X — Py . It holds that B(Ny F) =
Ny F. Denote Xgxly := Xgx N n)?l(Y), where ny: Py — X. Since X C Y
is a DH submanifold, it holds that B: Xy x|y — Ygv is a diffeomorphism. If v €
Ty geNg FNTy ¢ Xpx|y then dB(v) €Ty Yy NTy ¢ Ny F is nonzero, a contradiction
to the assumption of normal transversality of F C M. The case of x € dF is virtually
identical. |

4.2 Constructing the valuations

Consider a point ¢ = (p, §) € My . The vertical subspace is Ker(d ) =§*®T, M/ =
(Hlj-)* ® H, . Recall that wp, € /\2H;‘ ® T, M/H), is nondegenerate, so that H} ~
H,® le. Thus Ker(dm) >~ Hp. Note also that dn: TyMpy — T, M is an isomor-
phism, so that we have a natural decomposition

©) TyPy ~ TyM & H,.
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Denoting the contact hyperplane of Py by I-AIq , we get
(7) H,~ H, ® H,.

We will define certain 1 € FA}ZO(PM, Q"L @ a*0pr), 1 <k <2n (twisted by the
pullback of the orientation bundle of M) supported on Mg .

Take 1; € Q2"+1(Py) a Legendrian form. We have

2n
qu c /\2n+1Tq*(PM) ~ @ /\2n+1_kT;M ®/\ng.
k=0
Moreover, since ¥ is Legendrian, its first factor in the k™ component belongs to the
kernel of the restriction map AP kT M — N\ kH *, which is naturally iso-
morphic to H Lo A2~ kH *. Thus the kth component of ¥, denoted by 2" T1-k:k
lies in HJ-® /\2n kH*® /\ Hy.

Wedging the last two factors, we then get an element (V) € A" Hy & (TpM/Hp)* ~
N2 T M ~ N2 T, Mg . Now set

(e ¥ ® enr) = /M T ®enr.

where €3 is a section of 7*07, so that ¥ @ €pr € Dens(Ty; My ). Thus 7 is a linear
functional on compactly supported, Legendrian, 7 *0ps —twisted (2n+1)—forms, and
it is supported on Mg . For k = 0, 7o = [Mg] is in fact a well-defined (twisted)
generalized 2n—form.

Finally, for 1 <k <2n, define n € Q21 (Pyr)®m*0pr by setting, for ¥ € Q2" (Pyy),

(ﬂk»W®€M) = <ﬁk’DW®EM)a

where D denotes the Rumin differential. It is clear that 5 is a (twisted) Legendrian
cycle, and myn = 0.

Definition 4.14 Define ¢ € V™°°(M) for 0 < k < 2n as follows: for 1 <k <2n,
¢ = [37k.0]; for k =0, ¢o is represented by (370,0).

Remark 4.15 It is in fact possible to define natural curvature measures globalizing
to ¢y : extend 7 arbitrarily as a functional on all forms, that is, 7 € 2% " o(Par), and
define the generalized curvature measure @ represented by the pair of forms (2 Nk » 0) .
The resulting curvature measure is independent of the extension, as 7y is only applied
to subsets of conormal cycles.
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Note that ¢o(X) = [y 370 = 5 [+ x[MHu] is one-half the intersection index of
My and N* X, both oriented locally by a fixed local orientation on M. In the following
proofs, we often assume for simplicity M is oriented. They are easily adjusted for the
general case.

Lemma 4.16 ¢y is the Euler characteristic.

Proof Note that [Mpg] is a closed current, and, writing 7: Ppy — M, clearly
w«[[Mg] = 2. Tt follows that ¢g = y by an obvious extension to V~°° of Corollary 1.5
of [18]. i

Recall that a: Py — Py is the fiberwise antipodal map, and : V~™°(M) — V~>°(M)
denotes the Euler—Verdier involution.

Proposition 4.17 For all 0 <k < 2n it holds that o ¢y = ¢y, .

2n+1 ; _ * : .
Proof For ¢ € Q (Par) itholds that [y, ¥ = [3, a*¥,since a: My — My
is clearly orientation-preserving. Note also that a: Pys — Py is orientation-reversing
as the fibers of Ppy — M are even-dimensional spheres. Hence, for a test form

Y € Q2" (Py),
(@ e ) = — (g ™) =—/

My
= —(ﬂk, W)

That is, a*ng = —ny for all k, and hence oy = (—1)2"T1(—¢pr) = ¢, as asserted. O

[Da™y ]k =—/

Mgy

(DYl = — / (DY

My

Proposition 4.18 It holds that ¢y € Wy (M).

Proof Take a closed Legendrian form v € Q2" *1(IPjs) defining a smooth valuation
W eWs  , i (M). We ought to show that ¢ - W = 0, equivalently (7x. ) = 0. But
vews 42— (M) implies that ¢ has a horizontal degree at least 2n +2—k, and the

claim follows from the definition of 7 . |
Lemma 4.19 The wavefront set of ¢y for 1 <k <2n is N*Mp .

Proof This is immediate from definition: the wavefront set of [Mg] is N* Mg, and
restriction to Mg 1is the only source of singularities of 7. a

It follows by Lemma 4.11 that we may evaluate ¢ on any normally transversal
submanifold with boundary.
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Let F C M be a smooth hypersurface in a DH manifold M2"*1; assume that F is
normally transversal to the horizontal distribution and tangent to it at p € M.

Working in a small open ball U near p with no other contact points, let us fix a 1—form
o € Q1(U) defining the horizontal distribution, which also trivializes the DH form:
w e F(U, N H *) Let g be a Riemannian metric on U which is compatible with «
and w on T, M (but not necessarily elsewhere), with Levi-Civita connection V. Let
R: U — SM be the vector field given by R(x) L Hx, g(R, R) =1 and «(R) > 0. Let
(X; jzi o be an orthonormal frame in U with Xo|F =v: FNU — SM the unit normal
oriented by o(v) > 0, and (X (p))Jz.i1 a symplectic basis of H,. Let §; € Q1(U)
be the dual coframe to X;. Let S = (s; j)iz,’;ZI with s;; = 6;(Vx;v) be the second
fundamental form given by Vy V= Zz’zio 5ij Xi .

Definition 4.20 Let /;; for 1 <i <2n and 0 < j <2n be given by h;; = 6;(Vx; R).
The matrix h = (h; j)l-z'J’.zl is the second fundamental form of the contact structure.

Remark 4.21 This is a slightly different definition than the one in [48], where the
second fundamental form is symmetrized.

- 2
We define the matrix A, = (h;; —Sij)l-,'}=1-

Proposition 4.22 Let F be a normally transversal closed hypersurtace. It then holds
that

®) wF)= () X ldet " D(Apln — K], TKD,
T,F=H,

where D is the mixed discriminant.

Remark 4.23 We thus see that, geometrically, ¢ is reminiscent of the k" elementary
symmetric polynomial in the principal radii of a hypersurface in a Riemannian manifold.
In particular, ¢)2_nl plays the role of the absolute value of the gaussian curvature. In
fact, for M = U the dual Heisenberg algebra, ¢, (F) is precisely the inverse absolute
value of the gaussian curvature, summed over all contact points.

Proof Write w; for the Ehresmann connection on SU, namely w; = n?}@i , where
wy: TpeSU — Tp M is the projection to the vertical tangent space. It then holds that
R*w; = ij'io hij6;, and v*w; = 21211 s;;0; . Recall that (s;;) is symmetric. For
notational simplicity, we write 6, also for 7*6; € Q1(SU).
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First we describe the normal cycle NF = {(x, £v(x)):x € F} C SM near (p,§) =
Xo(p) € My explicitly as a generalized form wyf = [NF] € Q— 00(SM) Let
W C 7~ 'U be a small neighborhood of (p, £). Write osp := /\ —obi A /\,_lw,,
and O = N\72,0; € Q2"(F N U).

Claim wK,VF = wNF|w € Q_co(W) is given by

wNF—GO/\/\l—1(w1 Zslj )SNF’

j=1
where

(8% (6. D)s01) = / (. v(x))0F
Fna(W)
Proof of Claim Take ¢ € QZ” (W). We should check that

/w:/ (WAOOA/\l—l(wz Z?LSUQJ'))QF’
NF F osSM

which reduces to the pointwise verification

VY _ . (GOM/fA/\z—l(wz Zfilﬁj@j))

OF osMm
We will check this equality for a basis of the 2n—forms, which is given by 2n wedges
of (9 "o and (wj . If ¥ contains a 6y factor, clearly both sides vanish.

Assume ¥ =601 A--- A Gk A W41 A+ Away . The left-hand side is easily seen to be

equal det(s; J) The right-hand side is

i,j=k+1"

(( 1)2n- kdet(s,])lj k+190/\--'/\Gk/\wkﬂ/\--'/\wz,,/\a)l/\~~~/\ka9,€+1/\-~/\92,,)
V

osM

and after reordering we get (—1)2"~ k-+k(2n—k) det(s;; )l k1 = = det(s;; )l k1
concluding the proof of the claim. |

We wish to apply 7; to wK,’F. Since NF intersects My transversally at the isolated
point p, we need only look at the value of a)]%/F at (p, =Xo(p)).

Recall the decomposition Tj, ¢Ppsr = T, e My @ Te (P (Tp* M)). We denote by W, ¢ =
T, My = Ty M the contact-horizontal subspace, and by V,, ¢ = T¢ (IP’.;.(TI;" M)) =
(Hy® H pl)* the Vertical subspace. Using the Riemannian structure, we get a decom-
position Ty, e(SM) = W, ¢ ® V, ¢. The DH form w € N2 H* ® TpM/H), can be
recast as the isomorphism Q: H, ® Hlf- — H;‘, that is, Q: Vp*,é — H;.
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We first need to identify the (2n+1—k, k)—component (with respect to the decomposi-
tion (6)) of w,VVVF over (p, &) € Mg . The forms 6; vanish on the vertical subspace. The
contact-horizontal component of w; is given by R*w; = ij-io hij0;. We will write
the resulting decomposition as w;j = R*w; EBa)V where R*w; is the contact-horizontal
component, while a) , the restriction of w; to V), ¢, is the vertical component.

Define ()/ij)l-z,’}=1 by Q(a)iV) => jll vij0j € Hy . Note that under the Euclidean
identification, V), ¢ = Hp and a)l.V =0; fori=1,...,2n. Compute y;; = Q(0;)(X;) =
w(X;, X;). By assumption, X; is a symplectic basis of Hp, so that y;; is the standard
2n x 2n matrix J representing +/—1.

Write a;; = h;j —s;; for 1 <i, j <2n. Then

2n
W o_ oW 2n 14 .
ONF —5NF'90A/\i=1(wi +Zau€1)’
j=1
so that

(a)K’/F)Zn—H—k,k SNF B A Z €I/\z¢1(zau ) A /\zelwl )
|I|=k
where € = (—1)227{1F+i2j=2j-1=J 5 the sign of the permutation
1...2n
or=("77)
where I ={i; <---<ir}, 1¢={l,...,2n}\ [ is ordered increasingly and j = L%kj

Applying €2 to the last k factors and subsequently wedging all the factors to get a top
form on T, M, we get

(k. o} F) / o A Z 61/\,¢1(Za,, )/\/\’EI(Z%J ).51%

|71=k
Z Z 51gn01_[aw(l)1_[yw(l)/ 00/\~--/\02n-81V\I,IF.
|I|=k c€Sa;, i¢l iel

Recall Ay = (a;j) =h— S, where S = (s;;) and h = (h;;) for 1 <i, j <2n, and let
B“ be the a—row of a matrix B. For an ordered subset I C {1,...,2n},let (41°, J1)
denote the matrix with the corresponding columns. Then

nk a)NF Z det( JI)/ QOA.../\an.SJIgF.
|I1=k Mpu
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Define

A, ifa<2n-—k
Ba)=1{"7 - ’
(@) {J if «>2n—k.
The mixed discriminant is given by
D(Ap[2n —k]. J[k]) = > det(B(x(i))i,)
(2 )!
€8,
Ic
(2 5 IIIX:kk'Qn—k)'det(A AT

that is,

~ 2
(- oNp) = (7 ) PCApln =KL TR [ o n - nbon 8.
H

Recall that we should fix a section of the orientation bundle of M over SM to get
numerical values for the integral. Let us verify that for a choice of €y € m*0ps
corresponding to Oy A --- A 62, we get the identity
Bo A=A ban 80 ®eg = |det Ap| L.
My
One can compute it directly, but we can do something simpler: Observe that {7, a)jv\}/F)
is just the intersection index I, ¢ of NF and My at (p,§). The order of intersection is
not important as dim N F is even, while the orientations of Mg and NF are determined

by €g.
By what we have proved, we see that
I, e(NF, M) = (flo, 0N ) = det 4, y Bo A AO2nSN .
H

It thus remains to verify that 1, ¢ (NF, My) = signdet Aj.

