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Finsler bordifications of symmetric and
certain locally symmetric spaces
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BERNHARD LEEB

We give a geometric interpretation of the maximal Satake compactification of sym-
metric spaces X = G/K of noncompact type, showing that it arises by attaching
the horofunction boundary for a suitable G—invariant Finsler metric on X. As an
application, we establish the existence of natural bordifications, as orbifolds-with-
corners, of locally symmetric spaces X/ I for arbitrary discrete subgroups I' < G.
These bordifications result from attaching I'-quotients of suitable domains of proper
discontinuity at infinity. We further prove that such bordifications are compactifica-
tions in the case of Anosov subgroups. We show, conversely, that Anosov subgroups
are characterized by the existence of such compactifications among uniformly regular
subgroups. Along the way, we give a positive answer, in the torsion-free case, to a
question of Haissinsky and Tukia on convergence groups regarding the cocompactness
of their actions on the domains of discontinuity.
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2534 Michael Kapovich and Bernhard Leeb

1 Introduction

The goal of this paper is four-fold:

(1) We give a geometric interpretation of the maximal Satake compactification
of a symmetric space X = G/K of noncompact type by obtaining it as the
horoclosure with respect to a suitable G—invariant Finsler metric.

(2) This compactification turns out to have good dynamical properties, better, for
our purposes, than the usual visual compactification as a CAT(0) space. In it
we find natural domains of proper discontinuity for discrete subgroups I' < G'.
For Anosov subgroups we show that the actions on these domains are also
cocompact, thereby providing natural orbifold-with-corner compactifications of
the corresponding locally symmetric spaces.

(3) We use these dynamical results to establish new characterizations of Anosov
subgroups.

(4) We apply our techniques for proving cocompactness to the theory of abstract
convergence groups and verify the cocompactness on the domain of discontinuity
for a certain class of actions.

The study of compactifications of symmetric and locally symmetric spaces has a long
history. Let us mention the work of Satake [48], who was the first to define Satake com-
pactifications of symmetric spaces of noncompact type and used it in [47] to construct
compactifications of certain arithmetic locally symmetric spaces, Furstenberg [19],
who constructed compactifications of symmetric spaces by embedding them into spaces
of probability measures, Moore [44], who extended Furstenberg’s work and related
Furstenberg’s compactifications with Satake’s, Baily and Borel [2], who gave another
construction of compactifications of symmetric and locally symmetric spaces and estab-
lished (in the Hermitian setting) structure of normal analytic varieties for the Baily—Borel
compactifications of locally symmetric spaces, Karpelevich [36], who introduced the
Karpelevich compactification of symmetric spaces, Ash, Mumford, Rapoport and Tai [1],
who defined toroidal compactifications of locally symmetric spaces by desingularizing
Baily—Borel compactifications,! Marden [40], who constructed certain compactifi-
cations of hyperbolic 3—dimensional manifolds associated with geometrically finite
Kleinian groups and proved that the existence of such compactifications characterizes

1 Analogously to our paper, the toroidal compactification depends on some auxiliary datum, which, in
our paper, is a balanced thickening of the identity in the suitable Weyl group of G .
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geometric finiteness, Borel and Serre [9], who defined compactifications (as manifolds-
with-corners) of arithmetic locally symmetric spaces,> Gromov [21], who defined
the horofunction compactification of general proper metric spaces, Bowditch [10]
and Ratcliffe [46], who extended Marden’s work to higher-dimensional hyperbolic
spaces and Bowditch [11], who further extended this to negatively pinched Hadamard
manifolds, and Karlsson, Metz and Noskov [35] and Walsh [52; 53], who described
horofunction compactifications of normed vector spaces and of the Teichmiiller spaces.
We refer the reader to the monograph of Borel and Ji [8] for the in-depth discussion
of compactifications of higher-rank symmetric and locally symmetric spaces. In the
context of Anosov subgroups, let us mention Benoist [5], whose foundational work
including a definition of limit sets in flag manifolds of arbitrary reductive Lie groups
and a notion of contraction dynamics equivalent to the one used in this paper was of
major influence on further developments in the field and basic for our paper, Labourie’s
pioneering paper [39], where he introduced Anosov subgroups, and the paper [24] by
Guichard and Wienhard for the existence of an orbifold-with-boundary compactification
of locally symmetric quotients by Anosov subgroups of some special classes of simple
Lie groups (namely, Sp(2n, R), SU(n, n) and SO(n, n)). In the context of convergence
groups, let us mention the work of Gehring and Martin [20], who defined convergence
group actions on spheres, Tukia [50; 51] and Bowditch [13], who extended the concepts
of geometric finiteness from discrete group actions on ideal boundaries of hyperbolic
spaces to general convergence actions and Bowditch, who in [12] gave a topological
characterization of word-hyperbolic groups as uniform convergence groups.

‘We now describe our main results in more detail.

(1) We prove that the maximal Satake compactification X I;?ax (see [8, Chapter 2])
is G-equivariantly homeomorphic, as a manifold-with-corners, to a regular Finsler
compactification X¥™ = X? obtained by adding to X points at infinity represented by
Finsler horofunctions. These horofunctions arise as limits, modulo additive constants,
of distance functions

df = dg("x)’

where d? is a certain G—invariant Finsler distance on X associated with an interior
point 6 of the model spherical Weyl chamber 0,04 of X. This horoclosure construction
is a special case of a well-known general construction of compactifications for metric

2Finding an analogue of the Borel-Serre compactifications in the context of Anosov subgroups was
the main impetus for our paper.
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spaces. For instance, applying it to CAT(0) spaces yields their visual compactifica-
tion. The novelty here is finding the right metric on the symmetric space X which
yields X5 . Our first main result, proven in Sections 5, 6 and 7, describes geometric
and dynamical properties of the Finsler compactification:

Theorem 1.1 For every regular type 6 € int(0mod)
0 6
X" =XU0 X
is a compactification of X as a G—space which satisfies the following properties:

(i) There are finitely many G-orbits S, indexed by the faces Tmod Of Omod
(X = Sp).

(i) The stratification of X 4 by G-orbits is a G—invariant manifold-with-corners
structure.

(i) X 0 is homeomorphic to the closed ball, with X corresponding to the open ball.

(iv) The compactification X 0 is independent of the regular type 6 in the sense that
the identity map idy extends to a natural homeomorphism of any two such
compactifications.

(v) There exists a G—equivariant homeomorphism of manifolds-with-corners be-
tween X and the maximal Satake compactification X3 which yields a natural
correspondence of strata.

In view of (iv) we will denote the Finsler compactification from now on by XFins,

Remark 1.2 (i) We also give a geometric interpretation of the points in 95" X as
strong asymptote classes of Weyl sectors; see Lemma 5.23.

(i) The strata Sy, C 05™ X at infinity naturally fiber over the partial flag manifolds
Flag, == G/Pr,,. The fibers X7 for T € Flag, , called small strata, are naturally
identified with symmetric subspaces of X, namely with cross-sections of parallel
sets. In the case Tmod = Omod the fibration is a homeomorphism, S, = Flag, =
dpe X = G/ B, ie the Furstenberg boundary dp, X' embeds at infinity as the unique
closed stratum.

(iii) The Finsler viewpoint had emerged in several instances during our earlier study
with Porti [30; 31; 34] of asymptotic and coarse properties of regular discrete isometry
groups acting on symmetric spaces and euclidean buildings. For instance, the notion
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of flag convergence (which we defined earlier in [29, Definition 7.4] in the context
of the full flag manifold of G and in [30, Definition 5.26] in full generality; see also
[31, Section 3.8]) is a special case of the Finsler convergence at infinity considered in
this paper; see Proposition 5.43. Furthermore, the Morse lemma proven in [31] can be
rephrased to the effect that regular quasigeodesics in symmetric spaces and euclidean
buildings are uniformly close to Finsler geodesics; see Section 5.1.3. In the same vein,
Morse subgroups I < G can be characterized as Finsler quasiconvex; see Section 12.1.

(iv) The maximal Satake compactification is known to carry a G—invariant real-analytic
structure; see [8].

Remark 1.3 After finishing this work we learnt about work of Anne Parreau [45],
where she studies the geometry of CAT(0) model spaces, ie of symmetric spaces of
noncompact type and euclidean buildings, from a very natural perspective, regarding
them as metric spaces with a vector-valued distance function with values in the euclidean
Weyl chamber A (called A—distance in our paper). Among other things, she shows
that basic properties of CAT(0) spaces persist in this setting, notably the convexity
of the distance, and develops a comparison geometry for the A—distance function.
Furthermore, she proves that the resulting A—valued horofunction compactifications of
model spaces are naturally homeomorphic to their maximal Satake compactifications.

(2) Our main application of Theorem 1.1 concerns discrete subgroups I' < G. Recall
that if X is a negatively curved symmetric space, then the locally symmetric space
X/ T (actually, an orbifold) admits the standard bordification

X/T < (X uQ())/T,

where Q2(I') C 0oo X is the domain of discontinuity of I' at infinity. The quotient
(X uQ())/ T is an orbifold with boundary Q(T")/ I". Furthermore, a subgroup T is
convex cocompact if and only if (X LU Q(T"))/ T is compact. The main purpose of this
paper is to generalize these bordifications and compactifications to suitable classes of
discrete subgroups of higher-rank Lie groups.

In our earlier papers [30; 31; 34], we introduced several conditions for discrete sub-
groups I' of semisimple Lie groups G, generalizing the notions of discreteness and
convex cocompactness in rank one; see also [27]. These properties are defined relative
to faces tyoq Of the spherical model Weyl chamber oy,04, €quivalently, with respect to
conjugacy classes of parabolic subgroups of G. The most important properties for the
purposes of this paper are regularity and asymptotic embeddedness.

Geometry & Topology, Volume 22 (2018)



2538 Michael Kapovich and Bernhard Leeb

The regularity conditions capture the asymptotics of the orbits in X and are reflected
by the location of their accumulation sets in 35X, A discrete subgroup I' < G
is Tmoda—regular if its orbits ['x C X accumulate in 95" X at the closure of the

stratum Sy, ,. The tmog—limit set A, of I" is then defined as the compact set of

Tmod
simplices t € Flag,  such that the small stratum closure X7 contains accumulation
points. The subgroup I' is tmeq—antipodal if the simplices in A, are pairwise

antipodal.® In rank one, regularity is equivalent to discreteness.

Remark 1.4 In his influential paper, Benoist [5, Section 3.6] introduced a notion of
limit set Ar for Zariski dense subgroups I' of reductive algebraic groups over local
fields which in the case of real semisimple Lie groups is equivalent to our concept
of omeg—limit set Ay, ,. Benoist’s limit set Ar is contained in the flag manifold Y1
which in the case of real Lie groups is the full flag manifold G/B; see the beginning
of Section 3 of his paper. It consists of the limit points of sequences contracting on
G/ B; see his Definitions 3.5 and 3.6. What we call the t,oq—limit set A
face types Tmod & Omod 1S mentioned in his Remark 3.6(3), and his work implies that,

Tmoa fOT Other

in the Zariski dense case, A is the image of A, , under the natural projection

Tmod

Flag, — Flag, of flag manifolds.

Asymptotically embedded subgroups form a certain subclass of regular subgroups,
which turns out to coincide with the class of Anosov subgroups; see [30]. A discrete
subgroup I'' < G is tog—asymptotically embedded if it is Tyoq—regular, ty,oq—antipodal
and intrinsically word hyperbolic, and its Gromov boundary doI" is equivariantly
homeomorphic to A, ,.*

In order to obtain bordifications of locally symmetric spaces X/ I', we construct
domains of proper discontinuity for I' in X" These domains will depend on an
auxiliary combinatorial datum, namely a subset Th C W of the Weyl group, called a
thickening. It can be thought of as a set of “sufficiently special” relative positions of
pairs of chambers (full flags) in the Tits boundary. This datum is used to construct the
Finsler thickening ThF™ (A, ) C 050X of A
compact subset; see Section 8.3, where the reader also finds the definitions of fat and

2oy @ certain T—invariant saturated?

balanced thickenings. (Balanced implies fat.)

3Here we require the face tyog to be invariant under the opposition involution of op,oq. For the
corresponding parabolic subgroups this means that they are conjugate to their opposite parabolic subgroups.

4See Definition 11.1.

SA subset S C 9 X is called saturated if it is a union of small strata.
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The following result establishes the existence of natural bordifications and compacti-
fications (as orbifolds-with-corners) for locally symmetric spaces X/ I" by attaching
I'—quotients of suitably chosen saturated domains in the Finsler boundary of X. Itis a
combination of Theorems 9.16 and 11.11.

Theorem 1.5 Let I' < G be a tyog—regular subgroup. Then:
(i) Foreach Wy ,—left-invariant fat thickening Th C W, the action
[~ X LQFins .— xFins _ppFins(p
is properly discontinuous. The quotient
(1.6) (X UQE™)/T

provides a real-analytic bordification of the orbifold X/ T" as an orbifold-with-
corners.

(i1) If I' is tmog—asymptotically embedded and Th is a Wy ,—left-invariant balanced
thickening, then (X U Q%ﬂs) / I is compact. In particular, the bordification is a
compactification.

Remark 1.7 (i) If T' is tpog—antipodal, Th balanced and rank(X) > 2, then the
domains Q%fs at infinity are nonempty; see Proposition 9.23.

(i) The construction of the domains of proper discontinuity extends in a straightfor-
ward way to all discrete subgroups I' < G'; see Theorems 9.19 and 9.21.

(iii) The existence of an orbifold-with-boundary compactification of locally symmetric
quotients by Anosov subgroups of some special classes of simple Lie groups (namely,
Sp(2n,R), SU(n,n) and SO(n, n)) appeared in [24]; see also [23].

(3) As already mentioned, the class of asymptotically embedded subgroups coincides
with the class of Anosov subgroups. We also prove a converse of part (ii) of the
previous theorem, thereby providing a new characterization of Anosov subgroups among
uniformly regular subgroups in terms of the existence of certain compactifications of
the locally symmetric spaces. To this end, we say that a discrete subgroup I' < G is
S-cocompact if there exists a I'—invariant saturated open subset 2 C ng’sX such that "
acts properly discontinuously and cocompactly on X LI€2. Theorem 1.5 shows that T0q—
asymptotically embedded subgroups are S-cocompact with 2 = Q?ﬁ‘s Conversely, we
prove for (—invariant face types tmoq (see Section 12.2):
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Theorem 1.8 Uniformly ty.q—regular S-cocompact subgroups I' < G are tyod—
Anosov.

Combining the last two theorems, we obtain the characterization:

Corollary 1.9 A uniformly tyeq—regular subgroup I' < G is tyoq—Anosov if and only
if it is S-cocompact.

Our cocompactness results thus provide a precise higher-rank analogue of the charac-
terization of convex cocompact subgroups of rank-1 Lie groups in terms of compactifi-
cations of the corresponding locally symmetric spaces.

While proving Theorem 1.8, we establish yet another coarse-geometric characterization
of Tmeod—Anosov subgroups, namely as uniformly 7o4—tegular subgroups which are
coarse retracts; see Sections 2.7 and 12 for the details. This theorem is a higher-rank
analogue of the characterization of quasiconvex subgroups of Gromov-hyperbolic
groups as coarse retracts.

(4) In Section 10.2, as an intermediate step in the proof of Theorem 1.5, we verify
a conjecture by Haissinsky and Tukia regarding the cocompactness of convergence
group actions on their domains of discontinuity under mild extra assumptions:

Theorem 1.10 Let I' ~, X be a convergence group action of a virtually torsion-free
hyperbolic group on a metrizable compact space ¥, and suppose that A C ¥ is an
invariant compact subset which is equivariantly homeomorphic to dooI". Then the
action I' ~, ¥ — A is cocompact provided that ¥ — A has finitely many path-connected
components.
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2 Preliminaries

2.1 Notation and definitions

We note that for Hausdorff paracompact topological spaces (and in this paper we will be
dealing only with such topological spaces), Alexander—Spanier and Cech cohomology
theories are naturally isomorphic; see [49, Chapter 6.9]. Therefore, in our paper, all
cohomology is Alexander—Spanier—Cech with field coefficients (the reader can assume
that the field of coefficients is Z,). For manifolds and CW complexes, singular and
cellular cohomology is naturally isomorphic to the Cech cohomology. We will use the
notation H for cohomology with compact support. As for homology, we will use it
again with field coefficients and only for locally finite CW complexes, where we will
be using singular homology and singular locally finite homology, denoted by HIf. By
Kronecker duality, for each locally finite CW complex X,

(HI(X)* = HE (X), k>o0.

We refer the reader to [26] for the definitions of manifolds and orbifolds with corners.
The only examples of orbifolds with corners which appear in this paper are the good
ones, ie quotients of manifolds-with-corners by properly discontinuous group actions.

Throughout the paper, Z will denote the angle between vectors in a euclidean vector

space and, respectively, the angular metric on spherical simplices.

2.2 Some point-set topology

Let Z and Z’ be first countable Hausdorff spaces, and let O C Z and O’ C Z’ be
dense open subsets. Let f: Z — Z’ be a map such that /(O) € O’, and suppose
that f has the following partial continuity property: If (),) is a sequence in O which
converges to z € Z, then f(y,) — f(z) in Z'. In particular, f|o is continuous.

Lemma 2.1 Under these assumptions, the map f is continuous.
Proof The lemma follows from a standard diagonal subsequence argument. a

Let (A,) be a sequence of subsets of a metrizable topological space Z. We denote
by Acc((Ay)) the closed subset consisting of the accumulation points of all sequences
(an) of points a, € A,.

If Acc((A,)) € S, we say that the sequence of subsets (A;) accumulates at a subset
ScZ.
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If Z is compact and C C Z is a closed subset, then the sequence (A4;) accumulates
at S if and only if every neighborhood U of C contains all but finitely many of the
subsets A4,,.

2.3 Properness and dynamical relation

In the paper we will use the notion of dynamical relation between points of a topological
space Z, which is an open subset of a compact metrizable space, with respect to a
topological action I' ~, Z of a discrete group. The reader will find this definition
in [18]; see also [34].

Definition 2.2 (dynamically related) Two points z,z’ € Z are called dynamically
related with respect to a topological action I ~, Z, written

r ,
z~Z,

if there exists a sequence y,;, — oo in I' and a sequence z; — z in Z such that
Vu(zn) = 2.

We write z 2 2/ if z is dynamically related to z’ with respect to the sequence y, — 0o
in I'. An action is properly discontinuous if and only if no points of Z are dynamically
related to each other; see [18].

2.4 A transformation group lemma

Let K be a compact Hausdorff topological group, and let K ~, Y be a continuous
action on a compact Hausdorff space Y. We suppose that there exists a cross-section for
the action, ie a compact subset C C Y which contains precisely one point of every orbit.

Consider the natural surjective map
o
KxC—=Y

given by the action a(k, y) = ky. We observe that Y carries the quotient topology
with respect to o, because K x C is compact and Y is Hausdorff. The identifications
by « are determined by the stabilizers of the points in C, namely «(k, y) = a(k’, y")
if and only if y = " and kK~ 'k’ € Stabg (y).

Consider now two such actions K ~, Y7 and K ~, Y, by the same group with cross-
sections C; C Y;, and suppose that

Clng

is a homeomorphism.
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Lemma 2.3 If ¢ respects point stabilizers, ie Stabg (y;) = Stabg (¢ (y1)) for all
y1 € (1, then ¢ extends to a K—equivariant homeomorphism ®: Y; — V5.

Proof According to the discussion above, the stabilizer condition implies that there
exists a bijection ®: Y7 — Y, for which the diagram

KXC] 1dKX¢ KXC2

Y, Y,

commutes. Since the «; are quotient projections, ® is a homeomorphism. a

2.5 Thom class
In this section H1 denotes locally finite homology with Z,—coefficients.

Lemma 2.4 (Thom class) Let F - E — B be a fiber bundle whose base B is
a compact CW complex and whose fiber F is a connected m—manifold (without
boundary). Suppose that there exists a section s: B — E . Then the map

HYE(F) = HE(E)
=7

induced by an inclusion of the fiber is nonzero.

Proof By thickening the section, one obtains a closed disk subbundle D — B. Then
we have the commutative diagram:

Hyy(F) —— H,(E)
4 |
Hy,(DF,0DF) L/*> H,, (D, dD)
The map j is an isomorphism. The map
H™(D,dD) “> H™(Dp., D p)

dual to ¢, is surjective by Thom’s theorem (see eg Theorem 8.1 in [41]): there is a
class u € H™(D, dD), the Thom class of the disk bundle D — B, whose restriction
to each fiber defines a generator of H™ (D g, dDF). Dually, the map (¢, is injective. It
follows that the map ¢4 is injective as well. a
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2.6 The horoboundary of metric spaces

We refer the reader to [21] and [3, Chapter II.1] for the definition and basic properties
of horofunction compactification of metric spaces. In this section we describe these
notions in the context of nonsymmetric metrics; compare [53].

Let (Y, d) be a metric space. We allow the distance d to be nonsymmetric, ie we only
require that it is positive,

d(y,y’) >0 with equality if and only if y =/,
and satisfies the triangle inequality
d(».y)+d(y'. y") zd(».y").
The symmetrized distance
d¥(p. ") =d(y.y)+d (V. y)

is a metric in the standard sense and induces a topology on Y. One observes that d is
continuous, and the distance functions

dy:=d(-.y)
are 1-Lipschitz with respect to d*Y™. These functions satisfy the inequality
(2.5 —d(y.y") <dy—dy =d(y'. ).

Let C(Y) denote the space of continuous real-valued functions, equipped with the
topology of uniform convergence on bounded subsets. Moreover, let

C(Y):=C(Y)/R

be the quotient space of continuous functions modulo additive constants. We will
denote by [ /] € C(Y) the equivalence class represented by a function f € C(Y), and
our notation f = g means that the difference f — g is constant.

We consider the natural map
(2.6) Y > C(Y), ye[d)]

It is continuous as a consequence of the triangle inequality. This map is a topological
embedding provided that Y is a geodesic space; see [3, Chapter II.1], where this is
proven for symmetric metrics, but the same proof goes through for nonsymmetric
metrics as well. We assume from now on that the space Y is geodesic.
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We identify ¥ with its image in C(Y') and call the closure Y the horoclosure of Y, and
do0Y :=Y —Y the horoboundary or boundary at infinity; ie we have the decomposition

Y =Y UdxY.
We note that the horoclosure Y is Hausdorff and first countable since the space C(Y) is.

The functions representing points in deo Y are called horofunctions. We write
yn = [h]

for a divergent sequence of points y, — 0o in Y which converges to a point [/i] € 0o0 Y
represented by a horofunction /, ie d,, — h modulo additive constants, and say
that (y,) converges at infinity. Each horofunction is 1-Lipschitz with respect to the
symmetrized metric.

If the metric space (Y, d*¥™) is proper (which will be the case in this paper since we
are interested in symmetric spaces), then the Arzela—Ascoli theorem implies that the
closure Y and the boundary dooY at infinity are compact. In this case, Y is called the
horofunction compactification of Y.

Suppose that
GRY

is a d—isometric group action. Then the embedding (2.6) is equivariant with respect to
the induced action on functions by g- /' = fog™!. For every L > 0, the subspace of
L-Lipschitz functions Lipz (Y, d*¥™) C C(Y) is preserved by the action and contains,
for L > 1, the horoclosure Y. We equip G with the topology of uniform convergence
on bounded subsets, using the symmetrized metric d*¥™ for both. Then the action
G ~ Lipr (Y, d*¥™) is continuous. In particular, the action

GAY

is continuous. We will use this fact in the situation when G is the isometry group of a
Riemannian symmetric space of noncompact type. In this case the topology of uniform
convergence on bounded subsets coincides with the Lie group topology.

An oriented geodesic in (Y, d) is a “forward” isometric embedding ¢: I — Y, ie for
any parameters 71 < f, in I it holds that

d(c(ty),c(t2)) =t2—11.
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In particular, ¢ is continuous with respect to the symmetrized metric d*¥™. The metric
space (Y, d) is called a geodesic space if any pair of points (y, y’) can be connected
by an oriented geodesic from y to y’.

If (Y,d) is a geodesic space, then the horofunctions arising as limits of sequences
along geodesic rays are called Busemann functions, and their sublevel and level sets are
called horoballs and horospheres. We will denote by Hbg a horoball for the Busemann
function b, and more specifically, by Hby , the horoball of 5 which contains the
point y in its boundary horosphere.

In the situations studied in this paper, all horofunctions will turn out to be Busemann
functions; see Section 5.2.3.

Suppose that Z C Y is a closed convex subset. Then Z is a geodesic space with
respect to the induced metric, and proper if Y is proper. There is a natural map

2.7) zZ¥Y -7

from the extrinsic closure Z¥ C Y of Z in Y to the intrinsic horoclosure Z of Z. It
extends idz, and at infinity is the map 3¥ Z — 940 Z from the boundary of Z in ¥
into the horoboundary of Z given by the restriction of horofunctions to Z . If the latter
map is injective, then (2.7) is a homeomorphism and there is a natural embedding of
horoclosures

Z—Y

given by “unique extension of horofunctions”.

2.7 Some notions of coarse geometry

Definition 2.8 A correspondence f: (X,d) — (X’,d’) between metric spaces is
coarse Lipschitz if there exist constants L, A such that for all x,y € X, x" € f(x)
and y’' € f(y), we have

d'(x',y) < Ld(x,y)+ A.
Note that if (X, d) is a geodesic metric space, then in order to show that f is coarse
Lipschitz it suffices to verify that there exists a constant C such that
d/(.x/, y/) S C

forall x,y € X with d(x,y) <1 and all x’ € f(x) and )’ € f(y).
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Two correspondences f1, f>: (X,d) — (X', d’) are said to be within distance D from
each other, written dist( f, g) < D, if for all x € X and y; € f;(x), we have

d'(y1.y2) < D.

Two correspondences f1, f> are said to be within finite distance from each other if
dist( f1, f2) < D for some D.

A correspondence (X, d) — (X, d) is said to have bounded displacement if it is within
finite distance from the identity map.

Definition 2.9 A coarse Lipschitz correspondence f: (X,d) — (X’,d’) is said to
have a coarse left inverse if there exists a coarse Lipschitz correspondence g: X' — X
such that the composition g o f has bounded displacement.

By applying the axiom of choice, we can always replace a coarse Lipschitz correspon-
dence f: (X,d)— (X', d’) with a coarse Lipschitzmap f’: (X,d)— (X', d’) within
bounded distance from f. With this in mind, if a coarse Lipschitz correspondence
f:(X,d) — (X',d’") admits a coarse left inverse, then f is within bounded distance
from a quasiisometric embedding f”’: (X,d) — (X', d’). However, the converse is in
general false, even in the setting of maps between finitely generated groups equipped
with word metrics.

We now specialize these concepts to the context of group homomorphisms. We note
that each continuous homomorphism of groups with left-invariant proper metrics is
always coarse Lipschitz. Suppose in the remainder of this section that I is a finitely
generated group and G is a connected Lie group equipped with a left-invariant metric.

Definition 2.10 We say that for a homomorphism p: I' — G, a correspondence
r: G — I is a coarse retraction if r is a coarse left inverse to p. A subgroup I' < G
is a coarse retract if the inclusion map I' < G admits a coarse retraction.

Similarly, we say that a homomorphism p: I' — G admits a coarse equivariant
retraction if there exists a coarse Lipschitz retraction r: G — I" such that

r(hg) =r(h)r(g) forall he p(T).
Accordingly, a subgroup I' < G is a coarse equivariant retract if the inclusion homo-

morphism I' < G admits a coarse equivariant retraction.
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More generally, given an isometric action of p: I' /, X' on a metric space X, we say
that a coarse retraction r: X — I is a coarse equivariant retraction if

r(yx)=yr(x) forall yel and x € X.

In the case when X = G/K is the symmetric space associated with a connected
semisimple Lie group G, a homomorphism I' — G admits a coarse equivariant
retraction if and only if the isometric action of I on X defined via p admits a coarse
equivariant retraction. Similarly, a subgroup I' < G is a coarse retract if and only if
the orbit map I' — I'x C X admits a coarse left inverse.

3 Symmetric spaces

3.1 Basics

We assume that the reader is familiar with basics of symmetric spaces of noncompact
type (denoted by X throughout the paper), their isometry groups, visual boundaries
and Tits boundaries. We refer the reader to [17; 37; 28] for the required background.

In what follows, G will be a connected semisimple Lie group, K < G its maximal
compact subgroup, the stabilizer of a basepoint in X which will be denoted by o
or p. Then X = G/K. We let B < G denote the minimal parabolic subgroup. All
maximal flats in X are isometric to a model flat F,0q, which is isometric to a euclidean
space E", where n is the rank of X. The model flat comes equipped with a (finite)
Weyl group, denoted by W. This group fixes the origin 0 € Fyoq, Viewing Fyoq as
a vector space. We will use the notation ameg for the visual boundary of Fioq; we
will identify apoq with the unit sphere in Fi,oq equipped with the angular metric.
The sphere amoqg is the model spherical apartment for the group W. A fundamental
domain for the action of W on Fj,q is a certain convex cone A = Ayoq C Finod, the
model euclidean Weyl chamber of W ; its visual boundary is the model spherical Weyl
chamber ooq, Which is a spherical simplex in @poq. We let t: 0mod —> Omod denote the
opposition involution, also known as the standard involution, of oyeq; it equals —wy,
where wg € W is the element sending 0,04 to the opposite chamber in the model
apartment dpnoq. We let R C F:lod denote the root system of X', and o, ..., o, will
denote simple roots with respect to A:

A={x € Fnod:i(x)=>0,i =1,...,n}.

The space X has the A—valued “distance function” da, which is the complete G—
congruence invariant of pairs of points in X ; see [28].
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We will denote by X = X L deo X the visual compactification of X with respect to its
Riemannian metric, equipped with the visual topology, and dris X the Tits boundary
of X, which is the visual boundary together with the Tits metric Zrys. The Tits
boundary carries a natural structure as a piecewise spherical simplicial complex. For
a simplex 7 in dys X we will use the notation int(t) for the open simplex in drjs X
which is the complement in 7 to the union of its proper faces.

We will denote by xy the oriented geodesic segment in X connecting a point x to
a point y; similarly, x§ will denote the geodesic ray from x € X asymptotic to the
point £ € doo X.

We will always use the notation t, T to indicate that the simplices t and T in drys X
are opposite (antipodal), ie are swapped by a Cartan involution of X. Each simplex,
of course, has a continuum of antipodal simplices. Simplices 7 and 7 are called x—
opposite if the Cartan involution s, fixing x sends 7 to 7. Similarly, points £, g? €00 X
are x—opposite if s, swaps & and § .

We will use the notation 6: drjs X — omoq for the type map, ie the canonical projection
of the Tits building to the model chamber. For distinct points x, y € X we let 8(xy) €
Omod denote the type of the direction of the oriented segment xy, ie the unit vector in
the direction of the vector da(x, y).

For each face tmod Of 0mod One defines the flag manifold Flag, . which is the set of
all simplices of type Tmod in dris X. Equipped with the visual topology, Flag, . is
a homogeneous manifold homeomorphic to G/ P, where P is a parabolic subgroup
of G stabilizing a face of type tmoq. The full flag manifold G/B = Flag(omoed) is
naturally identified with the Furstenberg boundary dg, X of X.

The flag manifolds Flag, = and Flag,,  are opposite in the sense that the simplices
opposite to simplices of type tmeq have type (Tmod. To ease notation, we will denote
the pair of opposite flag manifolds also by Flag, . whenever convenient, ie we put
Flag,, :=Flag,  andFlag_, :=Flag, . The latteris also reasonable, because
the simplices —Tmod, {Tmod C @mod li€ in the same W —orbit, ie —7y0q4 has type tTmod.-
(Here we extend the notion of type to the model apartment, defining the type of a simplex
in amed as its image under the natural quotient projection dmod —> @mod/ W = Omod )

For a simplex 7 € Flag,,

mod ’

simplices antipodal to 7. This subset is open and dense in Flag,  and is called an

we let C(7) C Flag, . denote the subset consisting of

open Schubert stratum (or cell) in Flag, .
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For a point x € X, we denote by X X the space of directions at x, ie the unit sphere in
the tangent space T X. Similarly, for a spherical building B or a subcomplex C C B,
and a point £ € C, we let X¢C denote the space of directions of C at £.

For a subset Y C X we let dooY denote the visual boundary of Y, ie its accumulation
set in the visual boundary of X. A set ¥ C X is said to be asymptotic to a subset
Z CosoX if Z C0soY.

For a subset Z C d0cX we let V(x,Z) C X denote the union of geodesic rays x¢
for all ¢ € Z. In the special case when Z = 7 is a simplex® in 00X, then V(x, 1) is
the Weyl sector in X with tip x and base . A Weyl sector whose base is a chamber
in 0o X is a (euclidean) Weyl chamber in X.

Two Weyl sectors V(xq,t) and V(x;, t) are strongly asymptotic if for any € > 0
there exist points y; € V(x;, t) such that the subsectors V(y;,7) and V(y,, 1) are
e—Hausdorff close.

A sequence x; € V(x, 1) (where t has the type Tmod) 1S Tmod—regular if it diverges
from the boundary of V(x, ), ie from the subsectors V(x, t’) for all proper faces t’
of 7.

For distinct points x, y € X and & € doo X we let Ly (y, &) denote the angle between
the geodesic segment xy and the geodesic ray x§& at the point x € X.

We let b; denote the Busemann function (defined with respect to the usual Riemannian
metric on X) associated with a point 1 in the visual boundary of X. The gradient
Vb;(x), for x € X, is the unit vector tangent to the geodesic ray xn and pointing away
from n; see eg [4, page 28]. In particular, the slope of b; along a geodesic segment
xy at z € xy equals —cos(Zx(y,£)).

Let d denote the standard distance function on X, and let Hb,, denote a closed horoball
in X, which is a sublevel set {b, < ¢} for the Riemannian Busemann function b,,.

For a chamber 0 C dcX we let H, denote the associated umnipotent horocyclic
subgroup, the unipotent radical of the minimal parabolic subgroup B, of G sta-
bilizing o. Similarly, for a simplex t in dry X we let H; denote the associated
unipotent horocyclic subgroup, the unipotent radical in the parabolic subgroup P; of G
stabilizing t.

OThis means a simplex with respect to the spherical Tits building structure on dpo X.
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Elements of H; preserve the strong asymptote classes of geodesic rays x&, & € int(t)
and hence the strong asymptote classes of sectors V(x, t). Furthermore, H; acts
transitively on the set of sectors V(x’, T) strongly asymptotic to the given sector V(x, 7).
We refer to [7, Proposition 14.21] for an algebraic argument and to [33, Section 2.10]
for a geometric proof.

3.2 Parallel sets, stars and cones

3.2.1 Parallel sets Let s C drys X be an isometrically embedded (simplicial) unit
sphere. We denote by P(s) C X the parallel set associated to s, which can be defined
as the union of maximal flats F C X asymptotic to s, ie s C doo F'. Alternatively, one
can define it as the union of flats /* C X with ideal boundary 0o f = 5.

The parallel set is a totally geodesic subspace which splits metrically as the product
3.1) P(s) = f xCS(s)

of any of these flats and a symmetric space CS(s) called its cross-section. Accordingly,
the ideal boundary of the parallel set is a metric suspension

3.2) OTits P (8) = O7its f* © O7its CS().

It coincides with the subbuilding B(s) C doo X consisting of the union of all apartments
a C 000X containing s,

B(s) = 000 P(5).

It is immediate that parallel sets are nonpositively curved symmetric spaces. However,
they do not have noncompact type as their euclidean de Rham factors are nontrivial.
The factor f in the splitting (3.2) of the parallel set is then the euclidean de Rham factor
and the cross-section CS(s) has trivial euclidean de Rham factor, ie it is a symmetric
space of noncompact type.

For a pair of antipodal simplices 74, 7— C doo X there exists a unique minimal singular
sphere s = s(7—, 74) C 0oo X containing them. We let P(t—, 74) := P(s(7—, 74));
this parallel set is the union of (maximal) flats F C X whose ideal boundaries contain
17— U 74. In order to simplify the notation, we will denote B(s(7—, t+)) simply by
B(z—, t4+). Given two antipodal points {4+, {— € drys X we let B({—, {4+) denote the
subbuilding B(z—, 7+), where 71 are the antipodal simplices satisfying {4 € int(t4).

Geometry & Topology, Volume 22 (2018)



2552 Michael Kapovich and Bernhard Leeb

We will use the notation CS(7—, t4, p) for the cross-section CS(s) passing through
the point p € P(s). Similarly, f(z—, t+, p) will denote the flat in P(7—, 74) which
is parallel to the euclidean factor of P(7—, t+) and contains p.

We will use the notation 7'(s) = T (t—, +) for the group of transvections along the
flat f; this group is the same for all flats parallel to / and depends only on s.

3.2.2 Stars

Definition 3.3 (stars) Let t C drjs X be a simplex. We define the star’ st(t) of the
open simplex int(7) as the subcomplex of dtiis X consisting of all simplices intersecting
the open simplex int(r) nontrivially (ie containing 7). In other words, st(t) is the
smallest subcomplex of drys X containing all chambers ¢ such that t C 0.

We define the open star ost(t) C doo X as the union of all open simplices whose closure
intersects int(t) nontrivially. For the model simplex tmoq4, We will use the notation
ost(Tmod) to denote its open star in the simplicial complex consisting of faces of ooq.

For a point £ € dis X' we let st(§) C doo X denote the star of the simplex spanned
by &, ie the unique simplex t such that & € int(7).

Note that ost(7) is an open subset of the simplex oyy,0q; it does not include any open
faces of t except for the interior of t. Furthermore, dst(t) = st(t) — ost(7) is the
union of all panels® 7 of type () 2 Tmoa Which are contained in a chamber with
face 7.

Lemma 3.4 The star st(7) of a simplex T C amoq iS a convex subset of anoq. Further-
more, st(T) equals the intersection of the simplicial hemispheres h C amoq such that
int(7) Cint/h.

Proof If a hemisphere h contains a simplex T, but does not contain it in its boundary,
then all chambers containing this simplex as a face belong to the (closed) hemisphere.
Conversely, if a chamber o does not contain T as a face, then there exists a wall which
separates ¢ from T. a

Similarly, the star st(z) of a simplex 7 C drjs X is a convex subset of drys X. One can
represent it as the intersection of all simplicial Z—balls which contain int(z) in their
interior. One can represent st(z) also as the intersection of fewer balls:

"The star st(t) is also known as the residue of .
8 Panels in a spherical building are codimension-one faces. The type of a panel is its projection to e -
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Lemma 3.5 (convexity of stars) (1) Let t C d1iyx X be a simplex. Then st(t)
equals the intersection of the simplicial Z—balls whose interior contains int(t).

(ii) For any simplex T opposite to T, the star st(t) equals the intersection of the
subbuilding B(z,T) = 0o P(t,7) with all simplicial 7 —balls whose interior
contains int(t) and whose center lies in this subbuilding.

Proof (i) If a simplicial %—ball contains a simplex t, but does not contain it in
its boundary, then all chambers containing this simplex as a face belong to this ball.
Conversely, let o be a chamber which does not contain t as a face. There exists an
apartment a C drys X which contains ¢ and t. As before in the proof of Lemma 3.4,
there exists a simplicial hemisphere 4 C a containing t but not . Then the simplicial
%—ball with the same center as / contains T but not o .

(i) Note first that st(t) C B(z,7). Then we argue as in part (i), observing that if
o C B(t,7) then a can be chosen inside B(z, 7). O

3.2.3 Stars and ideal boundaries of cross-sections Let v C doo X be a simplex. We
say that two chambers 01,0, D v are v—antipodal if there exists a segment connecting
interior points of o7, 0, and passing through an interior point of v.

The link X, st(v) carries a natural structure as a topological spherical building, and
is naturally isomorphic as such to doo CS(V, v) for any D opposite to v. Chambers
o C st(v) correspond to chambers in X, st(v), and pairs of v—opposite chambers
to pairs of opposite chambers. It follows that for every chamber o D v, the set of
v—opposite chambers in st(v) is open and dense as a subset of stg,(v). Here, we denote
by stpy(v) C dpy X the subset of chambers containing v.

3.24 Weyl cones Given a simplex 7 in drjy X and a point x € X, the union
V(x,st(z)) of all rays x¢ with ¢ € st(t) is called the Weyl cone with the tip x and the
base st(tr). Below we will prove that Weyl cones V(x,st(t)) are convex. We begin
with:

Lemma 3.6 For every x € P(t,7), the Weyl cone V(x,st(t)) is contained in the
parallel set P(z,7).

Proof Consider a chamber o in drys X containing t. The Weyl sector V(x,0) is
contained in a (unique maximal) flat F C X. Since 7,7 are antipodal with respect
to x, we have T UT C 0oo F. Therefore, F C P(1,7). O
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Proposition 3.7 (convexity of Weyl cones) Let T be the simplex opposite to T with
respect to x. Then the Weyl cone V(x, st(t)) is the intersection of the parallel set
P(z,7) with the horoballs which are centered at oo P(t,7) and contain V(x, st(7)).
In particular, V(x, st(t)) is a closed convex subset of X.

Proof One inclusion is clear. We must prove that each point y € P(z,7)— V(x, st(z))
is not contained in one of these horoballs. There exists a maximal flat F C P(z,7)
containing x and y. (Any two points in a parallel set lie in a common maximal flat.)
We extend the oriented segment xy to aray xn inside F.

As in the proof of Lemma 3.5, there exists ¢ € doo F such that B (§ , %) contains st(7)

but does not contain 7. Then the horoball Hb¢ , intersects F' in a half-space which
contains x in its boundary hyperplane but does not contain 7 in its ideal boundary.

Therefore, it does not contain y. By convexity, V(x,st(z)) C Hbg . O
The following consequence will be important for us.
Corollary 3.8 (nested cones) If x’ € V(x,st(t)), then V(x',st(t)) C V(x,st(z)).

Let xy C X be an oriented t0g—regular geodesic segment. Then we define the simplex
T=1(xy) CdeoX as follows: forward extend the segment xy to the geodesic ray x&,
and let 7 be the unique face of type tmodq Of d1is X' such that & € st(t).

We refer the reader to [33, Lemma 2.16] for a proof of the following:

Lemma 3.9 (open cones) If x € P(t,7), then V(x,ost(t)) — {x} is an open subset
of P(t,7). In particular, if x, € P(t,7) flag-converges to t, then x, € V(x, ost(t))
for all sufficiently large n.

Definition 3.10 (diamond) We define the toq—diamond of a tp.q—regular segment
X_X4 as

Orog (e X4) = V(x_ st(14)) N V(g st(-)) C Plr—, 7).

where 74 = T(xFx4).
Thus, every diamond is a convex subset of X.

3.2.5 Shadows at infinity and strong asymptoticity of Weyl cones This material
is taken from [34, Section 4.1].
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For a simplex 7— € Flag,, and a point x € X, we consider the function
3.11) T d(x, P(t—, 1))

on the open Schubert stratum C(7r—) C Flag, . We denote by 74 € C(7—) the simplex
X—opposite to 7—.

Lemma 3.12 The function (3.11) is continuous and proper.

Proof This follows from the fact that C(z—) and X are homogeneous spaces for the
parabolic subgroup P;_. Indeed, continuity follows from the continuity of the function

g d(x, P(i—,gr4)) =d(g”'x, P(t—, 14))
on P._ which factors through the orbit map P;_ — C(7-), g+ g7+.

Regarding properness, note that a simplex 7 € C(t—) is determined by any point y
contained in the parallel set P(7—, t), namely as the simplex y—opposite to t—. Thus,
if P(t—,7)N B(x, R) # @ for some fixed R > 0, then there exists g € P;_ such that
T =gty and d(x, gx) < R. In particular, g lies in a compact subset. This implies
properness. o

Moreover, the function (3.11) has a unique minimum zero in 7.

We define the following open subsets of C(7—) which can be regarded as shadows of
balls in X with respect to 7—. For x € X and r > 0, we put

U xri={t€C(t-) |d(x, P(r—, 1)) <r}.
The next fact expresses the uniform strong asymptoticity of asymptotic Weyl cones.

Lemma 3.13 For r, R > 0, there exists d = d(r, R) > 0 such thatif y € V(x, st(t-))
with d(y, 0V (x,st(z-))) = d(r, R), then U;_ x g CUr_y .

Proof If U,  r¢ U, thereexists x’e B(x,R) suchthat d(y, V(x’,st(z=))) >r.
Thus, if the assertion is wrong, there exist a sequence Xx, — Xoo i B (x,R) and
a sequence y, — oo in V(x,st(t—)) such that d(yy, dV(x,st(t—-))) - +oo and
d(yn, V(xp,st(t-))) = r.

Let p: [0, +00) — V(x,1—) be a geodesic ray with initial point x and asymptotic
to an interior point of 7—. Then the sequence (y,) eventually enters every Weyl
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cone V(p(?),st(r—)). Since the distance function d(-, V(xy,st(t—))) is convex and
bounded, and hence nonincreasing along rays asymptotic to st(z—), we have that

R=zd(x,V(xn,st(z-))) = d(p(t), V(xn,st(t-))) Z d(yn, V(xn, st(z-))) Z 1
for n > n(t). It follows that, for all 7,
R = d(p(1), V(Xoo,st(z-))) = 1.

However, the ray p is strongly asymptotic to V(xec, st(t—)), a contradiction. O

3.2.6 Some spherical building facts We discuss some facts from spherical building
geometry. In this paper, they are applied to the visual boundary doc X equipped with
its structure of a thick spherical Tits building. We recall that a building is thick if every
wall in the building is the intersection of three half-apartments.

First recall the following lemma; see the first part of [37, Lemma 3.10.2].°

Lemma 3.14 In a spherical building B, every point £ € B has an antipode in every
apartment a C B, and hence for every simplex t C B, there is an opposite simplex
TCa.

We need the more precise statement that a point has several antipodes in an apartment
unless it lies in the apartment itself:

Lemma 3.15 (cf [30, Sublemma 5.20]) Let & be a point in a spherical building B
and let a C B be an apartment. If & has only one antipode in a, then £ € a.

2

Proof Suppose that £ € a and let § € a be an antipode of £. We choose a “generic’
segment ESA of length 7 tangent to a at g as follows. The suspension B(§, §) CB
contains an apartment @’ Awith the same unit tangent sphere at g? , Ega’ =X ga- Inside a’
there exists a segment ££ whose interior does not meet simplices of codimension > 2.
Hence §g leaves @ at an interior point n # & § of a panel m Ca,ie an §§ = ng and
TNé& g? =1, and n€ initially lies in a chamber adjacent to 7 but not contained in a.
Let s C a be the wall (codimension-one singular sphere) containing . By reflecting §
at s, one obtains a second antipode for £ in @, contradiction. a

We will also need the following fact:

9The statement of the second part contains a typo: H should be replaced by B (r/, %) NA.
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Lemma 3.16 Suppose that the spherical building B is thick. Then for any simplex
T C B, the intersection of all apartments containing T equals t.

Proof Suppose first that t is a chamber. Let £ € B —t. For a generic point 7 € int(7),
the segment né leaves t through an interior point of a panel. By thickness, there
exists an apartment ¢ C B such that a N né = t N n&. Then & ¢ a. This shows the
assertion in the case when 7 is a chamber. If 7 is an arbitrary simplex, it follows that
the intersection of all apartments containing 7 is contained in the intersection of all
chambers containing t, which equals t. a

4 Regularity and contraction

In this section, we discuss a class of discrete subgroups of semisimple Lie groups
which will be the framework for most of our investigations in this paper. In particular,
it contains Anosov subgroups. The class of subgroups will be distinguished by an
asymptotic regularity condition which in rank one just amounts to discreteness, but
in higher rank is strictly stronger. The condition will be formulated in two equivalent
ways. First dynamically in terms of the action on a flag manifold, then geometrically
in terms of the orbits in the symmetric space.

Much of the material in this section can be found in some form already in the founda-
tional work of Benoist (see [5, Section 3]) in the setting of Zariski dense subgroups
of reductive algebraic groups over local fields, notably the notions of regularity and
contraction, their essential equivalence, and the notion of limit set. For the sake
of completeness we give independent proofs in our setting of discrete subgroups of
semisimple Lie groups. Also our methods are rather different. We give here a geometric
treatment and present the material in a form suitable to serve as a basis for the further
development of our theory of discrete isometry groups acting on Riemannian symmetric
spaces and euclidean buildings of higher rank, such as in our papers [34; 30; 31].

4.1 Contraction

Consider the action
G ~ Flag,

on the flag manifold of type tmo4. Recall that for a simplex t— of type (7m04 We denote
by C(z-) C Flag, . the open dense P;_—orbit; it consists of the simplices opposite
to T—_.
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We introduce the following dynamical conditions for sequences and subgroups in G':

Definition 4.1 (contracting sequence) A sequence (g) in G is Tmeg—contracting if
there exist simplices 74 € Flag, and 7— € Flag,,  such that

4.2) gnlco) = T+

uniformly on compacts as n — +00.

Definition 4.3 (convergence type dynamics) A subgroup I'< G is a tyoq—convergence
subgroup if every sequence (yy) of distinct elements in I" contains a tyog—contracting
subsequence.

Note that t0g—contracting sequences diverge to infinity and therefore 7,,04—convergence
subgroups are necessarily discrete.

A notion for sequences in G equivalent to t,,q—contraction had been introduced by
Benoist in his fundamental paper [5]; see in particular his Lemma 3.5(5).

The contraction property exhibits a symmetry:

Lemma 4.4 (symmetry) Property (4.2) is equivalent to the dual property that

(4.5) g o) — -

uniformly on compacts as n — +00.

Proof Suppose that (4.2) holds but (4.5) fails. Equivalently, after extraction there
exists a sequence &, — £ # 7— in Flag . such that g,&, — & € C(r4). Since £ # 7,
there exists 7— € C(t—) not opposite to &. (For instance, take an apartment in doo X'
containing 7— and &, and let T_ be the simplex opposite to 7— in this apartment.) Hence
there is a sequence 7, — 7— in Flag,  such that 7, is not opposite to &, for all n.
(Tt can be obtained eg by taking a sequence /i, — ¢ in G such that &, = h,& and putting
T, = hy7—.) Since 7— € C(1—), condition (4.2) implies that g, 7, — 7. It follows that
74+ is not opposite to &, because g, 1, is not opposite to g,&, and being opposite is an
open condition. This contradicts £’ € C(t4). Therefore, condition (4.2) implies (4.5).
The converse implication follows by replacing the sequence (g,) with (g, !). a

Lemma 4.6 (uniqueness) The simplices t4 in (4.2) are uniquely determined.
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Proof Suppose that besides (4.2) we also have gu|c () — 7/, with simplices 7/, €
Flag, . . Since the subsets C(z—) and C(r_) are open dense in Flag, ., their
intersection is nonempty and hence rfi_ = 74 . Using the equivalent dual conditions (4.5)
we similarly obtain that 7/ = 7_. |

4.2 Regularity

The second set of asymptotic properties concerns the geometry of the orbits in X.

We first consider sequences in the euclidean model Weyl chamber A. Recall that
0z,0sA = V(0, 0¢,,,,0mod) C A is the union of faces of A which do not contain the
sector V(0, Tmoq). Note that d; AN V(0, tmoed) = 0V (0, tmod) = V(0, 0Tmoq) -

Tmod

Definition 4.7 A sequence (8,) in A is

(i) Tmod—regular if it drifts away from 9, A:

d (O, 0¢, . A) = +00.