The positive orientation on 7, ¢ SM is given by the dual basis 0, ..., 0xn, 01, ..., ®2,.
To see that, consider a homotopy of the Riemannian metric between our metric and a
flat one, and some corresponding homotopy of the orthonormal frame X;. The dual
basis above remains a basis throughout the homotopy, and clearly defines the positive
orientation in the flat case.

Considering v: F — SM and R: F — SM as maps, we get a positive basis of
T, ¢Mp given by Dy R(Xo),..., DpR(X2,), and a positive basis of T, ¢ NF given
by Dpv(Xl), ey DpU(XZn).
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Form the (4n 4+ 1) x (4n + 1) matrix

. ( 0:(Dp RO 20 50 O (Ppv (X)) S0 5 ) _ ( i Bij )
wi(Dp RG] 5 i (Dpv X))/ ) N s )
By definition, I, ¢(NF, Mpg) = signdet B. Now, for 1 <i < 2n, subtract column
2n+1+4i from column i 4 1. Finally, interchange each column of index 2,...,2n+1,

with the respective column from the last 21 columns, resulting in 4n2 swaps. The re-
j=1..2n __

sulting matrix is block-triangular, and has determinant det B = det(h;; —si;);—; 5, =

det Ap, verifying our assertion.

Accounting also for the point £ = H-L with the opposite orientation, we conclude that

Gionr) =2(3) 32 ldet A, D(A, (20— K], T KD,

T,F=H,

and the statement follows. O

Definition 4.24 For a normally transversal contact point p of F, the local contact
areas are

di(F. p) = (3 )ldet 4, D(Apl2n — k). T (k).

Corollary 4.25 When k = 2n, equation (8) remains valid also for a normally transver-
sal hypersurface with boundary F.

Proof By Lemma 4.11, ¢»,(F) is well defined. Using the notation of the proof of
Lemma 4.11, we may write

¢2n(F) = %<ﬁ2n7 [[Ni:tF]]) + %(ﬁZn, [[Ng;kFF]]>-

The first summand is computed in Proposition 4.22. The second summand trivially
vanishes. a

Corollary 4.26 For a normally transversal hypersurface with boundary F, we have
¢2n(F) > 0, with equality if and only if it is nowhere tangent to H.

Proof This is immediate from Corollary 4.25 and equation (8). a

It will be convenient to extend ¢, to general hypersurfaces by setting ¢, (F) = oo
when F' is not normally transversal.
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Next we establish the universality of ¢, with respect to embeddings.

Let (X2"*t1 HX ) be a DH manifold, and Y2 +1 ¢ X27+1 3 DH submanifold.
Leti: ¥ — X denote the embedding. We will write 77§k and ¢§c for the generalized
forms and valuations defined over X, and similarly for Y.

Theorem 4.27 It holds that i *¢¥ = ¢} .

Proof The following constructions appeared in [7], and we refer therein for more
details. Consider the natural submersion : Px|y \ N*Y — Py and the inclusion
a: Pxly — Px. Let m: W — Px|y be the oriented blow-up of Px|y along the
conormal bundle N*Y C Py, and &: W — Py the corresponding lift. Let B W —Py
be induced by the restriction map X xy T*Y — T*X. For a valuation ¥ € V*°(Y)
defined by the closed Legendrian form v € Q2"+ 1(Py), i*W is given by the current
O 5 *y. Now (¢If L) = (’ﬁ,’;, Y} and similarly for X. We should thus verify that

(TF . ¥) = (T @xB*v).
Note that ?]’,}f is supported on Xz x C Py, which by assumption is disjoint from N*Y
Hence the right-hand side can be replaced by (?]’,‘f LY.

Nexttake peY, £ = (HpY)l € Py and (p, &) € Px|y suchthat B(p,&) = (p,&). We
may decompose T, ¢/ Pxly =T,Y @ (HI;Y)* ® (Hlf()l*. Consider df: T, ¢/ Px|y —
T, £Py, so that

dp*: T;Y @ HY ® (T,Y/HY)* - T;Y & HX ® (T,X/H)*

acts as the identity on the first summand. On the second summand, recalling we have the
canonical identification 7,Y/H Y~ ~TpX/H, X induced by the inclusion T,Y CTyX,
dp simply acts as the inclusion H, LN Hj X Let us denote by QY /\k H, Y Q®(H, Y )J-
NE (H Y)* the isomorphism 1nduced by the DH form w, and 51m11arly for X. It follows
that the following diagram commutes:

dp*
Y YL X XL
H, ®(H,)—— H, ®(Hy)

B [

(Hp)" e (H)"
We are left with verifying the identity

lﬂo®ﬂf=/ axf VYo ® ex
Yu X
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for an arbitrary Legendrian form o € Q2"+ 1(Py). But this is now equivalent to the
statement i*qb()’( = ¢g , which holds as both sides are just the Euler characteristic. 0O

Weyl’s principle for DH manifolds, which we just established, is readily applicable in
conjunction with the following technical lemma.

Lemma 4.28 Consider a compact submanifold with boundary F 2%k c M2t of a
DH manifold (M, H, w).

(i) If 2k <n, F lies in fact inside a DH submanifold N 2k+1 = M.

(ii) For arbitrary k < n, one may find a pair of DH manifolds N 2k+1 o yantl
such that we get a commuting diagram of DH manifolds

N2k+1

/

F2k C M2n+1 C X4n+1

where all inclusions are DH embeddings.

Proof Assume first 2k < n. Choose a Riemannian metric g on M, and let L: F —
P(TM)|F be givenby L(x) = H j the orthogonal complement with respect to g.
Note that L(F') does not intersect P(H)|r CP(TM)|F . By the transversality theorem,
and since

dim L(F)+dimP(TF) <dimP(TM)|r < 2k +4k—1<2n+2k < 2k <n,

we may perturb g so that L(F) avoids P(TF) C P(TM). We then take N to be
the image under the exponential map of a small neighborhood of the zero section in
TF & L(F)CTM|F. Itis clearly a DH submanifold containing F.

Now in the general case, consider M g CIP(T*M), which is the quotient of My C Py
under the two-covering map Py — P(T* M ). Define a DH structure on a neighborhood
of M ' as follows: the horizontal structure H will be the canonical contact structure of
P(T*M). For (x,§) € M H , by equations (6) and (7), H x,¢ 18 canonically identified
with Hy @ Hy C TxM & Hy. Noting that Tx,SIP’(T*M)/I-AIx,E ~ TxM/H,, define
wx € /\Zﬁ;"g ® Ty ¢ P(T*M)/H, ¢ by

wx (U1, v1), (U2, v2)) = w(uy,vy) + w(uz,vp) forall (uq,vy1), (U2, v3) € ﬁx’g.
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Extend wy arbitrarily to a global section of N H*® TP(T*M)/H. Take X to be
a small neighborhood of M g in which wy is nondegenerate. Then (X, H ,wy) 1s
a DH manifold, and the DH submanifold M H C X is clearly isomorphic to M. It
remains to note that dim X = 2-2n 4+ 1 and 2k < 2n, and so we may choose the
desired N25*1 X by the first case. o

Corollary 429 Let F2* ¢ M be a submanifold with boundary, normally transversal
to the horizontal distribution H. Then ¢, (F) > 0, with equality if and only if it is
nowhere tangent to H.

Proof This follows at once from Lemmas 4.28 and 4.13, Corollary 4.26 and Theorem
4.27. o

Finally, we consider the relations between the valuations we constructed.

Proposition 4.30 (i) On any DH manifold, ¢p € W, ° \ W, 0, as 0 <b <n.

In particular, ¢,p for 0 < b <n are linearly independent valuations.
(i) On a generic DH manifold (in a sense to be made precise in the proof), (¢b)§”= 0
are all linearly independent.

Proof By Proposition 4.18, ¢ € W,"°°(M). For a normally transversal hypersurface
F write

¢ (F, p) = |det Ap| ™ D(Ap[2n — k], J[K])
2n—k n—k
= (¥ ldet Ayl ™ 37 (7T ) D(Spl2n —k = 1.y ). T KD

j=0
For even k = 2b, the term of highest order in S, (corresponding to j = 0) is nonzero
for generic S, . In particular, ¢>,(F) # 0 for generic hypersurfaces F. Now choose
any DH submanifold N C M of dimension 2b + 1. Using Theorem 4.27, Lemma 4.13
and the last observation, we may find a 2b—dimensional submanifold F 2b = N such
that @27 (F) = 2} (F) # 0. Thus ¢pp, & W55, (M), proving (i).

For (ii), it now suffices to check that ¢,;_1 and ¢, are linearly independent in
W32 (M) /W53 (M) for a generic M. In turn this is implied by the following state-
ment: as a function on normally transversal closed submanifolds of dimension 25 lying
inside a fixed DH submanifold N22*1 ¢ M, ¢»;_; and ¢, are linearly independent.

By Theorem 4.27, we may assume b = n. Now note that for ¢»,—1, the summand of
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degree 1 in S, vanishes, as S, is symmetric while J is antisymmetric. The statement
now follows by examining the summand whose numerator contains no S, for both
valuations, which has different coefficients (depending on p for a general horizontal
distribution). a

4.3 Extending ¢, to arbitrary 2k —submanifolds

Define the contact area CA,y (F) € [0, oo] for any C?, 2k —dimensional submanifold
with boundary FF C M by

CAzy (F) := liminf ¢ox (Fe),
Fc—>F

where F, is a C2, normally transversal submanifold with boundary that C % —converges
to F. Note that Proposition 4.22 and Theorem 4.27, and the proof of Lemma 4.28,
imply that ¢,z (F) is C2—continuous on normally transversal submanifolds F. Hence,
on such submanifolds, CA,i (F) = ¢op (F).

We now show that the vanishing of CA,;(F 2k) is a necessary condition for the
existence of an arbitrarily small perturbation with no contact points. For closed F this
supplements the topological necessary condition y(F) = 0.

Proposition 4.31 For a 2k —dimensional submanifold with boundary F C M, we have
CA (F2) =0 if and only if there is an arbitrarily small C? —perturbation of F which
is nowhere tangent to the horizontal structure.

Proof The “if” direction follows from Corollary 4.29. For the other direction, let us
assume CA,i (F) = 0. Again by Corollary 4.29, F cannot be normally transversal to
the horizontal distribution unless it is nowhere tangent to it. Assuming the contrary to
the assertion, we conclude F' is not normally transversal. Let Fe — F for € — 0 be a
normally transversal family of smooth perturbations of F such that ¢, (F¢) — 0. If a
normally transversal contact point exists for F' (which is then necessarily isolated), it
persists to Fe for small €, and examining equation (8), one can find ¢ > 0 such that
¢ox (Fe) = ¢ for all small €, a contradiction. Thus F is not normally transversal to
the horizontal distribution at any of its contact points. It follows that a sequence x;
of contact points of Fe; must approach a necessarily degenerate tangency point, and
hence, by equation (8), ¢»x (Fe,) — oo. This again is a contradiction, implying that
for small €, F¢ has no horizontal tangent spaces, as claimed. a
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5 The dual Heisenberg Lie algebra

5.1 Linear algebra

Recall that U2"*1 denotes the dual Heisenberg algebra, with H C U a fixed linear
hyperplane, and w € /\2 H*®U/H is anondegenerate (twisted) form. It is the simplest
DH manifold.

Let the group of automorphisms of the Heisenberg algebra be denoted by Spg (U) or
Spy (2n+1). Thereis an Spg (U)—equivariant isomorphism Dens(H ) ~Dens(U/H)".
Define the subgroups

Sp(U) = {g € Spg (U) : gluym > 0} C Spy (U),
Spy (U) ={g € Sp (U) : glu/m =1d} C Spjp (V).
Scaly (U) = {g € Spy (U) : glu € R*} C Spy; (V).
Note that for g € Sp}q (U), clearly detg = 1. For an Spy (U)-module X and x € X,

we will write Stab(x), Stab™ (x) and Stab!(x) for its stabilizer in the corresponding
subgroup. Let us record the following trivial fact:

Lemma 5.1 Sp;}(U) is generated by Sp}q(U) and Scalgy (U).