(i1) Tmog—pure if it is contained in a tubular neighborhood of the sector V' (0, tmoed)
and drifts away from its boundary:

d(gn, aV(O’ Tmod)) - +OO

Note that (§;) is tmog—regular/pure if and only if (18,) is tTmoa—regular/pure.

We extend these notions to sequences in X and G:

Definition 4.8 (regular and pure) (i) A sequence (x,) in X iS Tyoq—regular
(respectively, tmoq—pure) if for some (any) basepoint 0 € X the sequence of
A—distances da (0, x,) in A has this property.

(i) A sequence (gy) in G is Tymoq—regular (respectively, tmoa—pure) if for some
(any) point x € X the orbit sequence (g,x) in X has this property.

(iii)) A subgroup I' < G is tyyeq—regular if all sequences of distinct elements in I
have this property.

That these properties are independent of the basepoint and stable under bounded
perturbation of the sequences is due to the triangle inequality |da (x, y) —da (X', y)| <
d(x.x)+d(y.y).
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Subsequences of Tpog—regular/pure sequences are again Tpyoq—regular/pure.

Clearly, toq—pureness is a strengthening of t,oq—regularity; a sequence in A is Tpod—
pure if and only if it is Tyeg—regular and contained in a tubular neighborhood of
V(O, Tmod) .

The face type of a pure sequence is uniquely determined. Moreover, a Tyo4—tegular
.y /
sequence is 7, —regular for every face type 7, .4 C Tmod, because 9,7 A C 0g,,A.

A sequence (gn) is Tmodq—regular/pure if and only if the inverse sequence (g, D) is
(Tmod—Tegular/pure, because da (x, g;lx) =da(gnx,x) =tda(x, gnXx).

Note that tymog—regular subgroups are in particular discrete. If rank(X) = 1, then dis-
creteness is equivalent to (omeq—)regularity. In higher rank, regularity can be considered
as a strengthening of discreteness: a discrete subgroup I' < G may not be t09—regular
for any face type tmod; this can happen eg for free abelian subgroups of transvections
of rank > 2.

A property for sequences in G equivalent to regularity had appeared in the influential
work of Benoist, [5, Lemma 3.5(1)].

Lemma 4.9 (pure subsequences) Every sequence which diverges to infinity contains
a Tmog—pure subsequence for some face type Tmod S Omod -

Proof In the case of sequences in A, take 7,04 to be a minimal face type so that a
subsequence is contained in a tubular neighborhood of V(0, Tmoq) - O

Note also that a sequence which diverges to infinity is tyog—tegular if and only if it
contains vpyeq—pure subsequences only for face types Vimod 2 Tmod-

The lemma implies in particular that every sequence y;,, — oo in a discrete subgroup
I' < G contains a subsequence which is tpoq—regular, even ty,oq—pure, for some face

type Tmod -

Remark 4.10 Regularity has a natural Finsler geometric interpretation: a sequence
in X is tpoq—regular if and only if, in the Finsler compactification X" = X LJ agglsx
of X, it accumulates at the closure of the stratum Sy, , C 95" X at infinity. See
Proposition 5.42.
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4.3 Contraction implies regularity

In this section and the next, we relate contractivity and regularity for sequences and,
as a consequence, establish the equivalence between t,q—regularity and the 04—
convergence property for discrete subgroups.

To relate contraction and regularity, it is useful to consider the G-action on flats. We
let Fz, ., denote the space of flats /' C X of type tmod. Two flats f4 € Fy, , are
dynamically related with respect to a sequence (g,) in G, written

. (gn) ,
8 fy

if there exists a sequence of flats f, — f_ in Fy , such that g, f, — f4+. The action
of (gn) on Fr,, is proper if and only if there are no dynamical relations with respect
to subsequences; see Section 2.3.

Dynamical relations between singular flats yield dynamical relations between maximal
ones:

Lemma 4.11 If fy € F; , are flats such that f_ & J+, then for every maximal flat
Fy D fy there exist a maximal flat F_ 2 f_ and a subsequence (gy, ) such that

F (gf,") F+.

Proof Let f, — f_ be asequence in Fr,, such that g, f, — f+. Then there exists
a sequence of maximal flats F, 2 f;, such that g, F,, — F4. The sequence (Fy) is
bounded because the sequence ( f) is, and hence (Fy) subconverges to a maximal
flat F~ D f_. O

For pure sequences there are dynamical relations between singular flats of the corre-
sponding type with respect to suitable subsequences:

Lemma 4.12 If (g,) is tmoa—pure, then the action of (g,) on F,, is not proper.

More precisely, there exist simplices T+ € Flag,  such that for every flat fy € Fr
asymptotic to t4 there exist a flat f_ € Fy , asymptotic to t— and a subsequence
(gn,.) such that

(gﬂ()

J- S+
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Proof By pureness, there exists a sequence (t,) in Flag, . such that

4.13) supd(gnx, V(x, 1)) < 400
n

for any point x € X. There exists a subsequence (gp,) such that 7,, — 74 and

-1
Enp Tnge = T—-

Let fy € Fr,, be asymptotic to 74 . We choose x € f1 and consider the sequence of
flats fj € Fz,., through x asymptotic to 7,, . Then f; — f4. The sequence of flats
(g, kl fx) is bounded as a consequence of (4.13). Therefore, after further extraction,
we obtain convergence g, kl fx — f—. The limit flat f_ is asymptotic to 7_ because
the f; are asymptotic to g, kl Tny - a

By a diagonal argument one can also show that the subsequences (g, ) in Lemmas 4.11
and 4.12 can be made independent of the flats F+ and f., respectively.
For contracting sequences, the possible dynamical relations between maximal flats are

restricted as follows:

Lemma 4.14 Suppose that (g,) is tmod—contracting with (4.2), and that F_ (&) Fy
for maximal flats F4. € F. Then 14 C 0oo F4.

Proof Suppose that 7— ¢ 0o F—. Then the visual boundary sphere doo F— contains
at least two different simplices 7—, T/ opposite to 7—; see Lemma 3.15.

Let F,, — F_ be a sequence in F such that g, F, — F+. Dueto F,, — F_, there exist
sequences of simplices 1, 7;, C doo Fy such that 7, — 7_ and t,, — 7. In particular,
T, # 1;, for large n. After extraction, we also obtain convergence g,t, — T+ and
gnTy, — Tl . Moreover, since g F, — F, it follows that the limits 7., T/ are different
simplices in doo F+ .

This is however in conflict with the contraction property (4.2). In view of 7_,7’ €
C(7-), the contraction property implies that g,t, — v+ and g,t, — 74, convergence
to the same simplex, a contradiction. Thus, 7— C 0o F—.

Considering the inverse sequence (g, !) yields 74 C oo F+; see Lemma 4.4. a
Combining the previous lemmas, we obtain:

Lemma 4.15 If a sequence in G is Tyeq—contracting and vpeg—pure, then tmod S Vmod -
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Proof We denote the sequence by (g,) and assume (4.2). According to Lemmas 4.12
and 4.11, by vmoa—purity, there exist simplices vy € Flag,  such that for every
maximal flat F with deo F+ D v4 there exist a maximal flat F_ with oo F— D v_
and a subsequence (g, ) such that

F (gik) F+.

By Lemma 4.14, always t4+ C 0oo F+. Varying F, it follows that 74 C vy ; see
Lemma 3.16. a

From these observations, we conclude:

Proposition 4.16 (contracting implies regular) Ifasequence in G is Tyeq—contracting
then it is Tyeq—regular.

Proof Consider a sequence in G which is not toq—regular. Then a subsequence is
Vmod—pure for some face type vmod € 0+,,,0mod; compare Lemma 4.9. The condition
on the face type is equivalent to Vimod 2 Tmod. BY the last lemma, the subsequence
cannot be tyeg—contracting. O

4.4 Regularity implies contraction
We now prove a converse to Proposition 4.16. Since contractivity involves a convergence
condition, we can expect regular sequences to be contracting only after extraction.

Consider a t,0g—regular sequence (g5) in G. After fixing a point x € X, there exist
simplices t,jt € Flag . . (unique for large n) such that

4.17) gElx e V(x,st(z)).

Note that the sequence (g,, 1) is tTmog—regular; see the comment after Definition 4.8.
Lemma 4.18 If r,jt — 4 in Flagy, , then (gy) is tmed—contracting with (4.2).

Proof Since x € g,V (x,st(t,,)) = V(gnx,st(gnt, )), it follows together with g,x €
V(x,st(z,])) that the Weyl cones V(gnx,st(gx7,)) and V(x,st(z;)) lie in the same
parallel set, namely in P(g,7, , 1, ), and face in opposite directions. In particular, the
simplices g,t, and 7,7 are x—opposite, and thus g,7, converges to the simplex 74
which is x—opposite to 74 :

gnT, —> T+.
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Since the sequence (g,, Ix) is ITmod—Tegular, it holds that
d(g,jlx, aV(x,st(z,))) = +oo.
By Lemma 3.13, for any r, R > 0, one has for n > n(r, R) the inclusion of shadows:

U x,R C Urn_,gglx,r‘

Thus, there exist sequences of positive numbers R, — +oo and r, — 0 such that

Usr xR, C Ur;,g;‘x,rn

for large n; equivalently,

4.19) &nUr; xR, CUg,oi x,rn-

Since 7,7 — 7— and R, — +o00, the shadows Uy « g, C C(z,) C Flag, . exhaust
C(7-) in the sense that every compact in C(7—) is contained in U~ . g, forlarge n 10
On the other hand, since g,t,, — 74+ and r, — 0, the Ug, ¢ x,r, Shrink, ie Hausdorff

converge to the point 74.!! Therefore, (4.19) implies that

gnlc@o) = ™+

uniformly on compacts, ie (g,) iS Tmeg—contracting. a

With the lemma, we can add the desired converse to Proposition 4.16 and obtain a
characterization of regularity in terms of contraction:

Proposition 4.20 The following properties are equivalent for sequences in G :

(i) Every subsequence contains a tyo4—contracting subsequence.

(i) The sequence is Tmog—regular.

Proof This is a direct consequence of the lemma. For the implication (ii) = (i) one
uses the compactness of flag manifolds. The implication (i) => (ii) is obtained as
follows (compare the proof of Proposition 4.16): If a sequence is not tpyoq—regular,

10Tndeed, for fixed R > 0 we have Hausdorff convergence Ui x,R = Ur_ x,g in Flag, . which
follows eg from the transitivity of the action Kx ~ Flag,;  of the maximal compact subgroup Kx <G
fixing x. Furthermore, the shadows U;_ g exhaust C(r—) as R — +o00; see the continuity part of
Lemma 3.12.

ndeed, Ugny x,r = Uz x, in Flagy  forfixed r >0, and Uz, y , — 7+ as r — 0, using
again the continuity part of Lemma 3.12 and the fact that the function (3.11) assumes the value zero only
m74.
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then it contains a vpeg—pure subsequence for some face type Vmod 2 Tmod- EVeEry
subsequence of this subsequence is again vpg—pure and hence not tp,oq—contracting
by Lemma 4.15. a

A version of Proposition 4.20 had already been proven by Benoist in his fundamental
work; see [5, Lemma 3.5].
We conclude for subgroups:

Theorem 4.21 A subgroup I'< G is tyoq—tegular if and only if it is a Tyoq—convergence
subgroup.

Proof By definition, I" is ty,oq—regular if and only if every sequence () of distinct
elements in I" is tyog—regular, and tyg—convergence if and only if every such sequence
(vn) has a tpeg—contracting subsequence. According to the proposition, both conditions
are equivalent. a

4.5 Convergence at infinity and limit sets

The discussion in the preceding two sections leads to a natural notion of convergence
at infinity for regular sequences in X and G. As regularity, it can be expressed both in
terms of orbit geometry in X and dynamics on flag manifolds.

We first consider a 7y,0q—regular sequence (g,) in G . Flexibilizing condition (4.17),
we choose points x, x” € X and consider a sequence (1) in Flag, . such that

4.22) supd(gnx, V(X' st(ty))) < +o0.

Note that the condition is independent of the choice of the points x and x’.12

Lemma 4.23 The accumulation set of (t,) in Flag,  depends only on (gn).

Proof Let (z,) be another sequence in Flag,  such that d(g,x, V(x',st(ty))) is
uniformly bounded. Assume that after extraction t, — v and t,, — t’. We must show
that T = 7’.

We may suppose x’ = x. There exist bounded sequences (b,) and (b)) in G such that
Znbnx € V(x,st(ty)) and gub,x € V(x,st(z}))

12Recall that the Hausdorff distance of asymptotic Weyl cones V(y, st(t)) and V()’, st(7)) is bounded
by the distance d(y, y’) of their tips.
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for all n. Note that the sequences (g,b,) and (g,b},) in G are again Tyog—tegular. By
Lemma 4.18, after further extraction, they are tyoq—contracting with

gnbn|c(,_) — 7 and gnb,,1|c(t/_) —> ‘[/

/

uniformly on compacts for some t—,t_ € Flag,, . Moreover, we may assume

convergence b, — b and b, — b’. Then

gnlcey =T and  gulope) — T

uniformly on compacts. With Lemma 4.6 it follows that T = /. O
In view of the lemma, we can define the following notion of convergence:
Definition 4.24 (flag convergence of sequences in G) A tpog—regular sequence (g,)
in G tmoa—flag converges to a simplex t € Flag, ,

gl’l — T’
if 7, — 7 in Flag,  for some sequence (ty) in Flag,  satisfying (4.22).

We can now characterize contraction in terms of flag convergence. We rephrase
Lemma 4.18 and show that its converse holds as well:

Lemma 4.25 For a sequence (gn) in G and simplices T+ € Flagy, , the following
are equivalent:

(i) (gn) is Tmoa—contracting with gy|c(r_) — T+ uniformly on compacts.

(1) (gn) IS Tmoa—regular and g,jfl — T4,

In part (ii), the sequence (g, 1) is tTmog—regular and g, I 5 7_ means {Tmod—flag
convergence.

Proof The implication (ii)) = (i) is Lemma 4.18.

Conversely, suppose that (i) holds. Since the sequence (gy) is Tmod—contracting, it
iS Tmoq—regular by Proposition 4.16. Let (r,:*L) be sequences satisfying (4.17). We
must show that r,f — 174 . Otherwise, after extraction we obtain that r,jt — r;: with
vl # 14 or ©. # 1_. Then also gulc() — 7/, by Lemma 4.18, and Lemma 4.6
implies that 7/ = 7, a contradiction. a
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Conversely, we can characterize flag convergence in terms of contraction and thus give
an alternative dynamical definition of it:

Lemma 4.26 For a sequence (g,) in G, the following are equivalent:

(1) (gn) is Tmod—regular and g, — 7.

(ii) There exists a bounded sequence (by) in G and t— € Flag, . such that
gnbnlc(z_) — T uniformly on compacts.

(iii) There exists a bounded sequence (b),) in G such that b, g;’! |c(r) converges to
a constant map uniformly on compacts.

Proof (ii) = (i) According to the previous lemma the sequence (gnby) iS Tmod—
regular and 1,04—flag converges, g,b, — 7. Since d(gnx, gnbyx) is uniformly
bounded, this is equivalent to (g,) being tyoq—regular and g, — t.

(i) = (i) The sequence (g, 1) is 1Tpmog—regular. There exists a bounded sequence
(by,) in G such that (b,g; ") 1Tmea—flag converges, b g, ! — _ € Flag,, . We put
b, = b;,_l. Since also (guby) is Tmoq—regular and g,b, — t, it follows from the
previous lemma that g,b,|c(r_) — t uniformly on compacts.

The equivalence (ii) <= (iii) with b), = b, 1 follows from Lemma 4.4. a

We carry over the notion of flag convergence to sequences in X.

Consider now a tyoq—regular sequence (x,) in X. We choose again a basepoint x € X
and consider a sequence (t,) in Flag,  such that

4.27) sup d(xy, V(x,st(ty))) < +o0,

analogous to (4.22). As before, the condition is independent of the choice of the point x,
and we obtain a version of Lemma 4.23:

Lemma 4.28 The accumulation set of (t,) in Flag, depends only on (xy).
Proof Let (g,) be a sequence in G such that the sequence (g,; Ix,) in X is bounded.
Then (gy) is tmod—regular and (4.27) becomes equivalent to (4.22). This reduces the

claim to Lemma 4.23. O

We therefore can define, analogous to Definition 4.24 above:
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Definition 4.29 (flag convergence of sequences in X') A tyoq-regular sequence (xy)
in X' tmoa—flag converges to a simplex t € Flag,

od ’

Xp —> T,
if 7, — v in Flag,  for some sequence (ty) in Flag,  satisfying (4.27).
For any tyoq-regular sequence (g,) in G and any point x € X, we have g, — t if
and only if gy,x — 7.
Flag convergence and flag limits are stable under bounded perturbations of sequences:
Lemma 4.30 (i) For any tyoq—regular sequence (g,) and any bounded sequence

(by) in G, the sequences (g,) and (g,by,) have the same tyoq—flag accumulation
sets in Flag, .

(i) If (xn) and (x))) are tmoq—regular sequences in X such that d(xy, x,,) is uni-
formly bounded, then both sequences have the same tyoq—flag accumulation set
in Flag, .

Proof (i) The sequence (g,by) is also tmeq—tegular and satisfies condition (4.22) if
and only if (g;) does.

(ii) The sequence (x;,) satisfies condition (4.27) if and only if (x),) does. a
Remark 4.31 There is a natural topology on the bordification X LI Flag, — which

induces tyoq—flag convergence. Moreover, the bordification embeds into a natural
Finsler compactification of X ; compare Remark 4.10.

Flag convergence leads to a notion of limit sets in flag manifolds for subgroups:

Definition 4.32 (flag limit set) For a subgroup I' < G, the tyq—limit set
A, (') C Flag,

is the set of possible limit simplices of tyg—flag converging tmoq—regular sequences
in I", equivalently, the set of simplices 74 as in (4.2) for all Tyo4—contracting sequences
inI.

The limit set is I'—invariant and closed, as a diagonal argument shows.
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Remark 4.33 In Section 3.6 of his groundbreaking work [5], Benoist introduced a
notion of limit set Ar for Zariski dense subgroups I' of reductive algebraic groups
over local fields which in the case of real semisimple Lie groups is equivalent to (the
dynamical version of) our concept of opeq—limit set Ag, 13 What we call the toq—
limit set A, , for other face types Tmod & Omod 1S mentioned in his Remark 3.6(3),
and his work implies that, in the Zariski dense case, A, , is the image of A4, , under
the natural projection Flag, — Flag,  of flag manifolds.

4.6 Uniform regularity

In this section we introduce stronger forms of the regularity conditions discussed in
Section 4.2.

We first consider sequences in the euclidean model Weyl chamber A.

Definition 4.34 A sequence 8, — 0o in A is uniformly tyoq—regular if it drifts away

from d;_, A at a linear rate with respect to its norm:

d((Sn ) a‘[mod A)

I (L

Tmod

We extend these notions to sequences in X and G' (compare Definition 4.8):

Definition 4.35 (uniformly regular) (i) A sequence (x;) in X is uniformly Tmed—
regular if for some (any) basepoint 0 € X the sequence of A—distances da (0, xp)
in A has this property.

(i) A sequence (g) in G is uniformly tmoq—regular if for some (any) point x € X
the orbit sequence (g,x) in X has this property.

(iii) A subgroup I < G is uniformly tmoq—regular if all sequences of distinct elements
in I' have this property.

For a subgroup I' < G, uniform t,g—regularity is equivalent to the visual limit set

A(T") C 0o X being contained in the union of the open tyeq—stars.

A subgroup I'' < G is uniformly tpeq—regular if and only if it is uniformly ¢ teq—regular.
13Benoist’s limit set Ap is contained in the flag manifold Yr which in the case of real Lie groups is

the full flag manifold G/ B; see the beginning of Section 3 of his paper. It consists of the limit points of
sequences contracting on G/ B ; see his Definitions 3.5 and 3.6.
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5 Finsler compactifications of symmetric spaces
Let X = G/K be a symmetric space of noncompact type.

5.1 Finsler metrics

5.1.1 The Riemannian distance We denote by dR®™ the G—invariant Riemannian
distance on X.

Let xy C X be an oriented geodesic segment. The Busemann functions bg for £ € oo X
have slope > —1 along xy, because they are 1-Lipschitz. Therefore,

(5.1) be(x) —be(y) < d¥™(x, p)

with equality if and only if y € x&. Therefore, the Riemannian distance can be
represented in the form

(5.2) dNeM (x, y) = . galixX(bg (x) — be(»)).

5.1.2 Finsler distances We fix a type 6 € Omoa and now work only with Busemann

functions bg of this type, 0(§) = 6. There is the following sharper bound for the slopes
of such Busemann functions along segments:

Lemma 5.3 The slope of a Busemann function bg of type 0(§) = 6 along a non-
degenerate oriented segment xy C X is at least —cos Z(0(xy), 8) with equality in
some point, equivalently, along the entire segment, if and only if y € V(x, st(§)).

Proof As we noted in Section 3.1, the slope of bg|x, in an interior point z € xy
equals —cos Z(y, £). The angle Z,(y, &) assumes its minimal value Z(0(zy), ) =
Z(6(xy), 0) if and only if the segment zy and the ray z£ are contained in a euclidean
Weyl chamber with tip at z, equivalently, if xy and x£ are contained in a euclidean
Weyl chamber with tip at x, equivalently, if y € V(x,st(£)). In this case, the slope
of bg equals Z(0(xy), 6) along the entire segment x . O

We define the G—invariant O—Finsler distance d®: X x X — [0, +00) by

(5.4) d®(x,y) = max_(be(x) —be(»)),
0(&)="0
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where the maximum is taken over all ideal points & € doo X with type 6(§) = 6. By
analogy with (5.1), we have the inequality

(5.5) be(x) = bg(y) =d’(x. y)
for all £ € 900X with 8(£) = 6. According to the lemma, equality holds if and only if
y e Vix,st(§)).

The triangle inequality is clearly satisfied for d 9 In view of diam(opmod) < 5 and the
lemma we have semipositivity, ie d? > 0. Regarding symmetry, we have the identity

(5.6) d®(y,x)=d(x, y),

and hence d° is symmetric if and only if 10 = 6. To see (5.6) we note that, according
to the lemma, bg has maximal decay along xy if and only if bg has maximal decay
along yx, where &£ € doo X denotes the ideal point which is x—opposite to & and has

type (6.

The distance d? can be derived from the vector-valued A—distance d A by composing

it with the linear functional /5 = —bg on Fioq O Amed (normalized at the origin):
d? =lIz0dn.

Let F C X be a maximal flat. The restriction of the distance d¢ to F can be written
intrinsically as

(5.7) dP(x.y)=  max  (be(x)—be())
£€0o0 F, 0(5)=0

for x, y € F, because equality holds in (5.5) if & lies in a chamber 0 C doo F* with
y € V(x,0). The restriction of d? to a maximal flat is thus the translation invariant
pseudometric associated to the W—invariant polyhedral seminorm on F,,q given by

(5.8) |l = max (l0w™").
I-llg = max (lgow™")
If the seminorm || - || is a norm, equivalently, if d 9 is a (nonsymmetric) metric, then
d? is equivalent to the Riemannian distance dR*™. We describe when this is the case:
Lemma 5.9 (positivity) The following are equivalent:
i) d 9 isa (nonsymmetric) metric.

(i1) The radius of omeq With respect to 0 is < %

(i11) 6 is not contained in a factor of a nontrivial spherical join decomposition of Omeq -
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Proof The equivalence (i) <= (ii) is immediate in view of (5.8).

To see (il) <= (iii), consider the spherical join decomposition of opq into its irre-

ducible factors o} ;. These have diameter < Z-. We work now in the model apartment

mod *
and represent directions by unit vectors Wthh we orthogonally decompose into their
O'mod components. Any two vectors in Apg With nontrivial o, ,—components for
some i have angle < 5. This yields the implication (iii) = (ii). The converse direction

is clear. O

In particular, d ¥ isa (nonsymmetric) metric if 6 is regular or if X is irreducible.

If d? is only a pseudometric, then X splits as a product X; x X, such that d T
degenerate precisely in the X,—direction and induces an honest (nonsymmetric) metric
on X;.

5.1.3 Geodesics We first analyze when equality holds in the triangle inequality for
the Finsler distance. Let t,0q denote the face type spanned by 6, ie 8 € int(tmoqd).

Lemma 5.10 A triple of points x, y,z € X satisfies
d(x,2) +d" () = d(x, )

if and only if it is contained in a parallel set P(t—, t4+) for a pair of opposite simplices
T4 € Flagjcrm0 . and z lies in the tyod—diamond determined by x, y:

(5.11) 2 €0, (x,y) = V(x,st(t4)) N V(y, st(t-)).

Proof Assume that the equality holds. Let 74 € Flag,  be a simplex such that
Y € V(x,st(r+)), and let &4 € 74 be the ideal point with type 6(§+) = 6. Then b,
has maximal decay along xy; see Lemma 5.3. From
d’(x.y)=d’(x.2) +d°(z.y)

> (bg, (x) = bg, (2)) + (be, (2) = bg, (1))

= b, (x) —bg, (1) =d’(x, p),
it follows that bg, must have maximal decay also along the segments xz and zy.
This implies that z € V(x, st(z4+)), again by the same lemma. Furthermore, bg_ has

maximal decay along yx for the ideal point £_ which is x—opposite to &4 and therefore
contained in the simplex 7_ x-—opposite to 4. It follows that also z € V(y, st(7—)).

Conversely, if (5.11) holds, then bg, has maximal decay along xy, yz and xz, and
hence the equality is satisfied. a
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It follows that the (pseudo)metric space (X, d %) is a geodesic space. The Riemannian
geodesics in X are also d e—geodesics, but besides these there are other d e—geodesics,
due to the nonstrict convexity of balls for the norm || - [|5.