Corollary 5.2 Let §; € Scaly(U) actby A € R on H and by A? on a fixed direction
L complementing H. Then Sp}{ (U) and (8) -0 generate Spj{l ).

Proof Take any g € Scaly (U); set A := g|g . Then 8;1 oge Sp}i. The claim now
follows from Lemma 5.1. m|

Lemma 5.3 For any subspace E C H, set Eg = E N E®. Then one can find:
(i) S eStab!(E) such that S(Eg) = Eo and S|g, = 2.
(i) T € Stab™(E) such that T(Eg) = Eo, T|g, = 1 and detT < 1.

Proof (i) Decompose ENH = Eo® F, where F C H is a nondegenerate subspace.
Fix a vector z € E \ H. There is then an induced symplectic form w, on H given by
wz(u,v)(z+ H) = w(u,v). Define S € GL(E) by setting S|g, =2 and S|r =1,
and note that S leaves w,|g invariant. By Witt’s extension theorem, we can find
an extension S € Sp(H, w;), and finally setting S(z) = z yields S € Stab!(E), as
required.

(i) Using S from (i), define 7 € Spf;(U) by T|g = 3S|m and Tz = }z. o
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The orbits Yélfr of Spj{l (U) in Grg (U) are classified by the pairs (e, r) as follows:
E € Yelfr < e=k—dmHNEe{0,1} and 2r =k —dimker(®w|Eng),

where ¢ € {0, 1}, and r € {0, ..., L%KJ}, k = min(k —e€,2n — (k —€)). The unique
open orbit has ¢ =1 and r = L%KJ ; the unique closed orbit has ¢ = 0 and r = 0.

5.2 Translation-invariant valuations on the dual Heisenberg algebra

We start by classifying the SpIJ;(U )—invariant Klain sections.

Proposition 5.4 Fix 1 <k <2n.
(i) For even k, there is at most a one-dimensional space of Spg(U )—invariant
generalized Klain sections over Gry (U).

(i) For odd k, there are no Sp;_LI (U)—-invariant generalized Klain sections over
Grk (U ) .

Proof We will make repeated use of Lemma B.1 without explicit mention, wherein
also the bundle Fy of principal symbols transversal to Y is defined.

Take E € Y, and denote Eg = (ENH)N(ENH)®, dim Eg = k —2r.

€,r>

Step1 (e =1) We consider first the open orbit, ¥ = rya. If k isodd, EN H is
nondegenerate, and @ gives an isomorphism Dens(E N H) = Dens(U/H)%*~1D/2
Thus

Dens(E) =Dens(E/ENH)®Dens(ENH)=Dens(U/H) ® Dens(U/H)(k_l)/2
= Dens(U/H)*+1/2 = peng(U)k+D/20+1)
It follows that for odd k there are no invariant sections on the open orbit.
For even k,let Eg C E N H be the kernel of w|gng, which is a line. Then
Dens(E) =Dens(E/E N H)®Dens(E N H)
= Dens(U/H) ® Dens(Eo) ® Dens((E N H)/ Ey)
= Dens(U/H )*/? @ Dens(Eg) = Dens(U)*/2"+1 @ Dens(E).

By Lemma 5.3, we may find S € Stab!(E) acting trivially on the first factor and
rescaling the second factor. It follows that there are no invariant sections on the open
orbit YF

1, max ”
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Now let us consider the orbit ¥ = Yllfr with r < rpax. We have
NgY = Neau XK~V (H) = NE§.
Consider the bundle over Y with fiber
Fy|E = Dens(E) ® Dens*(NgY) ® Sym*(NgY)
= Dens(E) ® Dens(/\on) ® Sym*(A\"Ey).
Since E/E N H is Stab(E)—isomorphic to U/H,
Dens(E) = Dens(E N H) ® Dens(U/H)
=Dens((EN H)/Ep) ® Dens(Eg) @ Dens(U/H).
Now dim(E N H)/Ep = 2r, and o readily yields a nondegenerate form
@< N((ENH)/Eo)*®U/H.
so that there is a Stab(E)—isomorphism Dens((E N H)/Ey) = Dens(U/H)". Thus
Fg|g = Dens(U/H)" ! ® Dens(Eg) ® Dens(/\> Eo) ® Sym* (AN’ Eg).
Again by Lemma 5.3, there are no Stab™ (E)—invariants in F v|E when r <rpax (and
so Eg # {0}).

We conclude that for no k are there invariant generalized sections whose support
intersects Ylkr for any r. We assume from now on that e =0,s0 £ C H.

Step 2 Consider Y = Y, with r = roay. Then NgY = E* @ U/H, and
F2|g = Dens(E) ® Dens*(NgY) = Dens(E)? ® Dens* (U/H )¥.

Taking g € Scaly (U) with g|g = A, we see that it acts on Fg ® Sym*(NgY) =
Dens(E)? ® Dens*(U/H)* @ (U/H)® ® Sym* E* by A~2k+2k+2e—a _ jo Tpyg
o = 0 is the only possible transversal order of an invariant section. We now consider
separately the different parities of k.

If kK isodd, set Eg = ENE®,so dim Eg = 1. Then
F2 = Dens(Eq)? ® Dens(E/ Eg)? ® Dens*(U)*/ ("1
= Dens(Eg)? ® Dens*(U)(k+1)/2("+1)

since Dens(E/Eg)? ~ Dens(U/H )*¥~! = Dens(U)*—/®+1)  Thys, by Lemma 5.3,
the action of Stab™(E) on F g is clearly nontrivial, and so there are no invariant
sections whose support intersects Y.
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If k is even, the restriction of @ to E gives an isomorphism Dens(E) =Dens(U/H )*/2,
so that Stab(FE) acts trivially on F g . We know by now that all invariant sections are
supported inside Y. Thus we conclude that the space of restrictions of the space of
invariant sections to Grg(U) \ (Y \ Y) is at most one-dimensional.

Step 3 It remains to show there are no invariant sections supported on the closure of
either of the orbits Y({f +(U) with r < rpax for any k. In particular, we have 1 <k <2n
and k —2r = dim Eg > 2, with k = min(k,2n — k).

One has the chain of inclusions Tg Yy, (U) = Tg X¥ (H) C Tg Gry(H) C Tg Gri (U).
Hence Ng Yéf +(U) fits into the exact sequence

0— Tk Grg(H)/TEXX(H) — NgY§,(U) — Tk Gry (U)/ Tg Gry(H) — 0,
which is Stab(E)—isomorphic to
0— NE§ — NgY§,(U)— E*®U/H —0.
Write ¥ = Y§, . For a =0,
F}|E = Dens(E) ® Dens*(Ng Y({fr(U))

= Dens(Eo)? ® Dens(E/Eo)? ® Dens*(U/H ) @ Dens* (A’ Eg)

= Dens(Eg)? ® Dens*(U/H)* ™" @ Dens* (/\ZE(’)").
Thus (F§’|E)Stab+(E) = {0} since one can find g € Stab! (E) with gle, =1 #1.

When « > 0, a Stab™ (E)—invariant element of F{|g would imply the existence of
an invariant element in

Fle® (NE))" ® (E*) ® (U/H)?,
which in turn implies the existence of an invariant element in
Dens(Ep)? ® Dens(A*Eo) ® (A Eg)” @ (E¢)Y ® (E/E0)*)?” ® Dens(U)*
for some nonnegative integers a, b, b’ and b” and A € R.
By the proof of Lemma 5.3, we can find S € Stab!(E) such that S|g, = 2 and

S: E/Ey — E/Ey is the identity. Thus there are no invariants in this space. o

For a vector bundle E over a manifold B, we let I},(B, E) := I.(B, E* ® |wg]|)*
denote the space of generalized sections that are given locally by a regular Borel

measure.
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Proposition 5.5 There are Sp;; (U)—invariant generalized Klain sections kj, realizing
the upper bounds obtained in Proposition 5.4. Moreover, ki € 13, (Gri(U), Dens(E)),
they are supported on Y}f, :={E C H} and are Spy (U)—invariant.

Proof Take f(E) = |w*/2|®2 ¢ Dens(E)? ® Dens*(U/H )*, which is a continuous
section over Gry(H). We may rewrite f as an absolutely continuous measure on
Gry (H) with values in the bundle Dens?(E)®Dens* (U/H )¥ @Dens* (Tg Gry (H)) =
Dens*(U)* @Dens(E)2"+2. Writing i : Gry (H ) — Gry (U) for the natural embedding,
we get

ixf € Mg, (a1 (Gry (U), Dens* (U )* ® Dens(E)?"+2)
~ T (Grg (U), Dens* (U )* @ Dens(E)*" 2 @ Dens(Tg Grg (U))).

The latter bundle is just the Klain bundle:

Dens*(U)* ® Dens(E)?"+2 ® Dens(E* ® U/E) = Dens(E),
and it remains to note that we only used Spg (U)—equivariant identifications. a
Let us fix an involution R € Spy (U) acting by —1 on U/H. Since R™! SpIJ;(U)R =
Spt 7 (U), it follows that R acts on the space of Sp} g (U )—1nvar1ants in any Spy(U)-
module M. We will call the £1 eigenspaces of R in M $p/7(U) R_even and R-odd.
Proposition 5.6 For 0 < k < n it holds that

dim Val;2°(U)1 @) <2 and  dim Val;23, (U)®1 @ =,

For every k, the spaces of R—even and R-odd invariants are each at most one-
dimensional. Moreover, any R—even invariant valuation is even, and any R—odd
invariant valuation is odd.

In particular, any Spg (U)—invariant valuation must be even.

Proof We proceed in four steps.

Step 0 In the following, all forms are translation-invariant. For & € P (U™), let
&1 C U beits annihilator. There is a natural identification of Q2= (UxP(U*)"
with the generalized sections of the bundle over P4 (U™*) with fiber

/\j U* ® /\2n+1—j$J_ ® SZn-i—l—j
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over £. A Legendrian form corresponds to a section of the subbundle
é ® /\]_I(U*/i__) ® /\2n+1_j§:J_ ® §:2n+1—j’

which we then call a Legendrian section. We will find the Sp?;,(U )—invariant general-
ized Legendrian sections. Let ¥ (&) be such a section.

There are three orbits under Sp;LI(U ): the open orbit X, = {§ # H=L} and two closed
orbits XF = {+H1}.

Step 1 Let us first show that ¥ vanishes when restricted to the open orbit. Note that
Y¥|x, is smooth by SpIJ;(U )—invariance, and fix £ € X, .

Consider the stabilizer G¢ := Stab™ () C Sp}; (U), and Gél ={g€Gg:glg =1}.
Then v (§) is a Gg—invariant element in NN U* /e NP g @E2nt2-7 By
considering the various invariant subquotients, we deduce the existence of an invariant
element in one of the spaces

Vi=(H®8) /N 2(U* /(E@HY ) QN T/ (£L.NH)RE¥ T2/

Vo=(HY®£) /N 2(U* /ESHY )N/ (ELNH)®(EL /6L NH)QE 2|
Vs=N"'U*/E@H )N ((LnH)@EX T,

Va= N1 U /E@H )N (ELNH)R(EL/ELNH)RE" 2.

Now take g, € G¢ such that g, |g = A. Since g, has a 2n—dimensional eigenspace of
eigenvalue A on U, the action of g4 on U™, which is by (g;l)* , has a 2n—dimensional
invariant subspace of eigenvalue A~!. In the following we will simply write g; for
this action. We may choose g, such that g;|s = A7V and g5 |1 = A72. Since
£ /(ELNH)~U/H, g acts on it by A2.

The action of g on V; is as follows: g, |y, = A "2-U=D+2n+1-j-Qn+2-)) — ) —j-1,
gl =277, gilyy = A7UTDF2HII=CnH270) = 3= and gy ly, =47/ F1.

Since j > 1, we conclude that a G¢—invariant can only exist in V4, and only if j = 1.
However, A\*" £ ®E?" 1 has no Gg—invariants: one may choose an element g € G¢
with g|g = 1, while detg # 1. Then det(g: £1 — £1) # 1, and thus no such invariant
exists.

Step 2 We conclude that v is supported on X, := {+H'}. Since —Id commutes
with Sp; (U), it acts on any space of Sp;; (U)—invariants, which thus decomposes
into a sum of even and odd invariants. Now det(—Id) = (—1)?"T! = —1, so that odd

closed Legendrian forms correspond to even valuations and vice versa.
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Let us show that for odd j there are no Sp;; (U)—invariant closed Legendrian forms.
Otherwise by what we proved, there is an Sp};(U )—invariant such form 7 supported
on § = H' with a fixed orientation. Then Ty := T — (—Id)*T is odd, closed, Legen-
drian and Sp;LI (U)—invariant. Thus T defines an even Sp};(U )—invariant generalized
valuation which is j -homogeneous. This contradicts Proposition 5.4.

Step 3 The principal symbol of ¥, denoted by F}‘}‘C l¢ (see Appendix B), over each
point £ € X, is an element of

W= HL ® /\j_lH* ® /\2n+1—jH ® (HJ_)2n+l—j ®DGHS*(T$P+(U*))
® Sym*(TgP+(U™))
=NT"H*@ N7/ H ® (H+)?" 7?7/ 7% @ Dens(H ) ® Dens(H*)"
® Sym®*(H™).
Take 8, € Scaly (U) actingby A € R on H and by A2 on some fixed vector w € U \ H.
Then §;, acts on H+ by A72, and

8A|W — A_(j_l)kzn—’_l_jA_2(2n+2_j_a)/\,_2nl4nk_a — A(X—Z

hence « = 2 is necessary for an invariant to exist.
We may identify AN g ~ ANV @ A2 H. Thus
W=NT"H*9 N'H*®Sym*(H*) ® X" H ® (H1)?"~/ ® Dens(H)
® Dens(H+)?".
Let us find all w € W that are invariant under Sp}l (U). We may fix an Sp}q U)-
invariant symplectic form wg on H, so that, Sp}i (U)—equivariantly,
W~ NTH 9 N 'H* @ Sym?(H*).

By the fundamental theorem of invariant theory, an invariant element of W is given
by fixing pairings of all the factors using @, and then symmetrizing/antisymmetrizing
accordingly (some pairings could give zero). There would be j pairings.

Note that R*wy = —wg . Hence det R|g = (—1)" and det R = (—1)"T1. We see
that Rw = (—1)/ (=1)"(=1)/ = (—1)"w for any w € WSpr ().

Step 4 Now take ¢ € Valj_oo(U )SP;(U) which is either even or odd, and write
T = T(¢). Assume first that ¢ is R—even, that is, Spg (U)—invariant. Then R*T =
det-T. Thus its principal symbol is o (T)(+H~, —HL) = (wg., —wo) for some wq €
WwSpy (U) Noting that —Id acts by (—1)/ on W, it follows that ¢ is an even valuation
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if and only if j is even, which we may assume by Step 2. By Proposition 5.4,
dim Val; > (U)# ) < 1.

Similarly if ¢ is R—odd, its principal symbol is 6(T") = (wgp, wp) for some wy €
WPl (U) | and since ; is even, ¢ must be odd. It remains to prove the dimension of
the space of R—odd, j —homogeneous valuations is at most 1. It suffices to show by
Theorem 3.5 that the space of Spj{l (U)—invariant, R—odd, j—-homogeneous, closed
Legendrian generalized forms supported on X, is at most 1—-dimensional. Any such
form has the form 74 — R*T4 with T4 supported on + H L and SpIJ;(U )—invariant.
Clearly T4 — R*T4 — T4+ + R*T4 is a bijection onto the corresponding R—even
forms, which in turn bijectively correspond to Spg (U)—invariant valuations. The
R—even case now concludes the proof. a

The following proposition completes the proof of Theorems 1.5 and 1.6.

Proposition 5.7 For 0 < k < n, it holds that dim Val,;>°(U ySer (W) = 1 while
dim Val;2°(U)SPi W) =2,

Proof The first assertion follows from the general construction of valuations on DH
manifolds, as follows. By Proposition 4.30, we have at least n + 1 linearly independent
valuations ¢, ; € Wz_joo(U ) which are invariant under the symmetries of U as a DH
manifold, in particular under translations and Spg (U). Now Proposition 5.6 concludes
the proof.

The second assertion follows from the first one: by the last paragraph of the proof of
Proposition 5.6, there is a bijection between the Spg (U )—invariant valuations and the
R-odd Sp;LI (U)—invariant valuations. a

Remark 5.8 (1) Alternatively, one may use the Corfton valuations v,; on the
contact sphere constructed in Section 8 to prove the statement, by consider-
ing the translation-invariant valuations they define on the tangent spaces by
Theorem 3.13.

(2) Examining the construction of ¢, for general DH manifolds, we immediately
see that ¢gk is in fact 2k —homogeneous.

Example 5.9 Let us describe explicitly the valuation ¢»,. Consider U = R?**! with
the standard Euclidean structure, and take H = {x2,4+1 = 0}. For u,v € H we let
w(u,v)= 27=1 (uzj—1V2; —u2;jv2;—1) be the standard symplectic form. Identifying
U/H = HL = Rez,n+1 =R, we recover the DH structure on U.
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Examining the proof of Proposition 5.5, we see that, for convex K € K(V), ¢2,(K) =
%(GK (HY)+og(—H?1)), where oxd € M(S?") stands for the surface area measure
of K, which is essentially just the pushforward of the 2n—dimensional Hausdorff
measure on 9K to S2"; see [50] for the exact definition.

5.3 Homogeneity 2n

The valuation of homogeneity 2n in U, which is just the surface area measure at the
points of tangency to H C U, also has a different natural setting, valid in dimension of
either parity.

Let H™ C V™% be a hyperplane, and let voly and voly be fixed volume forms on H
and V, respectively. Consider SLgy (V) :={g e SL(V):g(H)=H, g|g € SL(H)}.
Fix a Euclidean product P on V inducing the given Lebesgue measures on V' and H.
Assume for simplicity m > 2.

Proposition 5.10 ¢, (K):= %(GK (HY)+og(—H?1)) is the unique m —homogeneous,
even SLy (V') —invariant generalized valuation.

Proof The Klain section of ¢,, is a delta measure on Gry, (V') supported on H. It is
given by an element of Dens(H )®@Dens* (T Grp, (V) =Dens(H )™ T2 ®Dens* (V)™
Clearly SLg (V) acts trivially on this space.

The proof of uniqueness is similar to Proposition 5.6. We first note that there are no
invariant sections of the Klain bundle over the open orbit {E : E # H } C Gry, (V), since
for such E there is a natural isomorphism E/E N H =V /H, so a Stab(E)—invariant
density on E would produce a Stab(FE)—invariant density on £ N H, which clearly
does not exist since Stab(E) can rescale this space. Next we use Lemma B.1 to study
Klain sections supported on the closed orbit {H }: for o >0,

F{yy, =Dens(H) ® Dens™(H* ® V/H) ® Sym*(H* ® V/H),

which is SLg (V)—equivariantly isomorphic to Sym®(H*). There are no invariant
polynomials on H, so we must have o = 0, which readily yields a one-dimensional
space of invariants. a

Next, we write an invariant Crofton formula for this valuation.

Proposition 5.11 There is an invariant Crofton measure jtsy, over Gri(V) which
defines ¢y, .
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Proof Let 6(F) € [0, 7] be the Euclidean angle between E € GrT(V) and HL with
fixed orientation. Define the meromorphic family of functions f5(E) = (cos 0)*|t|*,
where |¢|* € C7°°(R) is the standard meromorphic family of even homogeneous
generalized functions. Note that cos 6 is submersive whenever ¢ = cos § = 0, so the

pullback is well defined. Since fs(F) is invariant to orientation reversal, we get a
generalized family on Gr;(V), still denoted by fs(FE).

Let us identify translation-invariant measures (distributions) on AGr; (V') with (gener-
alized) sections of the Crofton bundle Cr,, over Gry(V'), whose fiber over E € Gry (V)
is Dens(V/E) @ Dens(Tg Gri(V)).

Define a generalized section of Cr,, over Gri(V) \ Gri(H) by ust := fom—2(E)
when m is even, and usp := Resg=—;;—2 fs when m is odd.

Let us check pugr is SLg(V)—invariant. For g € GL(V) consider the Jacobian
Ye(E)=Jac(g: £ —gE )~2, where E and gE are endowed with the volume induced
by the Euclidean product P. It follows that, for g € SLy (V) and E ¢ H,

cos? Z(gE, HY)
cos2 Z(E,HL) -

Vg (E) =

Now f(FE) represents (with respect to the Euclidean trivialization) an SLg (V)-
invariant Crofton measure precisely if g* f(E) = ¢ (E)~""+2/2 f(E). Since g* f; =
Vg (E)*/? f(E), we conclude psy. is indeed SLg (V)—invariant.

It remains to verify these Crofton measures define nonzero valuations. For this, we
evaluate ¢,,(B) for the unit ball B! By definition, ¢,,(B) = 1. On the other hand,
writing wy, for the volume of the Euclidean ball B™, we get

Cr(fs(E)dE)(B) :wm/ |cos O(E)|* dE

Gri (V)
[ |cos O* sin™ 1 6 d6 [y 15(1=12)m=2)/2 gy
=w
@m fo sin”?~1 9 d6 " fol(l—tz)(m—z)/zdt
I e U e COI TG ot
— Wm = Wm .
Jo =12 (1—u)n=2/2 gy B(3.%)
Thus
R T(HY) T3 4d) a4 )
ri+3)r(f+%) T T+%3) T(FH+%)
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When m = 2n is even, s = —2n — 2 and

1J.[n—l
C2n — _5 n

T(n +

)T (=n—7).
When m =2n—11isodd, s = —2n —1, F(%) has a simple pole with residue
2Res;=—, ['(z) = 2(—1)"/n!, and
n—1 n—3/2
T '(n) _ (1 T . -
T (n+3) T(=3) nl(n+3)

We can now recover effortlessly the inverse form of the Koldobsky—Ryabogin—Zvavitch
formula [38].

C2n 1= 2(_ )n

Corollary 5.12 Let K C R™*! be a smooth, symmetric convex body, and let K (x)
be its gaussian curvature and v(x) the unit normal at x € dK . Then there is a universal
explicit constant C,, (computed in the proof of Proposition 5.11) such that for even

m=2n, do1(6)
-1 _ -1 1
k(x)" =C, /Sm vol, (Prg 1 (K))—(G, b (02

while for odd m,

Kk(x) ™1 = C {8 T ((0(x), 6)), Vol (Prg 1 (K)))

2
((1 _t2)(m—2)/2/
1=0

-~ ¢
m+1nr "
dm+1
(0,v(x))=cost

Xt Vol (Prg1 (K)) doy (9)).

Remark 5.13  Since vol, (Pr,, . (K)) is the cosine transform of ok (6)do1(6), one can
think of this formula as simply the inversion of the cosine transform. The integral can
be viewed as the (—2n—2)—cosine transform of the support function of the projection
body.

6 Contact manifolds

6.1 Specializing from general DH manifolds.

Recall (Example 4.4) that a contact manifold has a canonical structure of a DH manifold.
Let us recall a few basic facts.
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The standard contact structure on R?”+t1 = {(x1,...,xu, V1,..., Vn,2)} is given by
dz = Z;-’Zl xjdy;—yj;dx;. Its symmetry group contains translations along the z—axis
and rotations in the (x;, y;)—planes.

Theorem 6.1 (Darboux and Pfaff) Take a contact manifold M2"*+1. Then any xe M
has a neighborhood contactomorphic to an open subset of the standard contact R?"+1,

We will make use of the following simple observation:

Lemma 6.2 In the standard contact space R27+1 it holds that a closed, smooth,
strictly convex hypersurface F C R?"*! is normally transversal.

Proof We use the standard Euclidean structure to identify Pg2n+1 with R2n+1 5 g2n
Let p be a contact point of F. We may assume p = (a1,0,...,a,,0,0). As T, F =
H, ={dz =) a;dy;}, (x;, yj);’=1 form a system of coordinates for F' near p, and
so locally F is the graph z = f(xq,..., yn) of a strictly convex or strictly concave
function f. We will write w = w(x) = (x1,...,yn) and x = (w, f(w)). Let vy, = vy
be the normal to F at x, and Ay, = hy the normal to H,, both normalized to have z
coordinate 1 (the other pair of normals has z = —1 and is treated identically). Thus

v = (—fyysooos =ty 1) and by = (1, =X1, ..., Yn, —Xn, 1).