The lemma yields a precise description of all d é—geodesics: apath c: I — X is an
(unparametrized) d G—geodesic if and only if it is contained in a parallel set P(t—, 74)
with 74 € Flag, . ~and

c(t’) € V(c(t),st(t4)) (equivalently, c(z) € V(c(t'),st(t-)))

forall <t in I, ie ¢ drifts towards 7+ and away from 7_. As a consequence, a
geodesic c: [t—,t4+] — X is contained the diamond <, ,(c(z-), c¢(¢4)) determined by
its endpoints. Moreover, we obtain the Finsler geometric interpretation of diamonds,
namely the diamond <, (x, y) is the union of all d 9 _geodesics xy.

The most relevant case for this paper is when 0 is regular, 6 e int(0yeq). The above
discussion then specializes as follows: The pair of simplices 74 in the lemma becomes
a pair of opposite chambers oy, the parallel set P(7—, 74) becomes a maximal flat
F(o—,04), the Weyl cones V(-,st(t+)) become euclidean Weyl chambers V(-,04).
Thus (5.11) simplifies to

zeV(x,o0)NV(y,o-),
and a d g—geodesic ¢: I — X is contained in a maximal flat F(o—,0+) and
c(t) e V(c(t),04) (equivalently, c(z) € V(c(t'),0-))

forall t <t in I.

5.2 Finsler compactifications

Throughout this section we assume that the type 6 is regular, 0 € int(0moq). In
particular, d? is a metric.

5.2.1 Definition If one applies the horoboundary construction (see Section 2.6) to
the Riemannian distance d®®™ on X, one obtains the visual compactification

(5.12) X =X UdooX.
The ideal boundary points are represented by Busemann functions, ie the horofunctions

are in this case precisely the Busemann functions.
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We define the O—Finsler compactification of X as the compactification

(5.13) X =xud x

obtained by applying the horoboundary construction to the Finsler distance d 9.

5.2.2 Horofunctions For a chamber o C o0 X, let 6, € o denote the point of type 6.

The associated Busemann function bg_ is well defined up to additive constant, and the
Busemann function bg, — bg_(x) normalized in a point x € X is well defined.

According to our definition (5.4) of the d g—distance, we have
d? = d° (-, x) = max(bg, — by, (x)),
o

where the maximum is taken over all chambers o. For a simplex 7 C doo X and a
point x € X, we consider the “mixed” Busemann function

(5.14) by 1= max(bg, —bg, (x))

normalized in x, the maximum being taken only over the chambers which contain ©
as a face. We will see that these are precisely the horofunctions for X?.

On a euclidean Weyl chamber with tip at x, the function dg agrees with one of
the Busemann functions occurring in the maximum: If 0,6 C dso X are x—opposite
chambers, equivalently, if x € F(d,0), then

d®(-.x) = bg, —bg, (x)

on V(x,6); see Lemma 5.3. Thus, on a Weyl cone with tip at x, the function dg
reduces to a maximum over a subfamily of Busemann functions: if 7,7 C doo X are
x—opposite simplices, equivalently, if x € P(7, t), then

d? (-, x) = max(bg, — bg, (x)) = bY
oT

on V(x,st(7)). For the normalized distance functions, we observe that if 0 € X is
a basepoint and if x lies in the Weyl sector V (o, ), equivalently, if 0 € V(x,7) =
(552 V(x,0), then the difference by, (0)—bg, (x) has the same value for all chambers
o D 1, and hence the function dg normalized in o is given by

(5.15) d? —dl (o) = max(b, — by, (0)) = b,

on the Weyl cone V(x, st(7)).
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With these observations we are prepared for understanding the horofunctions, ie the
limits of (normalized) distance functions dg as x — oco. We first show that the mixed
Busemann functions bfﬂ . are horofunctions.

Lemma5.16 Let o€ X and 7 € Flag, . If (xn) is a Tmoq—Tegular sequence in the
Weyl sector V (o, ), then ~
d6’

Xn

dd (0)—b?,

uniformly on compacts in X.

Proof We proceed in two steps.

Step 1 Let T be the simplex o—opposite to 7. We first note that the claimed con-
vergence holds uniformly on compacts in P(7, 7). In fact, on every such compact,
eventually equality holds. This follows from (5.15) and because the 7,,04—regularity
of the sequence (x,) implies that the Weyl cones V(x,, st(7)) exhaust P(7,t) as
n— 400.

Step 2 To verify the convergence on all of X, we use the action of the unipotent
horocyclic subgroup H. The Busemann functions bg centered at ideal points & € st(7)
are Ho—invariant, bg oh™1= bpg = bg for h € Hy, and hence also the mixed Busemann
functions, ~ ~

bf,x oh™! = bf,x'

By step 1, it holds for (&, x) € H; x P(7, t) that

(5.17) d? (hx)—d? (0) > b (hx),
+, %,_/
dg, (x) bY o(x)

and the convergence is uniform on H; x A for A C P(7, t) compact. Note that
dg(xn, hxp) = dg(h_lxn, Xn) — 0

as n — 400 locally uniformly in /2, because (x,) is a Tmog—regular sequence in V (o, 7)
and therefore drifts away from 0V (o, t). Hence

6 6
d, Xy d =0
uniformly on X due to the triangle inequality; compare (2.5). It follows from (5.17) that

d? (hx)—d? (o) — b, (hx)

7,0
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locally uniformly in (%, x), ie

6
dy, —

dfn (0) > bf’ 0
locally uniformly on X, as claimed. O

We show next that, conversely, there are no other horofunctions besides the mixed
Busemann functions bf’ X!

Lemma 5.18 Let x,;, — oo be a divergent sequence in X. Then, after extraction, there
exist a simplex T C doo X and a point p € X such that

7 7 7
d —dxn(p) — bt’p

Xn

uniformly on compacts in X.

Proof We reduce the assertion to the previous lemma using the action of the maximal
compact subgroup K < G fixing a basepoint o € X. There exists a sequence (k) in K
such that the sequence (k,Xx;) is contained in a fixed euclidean Weyl chamber V (0, o).
After extraction, we may assume that k, — e. We may assume moreover that the
sequence (x;), equivalently, (k,xy) is Tmod—pure for some face type Tmoq. Let T C o
be the face of type Tmoq. After further extraction, there exists a point p € V(o, d) such
that (k,x,) approaches the Weyl sector V(p, 1) C V(0,0), ie there exists a sequence
(yn) in V(p, ) such that d(kyxy, yn) — 0. The sequence (yy) is then also Tyoq—pure,
and in particular tg—regular. By the previous lemma, dfn — d)?n (p)— bf’ p uniformly
on compacts, and hence _ B _

[% [% 0
dknxn - dknxn (p) - br,P
uniformly on compacts. Since bf’ pokn— bf’ p uniformly on compacts, the assertion
follows. |

Thus, the horofunctions for X are precisely the mixed Busemann functions bf, Iy

We now discuss some of their properties. As already mentioned, the functions bf, p are
invariant under the unipotent horocyclic subgroup H;. Moreover, they are invariant up
to additive constants under transvections towards t:

Lemma 5.19 For a transvection t with axes asymptotic to £ € t it holds that'*
6 -1 _ 16
b‘r,p ot = br,p .

14Recall that the notation f = g for functions f, g means that f — g is a constant.
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Proof For every chamber o D t the function bg_ ot~ ! —bg,, is constant, because ¢ fixes
st(r) D o and therefore by, o — bg,, . Furthermore, the difference bg_ o e be,
is independent of o because, along a 7-axis, bg, is linear with slope —cos Z(6(§), 0)
independent of o It follows that b? ,o1™1 —b? '=bg or™' —by_ is constant. O

Our next aim is to distinguish the functions bf’ p from each other.

Let T be the simplex p—opposite to 7, and let CS(p) = CS(z, 7, p) denote the cross-
section of the parallel set P(z,7) through p.

Lemma 5.20 We have bg,p >0 on CS(p) —{p}.

Proof Let p # g € CS(p). We need to find a chamber ¢ D t such that

bg, (q) > by, (p)-
The latter holds if
Zp(q,05) > %

because then the convex function by, strictly increases along pg.

Let F C P(t,7) be a maximal flat containing pg. Then t C doo F, and we denote by
N € doo F the ideal point with ¢ € pn. We will show that do F' contains a chamber
o D t with the desired property, equivalently, with the property that

(5.21) Lris(n. 65) > 5.

Let 6/ € int(tmod) be the nearest point projection of 0 e int(0mod) t0 Tmod. We denote
by 6. € t the point of type 6’. The arcs 0.6, in doo F for o D T are perpendicular
to 7. Note that 7 C BB(n, %) because 1) € doo CS(p), and hence also the arc 6.7 is
perpendicular to t. Property (5.21) is equivalent to

(5.22) Lo (1,00) > T

Since the type 6 is regular, the directions @: for the chambers o D t correspond
to a regular Weyl orbit in the spherical Coxeter complex associated to the link of
in dris X. If (5.22) would fail for all chambers o O t, then this regular Weyl orbit
would be contained in a closed hemisphere, which is impossible.!? a

151n a spherical Coxeter complex without sphere factor, no regular Weyl orbit is contained in a closed
hemisphere; compare Lemma 5.9.
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Based on these properties, we can now distinguish the functions bf’ p from each other.

Lemma 5.23 (distinguishing horofunctions) We have b?} p = bg, p if and only if

T = 7/ and the sectors V(p,t) and V(p', ) are strongly asymptotic.'®

Proof We first show that v can be read off the asymptotics of bi P
For a chamber o and an ideal point & € doo X it holds that Zri(£, 05) = Z(6(£), 0)

if and only if £ € o, since 6 € int(0imoq). Lemma 5.3 therefore implies that along a
ray x§, the function by, has slope = —cos Z(0(§), 5)_if & € 0, and slope greater than
—cos Z(0(&), 0) everywhere if £ €0 . It follows that bf’ p has slope = —cos Z(6(§), 0)
along x§& if and only if this is the case for the by, for all chambers o D 7, ie if and
only if £ € (,5, 0 = . Hence, bf’p = bf,’p/ implies that T = 7.

7]

. 7
Due to H;—invariance, br, hp = 4

p for h € Hy, we may replace p, p’ by points in their
H—orbits. We can therefore assume that p, p’ € P = P(7, 1) with T € C(t), because
every Hy—orbit intersects the parallel set P (exactly once). In view of Lemma 5.19,
we may furthermore replace p, p’ by their images under transvections along lines
parallel to the euclidean factor of P, and can thus assume that they lie in the same

cross-section of P, thatis, p’ € CS(p). Now Lemma 5.20 implies that p = p’.

The converse follows from the invariance of the equivalence classes [bf’,] under H;
and the transvections along lines asymptotic to 7. a

Corollary 5.24 The points in aﬁox are in one-to-one correspondence with the strong
asymptote classes of Weyl sectors in X.

Note that all Finsler boundary points are limits of sequences along Weyl sectors, and
in particular limits of sequences along Finsler geodesic rays. Hence all horofunctions
are Busemann functions, as defined in Section 2.6.

Corollary 5.25 The Furstenberg boundary dp, X embeds G —equivariantly into BgoX
as the set of equivalence classes [bg’,] of chambers 0 C dpy X.

Proof Note that bg, p= bg’ - for any pair of points p, p’ € X. Thus, the equivariant
embedding is given by the map ~

o [bS]. O

16Note that two asymptotic Weyl sectors V(x, 7) and V(x', 7) are strongly asymptotic if and only if

their tips x and x’ lie in the same orbit of the closed subgroup of P; which is generated by H; and the
transvections along lines asymptotic to 7.
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5.2.3 Convergence at infinity We fix a basepoint 0 € X and denote by K < G the
maximal compact subgroup fixing o.

We first study the convergence at infinity of divergent sequences in X. Since a divergent
sequence always contains pure subsequences of some face type, we can restrict to
this case.

Let (x,) be a tmea—pure sequence in X. There exists a sequence (t,) in Flag,
such that x, € V(o,st(t4)). Let 7, € Flag,,  denote the simplices o—opposite to .
Then V(o, st(t,)) C P(Ty, tn). Due to pureness, there exists a bounded sequence of
points p, € CS(7,, 4, 0) such that x, belongs to the flat f(z,,t,, pn) through p,
with visual boundary 0o f (Ty, Tn» Pn) = (T, Tn), the singular sphere spanned by 7,
and 1, ; see Section 3.2.1.

Proposition 5.26 (convergence at infinity) Under these assumptions, (x,) converges
in X9 if and only if there is convergence t, — 7 in Flag, and p, — p € CS(7, 7,0)
in X. In this case, B

Xp — [bf, ol

Proof Suppose that 7, — t and p, — p. We write t, = k,t and T, = k,T with
kn — e in K. The sequence of points

ki'xne fZ.t.k; pn) C P(Z,7)
N’
4

is also Tyeg—pure and contained in a tubular neighborhood of the sector V(o, 7). It
follows that d (k, !x,, V(p,t)) — 0. Lemma 5.16 then implies that

Ay, —dl i (p)=b7,

kn_lxn
uniformly on compacts, and furthermore that
6 7] 6
dx, —dx,(p) = b p,
ie x, — [bf’ pl- The converse direction follows from this direction, Lemma 5.23
distinguishing horofunctions and the compactness of flag manifolds. a

Finsler and flag convergence for divergent sequences in X are related as follows:

Corollary 5.27 (Finsler and flag convergence) If x,, — [bg p] with 6(t) = Tiod, then
(Xpn) 1S Tmoa—pure and tyoq—flag converges x, — 7.
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Proof If (x,) were not ty,oq—pure, we could extract a vyq—pure subsequence for a
different face type vmod 7 Tmod. By Proposition 5.26, after further extraction, (xp)
Finsler converges to a boundary point [bg, gl With 0(v) = vmeqa. However, [bg, a7 [bf’ »l
according to Lemma 5.23, a contradiction. Hence (x;) must be ty0q—pure. Since
xn € V(o,st(ty)) and t, — 7, again due to Proposition 5.26 and Lemma 5.23, the
definition of flag convergence implies that x,, — 7. O

We will also use the following fact:

Lemma 5.28 Let (x,) and (x,,) be sequences in X which are bounded distance apart

and converge at infinity x, — [bf

6 —
p] and x; — [b7/ /1. Then T = 7.

Proof Since the functions do —d f@ are uniformly bounded independently of n, also
b0 be » is bounded. Th1s implies that T = 7’; compare the first part of the proof
of Lemma 5 23. O

Remark 5.29 If 0(t) # 0mod, then the limit points [b p] and [b ] are in general
different.

We now discuss the convergence of sequences at infinity.

For face types Tmod C Vmod, €very boundary point of type vmoeq is a limit of boundary
points of type Tmod:

Lemma 5.30 Let t C v be faces in 000X, and let (x,) be a 6(v)-regular sequence in
a sector V(p,v). Then [bf ] ™ [bf,),p].

Proof Using Lemma 5.16, we can approximate the boundary points [b? x,,] by points
in X : There exist points y, € V(xp, ‘L’) C V(p,v) such that

d dy, (xn) b =0

uniformly on compacts. The sequence () is also €(v)-regular, and the same lemma
yields that

d® —d? (p)—1?,

uniformly on compacts. It follows that [b ]— [b ) O

T,Xn

The next result yields necessary conditions for the convergence of sequences at infinity:
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Lemma 5.31 If

(5.32) b8 . 1—10,]

TnsXn

and 0(t;) = Tmoq for all n, then Tyeq € 6(v) and T, —> 7 C v,

Proof We may assume without loss of generality that x,, € CS(7,, 74,0) and p €
CS(v, v,0), where 7, is o—opposite to t, and ¥ is o—opposite to v.

As in the proof of the previous lemma, we use Lemma 5.16 to approximate the points
[bfn,xn] at infinity by points y,; € V(xn, ta):

Tn axn]

lim y,; = [b
1—>00

where (yn,i)ieN 1S @ Tmod—regular sequence which flag-converges to 7, for each n.
Taking into account the limit (5.32), we find a diagonal subsequence y, € V(x,, t;)
such that

— b8 ).

In view of openness of the cones V (0, ost(t,)) in P(T,, ;) (see Lemma 3.9), without
loss of generality, y, € V(o,st(t,)), and hence there exist chambers ¢, 2 7, such

that y, € V(0,0y). After extraction, we may assume that (y,) is t/

hog—Pure for some

face type rmod C Omod - In view of tyoq—regularity of the sequence ()y,), it follows that

/
Tinod 2 Tmod -

Consider the faces 1, C 1, € 0, of type 6(t,,) =1, 4, and denote by 7,, the simplices o—
opposite to 7;,. There exists a bounded sequence (x;,) of points x,, € CS(7},, 7, 0) such
that y, € f(%,. 1, X,,). After further extraction, we may assume convergence r,/, -1

and x/, — x’. Then y, — [b?%, ] by Proposition 5.26, and hence [b? vl = (b9 pl-In

/ /]
‘L’ X
particular, ! = 6(v) and ¢’ = v. It follows that 7, — v C v, ie the assertlon holds

for the subsequence.

Returning to the original sequence of points [b |, our argument shows that every

Tn,Xn
subsequence has a subsequence for which the assertion holds. Thus 7m0q € 6(v) and
the sequence of simplices 7, can only accumulate at the face t C v of type Tmoq. In

view of the compactness of Flag, . it follows that 7, — 7. a

Our discussion of sequential convergence implies that the Finsler compactification does
not depend on the regular type 6.
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Proposition 5.33 (type-independence of Finsler compactification) For any two regu-
lar types 0,60’ € int(omeq) , the identity map idy extends to a G—equivariant homeo-
morphism B _

X x%
sending [bi I [bgp] at infinity.

Proof The extension of idy sending [bg ol [b?l is a G—equivariant bijection

=0 =9/ ap]
X? - X% The conditions given in Proposition 5.26 for sequences x, — 00 in X

to converge at infinity do not depend on the type 0, ie x, — [bf, plin X? if and only
if x, — [bf:p] in X9. A general point-set topology argument now implies that the
extension is a homeomorphism; see Lemma 2.1. a

We therefore will from now on mostly use the notation X" for X 0

5.2.4 Stratification and G -action For every face type Tmod € Omod, We define the
stratum at infinity

(5.34) Stmea = 1[0% 11 0(2) = Tmoa, p € X}.

Furthermore, we put Sy = X. We define the stratification of X 9 as

= || S

aC Tmod ganl()d

In the sequel, when talking about the stratification, we will also admit & as a face type.

Lemmas 5.30 and 5.31 yield for the closures of strata

(5.35) Stws = || Sves-

Vinod = Tmod
The stratum Sz = X is open dense, while the stratum S;,_, = dpy, X (see Corollary 5.25)
is closed and contained in the closure of every other stratum.

The continuous extension of the G—action on X to X? is given at infinity by
g [bf,p] = [bf,p og™l]= [bgr,gp]'
The G-orbits are precisely the strata S;,,.

The stabilizer of a boundary point [bg p] is the semidirect product

Hr X (T(:E\, ‘C) X Kf('f,r,p))v
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where H; C P; is the unipotent horocyclic subgroup, T € C(z) a simplex opposite
to 7, f(7,1, p) the singular flat through p with visual boundary sphere s(7, 1),
K¢z, p) < G its pointwise stabilizer, and 7'(7, r) the group of transvections along
f(z,1, p); see Section 5.2.2.

We will use the following observation concerning the dynamics of G ~, X 0.

Lemma 5.36 Every open subset O C /_X7 9 which intersects the closed stratum Opu X
sweeps out the entire space: G- O = X v,

Proof The G-orbit dr, X is in the closure of every G—orbit S¢,_ . i
For the strata at infinity, there are the natural G—equivariant fibrations of homogeneous
G—spaces

(5.37) Stmea = Flag,

by the forgetful maps [b;a pl> 7. The fiber

(5.38) X, =% ,]: pe X}

over t € Flag,  is naturally identified with the space of strong asymptote classes of
Weyl sectors V(x, 1) (see Lemma 5.23), which is in turn naturally identified with the
cross-section of the parallel set P(z, 7) for any simplex 7 € C(t). We will refer to the
fibers X7 as small strata. Again according to Lemmas 5.30 and 5.31, we have that

(539) Y= x.

Vot

Note that for different simplices 71, 7, of the same type Tmod, it holds that
(5.40) Xy NXy, =@

because every simplex in deo X has at most one face of type Tmod.

Remark 5.41 One can show that the closure X, is naturally identified with the regular
Finsler compactification of X7.

The discussion of convergence at infinity in the previous section yields the following

characterization of pureness and regularity for divergent sequences in X in terms of
their accumulation set in the Finsler boundary:
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Proposition 5.42 (pureness and regularity) Let x,; — oo be a divergent sequence.

(1) (xp) is Tmoq—pure if and only if it accumulates at a compact subset of the stratum
Sfmod ‘

(i) (xp) is Tmea—regular if and only if it accumulates at the stratum closure Sy_, .

Proof (i) If (x,) is Tmog—pure, then Proposition 5.26 implies that it accumulates
at a compact subset of S;_ . Otherwise, if (x,) is not tyeg—pure, then it contains a
Vmod—pure subsequence for another face type vmod 7 Tmoda and therefore has, by the
same proposition, accumulation points in S,,_,, ie outside S¢,_,.

(ii) If (xp) is tmoga—regular, then all vyg—pure subsequences have type Vimod = Tmod>
and the assertion therefore follows from (i) and (5.35). m|

Similarly, we can characterize flag convergence (compare Corollary 5.27 above):

Proposition 5.43 (flag convergence) A tmog—regular sequence (x,) Tmoq—flag con-
verges x, — t € Flag, if and only if it accumulates at the small stratum closure X;.

Proof By the previous proposition, (x,) accumulates at g,mod.

Suppose that we have Finsler convergence x, — [bg pl. By Corollary 5.27, (xp) i$ Vmod—
pure with vyoq = 8(v) and vyeq—flag converges, x, — v. Necessarily Vimod = Tmod.
because (xXp) iS Tmog—tegular. It follows that we also have tyoq—flag convergence
Xpn — Ty C v to the face 7y, of type Tmoq. Furthermore, [bg, p] eX. T, 5 see (5.39).

Thus, if x, — 7 then all accumulation points of (xj) in agg“X must lie in X;. On the
other hand, if (x;) does not t,q—flag converge to t, then after extraction it tp0q—flag
converges to some other t/ # t and has Finsler accumulation points in the small stratum
closure X/ disjoint from X, see (5.40). a

5.2.5 Maximal flats and Weyl sectors We first discuss maximal flats F C X. We
start by showing that their extrinsic closure in X 9 coincides with their intrinsic Finsler
compactification; compare the general discussion in the end of Section 2.6.

According to Proposition 5.26,

0X F = {[p% ]:v CdooF. x € F} C 30X,

V,X

where 9X° F ¢ 8§OX means the “boundary” F — F of F inside X 6
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Lemma 5.44 For simplices v,v" C 0o F and points x,x" € F, 1fb9x|p = bf, wIF.
then bf7 =P

v/ ,x""

Proof One proceeds as in the proof of Lemma 5.23. The asymptotics of bfi +|F and

v, x,| F allow us to read off v and v/, and thus v = v’. Furthermore, Lemma 5.20
implies that the singular flats spanned by the Weyl sectors V(x,v) and V(x’,v)
coincide, equivalently, these Weyl sectors intersect. Hence they are strongly asymptotic,
which implies that bg, = bf, - O
It follows that there is a natural inclusion of Finsler compactifications

Focx?.

The stratification of X9 induces the stratiﬁcation

|_| Sfmod

Tmod

by the stratum S F — F and the strata at infinity

SF =5, nol F= {[bf’x] 1T C oo F, 0(7) = Tmod, X € F}.

Tmod
The fibration (5.37) restricts to the finite decomposition
F _ F
Sfmod - |_| XT
ICBOO F,O(T):rmnd
into the small strata

(5.45) xF=(?,):x e F}

at infinity. They are euclidean spaces which are canonically identified with the affine
subspaces of F perpendicular to the Weyl sectors V(x, t). By analogy with (5.39),
the closures of small strata decompose as

(5.46) xF= 1] xFf.

TCVC0ao F
Dynamics at infinity The subgroup 7r < G of transvections along F restricts to the
group of translations on F. Unlike for the visual boundary, the induced action

Tr 30 F
on the Finsler boundary is nontrivial in higher rank. Its orbits are the small strata X’ .

since t[bg, ]=1[bY,. .] for t € Tk. The stabilizer Stabg(F) of F in G acts on F by
the affine Weyl group. Its orbits at infinity are the big strata StI; y

tx,t
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It is worth pointing out how the description of the convergence at infinity simplifies for
divergent sequences contained in maximal flats. Proposition 5.26 and Corollary 5.27
reduce to:

Proposition 5.47 (convergence at infinity for maximal flats) (i) Suppose that

0

o
z,p) € F7. Then the sequence

(xn) is a sequence in F convergent to some [b
(Xn) IS Tmoga—pure, tmod = 0(7).

(i) Suppose that (x;) Tmoa—pure sequence in F which for some simplex T C doo F
of type Tmoq 1S contained in R—tubular neighborhoods of the sectors V (-, 1) fora
fixed R < oo. Then (x,) converges in FO ifand only if the flats f(T,t,x,) C F

Hausdorff converge. In this case,
Xn — b8 ]

with p € F such that f(7,t,x,) —> f(T,7, p).

The discussion for Weyl sectors V = V(p, t) is analogous: We have
(5.48) 0¥V =l v xevicil x.

Again, horofunctions uniquely extend from V to X:

Lemma 5.49 For simplices v,v" C t and points x,x" € V, if bggxh/ = bf/ |y, then
b= b0

v, x""

Proof As in the case of maximal flats, compare the previous lemma, one can recognize
0
v, x!
Then Lemma 5.20 implies that V(x,v) and V(x’,v) intersect and hence are strongly

v and V' from the asymptotics of bfj),x|V and bY, |y, and thus see that v = v'.

asymptotic. a
We thus have the natural inclusion

Vo cx°.
Furthermore, we have the stratification

(5.50) Vo= |xY

vCrt

by X rg =V and the (small) strata at infinity

XY =x,n% v ={pf ]:xeVy.