Claim There exists ¢ = c(f, p) > 0 such that ||vy — hy| > c||lw — w(p)| in a
neighborhood of p.
Proof Write

E=lvw—hol =) (= f;)*+ 0+ )

Replacing f with f —) a;y; and x; with x; —a;, E remains unchanged, and the
convexity of f is retained. We thus may assume p = 0, and Vf(p) = 0. Hence

E =llwl> + IV/@)[> =2 (x; fy, () = y; f1, (w))
J

= [wl® + IV (W) |> = 20w, Vf (W),

where w(w, w’) =) (x; y]’- —x]’. y;) is the standard symplectic form on R?". We clearly
may replace f with its quadratic approximation at p, namely f(w) = %(Aw, w) for
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A =Hess f(p). Then Vf(w) = Aw, and, by Writinger’s inequality, |w(w, Vf(w))| <
|lw||||Aw]|| sin Z(w, Aw). We conclude that

E = |w]? + [ Aw|* = 2wl Aw| sin Z(w, Aw)
= (lwll = [[AwlD* + 2[w|l[| Aw] (1 —sin Z(w, Aw)).

Since A is sign-definite, it holds that Ay ||w]| < [|Aw|| < Amax||w]| and [{Aw, w)| >
Aminl|lw||?, where Amin/max is the minimal/maximal eigenvalue of |A|. It follows
that [cos Z(w, Aw)| = [(w, Aw)|/(|w||[[Aw]]) = Amin/Amax, s0 1 —sin Z(w, Aw) >
1—vV1=22 /A2

2/ AMax =: Co, and hence E > 2¢0Amin||w]|?, as claimed. |

Recall My = {(x,hy) : x € R?**1} and NF = {(x,vx) : x € F} have dimension
2n + 1 and 2n, respectively. Thus we ought to show T(, ., yMpy N T, yNF = {0}.
If not, there is a curve x(¢) C F, x(0) = p with nonzero velocity vector, such
that 4,y and vy () have equal velocity vectors at # = 0. But then we should have
1hx@) — vyl = O(t?) as t — 0, contradicting the claim. o

Proposition 6.3 Assume M 2" 11 is a contact manifold. Then ¢, jfor0<j <n are
all linearly independent, while ¢ ;1 is a linear combination of ¢»; for j <i <n.

Proof The first statement is just Proposition 4.30(i). For the second statement, we
will use the same notation as in the proof of Proposition 4.22.

Write h = (h;; = Hy + H,, the symmetric and antisymmetric part.

z j_l
First, we note that in a contact manifold, the relation between the symplectic and
horizontal structures is given by H, = —J. Indeed, o (v) = g(R, v), so we have

da(u,v) = Lya(v) — Lya(u) —a([u, v]) = Lug(R,v) — Lyg (R, u) —a([u, v])
=g(VuR,v) + g(R, Vyv) —g(Vy R, u) — g(R, Vyu) — g(R, [u, v])
=g(VuR,v) —g(Vu R, u).

Hence hj,' —hij = Gj(VX,- R) —Qi(VXj R) = dO((X,‘, Xj) = Jl'j.

Take F' a closed hypersurface which is normally transversal. Introduce the notation
W (F. p):= (') det Ap|anx (F. p). Then

Wy (F, p) = D(H = S[k], J[2n —k]) = (=1)* D(S — Hy + J[k], J [2n — k])

k
— (=D)k Z(];)D(S — H[i], J[2n —i]).

i=0
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Observe that for 21 x 2n matrices X and Y for which X7 = X and YT = —Y it
holds that D(X[2n —i], Y[i]) = O for odd i. We conclude

lk/2]

W(F.p) = (- 3 (1) D(S — Hyfail. s 12n —20))
that is, =0
lenbyj2]
©) ¢ (F,p)=(- 1)"( Mideca, 7t Y (T )DS—HRil, T 2n-2i)).

1=0
Thus for a normally transversal closed hypersurface F, ¢, is a fixed linear combi-
nation of the ¢,; with j <i <n. By Darboux—Pfaff, we may cover M by charts U,
that are contactomorphic to open subsets V,, of the standard contact space R2”*1. By
Lemma 6.2, a closed, smooth, strictly convex hypersurface in Vy is normally transversal
to the contact structure. The statement now follows from Lemma 4.19, Proposition 4.17
and Lemma 3.12. a

We now prove a Hadwiger theorem for contact manifolds.

Theorem 6.4 Let M2"+! be a contact manifold. Then V~°°(M )" M) js spanned
by ¢y for 0 <k <n.

Proof For an element ¢ € W,"*°, we will write [¢] for its image in W,"*° /W, .
We will show by induction on 2n + 1 — k that W, (M yConM) i spanned by
(¢2j)2j2k- Take ¢ € WZ_nO—?-l(M)Com(M) — M—OO(M)Cont(M) — MOO(M)Cont(M),
where the latter equality holds since Cont(M) acts transitively on M, so that an
invariant distribution is automatically smooth. There is no such invariant measure,
hence ¢ = 0.

Assume now that ¢ € W, >0 k(M)Com(M). Recall
Wit (M) W320 (M) = VRS (M) /WSy (M) = Te(M, Val® (TM))*.
Hence, by Proposition B.2,

[]2n+1-k € (e (M, Val$® (TM))*) M) = 10 (M Val; 29 | (TM )M,

2n+1—
where we used the Alesker—Poincaré isomorphism

Val? (Ty M)* = Val, 23 | (Tx M) ® Dens(Tx M).
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For a point x € M, its stabilizer in Cont(M) is Stab(x) = Spy(TxM). Hence
T (M, Val; 22 |, (TM))oM) = val;00 | (T M)SPu TxM By Proposition 5.7,
the latter space of invariants is trivial if k is even, and one-dimensional if k is odd.

Thus, if k is even, ¢ € W, > ook (M) If k is odd, we use Proposition 4.30(i) to find
a multiple of ¢2n 41—y such that

[Blant1—k = cldFns1-ilonti-k = d—cdon ik € WaS, o (M),

The induction assumption now completes the proof. a

Remark 6.5 Unlike the contact case, we do not have a uniqueness result in the DH
category, where the symmetry group is in general trivial. In the Riemannian setting,
uniqueness of isometry-invariant valuation assignment can be deduced from the classical
Hadwiger theorem in conjunction with the Nash embedding theorem. This last piece is
missing in the DH setting. A different type of uniqueness in terms of the Cartan frame
apparatus, which is again tailored to the Riemannian setting, was established by Fu
and Wannerer [30].

6.2 A dynamical point of view

Let F C M?"*! be a hypersurface, and let p € F be a normally transversal contact
point: T, F = H,. Denote by Fg the singular hyperplane field on F given by
Fy|p=Hp,NT,F. When dim M = 3, this field integrates to the characteristic foliation.

One can describe ¢, (F, p) explicitly through the singular bundle H, near x.

Let B € QI(F) be a form defined near p such that Ker 8 = F. Since M is contact,
we may assume df # 0 near p (eg by taking B = «|fr for some contact form «
on M), and there is a unique vector field B € X(F) near p such that ipdf = . In
particular, B(p) =0 and B(x) is tangent to the characteristic foliation. If g’ = f8 is
a different form with d, B’ # 0 <= f(p) # 0, the corresponding vector field is

df(B))
B = (1 + 7 B.

Since df(B)(p) = df(B(p)) = 0, the differential d, B € gl(T, B) only depends
on Fg.

Remark 6.6 The sign of detd, B determines whether p is an elliptic or a hyperbolic
singular point of the characteristic foliation.
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Proposition 6.7 F is normally transversal at p if and only if d, B is nonsingular. In
that event,
Gc(F, p) = |detd, B| " u(N" " d, B).

Proof Again we use notation from the proof of Proposition 4.22.

Since all contact manifolds are locally isomorphic, we work in R2”*! with coordinates
(X1,....Xn, ¥1,...,Yn.2z), and contact form o = —dz + ) _ x;dy;. We may assume
further that p =0 and 7, F = {z = 0}. Then (x;, y;) are local coordinates on F, and
B => —(df/dx;)dx; + (x; —df/dy;)dy;, with dB|o = >_dx; Ady;. It follows
that B(x, y)T = (x,0)T + JVf, where Vf = (af/0x;, 8f/8yj)T. Thus

(1,0 >
doB—(O 0)+JHf.

On the other hand, one immediately computes that

00
#=(1.0)
and S = H? f, hence h—S = J do B. This readily shows that F is normally transversal
at p — which is equivalent to the nonsingularity of #—S —if and only if detd, B # 0;

and

D(h—S[2n—Fk], J[k]) = det J - D(do B[2n — k], In[k]) = (Zk”)_l (A2 (do B)).

By Definition 4.24, we are done. O

Computatiton of ¢, is straightforward with this approach. Here is a simple proof of a
well-known fact:

Corollary 6.8 In the standard contact space R3 with contact structure given by dz =
xdy — ydx, spheres of different radii are not equivalent through a contactomorphism
of the ambient space.

Proof One computes that ¢»(Sg) = 8(1 + %R‘z)_l. a

Example 6.9 (contact sphere) Let us compute ¢,z (S2") in S2"+1. By Theorem
4.27, we may assume n = m. Consider §2m+1 — Cm+1 ] with coordinates X1, V1senns
Xm+1, Ym+1- The contact form is given by

m—+1

ap(v) = (v.V=1p) = Y (—y;dx; + x;dy;).

Jj=1
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so that da =2 27:11 dxjndy;j. Fix §2™ = {y,;;+1 =0}. Then the two unique contact
points of S2™ are given by x,;,+1 = %1, and we use the coordinates (x;, y j);.”=1 near
those points. In those coordinates, 8 = a|g2m = Z;';l(—yj dxj + x;dy;), and
dp = 22;-';1 dx;j Adyj. Then

ipdf =P => 2 (dx;(B)dy; —dy;j(B)dx;) =Y (x;dy; —yjdx)).

so that B(p) = %p. Thus doB = %12,,,, and

(10) B (57™) = 20( N D) =21,

7 Symplectic-invariant distributions

7.1 Linear algebra

The real antisymmetric matrices of size 2N x 2N will be denoted by Alt,x . Define
SDiag(A1,...,An) € Alta 5 (R) to be the block-diagonal matrix consisting of the 2 x 2
blocks

. 0 A
SDiag(1;) = (—Aj ()I )
The following is a standard fact from linear algebra:

Lemma 7.1 For A € Alt,y, there are B € O, (R) and D = SDiag(Ay,...,AN)
such that A= BT DB. The vector (A1, ..., Ay) is uniquely defined up to permutations
and signs of the A; .

Write Ay ={A; >---> Ay > 0}. For A € Altoy, let A(A) € Ay be the unique
vector such that A = BT - SDiag(A(A))- B for some B € O,y (R).

Recall the multi-Kdhler angles 0 < 6y <--- <6, < % of E € Grg{k (C™) introduced
by Tasaki [52], where k = min(k,n — k). They are defined as follows: Choose an
orthonormal basis (ei)l-zi , of E, and define the symplectic Gram matrix A = w(e;, e;).

Then A(A) = (cos61,...,co86).
Proposition 7.2 Let 6; fori = 1,...,«x be the multi-Kéhler angles of a subspace

E € Grg{k (C™) chosen at random (with respect to the SO(2n)—invariant probability
measure). Then the probability distribution of (cos 8;);_, is uniform in A.
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Proof We may assume 2k <n and so k = k. We first observe that the distribution
is independent of n. Indeed we may condition on the event £ C F where F is any
fixed complex k—dimensional subspace in C”, but the distribution of the multi-K#hler
angles is clearly independent of F. Thus we assume n = 2k.

Next notice that for a symplectic subspace E, there is a unique (up to order) decom-
position £ = E1 @ --- @ Ey, where dim E; = 2 and all F; := CE; are pairwise
orthogonal. This decomposition can be found as follows: for an orthonormal basis
e= (ej)Jz.];1 of E, consider the matrix M(E,e) = (a)(.ei,ej))l.zfj.=1 € Altyy . If (') is
a different orthonormal basis, there is an equality of row vectors (e;) = (e;) B for some
B €0(2k), and one checks that M(E, e')= BT M(E, e) B. Thus for generic E there is
a unique (up to order) orthonormal basis e such that M(E, e) = SDiag (A (M(E, e))).
We then set £; = Span(ez;_1,e3;) for 1 < j <k.