Geometry & Topology, Volume 22 (2018)



Finsler bordifications of symmetric and certain locally symmetric spaces 2587

The stratum closures decompose as

L]

vCv'Cr

5.2.6 Action of maximal compact subgroups Let 0 € X be a basepoint and K < G
the maximal compact subgroup fixing it. Let V = V (0, o) be a euclidean Weyl chamber
in X with tip at 0. We recall some facts about the action K ~, X:

(1) V is a cross-section for the action, ie every K—orbit intersects V' exactly once.

(ii) Point stabilizers The fixed-point set in V' of any element k € K is a Weyl
sector V(o, 1), where @ C t C ¢ is the face fixed by k. In other words, if k
fixes a point p € V, then it fixes the smallest Weyl sector V' (o, ) containing it.
(Here, we put V(o, @) := {0}.)

We now establish analogous properties for the action K ~ X?.
Lemma 5.51 (cross-section) VP c XY is a cross-section for the action of K ~X 9.

Proof Since K-V is compact and contains K-V = X, and since X is dense in X é,
it holds that K- V9 = X? ,ie every K-orbit in X Y? intersects V9. We must show that
every K—orbit in 89 X intersects 89 V' only once. Suppose that

(5.52) k- [bt,p] = [bkr,kp] = [br,,p,]

for k € K and Weyl sectors V(p, 1), V(p', ') C V; see (5.48). Then, in particular,

kt =1’. Since 1,7’ C 0, this implies that T =t/ and k7 = 7.

It follows that k preserves the parallel set P(7,t), where T denotes the simplex
o—opposite to . The sectors V(kp,t),V(p',7) C P(T, 1) are strongly asymptotic,
because [b kpl = [ ] This means that they intersect. Let g € V(kp,7) N V(p'.1).
Then ¢,k 'geV and hence k~'q = ¢, because V is a cross-section for the action
K ~ X. It follows that the sectors V(p,7) and V(kp,t) intersect and hence are
strongly asymptotic. Thus, k - [b o= [be kp] = [b ol o

Lemma 5.53 Let k € K and V(p, t) C V. The following are equivalent:
() k fixes [b? e VP,
(i) k fixes V(p, t) pointwise.

(iii) k fixes pointwise the smallest Weyl sector V (o, v) containing V(p, 7).
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Proof (i) => (ii) In the proof of the previous lemma, we saw that the sectors V(p, 7)
and V(kp, ©) intersect. Since k also preserves the cross-sections of P(7, 7), it follows
that £ fixes p.

The converse direction (ii) = (i) is trivial.

(il) <= (iii) This is clear, because the fixed-point set of k on V is a sector V(o,v). O
Let K; = P N K denote the stabilizer of the simplex 7 in K, and put Ky = K.

Corollary 5.54 (point stabilizers in compactified euclidean Weyl chambers)
(i) The points in V0 fixed by K. are precisely the points in V (o, ‘L’)g.

(i) The points with stabilizer equal to K, are precisely the points in

Notation 5.55 In view of Proposition 5.33 we will from now on denote the Finsler
compactification X9 for 6 € int(omoed) by XFins

6 Coxeter groups and their regular polytopes

6.1 Basics of polytopes

We refer the readers to [22; 54] for a detailed treatment of polytopes. In what follows, V
will denote a euclidean vector space, ie a finite-dimensional real vector space equipped
with an inner product (x, y). We will use the notation V* for the dual vector space,
and for A € V* and x € V' we let (A, x) = A(x). The inner product on V defines the
inner product, again denoted by (A, 1), on the dual space.

A polytope B in V is a compact convex subset equal to the intersection of finitely
many closed half-spaces. Note that we do not require B to have nonempty interior.
The affine span (B) of B is the minimal affine subspace of V' containing B. The
topological frontier of B in its affine span is the boundary dB of B. A facet of B is a
codimension-one face of dB.

Each polytope B has a face poset Fp. It is the poset whose elements are the faces
of B with the order given by the inclusion relation. Two polytopes are combinatorially

Geometry & Topology, Volume 22 (2018)



Finsler bordifications of symmetric and certain locally symmetric spaces 2589

isomorphic if there is an isomorphism of their posets. Such an isomorphism necessarily
preserves the dimension of faces. Two polytopes B and B’ are combinatorially
homeomorphic if there exists a (piecewise linear) homeomorphism /: B — B’ which
sends faces to faces.

Given a polytope B whose dimension equals n = dim(V), the polar (or dual) polytope
of B is defined as the following subset of the dual vector space:

B*={\LeV*:A(x) <1 forall x € B}.

Thus, A € B* C V* implies that the affine hyperplane Hj = {A = 1} is disjoint from
the interior of B. Moreover, A € dB* if and only if Hj has nonempty intersection
with B. Each face ¢ of B determines the dual face ¢* of B*, consisting of the
elements A € B* which are equal to 1 on the entire face ¢. This defines a natural
bijection between the faces of B and B*:

x> @F.
Under this bijection, faces have complementary dimensions:

dim(¢p) +dim(¢*) =n—1.
The bijection » also reverses the face inclusion:
pCY = ¢ DY".

In particular, the face poset of dB* is dual to the face poset of dB. If W is a group of
linear transformations preserving B, its dual action

w*(\) =Arow™!
on V* preserves B*. The naturality of  implies that it is W—equivariant.

A polytope B is called simplicial if its faces are simplices. It is called simple if it has
a natural structure of a manifold-with-corners: Each vertex v of B is contained in
exactly d facets, where d is the dimension of B. Equivalently, the affine functionals
defining these facets in (B) have linearly independent linear parts. For each simplicial
polytope, its dual is a simple polytope, and vice versa.

Lemma 6.1 Two polytopes are combinatorially isomorphic if and only if they are
combinatorially homeomorphic.

Proof One direction is trivial. Conversely, given an isomorphism of posets, one
constructs a combinatorial homeomorphism by induction over skeleta and coning off. O
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6.2 Root systems

In this and the following sections, the euclidean vector space V' is identified with the
model maximal flat F,oq for the symmetric space X ; the root system R C V* is the
root system of X. Accordingly, the Coxeter group W defined via R is the Weyl group
of X. Since the symmetric space X has noncompact type, R spans V*, ie W fixes
only the origin 0 in V.

Given a face t of the spherical Coxeter complex do0 V, we define the root subsystem
R CR
consisting of all roots which vanish identically on V(0, 7).

Each root @ € R corresponds to a coroot ¥ € V, which is a vector such that the
reflection so: V' — V corresponding to o acts on V' by the formula

6.2) Sa(x) =x — (o, x)a”.

The group W also acts isometrically on the dual space V*; each reflection s, € W
acts on V* as a reflection. The corresponding wall is given by the equation

AeV*: (A av)=0}

equivalently, this wall is a, the orthogonal complement of « in V*.
From now on, we fix a Weyl chamber A = Ay,oq C V for the action of W on V. The
visual boundary of A is the model spherical chamber 4.
Notation 6.3 We let [1] denote the set {1,...,n}.
The choice of A determines the set of positive roots Rt C R and the set of simple
roots Ay, ...,ay € RT, where n = dim(V):

A={xeV :ai(x)=(aj,x)>0,i€][n]}.
We will use the notation s; = 5o, for the simple reflections. They generate W.
The dual chamber to A is

A*CV* A*={eV*:(a,h)>0,ien].
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Remark 6.4 There is another notion of a dual cone to A in V*, namely the root
cone AV, consisting of all A € V* such that the restriction of A to A is nonnegative.
The root cone consists of the nonnegative linear combinations of simple roots. The
root cone contains the dual chamber but, is, with few exceptions, strictly larger.

Let B be a W—invariant polytope in V with nonempty interior. We will use the
notation Ag = AN B and A%, = A*N B™.

Lemma 6.5 Suppose that > € A* is such that A(x) <1 forall x € Ag. Then A € B*.

Proof Let A € V* and let v € int(A) C V. Then A|y, is maximal in v if and only if
A € A*. The assertion follows. O

6.3 Geometry of the dual ball

We assume now that B C V' is a W—invariant polytope in V' with nonempty interior,
such that
Ap={xeA:l(x) <1},

where [ = Iz € int(A™) is a regular linear functional. The gradient vector of / gives a
direction 8, which is a regular point of gyq.

Set I, = w*/ =low™!, where w € W. Then,

B= ({xeV:ly(x) <1k
wew

ie the facets of B are carried by the affine hyperplanes /,, = 1 for w € W.

The polytope B defines a (possibly nonsymmetric) norm on V, namely the norm for
which B is the unit ball:

(6.6) ¥l = llxllg = max (i (x)).

We let wq,...,w, denote the nonzero vertices of the n—simplex Ap. We will label
these vertices consistently with the labeling of the simple roots: w; is the unique vertex
of Ap on which «; does not vanish. Geometrically speaking, w; is opposite to the
facet A; of Ap carried by the wall o; = 0.

The regularity of / implies:
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Lemma 6.7 The polytope B is simplicial. Its facets are the simplices
{x ewA:l(x)=1}.
For each reflection s; = Sq, , the line segment w;s; (w;) is not contained in the boundary

of B.

Proof We will prove the last statement. The segment w;s;(w;) is parallel to the
vector ;. If o/ were to be parallel to the face / =1 of B, then (/,;”) = 0, which
implies that / is singular. O

Corollary 6.8 Since the polytope B is simplicial, the dual polytope B* is simple.

The chamber A* contains a distinguished vertex of A%.., namely the linear functional /;
this is the only vertex of A”l;* contained in the interior of A*. (The other vertices
of AE* are not vertices of B*))

We now analyze the geometry of A%. in more detail.

Lemma 6.9 A%, is given by the set of 2n inequalities (-, a;) > 0 and (-, w;) <1
for i € [n].

Proof It is clear that these inequalities are necessary for A € V* to belong to A%, .
In order to prove that they are sufficient, we have to show that each A satisfying these
inequalities belongs to B*. The inequalities (A, w;) < 1 show that the restriction of A
to Apg is < 1. Now, Lemma 6.5 shows that A(x) <1 for all x € B. m|

Close to the origin, A%. is given by the n inequalities (-,a;) > 0, while the other n
inequalities are strict. Close to /, it is given by the n inequalities (-, w;) < 1, while
the other 7 inequalities are strict.

We define the exterior facet E; C A%, by the equation

(-, wi) =1,
and the interior facet Fj C A%, as the fixed-point set of the reflection s; , equivalently,
by the equation

( o j) =0.

For subsets 1, J C[n] ={l1,...,n} we define the exterior faces

E[ :=ﬂEi

iel
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containing /, and the interior faces
F J = ﬂ F j
jeJ
containing the origin. These are nonempty faces of A%, of the expected dimensions,
due to the linear independence of the w;, respectively, the «; .

As a consequence of the last lemma, every face of the polytope A%, has the form

E;nNFEy

for some subsets @ C I, J < [n].

We now describe the combinatorics of the polytope AE* .
Lemma 6.10 E;NF; =9 foreachi =1,...,n.

Proof Suppose that A € A%, is a point of intersection of these faces. Then A is a
linear function fixed by the reflection s; and satisfying the equation (A, ;) = 1. Then
A(si(w;)) = 1 as well. Thus, A = 1 on the entire segment connecting the vertices
w; and s;(w;) of B. Since A belongs to B*, this segment has to be contained in the
boundary of B. But this contradicts Lemma 6.7. Therefore, such a A cannot exist. O

We denote by W; < W the subgroup generated by the reflections s; for j € J. The
fixed-point set of Wy on A%, equals Fy.

Furthermore, we define w; as the face of B, as well as of Apg, which is the convex
hull of the vertices w; for i € I. The dual face wj of B* is given, as a subset of B*,
by the equations (-, w;) = 1. It is contained in Wy - A%.., where we put J = [n]—1I.
Indeed, the vertices of a);‘ are the functionals /,, for which the dual facet [, =1 of B
contains wry, equivalently, for w € Wy .

Note that Wy preserves wy and therefore also w; (and acts on it as a reflection group).
The fixed-point set of Wy on Wy - A;* is contained in the intersection

ﬂ wAE*

weWy

and in particular in A%, . This implies that

@ # Fixw, (0]) C A
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Note that E; = w] N A%, . It follows that
ErNnFy2 FixWJ(a)}") #* @.

In combination with the previous lemma, we conclude:

Lemma 6.11 For arbitrary subsets @ C I, J C [n], it holds that Ef N Fy # & if and
onlyif INJ =0.

Next, we prove the uniqueness of the labeling of the faces.
Lemma6.12 IfE;NFy=EpNFy #&,thenl =1"and J =J’.
Proof Since E;f N Eyp = Ejyp and Fy N Fyr = Fyyy, the proof reduces to the

case of containment / € I’ and J C J'.

Suppose that j' € J' — J. Then, intersecting both sides of the equality E; N Fy =
Ep N Fy, with Ej/, the previous lemma yields that

S # EruinNFy=EpynnNFp=a,
a contradiction. Thus J = J’, and similarly 7 = I’. O
For the n—cube [0, 1]”, we define similarly facets E; = {t; = 1} and FJf = {t; = 0}.

They satisfy the same intersection properties as in Lemmas 6.11 and 6.12. Hence the
correspondence

EfNFr &S EjNF)

is a combinatorial isomorphism between the polytopes A%. and [0, 1]*. Lemma 6.1
now yields:

Theorem 6.13 The polytope A%, is combinatorially homeomorphic to the n—cube
[0, 1]7; ie there exists a combinatorial homeomorphism

h
Ag. —[0,1]"

inducing the bijection ¢ of face posets.
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6.4 Cube structure of the compactified Weyl chamber

In this section we construct a canonical homeomorphism from the Finsler compact-
ification AF"S of the model Weyl chamber A C V, to the cube [0, co]”. Recall that
o1, ...,0, are the simple roots with respect to A. Each intersection

A; =ker(o;) N A
is a facet of A.

For x € A define
a(x) = (a(x),...,an(x)) €[0,00)".

This map is clearly a homeomorphism from A to [0, 00)". We wish to extend the
map o to a homeomorphism of the compactifications.

We recall the description of sequential convergence at infinity; see Proposition 5.47. A
sequence xj — oo in A converges at infinity if and only if the following properties hold:

(a) By parts (i) and (ii) of the proposition, there exists a face T = Tmoq Of Omod = 0o A
such that for every o; € R; the sequence («;(xy)) converges.

(b) Since every tymog—pure sequence is also tyoq—regular, for the other simple roots
o € R;, we have divergence a(xy) — +00.
In other words, the sequence (xj) converges at infinity if and only if the limit
lim o(xg) €0, oo]"
—+o0
in the closed cube exists. Moreover, Proposition 5.47 combined with Lemma 5.23
implies that the extension
AFins E) [0 OO]"
sending

lim xz+— lim o(xg)
k—+o00 k—+4o00

for sequences (xj) converging at infinity is well defined and bijective. Now, Lemma 2.1
implies that the extension is a homeomorphism. Composing with the homeomorphism

. n n __ _ 1
0.0 = 01 (et (1= = ),

we obtain:

Lemma 6.14 The map k o« is a homeomorphism from A™™ to the cube [0, 1]". It
sends the compactification of each face Zf ins i e [n], to the face F, ! of the cube [0, 1]".
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For a partition [n] = IUJ , we define @ C 17 € omod as the face fixed by the reflections s;
for j € J. Equivalently, the vertices of t are the directions of the vectors w; for i € I.

Conversely, for a face @ C 7 = Tod S Omod, We define the partition [n] = I U J; such
that 7y, = 7, ie I; indexes the vertices of 7.

Moreover, we have the sector A; =(");c; A; = V(0, 77) C A and its compactification

A Fins __ ‘A Fins.,
AT =) AP
iel

compare (5.50).

Recall that our vector space V' is the underlying vector space of the model maximal
flat ' = Fyoq. We can now combine the above lemma with the homeomorphism
constructed in Theorem 6.13:

Theorem 6.15 There exists a homeomorphism
Ains 2, Ag« C B*
satisfying the following:
(1) For each partition [n] =1 U J,
o(X)=E; and ¢(A™)=F;.
In particular, ¢(0) = 0.

(2) The map ¢ preserves W —stabilizers: x € AF™ js fixed by w € W if and only if
¢ (x) is fixed by w.
(3) Asaconsequence, ¢ extends to a W—equivariant homeomorphism of the com-

pactified model flat to the dual ball:

. rFins *
®Fmod’ Fmod - B °

Proof Combining Theorem 6.13 and Lemma 6.14, we define
p=h"lokoua.

The polytope A%, is a cross-section for the action of W on B* because A* is a
cross-section for its action on V*. By Lemma 5.51, the compactified chamber AF™ is a
cross-section for the action of W on FFi™ We also note that for J = [n]— I, the fixed-
point sets of the subgroup Wy < W in AFi" and A%. are precisely ngs and Fy;
see Corollary 5.54. The last assertion of the theorem follows using Lemma 2.3. O

Geometry & Topology, Volume 22 (2018)



Finsler bordifications of symmetric and certain locally symmetric spaces 2597

Remark 6.16 One can also derive this theorem from [8, Proposition 1.18.11]. Our
proof is a direct argument which avoids symplectic geometry.

Remark 6.17 The paper [35] computes horofunctions on finite-dimensional vector
spaces V' equipped with polyhedral norms, but does not address the question about the
global topology of the associated compactification of V. See also [14; 52].

Question 6.18 Suppose that || - || is a polyhedral norm on a finite-dimensional real
vector space V. Is it true that the horoclosure V of V' with respect to this norm, with
its natural stratification, is homeomorphic to the closed unit ball for the dual norm? Is
it homeomorphic to a closed ball for arbitrary norms?

After this work was completed, this question was answered in the affirmative by Ji and
Schilling [25].

7 Manifold-with-corners structure on the Finsler
compactification

In this section, we assume that e int(omoed). We recall that the Finsler compactification
is independent of the choice of 6.

In Theorem 6.15, we proved the existence of a W—equivariant homeomorphism
®p: FF"s 5 B* Since B* is a simple polytope, it has a natural structure of a
manifold-with-corners, whose strata are the faces of B*. Via the homeomorphism @,
we then endow FT™ with the structure of a manifold-with-corners as well. The
homeomorphism <I>;1 sends each face t* of B* (dual to the face t of B, which we
will identify with the corresponding face of the Coxeter complex at infinity ameq) to
the ideal boundary
AEmSY(0, 7).

The latter can be described as the set of strong asymptote classes of sectors V(x, 7):
[V(x.D]=[V(x'.7)] <= x=x"€ F/Span(V(0. 1)),

see Lemma 5.23. In other words, this is the stratum X’ TF of F¥ins: see (5.45). The goal
of this section is to extend this manifold-with-corners structure from FF to XTins  We

will also see that this structure matches the one of the maximal Satake compactification
of X.
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7.1 Manifold-with-corners

Let 0 C d0o X be a chamber which we view as a point in the closed stratum dgy, X
of XFi"s_ et o € X be the fixed point of K.

Lemma 7.1 For every neighborhood U of o in V(o,0)"™ and every neighbor-
hood U’ of the identity e in K, the subset U’ -U is a neighborhood of ¢ in X ¥,

Proof Suppose that there exist a neighborhood U of o and a neighborhood U’
of e € K such that U’ - U is not a neighborhood of o in X" Then there exists
a sequence &, — o in X'™ outside U’ - U. There exist chambers o, such that
£, € V(0,0,)F™, and points y, € V (o, 0,,) approximating &, such that y, — o . Our
description of sequential convergence (Proposition 5.26) implies that the sequence
(¥n) is omeg—regular and o, — o . Hence there exist elements k,, — e in K such that
kno = 0. Then, due to the continuity of the K—action, the points &, !£, € V(o, o)Fins
converge to o. Hence they enter the neighborhood U, and (k) enters U’ for large n.
This is a contradiction. i

Fins

Suppose now that the neighborhood U C V (0, 0) of o is sufficiently small, say,
disjoint from the union of the compactified sectors V (o0, 7)™ over all proper faces
T C 0. Then the stabilizer of every pointin U equals the pointwise stabilizer K, = Kf
of the maximal flat F O V(0,0); see Corollary 5.54. We consider the bijective
continuous map

K/KpxU — KU c X'

given by the K—action. By the previous lemma, its image KU is a neighborhood of the
closed stratum Sy, , = 0pu X. After shrinking U to a compact neighborhood of o, the
map becomes a homeomorphism. After further shrinking U to an open neighborhood,
the map becomes a homeomorphism onto an open neighborhood of 0g, X.

Since U is a manifold-with-corners (see Theorem 6.15) and K/ K is a manifold, we

conclude, via Lemma 5.36:

Theorem 7.2 (manifold-with-corners) X" js a manifold-with-corners with respect
to the stratification by the strata S_,. In particular, the manifold-with-corners structure
is G—invariant.

This means that the k—dimensional stratum of the manifold with corner structure equals
the union of the k—dimensional strata S¢,_, .
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7.2 Homeomorphism to a ball

At last, we can now prove that the Finsler compactification of the symmetric space X
is K-equivariantly homeomorphic to a closed ball. Let B* be the dual ball to the unit
ball B C Fi,0q of the norm (6.6) on the vector space Foq, defined via the regular
vector 6. We will identify the dual vector space of Fiog With Fyoq itself using the
euclidean metric on Fp,.q. Hence, B* becomes a unit ball in Fyoq for the dual norm

=
=17 =113
of our original norm.

Since B* C Fyoq is W—invariant, the dual norm extends from Fyoq to a G—invariant
function dg on X x X by

dx(x.y) = lldax. )%
We call the set
B*(0.1)={ge X :d3(0.9) < 1}
the dual ball. 1t is preserved by the group K since K fixes the point 0. As a compact

star-like subset of (X, 4R®™), it is homeomorphic to the closed ball. We can now prove:

Theorem 7.3 There exists a K—equivariant homeomorphism
“Fins @ *
X" — B*(o, 1)
which restricts to the homeomorphism ¢: AF" — A%. from Theorem 6.15. In

particular, X™™ is homeomorphic to the closed ball.

Proof We will use Lemma 2.3 to construct ®. In order to do so, we have to know
that AF™ and A%, are cross-sections for the actions of K on XFins and B*(o, 1),

and that ¢ respects the K-stabilizers.

(1) According to Lemma 5.51, AFi™ is a cross-section for the action of K on XFins,
Since K preserves the dual ball B*(o, 1) and

while A is a cross-section for the action K ~, X, it follows that A%, is a cross-section
for the action K ~, B*(o, 1).

(2) The faces t with @ C t € ¢ correspond to index sets J with @ C J; C [n],
where j € J; if and only if the reflection s; fixes 7. According to Corollary 5.54, the
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fixed-point set of K; on AF™ equals V (o, 7). On the other hand, the fixed-point set
of K; on A%+ equals the interior face Fy_. By Theorem 6.15, the homeomorphism ¢
carries V(o,7)F™ to F_. Therefore, ¢ respects the point stabilizers. O

7.3 Relation to the maximal Satake compactification

It turns out that the compactification X constructed in this paper is naturally

isomorphic to the maximal Satake compactification X5 . To this end, we will use the

max *
dual-cell interpretation of the maximal Satake compactification; see [8, Chapter 1.19].

Theorem 7.4 There is a G—equivariant homeomorphism of manifolds-with-corners
XFins 5 XS which extends the identity map X — X.

max

Proof We first observe that the group K acts on both compactifications so that
the cross-sections for the actions are the respective compactifications of the model
euclidean Weyl chamber A = Apoq C F = Fpod. We therefore compare the W-—
invariant compactifications of Fp,oq. On the side of XFins the ideal boundary of F
is the union of small strata Xf" as in Section 5.2.5. Elements of XI" are equivalence
classes [V (x, 7)] of sectors V(x, t) in F. Two sectors V(x, 1), V(x', ) with the same
base t are equivalent if and only if x, x’ project to the same vector in F/ Span(V (0, 7)).
These are exactly the strata, denoted by e(C), in the maximal Satake compactification
of F, denoted by Fgax (see [8, Chapter 1.19]): For each sector C = V(0, t), the

stratum e(C) is F/ Span(C). We then have a W—equivariant bijection
b s FS

max

defined via the collection of maps
[V(x, D] [x] € e(C).
For T = &, this is just the identity map F — F'.

In order to show that this map is a homeomorphism we note that the topology on F;gax
is defined via roots (see [8, Chapter 1.19]) and on the Weyl chamber A in F this
topology is exactly the topology on AFi" described in terms of simple roots; compare
the proof of Lemma 6.14.

Lastly, we note that the map / we described respects the stabilizers in the group K.
Therefore, by Lemma 2.3, we obtain a K—equivariant homeomorphic extension

A7Fins — YS

max
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of &, which is also an extension of the identity map X — X. Since the identity is
G—equivariant, the same holds for the extension. a

Remark 7.5 The maximal Satake compactification is a real-analytic manifold with
corners on which the group G acts real-analytically; see [8, Chapter 1.19]. Therefore,
the same conclusion holds for the compactification X Fins

7.4 Proof of Theorem 1.1

The theorem is the combination of the following results:

Part (i) is proven in Section 5.2.4, where we established that XFins is a union of
strata Sy, ,, each of which is a single G—orbit. Thus, G acts on X " with finitely
many orbits.

Part (ii) is proven in Theorem 7.2, part (iii) is proven in Theorem 7.3, part (iv) is the
content of Proposition 5.33, and lastly, part (v) is established in Theorem 7.4. a

8 Relative position and thickenings

8.1 Relative position at infinity and folding order

In this section, we review some combinatorial concepts from [34] related to the geometry
of Tits buildings. We will discuss here only the relative position of chambers with
respect to simplices, which is the case needed in this paper, and refer the reader to [34]
for more general treatment.

Let 09,0 C dooX be chambers. We view them also as points 0o, 0 € dpy X. There
exists an (in general nonunique) apartment a C doX containing these chambers,
09,0 C a, and a unique apartment chart «: amnoq — a such that g9 = @ (0meq). We
define the position of o relative to oy as the chamber

pos(o, o) := a1 (0) C dmoa.
Abusing notation, it can be regarded algebraically as the unique element

pos(o,09) € W
such that

o= O{(pOS(O', O—O)O—mod)§
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see [34, Section 3.3]. It does not depend on the choice of the apartment a. To
see this, choose regular points & € int(og) and £ € int(o) which are not antipodal,
Ztits(&,&0) < . Then the segment £y& is contained in @ by convexity, and its image
a1 (EE) in ameq is independent of the chart o because its initial portion o~ (§9£ Nog)

N Opmod 18.

The level sets of pos(-, o) in dp, X are the Schubert cells relative oy, ie the orbits of
the minimal parabolic subgroup Bs, C G fixing 0p.

More generally, we define the position of a chamber o C doo X relative to a simplex
7o C doo X as follows. Let Tyoq = 0(79). Let again a C dso X be an apartment
containing 7o and o, and let «: ameq — a be a chart such that 79 = &(Tmeq). We
define the position pos(o, to) of o relative to ty as the Wz, ,—orbit of the chamber

a1 (o) C amod.
It can be interpreted algebraically as a coset
pos(o, 1) € We, ., \W.

The (strong) Bruhat order X on the Weyl group W has the following geometric inter-
pretation as folding order; see [34, Definition 3.2]. For distinct elements w{, w, € W,
it holds that

w1 < Wy

if and only if there exists a folding map @meq —> @mod fiXing omoq and mapping
W20mod > W10mod; See [34, Section 3.2]. Here, by a folding map ameq — Amod W€
mean a type-preserving continuous map which sends chambers isometrically onto
chambers.

The folding order on relative positions coincides with the inclusion order on Schubert
cycles, ie wy; =X w; if and only if the Schubert cell {pos(-,c¢) = w;} is contained in
the closure of the Schubert cell {pos(-, o) = w,}, and the Schubert cycles relative o
are the sublevel sets of pos(-,0g). In the case of complex semisimple Lie groups G
this inclusion relation is a classical result of Chevalley [15]; for the case of general
semisimple Lie groups we refer the reader to [34, Proposition 3.14] or, alternatively,
to [42; 43].

We also need to define the folding order more generally on positions of chambers
relative to simplices ty of an arbitrary face type tmoqd. We say that

meod 0—1 f Tmod thod 02
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for chambers 1,0, C @moa if and only if there exist o] € Wy, ,0; such that

oy 20y,
equivalently, geometrically, if for some (any) chambers o/ € Wy, ,0; there exists a
folding map dmod — @mod fiXing Tmoeq and mapping 52 to 5{. (Note that the elements
in Wy, are such folding maps.)

Lemma 8.1 The relation <, is a partial order.

Proof Transitivity holds since the composition of folding maps is again a folding map.
To verify reflexivity, pick points &pod € int(Tmed) and Nmod € INt(Gmod) .

Let 0 = WOmod C dmod be a chamber and [ dmod — dmod @ folding map fixing Timod-
Let 7 = wWhmod - If the f—image of the segment &;,,q7 is again an unbroken geodesic
segment, then the two geodesic segments are congruent by an element of Wr_ ., because
their initial directions at £;0q are. On the other hand, if the f—image of &noq7 is a
broken geodesic segment, then the distance of its endpoints is strictly smaller than its
length, and consequently & % . This shows that

thod 01 5 Tmod meod 02 5 Tmod Wt

me

odal = thodal = I/‘Vrmoda~2

and hence reflexivity. |

The relative position function
pos: Flag, xFlag, —— Wg AW
is lower semicontinuous; compare the discussion of closures of Schubert cycles above.

It follows from the geometric description of the folding orders in terms of folding maps
that for face types Vimod C Tmod the order =<, refines the order <

— Tmod *

because a folding
map fixing Tmeq fixes in particular its face vpoq. Thus, for chambers 01,07 C 0oo X
and simplices v C T C doo X Of types Vmod = 0(V) C Ttmod = 0(7) it holds that

(82) pOS(O'l k) T) ﬁfmod POS(O'Z’ ‘[) => pOS(UI, l)) fl)mod pOS(027 l))‘

We now describe the action of the longest element wg € W on relative positions. Note
that woWr,  wy U = Wi tned = Wity and wo maps Wy, ,—orbits to W, —orbits.
The action of wy therefore induces a natural map

wo
thod \ W I/I/L'Emod \ W’ meod w = Wo I/‘/":mnd w = I/I/L'Emod WoW.
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This map is order-reversing:
/ /.
(83) Wrmod w =< Tmod Wrmod w M/’vrmod wo w >_Ltmod W/’vrmod wo w;

see [34, Section 3.2].

Definition 8.4 (complementary position) We define the complementary position by

C-pOS := wq PoOS .
This terminology is justified by:

Lemma 8.5 [34, Lemma 3.16] Let 7,7T,0 C dooX be two simplices and a chamber
contained in an apartment a, and suppose that T and T are antipodal. Then pos(c,T) =
c-pos(o, 7).

The relation of “complementarity” is clearly symmetric: c-c-pos = pos. Passing to
complementary relative position reverses the partial order (see (8.3)):

8.6) pos(01, T) <g(r) Pos(02,T) <= c-pos(0y,T) >,4(r) C-pos(02, 7).
8.2 Further properties of the folding order

This is a technical section whose main result (Proposition 8.12) will be used in the
proof of Proposition 9.12, which is the key to proving proper discontinuity of actions
of tymeq—regular subgroups.

We begin with a result useful for comparing relative positions.
Lemma8.7 (i) Letog,01,02 CdeoX be chambers, and suppose there exists a seg-
ment £y&, with §g€int(og) and &, €int(o,) containing a point &; €int(o). Then
pos(a1, 0p) = pos(02,09)
with equality if and only if 61 = 05.

(i) More generally, let 01,05 C 000X be chambers and let 19 C 000 X be a simplex
of type Tmod. Suppose that there exists a segment £y&, with &y € int(ty) and
&, € int(o,) containing a point &; € int(o). Then

pOS(Ul bl TO) ftmod pOS(O—Zv TO)

with equality if and only if 01 = 05.
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Proof We prove the more general assertion (ii). After perturbing &,, we can arrange
that the subsegment &£, avoids codimension-two faces. Along this subsegment we
find a gallery of chambers connecting o; to 0,. We may therefore proceed by induction
and assume that the chambers o7 and o, are adjacent, ie share a panel & which is
intersected transversally by &;&,. Working in an apartment containing tg, 01, 05, the
wall through 7 does not contain 7, and separates st(zg) U oy from o, . Folding at this
wall yields the desired inequality. a

We next study the values of the relative position function on stars of simplices.

We fix a reference chamber 6¢ C doo X. Let v C doo X be a simplex. For any interior
points 1 € int(v) and &y € int(0y), the segment né&, enters the interior of a chamber
o_Dv,le

néo Nint(o-) # 2.

Note that the chamber o_ does not depend on the interior points 1 and &y. Moreover,
it is contained in any apartment containing o and v. We call o_ the chamber in st(v)
pointing towards oy.

Similarly, if £o&+ 2 &on is an extension of the segment £yn beyond 7, then there exists
a chamber o4+ D v such that né4 Nint(o4) # &, and we call 64+ a chamber in st(v)
pointing away from oy.

Let a C dooX be an apartment containing o¢ and v. Then o— C a. Moreover,
since geodesic segments inside a extend uniquely, there exists a unique chamber
o+ C st(v) Na pointing away from og. The chambers o+ C a can be characterized as
follows in terms of separation from gy by walls:

Lemma 8.8 Let o C st(v) Na be a chamber. Then

(i) o =o4 ifandonly if o is separated from oy by every wall s C a containing v,

(i) o =o— ifand only if ¢ is not separated from oy by any wall s C a containing v.

Proof (i) Clearly, o4 is separated from oy by every wall s D v because, using
the above notation, £y§4 Ns = n. Conversely, if o is separated from o by all such
walls s, then o and o4 lie in the same hemispheres bounded by the walls s D v in a,
and therefore must coincide.

(ii) Similarly, o— is not separated from oy by any wall s D v because &gnNs =1,
and conversely, if o is not separated from oy by any wall s D v, then o and o_ lie in
the same hemispheres bounded by the walls s D v in a, and therefore must coincide. O
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Remark 8.9 The assertion of the lemma remains valid if one only admits the walls
s C a such that s N o is a panel containing v.

The chambers pointing towards and away from oy in dso X can also be characterized
in terms of the folding order:

Lemma 8.10 The restriction of the function pos(-,dq) to the set of chambers con-
tained in st(v) attains a unique minimal value in o— and a unique maximal value'’
precisely in the chambers pointing away from oy.

Proof Let 0 D v be a chamber and let ¢ C doo X be an apartment containing o
and 0. Then o_— C a. Let o+ C st(v) Na be the unique chamber pointing away
from oy.

Still using the above notation, let £+ D &pn be an extension of the segment £yn with
endpoint &4 € int(oy). Let £— € &gnNint(o-). The points é_ and n appear in this
order on the (oriented) segment &p& 4.

We now perturb the segment £y to a segment &', which intersects int(o) in a
point 1’ close to  and int(o—) in a point £ close to £—. The perturbation is possible
because o D v. Again, the points £ and 7’ appear in this order on the perturbed
segment £o&/ . Lemma 8.7 implies that

pos(o—, 0g) X pos(a, og) X pos(o+,ag)
with equality in the first (second) inequality if and only if 0 = o0_ (0 = 04). The asser-
tion of the lemma follows because pos(oy, o) does not depend on the choice of a. O
We now extend the lemma to the case of relative position with respect to a simplex ty.
We pick a chamber o¢ D 79. For a simplex v, the chamber o_ C st(v) pointing

towards o is defined as before.

Corollary 8.11 The restriction of the function pos(-, tg) to the set of chambers in
st(v) attains a unique minimal value in o and a unique maximal value precisely in the
chambers pointing away from oy.

Proof This is an immediate consequence of Lemma 8.10 and (8.2). a

17By this we mean that it is larger than all other values.
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Combing the corollary with the discussion in Section 3.2.3, we obtain:

Proposition 8.12 Let 7o, v be simplices. Then there exists a dense open subset of
chambers in stp,(v) where the function pos( -, 7g) attains its unique maximal value.

8.3 Thickenings

A thickening (of the neutral element) in W is a subset
ThCc W

which is a union of sublevels for the folding order, ie which contains with every
element w also every element w’ satisfying w’ < w; see [34, Section 3.4.1]. In the
theory of posets, such subsets are called ideals.

Note that
Th® := wo(W —Th)

is again a thickening. Here, wy € W denotes the longest element of the Weyl group,
that is, the element of order two mapping opoq to the opposite chamber in @peq. It
holds that

W = ThU woTh®,

and we call Th® the thickening complementary to Th.

A thickening Th C W is called fat if Th U woTh = W, equivalently, Th 2 Th€. It is
called slim if ThN woTh = &, equivalently, Th € Th€. It is called balanced if it is
both fat and slim, equivalently, Th = Th®; see [34, Definition 3.25].

For types J0. ¥ € Omoa and a radius r € [0, 7] we define the metric thickening

Th = {weW:d(wE,Eo)fr}

50,5,"
using the natural W—invariant spherical metric d on aneq; see [34, Section 3.4.1,
formula (3.26)].

For a face type tmod € Omod, We denote by W . its stabilizer in W. Furthermore,

L = —Wp: Omod —> Omod denotes the canonical involution of the model spherical Weyl
chamber.
Lemma 8.13 (1) If ¥y € Tmod, then meodThﬁo,ﬁ,r = Thz%,z;,r'

(i) If 1B = Do, then Thy, 5 is fat for r = % and slim for r < .
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Proof (i) For w’ e W, ,, we have that w'y = 9o and hence

dw'w?, dy) = d(wd, w' ' J).
——
B0
(i) Since w050 = —150 = —50, we have
d(wowd, =) = d(w?, —wo o).
‘,—/

Yo
whence the assertion. O

Corollary 8.14 (existence of balanced thickenings) If the face type tmoq i t—invariant,
{Tmod = Tmod » then there exists a Wy —invariant balanced thickening Th C W.

Proof Since (704 = Tmod, there exists 50 € Tmod such that L50 = 50. Moreover,
there exists ¥ € omod such that d (- 3, 50) # 7% on W. (This holds for an open dense
subset of types ¥ € oimoq.) According to the lemma, the metric thickening Thﬁo,ﬁ,% is
balanced and W, —invariant. O

Given a thickening Th C W, we obtain thickenings at infinity as follows.
First, we define the thickening in dgy X of a chamber o € dg, X as
Thpy (o) := {pos(-,0) € Th} C Ipy X.

It is a finite union of Schubert cycles relative 0. We then define the thickening of o
inside the Finsler ideal boundary as the “suspension” of its thickening inside the
Furstenberg boundary:

Th"™(0) := {[bf,,,] :stru(v) C They(0)} = | {Xy = stru(v) C Thi(0)} C 955" X,

where stp,(v) denotes the set of chambers containing v as a face; see Section 3.2.3.
Note that Thgy (o) = ThF™ (o) N g, X.

Lemma 8.15 Th"™ (o) is compact.

Proof Consider a sequence of points [bfm pnl € Th¥™ ('), and suppose that it converges
: qFins y .
in 00°X:

7 7
[bvn »Pn ] - [bl‘«sq]'

We must show that also [bf;q] € ThF™ (o).
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After extraction, we may assume that all simplices v, have the same type 6(v;) = Vmod-
According to Lemma 5.31, v, — v C . By assumption, st(v,) C Thg, (o), and we must
show that st() C Thgy(0). Since st(v) 2 st(u), this will follow from st(v) C Thgy (o).
The latter follows from the closedness of Thgy(o) in dp, X, because every chamber
o’ Cst(v) is a limit of a sequence of chambers o, C st(vy). O

Remark 8.16 One can show that ThF™(¢) C dFins X is a contractible CW complex.
In the second version of this paper on arXiv (see Theorem 8.21 there), we proved that
it is Cech acyclic.

Example 8.17 Suppose that the Weyl group W of X is of type A4, ie is isomorphic to
the permutation group on three letters. Let 51,55 € W denote the generators which are
the reflections in the walls of the positive chamber op,0q. There is the unique balanced
thickening Th = {e, 51, 52} C W. The thickening ThF"(5) C 9Fins X is the wedge of
two closed disks connected at the point o : These disks are the visual compactifications
X. 7 X. 1, of two rank-1 symmetric spaces X, . Here 71, 75 are the two vertices of the
edge o.

More generally, we define the thickening in 5™ X of a set of chambers 4 C dg, X as
Th ™ (4) := (] Th™(0) C 95 X.
o0€A
Lemma 8.18 If A is compact, then Th'™(A) is compact.

Proof Since dp, X is a homogeneous space for the maximal compact subgroup K,
there exists a chamber oy € A and a compact subset C C K such that A = Caq. Then

ThFins (A) =C. ThFinS(O())
and is hence compact as a consequence of the previous lemma. a

If the thickening Th C W is W  —invariant, then we can define the thickening in
agngX of a simplex T C doo X Of type Tmoq as

Th™™ (1) := Th"™(0) C oge" X
for a chamber o 2 7. It does not depend on o . For a set A C Flag,  of simplices of

type Tmod, We define its thickening in 95" X as

Th" ™ (4) := | ] ThF™(r) C 05" X
T€A
Again, ThF™(4) is compact if 4 is.
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Lemma 8.19 (fibration of thickenings) Let A C Flag,  be compact, and suppose
that the thickenings Th¥™ (¢) of the simplices T € A are pairwise disjoint. Then the
natural map

T (4) 5 4
is a fiber bundle.

Proof Regarding continuity of 7, suppose that &, — £ in Th"™(4) and 7, — 7 in 4
with &, € Th"(¢,). Then & € ThF™(7) by semicontinuity of relative position, and
hence w(§) =t.

In order to show that 7 is a fibration, we need to construct local trivializations. Fix
7 € A and an opposite simplex 7. The unipotent horocyclic subgroup H; acts simply
transitively on an open neighborhood of 7 in Flag, . Now, let § C Hz denote the
closed subset consisting of all # € Hz which send t to elements of A. Then St is a
neighborhood of 7 in A. Restricting the action of H; to the subset S, we obtain a
topological embedding

S x ThF" (1) — ThFi"s(4)

and a local trivialization of & over a neighborhood of 7 in 4. |

9 Proper discontinuity

Our aim is to construct domains of proper discontinuity for the action
T A XFins

of discrete subgroups I' < G on the Finsler compactification X of X. The proper
discontinuity of an action can be rephrased as the absence of dynamical relations, and
our construction of domains results from studying the dynamical relations between
points in X" with respect to the action G ~, X'™ and determining necessary
conditions.

The Furstenberg boundary is naturally embedded in the Finsler boundary as the closed
stratum at infinity,
Opa X C O X

see Corollary 5.25. The G-action on XF™ is determined by (fills in) the G—action on
dru X = Flag, ., and our approach is based on the study of the dynamics of the G-
action on its associated flag manifolds in [34]. We first recall from there a combinatorial

Geometry & Topology, Volume 22 (2018)



Finsler bordifications of symmetric and certain locally symmetric spaces 2611

inequality for dynamical relations in dg, X and provide an auxiliary result regarding
the dynamics of pure sequences on dg, X ; see Section 9.1. We then show in Section 9.2
how dynamical relations in 95" X imply dynamical relations in dr, X and use this
to extend the combinatorial inequality for dynamical relations from g, X to XFins,
With this inequality at hand, one readily obtains domains of proper discontinuity by
removing suitable thickenings of limit sets (see Section 8.3), ie the points which have
“sufficiently special” position relative to some limit point.

9.1 Dynamics on the Furstenberg boundary
We consider the action

G I X
on the Furstenberg boundary dr, X' = Flag, . Specifically, we are interested in the
dynamics of diverging sequences in G. Let (g,) be a tpog—contracting sequence
in G with
0.1) gnlc@) = T+
uniformly on compacts, where v+ € Flag, ;.

9.1.1 Dynamical relations We recall from [34] the following necessary condition
for dynamical relations between points in dr, X with respect to the action of (g,):'®

Proposition 9.2 (dynamical relation inequality in dp, X ; compare [34, Proposi-
tion 6.5]) Let (g,) be a tmeq—contracting sequence in G satisfying (9.1). Suppose

that there is a dynamical relation
(gn)
o ~0

between points 0,0’ € dp, X. Then

9.3) pos(o’, 74+) < c-pos(o, 7—).

Intuitively, this means that it cannot happen that o is far from 7— and o’ is far from 7,
where “far” is to be understood as having “generic” relative position.

Proof The Furstenberg boundary dg, X is naturally identified with the regular G-
orbits G¢& in the visual boundary de.o X. The assertion is therefore equivalent to the
implication (i) = (ii) of [34, Proposition 6.5] in the special case of regular G—orbits. O

18proposition 6.5 of [34] applies to Tymeq—contracting sequences on arbitrary flag manifolds Flag, .
for arbitrary face types Tmods Vmod € Omod -
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9.1.2 Pure sequences The action of the tog—contracting sequence (g,) in G satis-
fying (9.1) preserves the natural fibration of flag manifolds

9.4 Tgpe: OFuX = Flag, —— Flag, .
For a simplex t € Flag, .
stra(7) = 7,1 (7) C Opu X
is the set of chambers o D 7; see Section 3.2.3. For 7— € Flag,,  , we denote by
Cra(1-) 1= 71, (C(22) C dpu X

the set of chambers over C(z-), and by dCpy(7-) := 7, id(ac (r—)) its complement
in BFUX.

The contraction property (9.1) for the action of (g,) on the base Flag,  translates
into the property for the dynamics on dg, X that the (gj)—orbits in Cgy(7t—) accu-
mulate at stg,(7) locally uniformly (in view of the fibration (9.4)), ie that for every
compact subset A C Cgy(7—) the sequence of subsets g, A accumulates at (a subset
of) stpy(7). In the terminology of [34, Definition 5.8] this means that the sequence
(gn) is (0Cgy(12), stpy(t))—accumulating on dp, X.

As a tpheg—contracting sequence, (g5) is in particular y,oq-regular; see Section 4.3. If
we make the stronger additional assumption that (g;) is Tmeq—pure (see Definition 4.8),
then its accumulation dynamics on dp, X can be described more precisely. The next
result expresses that there is only bounded distortion in the direction of the m ,—fibers:

Proposition 9.5 Suppose that the sequence (g,) in G is tmod—contracting as in (9.1)
and tyoq—pure. Then, after extraction,

gnlcaG) =~ @

uniformly on compacts, where the limit map

¢: CFu(f—) g StFu(T-i-)

is an open (in the classical topology) algebraic map. Moreover, for every T— € C(1—),
the restriction

¢|stFu("E_): StFu(?—) - StFu(T-i-)

is given by the restriction of an element in G, and hence is an (algebraic) homeomor-
phism.
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Proof We fix a basepoint 0 € X.

We first note that we can replace the sequence (g,) by a sequence of transvections.
Indeed, let b, — b and b, — b’ be converging sequences in G, and put g, := b, gnb;,.
Then the tmeq—pureness of (g;) is equivalent to the tmoq—pureness of (g5), and (9.1)
to locally uniform convergence gx|c(p—1_) —> b7+ . Furthermore, the locally uniform
convergence gnlcy,(r_) —> ¢ translates into gnl|c, 17y = beb’ with limit map
bepb': Cra(b'~11_) — stpy(bt4). Thus, the assertion holds for (g,) if and only if
it holds for (g,). Since (gy) iS Tmoda—pure and we may pass to a subsequence, we
can therefore replace (g5), using a KAK—decomposition of G, by a sequence of
transvections #, with axes through o. Moreover, we may assume that the sequence
(t,0) is contained in the Weyl sector V (o, t4+) and tyog—regular, ie drifts away from
the boundary.

In this special situation, things become explicit: The simplex t_ is o—opposite to T4 .
The unipotent subgroup H;_ acts simply transitively on C(z—) C Flag,  and, accord-
ingly, the natural map

o Hy_xstpy(74) = Cru(7-)
is an algebraic isomorphism. The transvections #, normalize H_, and it holds that!®

Ct, —> €

uniformly on compacts in H;_, where ¢g denotes conjugation by g. Since 7, acts
trivially on stpy(7+), we obtain for &1 € H;_ and o € stg,(74+) that

tn(ho) = (tyht, ") (tao) — 0.

N—— ——
—e =0
Hence,
h— ¢

uniformly on compacts in Cpgy(7—), where ¢: Cpy(7—) — stpy(74) is the open con-
tinuous limit map given by ¢ (ho) = o. Moreover, for 7 € C(t—), the restriction
D5ty (3_): Stru(T—) — stru(74) coincides with the restriction of the unique element
in H;_ which maps 7_ to 7. In order to see that ¢ is algebraic, we observe that it
equals the composition of the algebraic map o~! followed by the projection to the
second factor, H;_ X sty (t+) — Stpu(T4+). a

19Gee eg [17, Section 2.17].
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In general, verifying (uniform) regularity of a subgroup is not an easy task. See
eg Theorem 5.53 of [33] for a result of this kind. For Zariski dense subgroups the
verification of regularity becomes easier. The next result, which is an interesting
application of Proposition 9.5, provides a sufficient condition for t,,,g—regularity:

Theorem 9.6 Let p: I' — G be a representation whose image is Zariski dense in G .
Suppose that Z is a compact metrizable space, I' ~, Z is a discrete convergence
group action (with finite kernel), and f: Z — Flag,  isa p—equivariant topological
embedding. Then p has finite kernel and p(I") is vyoq—Tegular.

Proof In view of the Zariski density of p(I'), also f(Z) is Zariski dense in dp, X.
Consequently, the assumption that I acts on Z with finite kernel implies that o has
finite kernel.

We assume that p(I") is not regular.

Suppose that for some sequence y; — oo in I', the sequence g; = p(¥;) € G is not vyeg—
regular. Hence, after extraction, since A has only finitely many faces, the sequence (g;)
1S Tmod—pure for some face tmeq Of Omod NOt containing vy,eq. Therefore, according to
Proposition 9.5, after further extraction, there exists a pair of simplices 74 € Flag,
and 7 € Flag . such that the sequence (g;) converges on the Zariski open and dense
subset Cry(7—) C dpy X to a surjective algebraic map ¢: Cgy(1—) — stpy(74). At the
same time, by the convergence property on Z, after extraction, (g;) converges to a
constant map = v4 on 4 := f(Z)—{v_}, for some (exceptional) point v_ € f(Z).
Therefore, regarding the g; as maps Flag, —— Flag; . forevery pointo €7, {)d(A)
the accumulation set of (g;(0)) is contained in 7, {’d(v+). Hence, the image of the
intersection

1- -1

A:=m, (A)NCr(r-)

under the map ¢ is contained in 7, 10 ,(v4). Since A is Zariski dense and ¢: Cry(t=) >
stey(T4) is surjective, the image ¢(A) is Zariski dense in stg,(74). It follows that
stea(T4) C stpy(v4). However, as viod € Tmod, this contradicts the property that

st(t4) & st(v4). o
9.2 Dynamics on the Finsler compactification
We now consider the action

G ~ )?Fins
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on the Finsler compactification. Our goal is to construct in X domains of proper dis-
continuity for actions of discrete subgroups I' < G'. We refer the reader to Section 11.4
for an explicit example illustrating our general construction.

9.2.1 From Finsler to Furstenberg dynamical relations We show first that dy-
namical relations in the Finsler boundary (with respect to the action on the entire
compactification) imply intrinsic dynamical relations in the Furstenberg boundary:
Lemma 9.7 Let g, — oo be a sequence in G . Suppose there is a dynamical relation
(gn)
s &g

in XFns petween boundary points £ € X, with v € Flag,  and &' € X,/ with
V' € Flag,,/ .- Then, after extraction, there exist v— € Flag,, . v_ € Flag,,, , and
open continuous maps

Crav) 5 stra(v)  and  Cra(V) 2> stea(1)

such that for every & € Cgy(v—) N Cgy(v") there is the dynamical relation in dg, X :

9.8) 05 & ¢'5.