For a given decomposition C* =F @& & Fy into orthogonal copies of C2, the
multi-Kihler angles of E are the collection of Kihler angles of E N F; € Gr]§ (Fj).
Thus, conditioning on the decomposition, we conclude the multi-Kéhler angles of £
are independent and identically distributed, and it remains to find the distribution of
the Kihler angle of a real 2—plane E C C2.

We will work with the oriented Grassmannian. Consider R* = C2 with
w((x1 +ix3,x3+ixg), (x/l + ix/3, X2 + ixﬁt)) = xlxg —x/IX3 + xzxft —x’2x4.

Let (u,v) be an orthonormal basis for E € Gr;r (R%). We make the identification
Grj (R*) = S2 x S2, E v (z,w), using the standard Euclidean structure and the
Pliicker embedding GrJ (R*) C S(/\2R4), E +— uAv = (x12,...,X34), Where
Xg] = Upv; —uvg, followed by the change of coordinates

X12:= (w1 +2z1), x3a:=3(w1—z1), x13:=—3(w2+22),
X24 = S(W2—22), X14:= (w3 +23), X23:=2(w3—z3).

The corresponding measure on S2 x S? is the standard one. Then, for E = (z,w) €
S2 x 8% and {u, v} an oriented orthonormal basis of E, w(u,v) = X13 + X24 = —2».
Denoting by O the Kihler angle, we conclude that cos O = |A(E)| = |o(u, v)| = |z2|
is distributed uniformly in [0, 1] by the theorem of Archimedes. O

Let AL = {1 > 21y >.-- > X > 0}. Denote by A: Gr]gk((C”) — AL the vector
(cos t;)i_,. We conclude that A«(dop) = k! [TFe, dAi.
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7.2 Powers of the Pfaffian

Consider the meromorphic families of generalized functions [Pf[}. € C™*°(Altay (R))
for s € C. They can be constructed by first considering Res > —1, whence [Pf [ is
an integrable function, and then using the Cayley-type identity (see eg [25])

PF(O) PE(X)* ! = (s + 1)(s +3) --- (s + 2N — 1) Pf(X)*

for a meromorphic extension to s € C. Thus the poles of both families are at s =
—-1,-2,....

Theorem 7.3 (Muro [43]) The linear combination [Pf(X)|* := [Pf(X) |3 + [Pf(X) |
is analytic at even s € Z and has a simple pole at odd s < —1. The linear combination
sign Pf(X) [Pf(X)|* := [Pf(X)|%. —|Pf(X)|Z is analytic at odd s € Z and has a simple
pole ateven s < —2.

Let (V, w) be a 2n—dimensional symplectic space and P a compatible Euclidean struc-
ture with corresponding complex structure J, so that w(u,v) = P(Ju,v). Then P in-
duces a Lebesgue measure volp (E) on all subspaces £ C V. Define oy, p: Gr;"k(V) —
[—1,1] by 0, P(E) = wk| g /volp (E). We will often omit P from the index when
no confusion can arise.

We will now define meromorphic families of distributions on Gr;'k (R2™) given by
p+(s) = |ow(E)|% do1(E) for large Re(s). The construction is virtually identical to
the one carried out in [29], with Sp(2n) replacing O(p, ¢). We present it here for the
reader’s convenience.

We will assume for now that 2k <n.

Let U C Gryi (V) be an open set. Let B = (u1(E),...,u(E)): U — vk be
a smooth field of P —orthonormal bases of £ € U. Define the function Mp: U —
Alty (R) by Mp(E) = w(u; (E), uj(E))l.z”j.zl. Note that 0, (E) = Pf Mp(E).
Denote by Up C Gry (V) the open, dense subset of subspaces £ € Gry (V') for which
ENJE ={0}. Clearly E € Up ifand only if 1 ¢ A(Mp(E)).

Lemma 7.4 Mp is a proper submersion atevery E € U NUp.

Proof Consider a curve y; through E given by

y1(t) = Span(uy (), uz, ..., uzg)
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with us, ..., uy fixed and & =111(0) € E? arbitrary. It follows that

0 w(§, uz) - (&, ux)
peMpry = [ & 00

—w@ux) 0 - 0
k

Since E € Up, the w(u;, -)‘12.:2 are linearly independent functionals in £ € E¥, and
so the first row of D Mp(y1) is arbitrary, while the other entries in the upper triangle
vanish. Replacing y; with y; in the obvious way, we conclude Dg Mp (Y «;;(0))
can be arbitrary, thus concluding the proof. a

Lemma 7.5 One can choose finitely many w—compatible Euclidean structures P;
such that {Up, } cover Gryi (V).

Proof Given E € Gry;(V), a generic choice of an w—compatible (P, J) would
have E N JE = {0} by a trivial dimension count. Fixing one such J = J(E) with
corresponding P (E) for every E, we get an open cover (Up(g)) E eGryy (v) Of Grag (V).
The claim now follows by the compactness of Gryi (V). a

We now explain how to pull back [Pf(X)[% to Gr;k(V), using the locally defined
submersion Mp.

Definition 7.6 For s € C, let D’ be the line bundle of s—densities over Gr;k(V),
which has fiber Dens®(E) over E € Gr;k(V). We say that a choice of generalized
section f(s) e I7°°(U,D%) over U C Gr;k(V) for s € Q C C is meromorphic in s if,
having fixed a Euclidean metric P and using it to identify all bundles D*, one obtains
amap fp: 2 — C~°°(U) which is meromorphic in s.

We denote by 901~ °°(D’) the sheaf for which I'(U, 9t~ °°(D%)) is the space of mero-
morphic in s maps C — I'"*°(U, D).

Recall the orbits X ik and (sz o+ ’r‘;}) of Gr;k(V) under Sp(V) defined in the
paragraph following equation (3) on page 3050, where x = min(k,n — k). In terms of
multi-Kéhler angles, £ € X r2 kot precisely when exactly r of the angles are distinct

T
from 5.

We are now ready to construct the meromorphic families.
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Proposition 7.7 There are global sections fi(s) = Mp[Pf[5 of M~ °(D*) sup-
ported on Xik such that whenever s is not a pole of f1, fi(s) is Sp(V)—invariant.

Proof Assume first 2k <n. Let P; be a finite collection of w—compatible Euclidean
structures as in Lemma 7.5, and let U; = Up, C Gr;'k(V) be the corresponding open
sets of generic subspaces. For each i, cover U; by open sets U;; C U; so that
M;; = Mp,: U;; — Altyi can be defined by some smooth field of orthonormal bases
of E over U;;. Now since M;; is a proper submersion, one obtains a meromorphic
in s family of functions fjji (E;s) € CT*°(U;j) given by f#(-' s) = M.*. |PE 3.

It then obviously holds that on U;; N Uj;r, f jE(A s) and f (A s) coincide as
continuous functions for Re(s) > 0. Therefore, they coincide on U;; NUj;» as mero-
morphic functions, and we may merge all f:;': into one meromorphic family f;i (o;8) €
C~%°(U;). The corresponding (through P;) section fijE e I'(U;, M™°°(D?%)) is obvi-
ously Sp(V) N O(P;)—invariant. Moreover, it is sp(V')—invariant.

Next, we claim that fii and ff coincide on U; N U;s. Since both are meromorphic,
we may assume in the following that Re(s) > 0.

It is easy to see, using Lemma B.1 as in the proof of Proposition 5.4, that for Re(s) > 0,
no Sp(V')—invariant generalized sections of D* can be supported on a set of positive
codimension: using Lemma B.1, we consider for o > 0 the bundle F "‘zk + over X 2k, +
where r > 0, that has fiber Dens(E)’ ® Dens™ (Ng XZk +)®Sym°‘ (NEX Jr) over E.

Denoting Eg = E N E“, by Corollary 2.2,
F;Zk.-i- |E =Dens(E)° ® Dens(/\on) ® Sym* (/\ZE(’)"),

which clearly contains no Sp(V)—invariants. It follows that the space of Sp(V)-
invariants in I'=°° (Gr;rk(V), D?) supported on X, €2k is at most 1-dimensional for each
€ e {L}.

Since U; C Gr;rk(V) is dense, it follows by construction that for Re(s) > 0, f; £(e:5)
extends by continuity to an Sp(}')—invariant section of D% over Grzk(V) supported
on X ik, and by the previous paragraph we can find meromorphic functions ¢; (s)
such that ¢1(s) = 1 and the sections ¢; (s) fl (A;s) coincide for all i. Denoting by
pi(s) € Fw(Gr;k(V), D) the Euclidean section defined by P;, it holds that

fE(E;s) = |Pf Mp, (E)|* pi (s)
for E € Xik, so that

[Pf Mp, (E)|” p1(s) = ci(s)|Pf Mp, (E)|’ pi(s).
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implying

i (s) = (|PfMpl (E)| m(l))s
’ IPf Mp,(E)| p: (1)

forall £ € Xik. Since ¢;(s) is independent of E, one has ¢;(s) = ¢} for some ¢; > 0.

Finally, for s = 1, D! is the Klain bundle of Lebesgue measures, and it is easy to see
that all fii(l) represent the Liouville measure induced by the symplectic form on
every symplectic subspace E. It follows that ¢; = 1 and so ¢;(s) = 1. Thus we have
shown that fl.jE and ff coincide in T'(U; N U;», M™°(DS)).

We conclude there is a globally defined section fx of 91™°°(D*) which is sp(V')-
invariant and supported on X 2k respectively. For Sp(V')—invariance, we observe it
holds for Re(s) > 0 and then invoke uniqueness of meromorphic continuation.

This concludes the proof when 2k <n. For the case 2k > n, we simply use the oriented

skew-orthogonal complement map Gr;k(V) — Gr;n_zk(V) to pull back fs. This is

a valid operation since we have the equivariant identification E® ~ (V/E)*, which
implies Dens(E®) ~ Dens(E). o

Definition 7.8 Set |0y € C _°°(Gr;'k(V)) to be the value of fi(s) under the
Euclidean trivialization.

Lemma 7.9 Write k = min(k,n — k). One has

1
op|5 doj(E) = ———.
/;}rzk(RZ") | wli 1( ) 2K!(S + I)K

Proof Using the cosines of the multi-Kihler angles in decreasing order, denoted by

A(E) = (A1,...,A¢) with A; = cos;, we have |0, (E)| = ]_[f=1 Aj. Then, for
Re(s) > 0, using Proposition 7.2 we get

K
1 1
oult don(B) =L [ TTasdhy = o
/Gr2k(R2n) © k! Jio, 11 1'1:[1 T T e (s + )¢
and the result follows by uniqueness of meromorphic extension. a

The two values s = —2n, —(2n + 1) are of particular interest, as evidenced in the two
theorems below. The first theorem concerns the linear Grassmannian:
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Theorem 7.10  The distribution yu;; € M~°°(Gr}, (V)) given by
tey = |00 (E)| " doy(E)
is Sp(V')—invariant, has full support and fGer(V) wut # 0. It is even with respect to

orientation reversal.

In particular, we get a canonically normalized Sp(V)—invariant distribution pe :=
mspu) on Gry(2n), where m: Gr2+k(V) — Gry (V) is the double cover map.

Proof A distribution over Gr;k(V) is a generalized section of the bundle with fiber
Dens(Tkg Gr;k(V)) over E, which is Sp(V)—isomorphic to D™2". All statements
follow immediately from Proposition 7.7, Theorem 7.3 and Lemma 7.9. a

We conjecture that j,, is the unique Sp(V')—invariant distribution on Gro (V). This
was shown by Gourevitch, Sahi and Sayag in [33] for k = n when n is even.

Similarly, we have a statement for the affine Grassmannian. We define |0, (E)|* €
C _w(AGr;k(V))" by pulling back by the projection map AGr;k(V) — Gr;k(V).
Let dE be the measure on AGr;L (V) which is built out of doy on Gr;rk(V) and the
Euclidean measure on translations. Define the odd distribution

(an flw = sign(0,) 0w (E)| 72" 1 dE € M™*(AGry, (V)
and the even distribution

(12) Jio := Ress=—2n—1 |00 (E) |} dE € MT%°(AGt, (V).

Theorem 7.11 The distributions ji, and po are Sp(V')—invariant and [, has full
support.

The proof is as in the linear case. In particular, there is a an even, canonically nor-

malized Sp(V')—invariant distribution g := 7« ,uaL on AGr,; (V), supported on the
w—degenerate subspaces.

We will need the following a priori information about the wavefront set of [, :
Proposition 7.12  The wavefront set of [i,, belongs to | J, N* XK.