Remark 9.9 (1) Cgy(v-) and Cgy (v’ ) are open dense in dg, X, and hence also their
intersection.

(2) The dynamical relation (9.8) is meant to hold intrinsically inside dp, X, ie there

exists a sequence (o) in g, X, not just in X ¥ such that 0, — ¢& and g0, — ¢'G .

Proof By assumption, and since X is dense in X" there exists a sequence (x)
in X such that

Xp—& and gux, — £
We fix a basepoint 0 € X and write
Xp =anpo and gux, = byo

such that g, = bya,!. Then the sequences (a,) and (by) in G are vyeq—pure and
vl —pure, respectively, and we have flag convergence

/
ap—v and b, —>v';
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see Propositions 5.42 and 5.43. After extraction, we obtain that also the inverse
sequences flag converge:

1

a' >v_ and B! -

with v_ € Flag,, ~and v’ € Flag,,, :see Lemma 4.4. The sequences (an) and (by)
are then contracting on the appropriate flag manifolds:
Cln|c(v_) — v and bnlC(u’_) —> 1),

uniformly on compacts.

Due to pureness, we get more precise information about the accumulation dynamics of
these sequences on dgy X. Proposition 9.5 yields that

anlCryv) = ¢ and  bulcy,wr) = ¢’

uniformly on compacts with open continuous limit maps
¢: Cra(v—) = stpg(v) and  @: Cra(V.) — stra (V).

Then for & € Cry(v—) N Cry(v"), it holds that

ano — ¢ and gna,o = b0 — ¢'G,
ie we obtain the dynamical relation
05 % o5
inside dp, X. |

Remark 9.10 (extrinsic versus intrinsic dynamical relations in dg, X') In the special
case Vmod = vr’nod = Omod this result says that all extrinsic dynamical relations in dg, X,
as a subset of X" are already intrinsic. More precisely, if 0,0’ € dp, X and (x,) is
a sequence in X such that x, — o and g,x, — ¢’ in XFinsthen there also exists a
sequence (0,) in 0, X such that o, — o and g,0, — 0.

We deduce the following consequence from the technical statement in the last lemma:
Corollary 9.11 After extraction, the sequence (g,) satisfies: if O C stg,(v) and

O’ C stgy(v') are dense open subsets, then there exist o € O and ¢’ € O’ which are
intrinsically dynamically related in dp, X with respect to (gp,) .
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Proof Since ¢ is open and continuous, the subset ¢~!(0) is dense open in Cry(v_),
and hence also in dg, X. Similarly, ¢’ _1(0/ ) is dense open in dpy X. Consequently,
their intersection is nonempty and contains some . We put 0 = ¢ and o’ = ¢'G,
and use the lemma. O

9.2.2 Dynamical relations We can now extend the combinatorial inequality for
intrinsic dynamical relations in the Furstenberg boundary (Proposition 9.2) to the
Finsler boundary:

Proposition 9.12 (dynamical relation inequality in 822“)( ) Let (g5) be a tmod—
contracting sequence in G with (9.1). Suppose that there is a dynamical relation

(gn)
£

in XFns petween boundary points £ € X, with v € Flag, —and &' € X, with
v' € Flag,, . Then

9.13) pos(c’, 74+) < c-pos(o, 7—)

for all o € stg,(v) and o’ € stgy (V).

Proof For any two simplices 7, v C do X, the relative position pos( -, ) has a unique
maximal value on stg,(v), ie all other values are smaller, and it attains this maximal
value on an dense open subset; see Proposition 8.12. Let O C stgy(v) denote the
open dense subset where pos(-, 7—) is maximal and O C stg, (V") the subset where
pos(-, t4+) is maximal. By Corollary 9.11, after extraction, there exist 0 € O and
o’ € O’ which are intrinsically dynamically related in dp, X :

(gn)
o ~ 0.

Applying Proposition 9.2, we obtain that these o and o’ satisfy inequality (9.13). The

inequality for arbitrary o € stg,(7) and o’ € stgy (') follows.2° O

There are no dynamical relations in X" between points in X. This leaves the case
of dynamical relations between points in X and points in 35X, which is easy to
deal with:

20Here we use the fact that taking complementary position reverses the folding order; see (8.6).
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Lemma 9.14 Suppose that the sequence (g,) in G is tmoq—contracting with (9.1). If
there is a dynamical relation
(gn) o/
x ~ &

in X" between a point x € X and a boundary point & € 35" X, then &' € X, Y-

Proof Let (x,) be any bounded sequence in X. From g, — 74 it follows that also
gnXn — T4 . Hence (g,x,) accumulates in XF™ at X, 5 see Proposition 5.43. O

Similarly, a dynamical relation & (&n) x” between a boundary point £ € 95™ X and a
point x’ € X implies that £ € X;_, as follows by applying the lemma to the inverse
sequence (g, !).

9.2.3 Accumulation dynamics The dynamical relation inequality for the action of
contracting sequences obtained in the previous section can be rephrased in terms of
accumulation at pairs of “complementary’ thickenings at the attractive and repulsive
fixed points in Flag,  ; compare the discussion in [34, Sections 5.2, 6.1] for dynamics
on flag manifolds.

We refer the reader to Section 8.3 for the definitions of Furstenberg and Finsler thick-
enings. Lemma 9.14 implies:

Corollary 9.15 Let (g,) be a tymog—contracting sequence in G with (9.1), and let
@ #Th & W be a Wy, ,—left-invariant thickening. Suppose that there is a dynamical

relation
— (gn) —/
X ~'X

in X" petween points X, X’ € X¥ . Then X € (Th®)F™s(z_) or X’ € Th'™(¢4).

Proof By our assumption on Th, we have that stp,(t—) C Thf; (7—) and stp,(74) C
Thra(t4), equivalently, that X;_ C (Th®)Fi™s(z_) and X + C Thf™ (7). Lemma 9.14
therefore implies the assertion if one of the points X, X’ lies in X.

We may therefore assume that X, X’ € ng’SX and apply Proposition 9.12. Let X € X,
with v € Flag,  and X’ € X, with v’ € Flag,, . Either pos(-,74) takes values
in Th on stgy(v), or the maximal value of pos(-,74+) on stgy(v’) is contained in
W —Th = wo Th®. In the latter case, the inequality (9.13) implies that the values of
pos(-, 7—) on stg,(v) are contained in Th®.
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If pos(-, T4 ) sy, (v7) takes values in Th, then stg,(v') C Thgy (74 ), equivalently, X, C
Th¥™ (), and hence X’ € ThF™(z,). Similarly, if pos(-, T—)|stp, (v) takes values in
ThC, then X € X,, C (Th®)F"s(¢_). o

In the language of accumulation dynamics introduced in [34, Section 5.2], this means
that the sequence (g,) is ((Th®)F"s(z_), ThF" (7, ))—accumulating on XFns,

9.2.4 Domains of proper discontinuity We now deduce our main results on proper
discontinuity; compare [34, Sections 6.2—6.4].

For a discrete subgroup I' < G, we define the forward/backward tpoq—limit set
Af CFlagy,
as the set of all simplices 7+ as in (4.2) for all tog—contracting sequences
(&n =)yn — 00

in I'; see [34, Definition 6.9]. The limit sets Afm L, are I'—invariant and compact. If

Tmod 18 t—invariant, then A;'l'm J=AL = Az -

Consider first the case of t,0q—regular, equivalently, t,,g—convergence subgroups.
Here we obtain domains by removing suitable thickenings of the tyeg—limit set:

Theorem 9.16 (domains of proper discontinuity for t,og—convergence subgroups)
Let I' < G be a tmoq—convergence subgroup, and let & # Th € W be a Wy, ,—left-
invariant thickening. Then the action

(9‘17) T ~ A?Fins _ ((Thc)FinS(A‘c_mod) U ThFinS(A;ir-nOd))

is properly discontinuous. In particular, if tyoq IS t—invariant and Th is fat, then the
action
I A7Fins _ ThFins (Afmod)

is properly discontinuous.
Proof Suppose that there is a dynamical relation
(9.18) Xy

in X" with respect to a sequence y, — oo in I'. After extraction we may assume
that (yy) iS Tmod—contracting with

Yalc(zo) = T+
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uniformly on compacts, where 74+ € A4 . Corollary 9.15 implies that

X € (Th)F™(r_) C (Th)"™(AL ) or X € Th™™(ry) C TA™(AT ).

Tmod

This yields the first assertion; the second follows because Th C Th due to fatness.?! O

Note that the thickenings of limit sets ThFi“S(A;*fn .(I)) are I'-invariant and compact.

This scheme of constructing domains of proper discontinuity applies equally well to
arbitrary discrete subgroups I' < G'; compare the discussion in [34, Section 6.4]. One
then has to take into account the tp,0q—limit sets for all face types tmoq. There are
several ways to proceed. The most immediate family of possibilities is the following.

Theorem 9.19 (domains of proper discontinuity for discrete subgroupsI) Let I' <G
be a discrete subgroup, and let @ # Thy, , & W be Wy, ,—left-invariant thickenings
for all face types Tmod S Omod- Then the action

(920) F ~ )?Fins - U ((’Thimod)Fins (A;mod) U Thl;rlnrtl)z (A‘—:r_nod))
Tmod
is properly discontinuous.

Proof The proof is the same as for the previous theorem: Suppose that there is a
dynamical relation (9.18) in XFins - Then (vn) contains for some face type Tmod a
Tmod—contracting subsequence and it follows as before that X € (Thimod)Fi“S(A;mod) or
X' e Th™ (AT ). ul

Tmod

In general, these domains of proper discontinuity can be further enlarged by only
removing the thickenings of the limit simplices arising from pure sequences in the
group: Define the pure forward/backward tyoq—limit set

Apure,:l: c A:}:

Tmod — Tmod

as the closure of the set of all simplices 74 as in (4.2) for all Tyog—pure tmoq—contracting
sequences (),) in I'. As above, we conclude:

Theorem 9.21 (domains of proper discontinuity for discrete subgroups II) Let I' <G
be a discrete subgroup, and let @ # Th, , & W be Wy, ,—left-invariant thickenings
for all face types Tmod € Omod- Then the action

(9.22) T X — | J((ThS )P (ARSST) UThE™ (AR T))

Tmod Tmod Tmod
Tmod

is properly discontinuous.

21Here we use that if Thy € Th,, then Th?inS C Thgms.
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Proof Same argument as before, taking into account that every sequence y;, — 00
in T" contains a subsequence which for some face type Tmoq 1S Tmoq—CONtracting and
Tmod—pure. o

Since the domain in (9.22) is larger than the domain in (9.20), one can in general not
expect the I'—action (9.20) to be cocompact.

If T is tyeq—tegular, then it contains vp.g—pure sequences only for the face types
Vmod = Tmod ; hence only these limit sets Aﬁfmod can be nonempty. Since W,, < W .,
we may choose Th,_ , = Th;_, for these face types, and then the domain in (9.20)
coincides with the domain in Theorem 9.16.

9.2.5 Nonemptiness of domains of proper discontinuity at infinity If we assume
in addition to the hypotheses of Theorem 9.16 that ' is tyog—antipodal, then it is easy
to see that, in higher rank, the domains (9.17) strictly enlarge X :

Proposition 9.23 Let I' < G be a tyog—antipodal tpoq—convergence subgroup and let
ThC W bea Wy, ~left-invariant slim thickening. If rank(X) > 2, then TA"™ (A, ) S
OEms X

Proof If Th = &, there is nothing to show. Suppose therefore that Th # &.

We consider the subcomplex C of ameq corresponding to the thickening Thgy(Tmoeq) of
the model chamber. Since rank(X') > 2, we have that a4 is connected. By slimness,
C does not contain all chambers of apq. Therefore there exists a panel ¥ C C such
that exactly one of two chambers in anoq4 adjacent to it belongs to C. In terms of
chambers, this means that

Stru (77[) N ThFu(Tmod) 7é & and StFu(ﬁ) §Z ThFu(fmod)-

Let 1o € A
intersects Thgy (7o), but is not contained in it. Tt follows that stg,(;7) ¢ Thg,(t) for all

and let 7 C doo X be a panel with pos(r, 79) = 7. Then stp, ()

Tmod °

T € A¢,,, because due to our assumptions of antipodality and slimness, the thickenings
Thgy(7) for v € A, are pairwise disjoint. Consequently, X, ¢ ThFi“S(A,mO ). O

Remark 9.24 Nonemptiness of domains of proper discontinuity for the I"'-actions on

flag manifolds is much harder to prove and requires additional assumptions. For the
case of actions on the Furstenberg boundary, see [34, Section 8].

Geometry & Topology, Volume 22 (2018)



2622 Michael Kapovich and Bernhard Leeb

10 General cocompactness results

10.1 General discrete topological group actions

The main result of this section is a cocompactness theorem for a certain class of
properly discontinuous group actions I ~, €2, where €2 is an open subset of a compact
metrizable space Z and the action extends to a topological action

'n Z.

In order to prove cocompactness, we need to impose certain assumptions on both I’
and the action. We assume that there exists a model action

'nY

on a contractible simplicial complex which is simplicial, properly discontinuous and
cocompact. We further assume that ¥ admits a I'—equivariant contractible metrizable
compactification Y O Y. The extended action T N Y serves as a model for T ~NZ.
Examples of such model actions abound in geometric group theory. For instance,
if I' is Gromov-hyperbolic, we can take for Y a suitable Rips complex of I" and
for Y the Gromov compactification of Y. Other examples are given by isometric
properly discontinuous cocompact actions I' =, ¥ on piecewise-Riemannian CAT(0)
complexes Y, where Y is the visual compactification of Y.

Our next set of hypotheses relates the model action I' ~, Y to the action I' , Z. We
assume that there exists a I'—equivariant continuous map of triads

(10.1) Fr.7-v)5(z.9.2-9)
N—— N——
=:Amnod =:A

such that the restriction f |A. . Amod — A is a Z—Cech cohomology equivalence.

mod *

Theorem 10.2 Under the above assumptions, and if T" is torsion-free and €2 is path
connected, then 2/ T" is compact.
Proof We proceed in four steps.

Step 1 (passing to a model action on a manifold with boundary) We replace the
action I' n, Y with an action of I" on a suitable manifold. Since 71(Y) = 1 and the
action I" ~, Y is free, the quotient space R := Y/ satisfies m1(R) = T.
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We thicken R to a closed manifold without changing the fundamental group. To
do so, we first embed R as a subcomplex into the (suitably triangulated) euclidean
space E2"*1 where n = dim(R). We denote by N the regular neighborhood of R
in E2"*1 andlet D = 0N .

Lemma 10.3 D is connected and 1 (D) — 1(N) = 71 (R) is surjective.

Proof Let N':= N — R. We claim that the map D < N’ is a homotopy equivalence.
The proof is the same as the one for the homotopy equivalence R — N : Each simplex
¢ C N is the join c¢; % ¢; of a simplex ¢; disjoint from R (and hence contained in D)
and a simplex ¢, C R (in the extreme cases, ¢; or ¢, could be empty). Now, use the
straight line segments given by these join decompositions to homotope each ¢ — R to
c1 CD.

Since R has codimension > 2 in N, it does not separate N’ and each loop in N is
homotopic to a loop in N’. Hence, N’ is connected and

71(D) = 7 (N') = 71 (N)

is surjective. a

Lemma 10.4 There exists a connected closed manifold M which admits a map
h: R — M inducing an isomorphism of fundamental groups m{(R) — m{(M).

Proof We start with N (the regular neighborhood of R C E2"*1) as above. As noted
in the proof of the previous lemma, the inclusion R — N is a homotopy equivalence,
and N is a compact manifold with boundary. Consider the closed manifold M obtained
by doubling N along its boundary D,

M = N{Up N,,

where Ny, N, are two copies of N. We let i: D — M and iy: Ny — M denote
the inclusion maps. Since M is the double of N, we have the canonical retraction
r: M — Np (whose restriction to N, is a homeomorphism given by reflecting at D).
Define the map h =1i,0g,

hRE N S M,

where g corresponds to the inclusion R — N and hence is a homotopy equivalence.
We claim that /1 induces an isomorphism /., of fundamental groups.

The existence of the retraction r implies the injectivity of i1, and hence of /.
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By Lemma 10.3, D is connected. Hence, the Seifert—van Kampen theorem implies
that 71 (M) is generated by the two subgroups iy (w1 (Ng)),k = 1,2. Since the
homomorphisms

71(D) — w1 (Nk)

are surjective (Lemma 10.3), we obtain

i1+ (w1 (N1)) = ix (71 (D)) = i24(7r1(N2)).

Hence, both homomorphisms iy,: 71 (Ng) — w1 (M) are surjective. The surjectivity
of Ky follows. O

We let m = 2n+ 1 denote the dimension of the manifold M and its universal cover M.

Step 2 We let M be a manifold as in Lemma 10.4. We consider Ele triads (10.1) and
the diagonal I'-action on their products vzith the universal cover M . Dividing out the
action, we obtain bundles over M and f induces the map of triads of bundles
(10.5) (Y x M)/T, (Y x M)/ T, (Amoa X M)/ T)
E o E o Lnod
L (Zx M)/ T. (2 x M)/ T.(Ax M)/T).
B E L

Note that E also fibers over 2/ T" with fiber M.
The map F of triads of bundles satisfies:
(i) Fl|E,.: Emoa = E is proper.
(i) Flr,..: Lmoda = L is a cohomology equivalence of bundles.

Lemma 10.6 Both spaces E and Emod are metrizable.

Proof These spaces are fiber bundles with compact metrizable bases and fibers.
Therefore, E and E, mod are both compact and Hausdorff. Hence, they are metrizable, for
instance, by Smirnov’s metrization theorem, because they are paracompact, Hausdorff
and locally metrizable. |

Our approach to proving Theorem 10.2 is based on the following observation.

In a noncompact connected manifold, the point represents the zero class in H(l)f. Simi-
larly, let t: F — E %> B be a fiber bundle over a noncompact space, where t: F — Ej
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is the homeomorphism of F to the fiber E; =1 (b). If the base B is path-connected,
then the induced map

1x: HY(F) - HY(E)

on locally finite homology is independent of the choice of 5. In order to show triviality
of this map provided that B is noncompact, note that for each class [n] € Z é (E) and
each locally finite class [£] € HY(F), if b is chosen so that Ej is disjoint from the
support of 7, then ([n],[£]) = 0. Here and in the sequel we use (co)homology with
Z.,—coefficients. Hence, 14 = 0.

The compactness of €2/ I" therefore follows from showing that the fiber of the bundle
M" > E—Q /T
represents a nontrivial class in H}?g (E), ie that the locally finite fundamental class

[M] e HI(M) has a nonzero image under the inclusion induced map H! (M) —
HY(E).

The proper map F: Eyoq — E induces the map Fy: HY(Emea) — HY(E) which
carries the class represented by the M —fiber in the model Ej0q to the corresponding
class in E. It therefore suffices to show that

—~ Fi
10.7) HE (M) 25> HY (Eoa) —> HY(E)
N——’
=7-

is a composition of injective maps. We will show injectivity of Fy in step 3 and
injectivity of ¢4 in step 4 below.

Step 3 (injectivity of Fx) We pass to compactly supported cohomology. We recall
that locally finite homology (with field coefficients) is dual to compactly supported
cohomology in the same degree via Kronecker duality. We therefore must show that
the dual map

F*
Hén(E) — Hcm(Emod)
is surjective.

We now switch the fiber direction and regard E and Ejoq as bundles over M . We
use their compactifications E and Eoq mentioned earlier which allow us to replace
compactly supported cohomology by relative cohomology. Since E is compact and
metrizable, while L is compact, we have a natural isomorphism of Alexander—Spanier
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cohomology groups (see [49, Lemma 11, page 321]):
H™(E)= H™(E,L).
Similarly, we have a natural isomorphism
H (Emod) = H™ (Emod. Liod)-
Thus, the surjectivity of the previous map F* is equivalent to the surjectivity of the map

rel

H™ (E L) Hm(Emod, mod)

induced by the map of pairs

(10.8) (Emod. Lmoa) — (E. L).

To verify the surjectivity of F*

> We use the long exact cohomology sequence of F':

. H™YE) —— H™ (L) H™(E,L) H™(E) —— H™(L)

*

~ * ~
= abs =

L rel l

e Hm_l(Emod) - Hm_l(Lmod) - Hm(Emody Lmod) l’ Hm(Emod) - Hm(Lmod) tee

A diagram chase (as in the proof of the five lemma) shows that the surjectivity of F%,

follows from the surjectivity of F; . Indeed, one first checks that ker j C im F, and

rel”
uses this to verify the inclusion

j_l (im abs) - lm( el)

To see that F;  is surjective, we consider the map of bundles:

_ F _
Emod - E

2. P
% 1

M

The fibration 7 is a homotopy equivalence because its fibers Y are contractible. Let
s: M — Emod

denote a section. It follows that s o 7 is a left homotopy inverse for F, that is,
somgoF ~idg . Thus, the induced map on cohomology F} is surjective.
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Step 4 (injectivity of tx) We consider the fiber bundle
M — Enod — R.

The map 4: R — M in Lemma 10.4 yields a section of this bundle. Since the base R
of the bundle is a finite CW complex and its fiber M s a connected m—manifold,
Lemma 2.4 implies that the induced map

Hyy (M) = Hy(Enod).
is injective.
This concludes the proof of Theorem 10.2. |

10.2 Haissinsky—Tukia conjecture for convergence actions

We now apply our general cocompactness result (Theorem 10.2) from the previous
section to the theory of abstract convergence groups.?? The following natural question
is due to P Haissinsky.?? An equivalent question was asked by P Tukia in [51, page 77].
We owe the observation of the equivalence of the questions to V Gerasimov.

Let I' ~n ¥ be a convergence group action of a hyperbolic group on a metrizable
compact space, and suppose that A C ¥ is an invariant compact subset which is
equivariantly homeomorphic to dooI". Then the action I' R, 2 = X — A is properly
discontinuous.

Question 10.9 Is the action I' ~, 2 always cocompact?
Remark 10.10 This is true for actions which are expanding at the limit set A [34].

The main result of this section is the following theorem which provides strong evidence
for a positive answer to Question 10.9 in the case of convergence group actions with
path-connected discontinuity domains.

Theorem 10.11 Let I' ~, ¥ be a convergence group action of a virtually torsion-free
hyperbolic group on a metrizable compact space ¥, and suppose that A C ¥ is an
invariant compact subset which is equivariantly homeomorphic to doo " . Then the action

'R X—A

is cocompact provided that ¥ — A has finitely many path-connected components.

228ee eg [13] or [50] for background on convergence groups.
23This was posed at the problem session at the Joint Seminar CNRS/JSPS Aspects of representation
theory in low-dimensional topology and 3—dimensional invariants, Carry le Rouet, November 5-9, 2012.
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Proof We proceed in three steps.

Step 1 After passing to a finite-index subgroup of I' preserving each connected
component of Q' := 3 — A, it suffices to consider the case when Q’ is path connected
(and nonempty). It also suffices to consider the case when T is torsion-free. We
let Y be a contractible locally compact simplicial complex on which I' acts properly
discontinuously and cocompactly, eg a suitable Rips complex of I'. The Gromov
compactification ¥ of Y is contractible and metrizable [6], and ¥ — Y 2~ 9T
equivariantly.

Step 2 (construction of a map of triads) Pick a point x € Q' and define the orbit map
[ T—=>Q, yyx.

This map is injective since I' is torsion-free and, hence, acts freely on Q’. Let
Jfoo: doo' = A be an (the) equivariant homeomorphism. We further let F=TUdxl
denote the Gromov compactification of I". We define the map

f: -3,
whose restriction to I' is f and to deo" IS foo-

Lemma 10.12 The map f is an equivariant homeomorphism onto T'x U A..

Proof We first note that the natural action I" ~, Cisa convergence action.

Suppose that (y,) is a sequence in I' converging to £ € doo'; let A = foo(§). We
claim that

lim f(yn) = A.
n—00

Case 1 (I is nonelementary) Without loss of generality (in view of compactness
of ¥ and the convergence property of the action I' ~, X), there exists A_ € A
such that the sequence y,|x_g)_; converges to some A4 € A uniformly on com-
pacts. Since foo is a homeomorphism, y, converges to fo!'(A4+) uniformly on
compacts in deo' — fig! (A—). The assumption that I' is nonelementary implies that
oo — f5! (A=) consists of more than one point. Therefore, in view of the convergence
property for the action T' ~, T, it follows that y, converges to S5 (A4+) on T (here
we again pass to a subsequence if necessary). Hence, £ = f!'(A+), A+ = A and the
continuity of f follows; see Lemma 2.1.

Case 2 (I is elementary, ie I' = 7Z) Then T is generated by a single loxodromic
homeomorphism y: ¥ — X;ie A = {A4,A_}. Tukia proved [50, Lemma 2D] that

Geometry & Topology, Volume 22 (2018)



Finsler bordifications of symmetric and certain locally symmetric spaces 2629

the sequence (") converges uniformly on compacts in ¥ — {A_} to A, while the
sequence (Y~ ") converges uniformly on compacts in ¥ —{A4} to A_. This implies
continuity of the map f. a

We now amalgamate the spaces ¥ and X using the homeomorphism
f_: F=TUJdel > Tx=TxUA,

where we identify [ with a subset of the vertex set of the complex Y. We denote by Z
the result of the amalgamation. This space is metrizable by Urysohn’s metrization theo-
rem, since it is Hausdorff, compact and first-countable; compare also Proposition 11.5,
which provides a different proof.