Proof This is immediate from Sp(V')—invariance. a
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8 The contact sphere

8.1 A Crofton basis for §27+1

In this section, V = R?"**2 and M = S?"*t1 =P, (V). Take £ € P, (V) such that
T S?"+t1 = £* @ V/&. The contact hyperplane is Hy = §* ® £ /£ C Tg P4 (V). Then
TeS?"t1/He = £* @ V/€? ~ (§*)®? Stab(&)—equivariantly. The symplectic form
on £“ /£ defines a form wg € /\2H$* ® (£*)®2 = /\zHg* ® T S?" 1 /Hg . We remark
that the form wg is determined by the contact distribution alone, without reference to
the form w on V'; see Example 4.4. The linear symplectic group Sp(V') acts on S2"+1

S2n+l SZn+1

by contactomorphisms. The stabilizer of & € is easily seen to act on Tg

which is a dual Heisenberg algebra, by its full group of automorphisms Spg (2n + 1).

Now dimSp(2n +2) —dimSpy2n + 1) =n+1)2n+3)—(n+1)2n+1) =
2n +2 = dim $2"*! 4 1, so that dim Stab(£) = dim Spg (21 + 1) + 1, and we write
Stab(§) = Sp; (2n + 1). The kernel of the restriction homomorphism Sp; (2n + 1) —
Spg (2n+1) consists of the linear maps that fix all v € £“ and acts on some w € V' \ ¢
by w i w + AE for some A € R.

Thus S2"+!1 =Sp(2n+2)/ Spz; (2n+1). Inspired by the analogy with the Riemannian
symmetric space presentation S2” 1 =SO(2n +2)/ SO(2n + 1), we look for Crofton-
type formulas for the contact valuations on the sphere.

N

Grzk(V) S2n+1

Consider the double fibration

where W is the partial flag manifold {(E, 6) € Gryx (V) x S?"T1:0 ¢ E}.

Definition 8.1 For 0 < k < n, define the generalized valuation ¥, through the
Crofton formula (in the sense of Section 3.3)

Yok =TT (o) = X(NE)0w(E) "2 doy (E) e V™ (s2 1)),
Gron42—24 (V)

It follows from Lemma 3.14 that ¥ € W,,>°(S 2n+1) Moreover, since Vi (S2K) #£0
by Theorem 7.10 (see the computation preceding equation (14) below for its precise
value), we conclude ¥, € Wz_koo(SZ”"'l) \ Wit ($27*1), and in particular all Yy
are linearly independent.
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Proposition 8.2 V~°°(52"+1)Se(V) js spanned by y, V2, ..., Van.

Proof The proof is identical to that of Theorem 6.4, with Sp(V') replacing the full
group of contactomorphisms. The proof remains valid since Sp(V') acts transitively,
with the same action of the stabilizer on the tangent space by Spy (2n + 1). a

This completes the proof of Theorem 1.8. In light of Theorem 6.4 we get:

Corollary 8.3 For 0 <k <n, the Y, are linear combinations of ¢; for 0 < j <n.
In particular, V¥, is invariant under all contactomorphisms of Py (V).

Thus we establish Theorem 1.7, except for the explicit determination of the coefficients
which is deferred to the next subsection.

It follows also that Y, (F) is well defined for subsets F C S2”*1 normally transversal
to the contact distribution. We will make use of the following lemma:

Lemma 8.4 Assume that a closed submanifold F C S?"*! is normally transversal,
and xr = x(F Ne) e C7%°(Gry,4o—x(V)) has wavefront disjoint from WF(iy).
Then

Yok (F) = / 2(F N E) dyio(E).

Grap 422k (V)

Proof Choose an approximate identity p. on GL(V'), and define

b =/ ¢ 1F -pe(g) dg € V(5211
GL(V)

Then
Vor (F) = lim (Yo, pe) = lim ¢e(E) dpe(E).
€—>0 €20 JGro 42—k (V)

Now @e(E) = [o1 () XF(gE)pe(g) dg converges to xr € C~°(Grap42-2k (V)
in Hormander’s topology on the space of generalized functions with wavefront set

contained in WF(y r). It follows that vV, (F) = fGr2n+2_2k(V) YF(E)due(E). O

8.2 Integral geometry of the contact sphere

Here we determine the coefficients in Theorem 1.7. We have two different bases of
contact-invariant valuations on the contact sphere, indexed by 0 < k < n. Namely,
we have ¢, defined in terms of curvature at the contact points, and v, given by
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Crofton integrals. Since ¢ox, Yok € W5, (S 2n+1) "they are related by a triangular
matrix, that is,

(13) Yok = Y ;b2
=k

We will compute cl’:j by evaluating both bases on all great spheres S2.

Take F = S?" = §2"T1 NI, where IT C S?"*! is a fixed hyperplane. It is normally
transversal. Note also that y(F N E) = 2 for a generic E € Gry,4o_oi (R2"12),
that is, y is the constant 2 on Gry, 4> o (R?"12). Thus by Lemma 8.4 we may
compute V5 (F) using the explicit Crofton formula. Denote «; = min(k,n +1—k).
By Lemma 7.9,

psty = [ ST By (B oy (E)
12n+2—2k (R

0 (EY 22 doy(B) = (-1 2

P / |
Grap42-2k (R27+2) k! 2n + )%k

Considering spheres of lower dimension, we see that V¥, (S2™) = Y1 (S?") if m >k

and zero otherwise. Thus
2 1

- - 1 <
@t Lk=m

—1)¥k
(14) Yo (S2) = {é )

if k> m.

On the other hand, by equation (10),
2m
#21(52" =2(5;)

We now plug those values into (13). Define the lower-triangular matrix 4 by A(m, j) =
(22’1") for 0 <m,j <n. Its inverse is given by A~'(j,m) = (3/)E2j—2m, where
E; is the i"™ Euler (secant) number. Set by = (—1)*k(1/kx!)/(2n + 1) . Then

- 1. . 2k+2
;= bi > i A71(j,m). In particular, czkzbk,c,’;’kﬂzbk(l—( 7).

8.3 Contact curvature of convex sets
Here we prove an upper bound on the contact valuations of a convex set.

Theorem 8.5 Let K C S2"*! be a convex subset with C? boundary. Then for all
0<k<n, ¢pp(0K) < 1 (0K¢), where K¢ is the hemisphere.

Proof We will use an auxiliary complex structure, VV = C**!, where S2"*1 is
identified with the unit sphere therein. We may assume that dK is normally transversal.
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First, let us verify that 0K has exactly two contact tangent hyperplanes. Since the Euler
characteristic is y(dK) = 2, this amounts to verifying that the intersection index of
N*K and Mg in Pg2n+1 at every contact point is +1. We will refer to this number
as the contact index, denoted by /g (9K, x).

Consider a sphere £ = $2" € S2"*! given by a quadratic equation in V. It is easy to
check by an explicit computation that £ has exactly two contact tangent points. Since
x(&) = 2, we conclude that the contact index of £ at each of those points is +1. Now
let x € K be a contact tangent point, and let £ be the osculating sphere at x. Then
Ig(OK,x)=1g(&,x)=1.

Next, let p € 0K be a point where 7,0K = H,. We now project the hemisphere U
centered at p to R2?T1 = T,,§27%1 by a central projection 7 from the origin 7,
so that p is mapped to the origin. Clearly 7 (K N U) is convex near the origin: if
K = §2"*t1 N C where C is a convex cone, then 7(K NU) =C NT,S2"*! Bya
standard computation and assuming p = {y,+1 = 1}, the resulting contact structure
in R2”*1 is given by the contact form o = —dx,+1 + 27=1(—yj dxj+xjdy;). We
will write z = —x,+1.

We thus consider a convex body K with C? boundary in the contact space (R2*T1, o).
We assume K is tangent to the contact distribution at the origin, which is R?” = {z =0},
and further assume without loss of generality that K lies below it. The normal to the
contact distribution is vy = (—y1,...,—Yn, X1, ..., Xn, 1), the normal to dK is vg.
Then, by Proposition 4.22,

$20 (0K, 0) = |det(dovk — dove)| ' D(dovk — dova [2n — 2k, J[2K]),

where dovg, dovy: R2" — Tespit S 21 the latter space identified with R?”. Using
the coordinates x1,...,Xn, ¥1,...,Yn ON R2" we get

(0 Iy _
d()l)H—(In O)—J.

Write also S = dovg . Thus ¢o, (0K, 0) = |det(S —J)| "1 D(S — J [2n—2k], J[2k]) =
\det(I + SJ)|~'D(I + SJT[2n —2k], I[2k]) = |det(I + SI)|"Ltr A" "2 (1 + SJ).

Note that S >0 since K isconvex. Then JS and +/SJ +/S have the same characteristic
polynomial. The latter matrix is antisymmetric, hence the roots of its characteristic
polynomial appear in purely imaginary pairs +iA; for j = 1,...,n. Let us write
M1, ..., Man for these eigenvalues in some order. Note that for Ko, all A; =0. Writing
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m = 2n — 2k, we ought to show that

tr/\m(1+SJ)§(ifll)det(1+SJ) = 3 ]‘[(1+M,)5(i§l)]_[(1+xf).

|T|=mteT j=1

We will use induction on n. For n =0, 1 the verification is trivial. Partition the sum over
subsets 7" as So + S1 + S2, where S; for j =0, 1,2 is composed of those summands
where +iA; appears j times inside {it; : ¢ € T'}. By the induction assumption, Sy <

) 0oy (14 22), 81 <2322 [T12,(1+A2) and 2 < (202) [T0—, (1 +22).
It remains to check that

(2”_2)+2(2”__12)+(i’: 2)(1+A )<( )+,

m m
which clearly follows from the equality
(2n—2) n 2(211—2) n (2n—2) _ (2n)
m m—1 m—2 m)/)’
concluding the induction and the proof. a

Remark 8.6 The case of equality is far from unique: any convex subset which is flat
to second order at its two contact points would have the same values of ¢, .

9 Symplectic integral geometry

9.1 Symplectic space

Let us first show there is no interesting symplectic valuation theory.

Theorem 9.1 There is no Sp(2n)—invariant, translation-invariant generalized valua-
tion except for linear combinations of y and volyy.

Proof We find all invariant k—homogeneous valuations: Let N = |_% min(k, 2n — k)J
be the number of multi-Kihler angles for E € Gry (R?"). Since U(n) C Sp(2n), an
Sp(2n)—invariant valuation ¢ would also be U(n)—invariant. In particular, it is smooth
by Alesker’s theorem [3], as U(n) acts transitively on the unit sphere. We consider
two separate cases. When k =2/ + 1 and E € Gri (V) is maximally nondegenerate,
there is no Stab(E)—invariant Lebesgue measure on E. Since such subspaces are dense
in Gry (V), we conclude Kl(¢) = 0, and hence ¢ = 0.
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When k =2/, an Sp(2n)—invariant section of the Klain bundle should be proportional to
‘a)l |E | , that is, after Euclidean trivialization it is proportional to |0 (E)| = ]—[lN:1 cos 6.
But by [20], the Klain section of a U(n)-invariant valuations should be given by a
symmetric polynomial of cos? 6;. Thus there can be no nontrivial Sp(2n)—invariant
valuations unless k =0, 2n. O

Remark 9.2 Instead of using the description of Bernig and Fu, one can simply notice
that ]_[lN:1 cos 0; € C(Grg(V)) is not smooth, violating the smoothness of ¢.

Recall the distributions iy, g € M™°(AGr (V))SP(V) given by equations (11)
and (12).

2n—2k

Corollary 9.3 For 1 <k <n—1 and a smooth convex body K C V it holds that

[ . AKNE)dEo(E)=0.
AGry, (V)

Put differently, jto lies in the kernel of the cosine transform.

Nevertheless, we can write symplectic Crofton formulas with the oriented valuation
theory approach detailed in Appendix A. For a compact oriented C ! —submanifold with
boundary F C V of codimension 2k, set indg(E) = I(E, F) for E € AGr;Lk(V),
which is well defined whenever £ and F intersect transversally.

Lemma 9.4 For F as above, indgp € C ™ (AGr;'k(V)) and WF(indF)ﬂN*X,Zk’+ =
@ forall r <min(k,n —k).

Proof Let Z={(x,E):xeE}CV ><AGr;r (V) be the incidence manifold, which has
a natural orientation, and denote by t: Z —V and n: Z — AGr;“k( V') the obvious sub-
mersions. Consider Zf = t~!(F), whichis a C! oriented submanifold of Z of codi-
mension 2k . Define 8z, := t*[F] = [ZF]. Note that m«t*[F] € C_°°(AGr;'k(V)),
and m«t*[F]|(E) = I(E, F) whenever E M F. The first statement follows. Note that
WF(§z,) C Im(z*), and therefore also 7* WF(indr) C Im(t*). As 7™ is injective,
the statement of the lemma would follow from Im(t*) N 7* N* X7 kot {0} <=
Im(c*) N N*z~1 X2 = (o).

Take (x,E)e ZF ﬂn_lXZk *. Define Zy := v~ !(x) C Z. Then Im(z*) N T*E =
™ (TfV)=N* Z,. Let us check that Zy and 7 1X 2k-F intersect transversally
at (x, E). For atangent vector (v, ) € Ty, Z CTxV xTEg AGrzk(V), use Lemma 2.3
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to decompose & = By + & with Ex € TgZ,, where Z, := an and
Te X7 £+ In the product manifold V x AGr;Fk(V) we get the equality (v,
(0,Ex) + (v, Er). Since (0, Ex) € TZ while by assumption (v, E) € TZ, we
conclude (v,Er) € TZ. Thus Ty g Z = Tx,EZx + Tx,En_lX,Zk"" and therefore
N*Zp A N*g=1x2t = {0}, concluding the proof. O

m

L
)

[cal 69

Theorem 9.5 Let F C V be a C! compact, oriented submanifold with boundary.

Then , 1
k(=< /n n\~ K/‘ B

w = -— n I E’F d E ,

/F 2 (k)(zk) Aot ) (E,F)djiy(E)

where ¥ = min(k,n — k).

Proof Considered as a function of F, the integral on the right-hand side is a Crofton
integral as in Proposition A.1. Hence it defines a closed, 2k —form on V which is
SpTV)—invariant. By the fundamental theorem of invariant theory, it is a multiple
of a)k, that is,

(15) / I(E,F)dﬁw(E):C/ wk.
AGHS, (V) F

It remains to find the constant C. We will use a compatible Euclidean structure. Let
Bw be the unit Euclidean ball in the w—positively oriented subspace W € X _%_k. We
will average the integral over X erk with respect to the probability measure d W that
is invariant under so(2n). For ease of computation, we replace the exponent of oy,
in i, (E) = sign o, (E)|0(E)|7?"" 1 dE with the meromorphic variable s € C and
compute, for real s which is sufficiently large so that all integrands are continuous,

Ay = [ dw I(E, By) sign oo (E)|ow(E)|* dE
X3k AGTY L (V)

= / sign o (E)|ow(E)|* dUl(E)[ dw I(E + x, By) dx.
Gl L (V) X3 V/E

Here the inner integral is with respect to dx, the Euclidean Lebesgue measure under
the identification V/E = E-. We may write

/ I(E + x, By) dx = signoy,(E) volyx (Prg L (Bw)).
V/E

=

Ton—2k (

Hence,

00 (E)[* doy (E) /X Vol (P (Bw)) d .
+
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The inner integral is independent of E and can be computed using the Kubota formula:
k
[ volaiPr s (%) do (F) = covoloe (B%) = o
Grzp—2k (V) :
where B2K is any fixed 2k —dimensional Euclidean ball and

2 —
= BZ] N @Z)volzk(B2kv)01vzonlif_:,3(32n—2k) - @Z)(Z) :

We get

1
(s + 1)

and, taking s = —(2n + 1), we conclude A4 = 2¢o(—1)*(7¥/k!)/(2n)*. Averaging
the right-hand side of equation (15), we get

7Tk s JTk
AS=C0—2 (Alk,c) dk1-~-dk,c=200—
kU Joage k!

JTk Tl'k
c/ vol(BZk)|aa,(W)|dW:C—[ M AedAy---dre=C .
* k' Jio,11¢ k2%
Summing up, 2¢o (% / k) (=1)¢/(2n)* = (=¥ /k12¥)C, so that
1 . (2n)« _(=DF n\2n\71
CTl = () e o= () Gr) 0

Appendix A Oriented valuation theory

In this appendix we draw a common thread between valuation theory and the much
simpler theory of closed differential forms and linking integrals.

Let X" be an oriented manifold. We will think of the closed k—forms, denoted by
Z,(X), as smooth oriented valuations of degree k, and consider them as functions
on k—dimensional oriented submanifolds of X with boundary, given by integration:
w(d)= [ 4 @. The form is clearly determined by its value on all submanifolds, which
is analogous to the Klain embedding. Moreover, w(A) only depends on 0A4.

The wedge product on Z(X) turns it into an algebra. When X is compact, we
have Poincaré duality, namely that Z;(X) ® Z,,_r(X) = Z,(X) = Q"(X) > R is
nondegenerate, where the last arrow is given by fX

We also consider the closed currents, which are analogous to the generalized valuations.
We will denote them by Z7°°(X). We will sometimes write Z°° instead of Z.
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Now assume X = V = R”. The translation-invariant (smooth or generalized) oriented
valuations ZE%° (V)" are just AV *. The following construction appears in [31].

For oriented manifolds with boundary A, B C V' of complementary dimensions, at
least one of which is compact, let 1(A, B) denote their intersection index. It is well
defined when A and B are in general position. Note that for a closed (as a subset)
(n—k)—dimensional submanifold £ C V, I(e, E) € Z,°°(V).

Given a distribution y € M™% (AGr:lr_k(V)), we define Cr(w) € Z,"°(V) by Cr(u) =

/ AGEE_ (V) I(e, E)du(E). Clearly the even measures (with respect to the orientation-
n—k

reversing map) lie in the kernel of Cr, so we restrict our attention to odd measures.

Proposition A.1 The map Cr: MiOO(AGr:_ (VD" = Zi (V)" is surjective.

Proof The GL(V)-module Z; (V)" = A¥V* is irreducible. Since the Crofton map
is GL(V)—equivariant, it suffices to show Cr is nonzero. This is not hard to see, for
instance Cr(6g —§_g)(A) = 21(A, E), where (6, f) = fV/E f(x+ E)dx ona
compactly supported test function f. For a smooth example, one could convolve with
an approximate identity on GL(V). O

The analogues of the Alesker—Poincaré and Alesker—Fourier dualities coincide in this set-
ting: The Alesker—Poincaré pairing is the wedge product /\k V*® /\n_k V*— N'V*.
The Alesker—Fourier duality operation is given by the Hodge star, : /\k V* —
(NFv) o N'v*.

The following easy statement is the analogue for oriented valuations of the principal

kinematic formula. Due to the finite-dimensionality of the space of translation-invariant
forms, one can average over translations alone.

Let a top form vol, € A" V* be fixedon V. Let Qe A*V*@ A" V* = (/\'V®/\'V)*
be the wedge product, that is, (§ A1, vol,) = Q(&,n) for £,n € A\°V.

For oriented compact manifolds with boundary 4 and B we write Q(A, B):= | Axp $2>
which can be written more explicitly by representing Q =) w; ® ®;, then Q(A4, B) =
Y. [, i [p ] (the integrals with mismatched dimension vanish by definition). Con-
sider the kinematic operator

Ky (A, B) .= /V I1(A, B + x)dvol, (x),

which is well defined, since the integrand is compactly supported.
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Proposition A.2 Let A"% B¥ c V be compact, oriented submanifolds with bound-
ary, of complementary dimension. Then Ky (A, B) = Q(A, B).

Proof Let [[B] be the current defined by B. Then [B]y := [},[B + x] dvol,(x)
is translation-invariant, that is, [B]y € /\k V. Now I(A, B) = [A]] N [B]], so that
Ky (A, B) =[[A N [Bly = vol,([Aly A[B]y) = Q(A, B), as claimed. O

We remark that this formula is also reminiscent of the Bezout formula in complex
algebraic geometry.

Appendix B Invariant sections

We will need two technical lemmas concerning invariants of group actions.

The first goes back to Kolk and Varadarajan [39], and appeared in a form most suitable
for our needs in [19]. Let us quote the result in its simplest sufficient form.

Take a Lie group G acting on a manifold X with finitely many orbits, all locally closed
submanifolds. Let £ be a G—vector bundle over X. Define for integer « > 0 and a
submanifold ¥ C X the G-bundle Fy over Y by

Fyly = E|y ® Dens*(N,Y) ® Sym*(N, Y).

A generalized section s € I‘}; (X, E) has a certain transversal order « along Y, and a
transversal principal symbol o (s) € I'"°°(Y, Fy). For details, see eg [9, Section 4.4].

Lemma B.1 Let Z C X be aclosed G —invariant subset. Decompose into G —orbits:
Z=\J/_,Y,. Then
oo J
: —00 G : oo G
dimT7>(X, E)% < )" " dim(Fg)°.
a=0j=1

The second statement is surely well known, but we were not able to locate a reference.
For completeness, we include the proof.

Proposition B.2 Let G be a (possibly infinite-dimensional) Lie group acting on a
manifold M™ transitively, and let £ be an infinite-dimensional G —bundle of Fréchet
spaces over X. Then the space of G —invariants of T2°(M, £)* is naturally isomorphic
to T®°(M,E* @ |wp|)C .
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Remark B.3 In the infinite-dimensional case, we assume that every T, M admits a
basis of infinitesimal generators of 1—parametric subgroups of G. This is certainly the
case for Diff(M), Symp(M) and Cont(M).

First we consider the wavefront set of the average of a distribution along a flow.

Lemma B.4 Let M be a manifold. Assume R acts on M, and let the curve C C M
be an orbit. Let ¢ € C~°°(M) be a generalized function, and p € C°(R). Define
¢ = [pgt*¢-pu(r)dt. Then forall p € C we have WF(¢ * 1) N TyM C N,C.

Proof Fix a small neighborhood V' of p € C which is R—equivariantly identified with
aneighborhood U C R” of p =0, with R acting by translations along the x; —axis and
C coinciding with the x1—axis. Choose a partition of unity p; on M and w; on R.
Writing ¢; :=p; - ¢, puj = w; - pu we have ¢ * u = Zi’j ¢; * (i . We may assume
that each ¢; has finite order, and that each ¥ = ¢; * u; whose support contains p
is in fact supported inside V. Taking such ¥, we may write ¢ = ® * ;v for some
v e CXR) and & € C7*°(R") of order k, where my: R" — R is the projection
to the first coordinate. Then the Fourier transform satisfies 1/7(5) = @(é)ﬁ(é 1). Now
|D(£)| < C(1 + €)X while [D(€1)] < Cx(1 + |&1)~N for all N. It follows that for
all € > 0, the cone Ce := {£7 > €(£3 +---+ £2)} falls outside the wavefront set of ¥,
so that WF(y) C {§; = 0}. That concludes the proof. O

Clearly the same statement holds also for S!—actions, and with ¢ a generalized section
of an arbitrary R—equivariant vector bundle over M.

Proof of Proposition B.2 Take s € [>°(M, &)*. For ¢ € [[2°(M, E) one can define
s-peM M) by [ f-d(s-¢):=s(fp) for f € C(M). Moreover, the map
[2°(M, &) — M™°°(M) given by ¢ — s-¢ is G—equivariant. Fix ¢, and let us verify
that s - ¢ is in fact a smooth measure. Consider a 1—parametric subgroup H C G,
which can be either R or S!. By the Dixmier—Mallavin theorem, we may find smooth
probability measures p1, ..., uy € M°(H) and sections ¥, ..., ¥y € [°(M,E)
such that

d=> [ gviduj(®) = s-¢=> [ gls-v;)du;(g).
> /H - /H J ]

It follows by Lemma B.4 that the wavefront set WF(s - ¢) lies in the conormal bundle
to the orbits of H on M. Since G acts transitively, we conclude WF(s - ¢) = &, that
is, s-¢p € M (M).
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In particular, we can consider the density on every tangent plane, (s-¢)(x) € Dens(7T, M ).
We next claim that (s - ¢)(x) only depends on ¢(x). Indeed, if ¢(x) = 0, we may
represent ¢ = f -y for some ¥ € I[>°(M,€) and f. € C*°(M) with f(0) = 0.
Then (s-¢) = f -(s-v), and thus (s - ¢)(x) = 0. That is, we get an element
s(x) € £*|x ® Dens(TxM). By G-invariance, x > s(x) is a smooth section of

E* ® |wpr|, which clearly defines the same functional as s on [>°(M, €). a
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