Since ]7 is [—equivariant, the topological action of I on ¥ LI S descends to a topolog-
ical action " ~, Z. This action is properly discontinuous on Q :=Y U Q' C Z as for
each compact C C 2, its intersections with ¥ and Q are both compact and the actions
'~ Y and T' , Q' are properly discontinuous. Lastly, we note that, in view of the
connectivity of Y, since Q is path connected, so is . Since the embedding Q' —
is proper, 2/ ' is compact if and only if '/ " is compact. We let f: Y — Z be the
inclusion map.

Step 3 According to Theorem 10.2, Q/ T is compact. Therefore, 2’/ T" is compact
as well. |

Remark 10.13 It is not hard to check that I' , Z is a convergence action; however,
this is not needed for our argument.

11 Cocompactness

We return to the discussion of discrete subgroups of Lie groups and their actions on
Finsler compactifications. In Section 9, we constructed domains of proper discontinuity.
We will now prove the cocompactness of these actions for certain classes of discrete
subgroups.

Let tmoq be t—invariant. In Sections 4.2 and 4.5 we defined t04—regular and Tyo4—
antipodal discrete subgroups I' < G and the tyoq-limit set A, C Flag, . In [30]
we defined the following class of 7ycq—antipodal 7y0g-regular subgroups:
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Definition 11.1 (asymptotically embedded) We say that a discrete subgroup I' < G is
Tmod—asymptotically embedded if it is tyoq—regular, tyog—antipodal and word hyperbolic
(as an abstract group), and there is a ['—equivariant homeomorphism

a: dooT = A, C Flag,

from its Gromov boundary onto its Tpg—limit set.

We proved in [30] that a subgroup I' < G is tyog—asymptotically embedded if and

only if it is Tmod—Anosov.24

Suppose now that I' < G is tyeq—regular and tpog—antipodal, and that Th C W is a
W, .—invariant balanced thickening. In this section, we will use the following notation:

S o= XA A= ThFinS(ArmUd)’ QO =3S_A.

According to Theorem 9.16, the action I" Q is properly discontinuous. We will show
that it is also cocompact provided that I" is t,,g—asymptotically embedded, by replacing
the action I' ~, £ with a convergence action I" ~, ¥ on a certain quotient space of by
and then applying our cocompactness result for convergence actions (Theorem 10.11).
The collapse takes place only in the thickening A at infinity, so that the action I ~, Q
is not affected.

11.1 Decompositions and collapses

A decomposition R of a set Z is an equivalence relation on Z. We let D = Dy denote
the subset of the power set 2% consisting of the equivalence classes of R.

A decomposition of a Hausdorff topological space Z is closed if the elements of D are
closed subsets of Z; a decomposition is compact if its elements are compact subsets.
Given a decomposition R of Z, one defines the quotient space Z/R. Quotient spaces
of closed decompositions are 7 but in general not Hausdorff.

Definition 11.2 A decomposition of Z is upper semicontinuous (usc) if it is closed
and for each D € D and each open subset U C Z containing D, there exists another
open subset V' C Z containing D such that every D’ € D intersecting V' nontrivially
is already contained in U .

24This means P, ,—Anosov in the terminology of [24].
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Lemma 11.3 [16, Proposition 1, page 8] The following are equivalent for a closed
decomposition R of Z :

(i) R isusc.
(i) For every open subset U C Z, the saturated subset
U=\ Jtbep:DCU}
is open.

(iii) The quotient projection
zZ5 Z/R

is closed.
Proof (i) = (ii) Let x € U and let D € D be the decomposition subset through x.
The usc property implies that U* contains a neighborhood of x.
(i) = (i) Take V =U™.

(il) = (iii) Let C C Z be closed, and let U be the complement. Then U* =
kk(Z —C) is open, and it follows that «x(C) is closed.

(iii) => (ii) Let U C Z be open. Then U* =k~ (Z/R —«(Z —U)) isopen. 0O

Let Z’ C Z be the union of all elements of D which are not singletons, and denote
by R’ the equivalence relation on Z’ induced by R.

Lemma 11.4 Suppose that Z’ is closed. Then R is usc if and only if R’ is usc.

Proof Suppose that R’ is usc. Let D € D. If D is a singleton, then Z — Z’ is
a saturated open neighborhood of D. On the other hand, if D C Z’ then D has a
saturated open neighborhood V' in Z’. It is an intersection V' = V' N Z’ with an open
subset V' C Z which is necessarily again saturated. This verifies that R is usc.

Conversely, suppose that R is usc. Then the intersection of a saturated open subset
in Z with Z’ is open and saturated in Z’. Hence R’ is usc. O

We will use the following result:

Proposition 11.5 [16, Proposition 2, page 13] If Z is metrizable and R is a compact
usc decomposition of Z, then Z /R is again metrizable.
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‘We now apply the notion of usc decompositions in the context of the Finsler thicken-
ing A of A, CFlag, . Since I' is tog-antipodal and the thickening Th is slim,?’
we obtain a compact decomposition R of X, whose elements are singletons, namely
the points in €, and the thickenings Th"™(7) of the simplices T € A
show that the latter are contractible; see Remark 8.16.) We let

o - (ONE can

KiS—> %
denote the quotient projection, and

A~

A:=k(A)=A Q:=x(Q) = Q.

Tmod *

Lemma 11.6 The decomposition R of s s compact usc.

Proof The restriction A — A of « is a map of compact Hausdorff spaces and hence
closed. Thus the restriction of the decomposition R to A is usc; see Lemma 11.3.
Hence, by Lemma 11.4, the decomposition R is usc as well. It is also compact. O

Corollary 11.7 X = by /R is metrizable.
This corollary is relevant to us in order to do computations with Cech cohomology.

Remark 11.8 We showed in the second version of this paper on arXiv (see Lemma 10.7
there) that ¥ is Cech acyclic; compare Remark 8.16.

11.2 Convergence action

Suppose that I' < G is Tyeg-regular and tpog—antipodal. We continue using the
notation from the previous section. The action of I' on ¥ descends to a continuous
action I' , 2.

Lemma 11.9 I' ~, X is a convergence action.

Proof Let y,, — oo be a sequence in I". Since the group I' < G is a tpog—convergence
subgroup, we may assume after extraction that () is tmeg—contracting: There exist
simplices 74 € Flagy,  such that y, — 74 uniformly on compacts in C(z—). We
claim that y;, converges uniformly on compacts in X —x(7—) to AL =« (74). It suffices

258ee Section 8.3 for the definition.
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to show that for each sequence z, € ¥ converging to z # A_ = k(7—), we have after
extraction that

(11.10) lim Yuzn = Ay

n—o0

Take ¢, € k' (z,). Then, after extraction, &, — ¢ & ThF™(z_). According to
Corollary 9.15, the accumulation set of the sequence y,{, is contained in Th'™ (7).
This implies (11.10). O

We note that in view of Theorem 9.16 the group I' acts properly discontinuously on €2.
It is also clear that A is the limit set of the action I' ~, 2. Since 2 is path-connected,
so is 2.

11.3 Cocompactness

We now make the stronger assumption that I' < G is tyog—asymptotically embedded.
Continuing the discussion of the previous section, we then also have an equivariant
homeomorphism 0ooI' = A, , — A. Thus, Theorem 10.11 together with Lemma 11.9
imply that the action of I' i, © is cocompact. Therefore the action of I' ~, Q is
cocompact as well. By combining this with Theorems 7.2 and 9.16, we obtain the main
result of this paper:

Theorem 11.11 Let I' < G be a tyoq—asymptotically embedded subgroup, and let
Th C W be a Wy, ,—invariant balanced thickening. Then the action

I~ JFins _ pFins( Az,
is properly discontinuous and cocompact. The quotient
(X —Th™(Ax,,))/ T
has a natural structure as a compact real-analytic orbifold*® with corners.

Remark 11.12 The starting point of our proof of Theorem 11.11, namely the usage
of the bundles E and E|,oq in the proof of Theorem 10.2, is similar to the one in [24,
Proposition 8.10]. However, we avoid the use of Poincaré duality and do not need
homological assumptions on the space . An essential ingredient in our proof is the
map of triads (10.1), ie the existence of a continuous extension of the equivariant proper
map f : Y — Q to a map of compactifications.

26Note that this quotient space is not, in general, a manifold but only an orbifold since the group I’
may contain elements of finite order.
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Remark 11.13 (cocompactness on dg, X') Intersecting the domain in the theorem
with dpy X yields that the corresponding actions

' aFuX - ThFu(Armnd)

are cocompact, thus recovering some of the cocompactness results obtained in [34].

11.4 An example of a nonregular discrete subgroup

We now consider a simple example of a nonregular discrete subgroup and show that
the action on the domain of proper discontinuity constructed earlier in Theorem 9.19 is
cocompact.

Let G =PSL(3,R), and let I" = Z? be a discrete subgroup of transvections preserving
a maximal flat ¥ C X. As in Theorem 9.19, we choose a multithickening Th,, ie
a collection of Wy, ,—left-invariant thickenings @ # Th, , & W for all face types
Tmod € Omod - In addition, we require that

= Th¢

L Tmod Tmod

Th

for all Tmeq. In particular, Thy, , is the unique balanced thickening. To simplify nota-
tion, we drop the face-type index, and write Th(z) instead of Th,_,(7) for simplices
T € Flag, .

There are exactly two distinct multithickenings Th, which are swapped by the involution
LI mod — Amod- We let pmoq denote the vertex of opeq Of the type point in terms of
the projective incidence geometry associated with the group G, and let /o9 denote
the other vertex of omeq Of the type line. We require Th(pmoed) C @mod to consist of
the two chambers containing ppoq as a vertex. In other words, for a point p € R P2
the thickening Thg,(p) of p in the full flag manifold dp, X = Flag,  consists of all
the flags (p,!). Accordingly, for each line / in the projective plane, its thickening
Thru (/) C dp X consists of all the flags (p,/’) where p € RP? are points incident to
the line /. Topologically speaking, Thg,(p) = S! while Thg,(/) is the 2—torus, the
trivial circle bundle over / whose fibers are the thickenings Thg,(p), p €.

We let p; and /; for i = 1,2, 3 denote the singular points in doo F, where p; € RP?2
are the fixed points of I and /; € (RP?)V are the fixed lines of I, labeled so that /;
is the line through p;_; and p;4; (where i is taken mod 3).

We obtain

A;_mod = {pl’ p2’p3} = Al_mod’ A;mod = {11’12’13} = Az_nod'
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Furthermore,
Ay =il i # j}.
Thus,
Ae=|J AL, =1{p1.p2. p3} Uil . BYUAE .
Tmod
We have

ThFu (A;_mod) = Thl(;u(Al_mod) ’ ThFu (Al-in_qod) = Thgu (A;mod)’

while
Thro(AF ) =Th{ (A5 ).
Therefore, the union
Thru(As) = | J(ThE, (A7, ) U Thea(AF ) S Thea(A) ) = 0 X
Tmod

is the set of all flags (p, /) such that p is incident to one of the lines /1, /5, /5. Topo-
logically speaking, this set is the union of three trivial circle bundles Thg,(/;) over the
circles /;, such that

Thry(/i—1) N They(/i+1) = Thra(pi),
where 7 is taken modulo 3.
The fact that the action
(11.14) I' v Qpy = 0pg X — Thiy(A,)

is properly discontinuous can be seen as a special case of [34, Proposition 6.21] in
our earlier work. It can be also be seen directly by observing that the action of I' is
poed := RP?— (I Ul Ul3), since (11.14) is the preimage
of ., under the fibration 3, X — RP2. Since T acts cocompactly on 2, , (the

properly discontinuous on £2

quotient is the disjoint union of four 2-tori), the group I also acts cocompactly on the
domain (11.14). The quotient Qp, /I is a circle bundle over Q2 ./ T.

We now discuss the corresponding Finsler thickening

ThFil’lS(A.) — U ((ThC)Fins (A_ ) U ThFins (A+ ))’

Tmod Tmod
Tmod

see Theorem 9.19. For each point p;, the Finsler thickening of p; is the closed 2—disk,
which is the closed stratum X p; naturally isomorphic to a compactified hyperbolic
plane whose ideal boundary is the circle Thg,(p;).
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For each /;, its Finsler thickening ThFi“S(l,-) is the union of a solid torus, whose
boundary is the torus Thg,(/;), and the closed 2—disk X, 1, » whose boundary circle C;
is the set of flags (p, [;) for p € l;. The circle C; C Thgy(/;) is a section of the circle
bundle Thg,(/;) — I;. In particular, Th¥™(/;) is contractible.

Furthermore, we have
Th™™(/;—1) N Th™™ (lj 4 1) = Th™™(py),

and the triple intersection of the ThF™(/;) is empty. The thickening ThF™(A,) equals
the union

3
U ThFins (Ii)’
i=1
which is homotopy-equivalent to the circle. The inclusion
Fi Fi
0" (F) = Th™"™(A,)
is a homotopy equivalence. This inclusion is the restriction of the natural embedding
FFins s )?Fins‘
We are now in the position to apply Theorems 9.19 and 10.2, taking I ~, FI'™ as the
compactified model action, and conclude:
Proposition 11.15 The action
T~ yFins _ ThFins (A )

is properly discontinuous and cocompact.

12 Characterizations of Anosov subgroups

In our earlier papers [30; 31] we gave various characterizations of Anosov subgroups
in terms of dynamics and coarse extrinsic geometry; see also our surveys [32; 27].
The most relevant characterizations for this paper are asymptotically embedded (see
Definition 11.1), and URU.

We assume from now on that 7,04 iS (—invariant. A discrete subgroup I' < G is called
Tmod—URU 1if it is uniformly ty0q-regular and undistorted; see [31]. In that work, we
proved that the t,0g—URU property is equivalent to tyoq—Anosov. In this section,
we will give further characterizations of the Anosov property in terms of dynamics
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(S-cocompactness) and coarse extrinsic geometry (Finsler quasiconvexity and existence
of retractions).

12.1 Finsler quasiconvexity

One can define Finsler convex subsets C C X as subspaces such that any two points
in C can be connected by some Finsler geodesic in C.

In this section we introduce the notion of Finsler quasiconvex subgroups of G, which
mimics the notion of quasiconvex subgroups of hyperbolic groups. Recall that a
subgroup I' of a word hyperbolic group I'/ is called quasiconvex if discrete geodesic
segments in I’ with endpoints in T are uniformly close to T.

Fix a type 0 € int(Tymeq). Recall that d 9 is in general only a pseudometric on X.

Definition 12.1 A discrete subgroup I' < G is tyoq—Finsler quasiconvex if for each
x € X there is a constant R < 400 such that any two points in I'x can be connected
by a d e—geqdesic segment contained in the R-neighborhood Nz(I'x) of I'x with
respect to d?.

Proposition 12.2 A uniformly tyoq—regular subgroup I' < G is tyoq—Finsler quasi-
convex if and only if it iS Tmea—URU.

Proof We first reduce the assertion to the case when the pseudometric d 0 is a metric.
We recall from the end of Section 5.1.2 that X splits as a product X7 x X, such that d 0
is degenerate precisely in the X,—direction and induces a metric on X;. In particular,
7] points in the Xj—direction, ie the visual boundary points of type 6 are contained
in doo X7. Then d 9_palls split off X,—factors, ie they are products of X, with d 9 _balls
in X;. The same applies to tioq—Weyl cones and tyog—diamonds. A map I — X
from an interval is a d G—geodesic if and only if its projection to X; is a d 19—g_eodesic.
Furthermore, a map into X is a quasiisometric embedding with respect to d 9 if and
only if its Xj—component is. We can therefore assume that d 9 is a metric.

Suppose now that I' < G is tpoq—Finsler quasiconvex. The closed R—neighborhood
Ng(I'x) is path-connected and I" acts cocompactly on it. Therefore, I" is finitely
generated, and the orbit map

0x: ' - Nr(Tx)
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is a quasiisometric embedding, where we equip Ng(I'x) with a path-metric induced
by d?. Since the metrics 4R and d? on X are equivalent, the definition of Finsler
quasiconvexity implies that the inclusion map

Nr(T'x) — (X, dRiem)

is a quasiisometric embedding. Therefore, I' < G is undistorted. Since I was assumed
to be uniformly tpoq—regular, it is 7yoq—URU.

The converse direction follows from our Morse lemma [31, Theorem 1.3] and the
description of the geometry of d G—geodesics; see Section 5.1.3. a

12.2 S-cocompactness and retractions

We call an open subset 2 C 05 X saturated if it is a union of small strata X,.

We start with the following simple observation about Finsler convergence at infinity: If
(x) and (yp) are sequences in X which are bounded distance apart (ie d(xy, yn) is
uniformly bounded) and x, — [b], y» — [b'] € 95" X, then the limit points [6] and [5’]
lie in the same small stratum X, ; see Lemma 5.28. In particular, for each saturated
open subset Q C 95 X,

blew <> [b]eQ.

It follows that if [b] € 2, then the entire accumulation set of the sequence of balls
B(xn ’ R) ]
Acc((B(xn, R))) C 055X,

is a compact subset of €2.
Lemma 12.3 Let I' < G be a discrete subgroup. Suppose that Q2 C Bl;g‘sX is a
I"'—invariant saturated open subset such that the action

' XU

is properly discontinuous. Then each compact subset C C X L2 satisfies the following
uniform finiteness property: there exists a function fc(R) such that for each ball
B(x, R) C X it holds that

card({y el':yCNB(x,R) # @}) < fc(R).
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Proof Suppose the contrary. Then there is a sequence of balls B(x;, R) intersecting C
and a sequence y; — oo in I' such that also the balls B(y;x;, R) intersect C. We may
assume after extraction that x; — X and y;x; — X’ in XT"S_ By the observation preced-
ing the lemma, it holds that X, X’ € X LI Q. Since these points are dynamically related
with respect to the ['—action, we obtain a contradiction with proper discontinuity. O

The lemma leads to the following definition.

Definition 12.4 A discrete subgroup I' < G is S-cocompact if there exists a I'—
invariant saturated open subset Q C 95" X such that the action

' XU

is properly discontinuous and cocompact.

Note that each S-cocompact subgroup is necessarily finitely generated because it acts
properly discontinuously and cocompactly on a connected manifold with boundary.

Theorem 12.5 FEach S-cocompact subgroup I' < G admits a I'—equivariant coarse
Lipschitz retraction r: X — I'. In particular, I" is undistorted in G .

Proof Let Q C dE™ X be as in the definition. Let C C X U Q be a compact subset
whose I'—orbit covers the entire X LI 2. We define the coarse retraction r first by
sending each point x € X to the subset

r(x):={yel:xeyC}CT.

This subset is clearly finite because of the proper discontinuity of the I'—action, and
the assignment x — r(x) is equivariant. According to Lemma 12.3, the cardinality of
the subset

{yel:yer(B(x,1))}={yel':B(x,1)nyC # o}

is bounded by fc(1), independently of x. It follows that r is coarse Lipschitz. O

We now apply the previous theorem to the cocompact domains of proper discontinuity
obtained earlier by removing Finsler thickenings of limit sets. The next result relates
conicality and S-cocompactness:

Theorem 12.6 Suppose that I' < G is uniformly tyoq—regular and tyoq—antipodal.
Then T is tymeg—Anosov if and only if it is S-cocompact.
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Proof We use that t,0g—Anosov is equivalent to ty,g—asymptotically embedded. That
Tmod—asymptotically embedded implies S-cocompact is our main result, Theorem 11.11.
To prove the converse, note that each S-cocompact subgroup is undistorted in G by
Theorem 12.5. Hence, I' is T04—URU, and therefore 7,,0q—Anosov. m|

A converse to Theorem 11.11 is a consequence of the following:

Corollary 12.7 Suppose that I' < G is uniformly tyoq—regular and that ThC W is a
Wr,..—invariant balanced thickening. Then the following are equivalent:

(i) The properly discontinuous action (see Theorem 9.19)
T~ )?Fins _ ThFins (A‘Cmod)
is cocompact.
(i) T is S-cocompact.

(i11) T is Ted—Anosov.

Proof The implication (i) = (ii) is obvious.

(il)) = (ii) T is S-cocompact, hence 70— URU by Theorem 12.5, and therefore
Tmod—AnNosov.

(iii)) = (i) Since tyeq—Anosov is equivalent to tyoq—asymptotically embedded, the
implication is the content of Theorem 11.11. |

We are now ready to state the equivalence of a variety of conditions on discrete
subgroups, extending the list of equivalent conditions from [30; 31].

Theorem 12.8 The following are equivalent for uniformly tyoq—regular subgroups
I'<aG:

(1) T is an equivariant coarse retract.
(2) T is a coarse retract.

(3) T isundistorted in G, ie Tyoq—URU.
(4) T is tymoq—Finsler quasiconvex.

(5) T is tmoa—asymptotically embedded.
(6) T is S-cocompact.

(7) T is Tmod—Anosov.
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Proof The implications (1) = (2) = (3) are immediate. The equivalence (3) <= (4)
is proven in Proposition 12.2. The equivalence (3) <= (5) is one of the main results
of [31]; see Corollary 1.6 of that paper. The equivalence (5) <= (7) is established
in [30]. The implication (5) = (6) is the main result, Theorem 11.11, of this paper,
while the implication (6) => (1) is established in Theorem 12.5. m|

We note that this list of equivalences is nearly a perfect match to the list of equivalent
definitions of convex cocompact subgroups of rank-1 Lie groups (see [27]), except that
convex-cocompactness is (by necessity) missing; see [38].

12.3 Examples

Example 12.9 Consider X = X7 x X3, the product of two real hyperbolic spaces,
g = (g1, g2) an infinite-order isometry of X, where g1, g, are isometries of X7, X>.
Then the cyclic subgroup I' = (g) is opmeg—regular if and only if neither g; nor g,
is elliptic. The subgroup I' is uniformly opoq—regular if and only if both g4, g, are
hyperbolic isometries of X7, X, or both are parabolic isometries. A cyclic group
generated by an element of mixed type is not uniformly opoq—regular. The Furstenberg
boundary of X is the product deo X7 X doo X3. If T', as above, is opeq—regular and
)\l-+, A; are the fixed points of g; in oo X; 27 then Ag,  (T) = {(AT.A5), ()\;L, k;’)}.
In particular, in the mixed case if, say, g; is hyperbolic and g, is parabolic with the
unique fixed point A} = A5 =: A, then Acn(I') = {(A].22). (A1, A2)}. Note that
if ' is uniformly opmeq—regular then the limit set A4, ,(I') is antipodal, but it is not
antipodal if " is merely regular. The limit chambers are conical limit points if g is
uniformly regular of type hyperbolic-hyperbolic, and otherwise they are not.

The Finsler compactification of X is naturally homeomorphic to X x X». Assume that
g=1(g1,g2), where g is hyperbolic (with the fixed points )\T, A7) and g is parabolic
(with the fixed point A,). As we noted above, the group I' = (g) < Isom(X) is Omod—
regular but not uniformly regular. Therefore, it is not o7,,g—Anosov. On the other hand,
it is S-cocompact. Namely, it acts properly discontinuously and cocompactly on

(X1 —{AT.ATH x Xs.
In particular, I" is a coarse retract, and hence undistorted. Thus, uniform regular-

ity cannot be weakened to regularity in Theorem 12.8(1-4, 6), Theorem 12.6 and
Corollary 12.7.

27That is, )\ZT" and A; are the attractive and repulsive fixed points if g; is hyperbolic, and )\ZT" =y
is the unique fixed point if g; is parabolic.
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quotientby I'=(y)  e2/T
/\

N

R2/T

€5/F

Figure 1: The action of a cyclic subgroup I" = () on the Finsler compactifi-

cation FI'™ of the model flat and the quotient space of FFi" — Thfins(A )

by the I'-action

Example 12.10 We now work out an example illustrating the equivariant collapsing
of XFins described in Section 11. Consider an infinite cyclic subgroup I' = (y) <
PGL(3,R) generated by a regular hyperbolic isometry y. For simplicity, we only
describe the action and the collapse on the Finsler compactification of the unique
I'—invariant maximal flat F C X. The Finsler compactification FF'™ is a hexagon
with vertices vy, ..., vg and edges ey, ..., eq. The vertex set equals the Furstenberg
boundary, dp, F = {vq, ..., vg}. We label the vertices so that v; and v4 correspond to
the repulsive and attractive chambers o_, o4+ € dg, F'. The vertices are fixed by 3, but
y has nontrivial dynamics on the edges: the interior points of each edge e; = [v;, Vi +1]
are moved by y towards one of the two endpoints of e;, namely to the one which
corresponds to the chamber in dg, F' whose position relative to the attractive chamber o4
is smaller in the Bruhat order. This is in stark contrast with the action of y on the
visual boundary of doc F (With respect to the flat metric), which is fixed pointwise.
The omog—limit set Ag, (') C gy X is the 2—point set {o—, 04} = {vy,v4} C IR, F.
The balanced thickening of A, ,(T") inside 5™ F is the union (of closed edges)

ThFinS(G—) U ThFinS(o'+) = (63 U €4) U (el U 66) .
The intersection

Q=Q) =Qy () NI F
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is the union of the interiors of the edges e; and es. The rectangle ® in Figure 1
is a (compact) fundamental domain for the action of I' on F U Q. The quotient
(FUQ)/T is homeomorphic to the cylinder S' x[—1, 1]. Now, let us collapse each
thickening Thf™(o_), Th¥™ (04 ) to a point. The result is a convergence action of T’
on the quotient space Q, homeomorphic to the closed 2—disk D?. Note that collapsing
is natural here since, before the collapse, the mapping y has too many fixed points
in agg“F , namely all vertices vy, ..., vg, while an infinite cyclic group acting as a
discrete convergence group can have at most two fixed points [50]. After the collapse
only two fixed points are left, namely the projections (still denoted by o4, 0_) of vy
and v4. On the quotient space Q we recover the familiar attractive-repulsive dynamics
of hyperbolic isometries y of H? acting on the visual compactification of H?: The
point o4 is the attractive point and the point o— is the repulsive point for the action
of y. That is,
n

lim =0

uniformly on compacts in Q —{o_}, and

lim y™"=o_
n—>—0oo

uniformly on compacts in Q —{0+}.
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