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Mirror theorem for elliptic quasimap invariants

BuwmsiG KiMm
HYENHO LHO

We propose and prove a mirror theorem for the elliptic quasimap invariants of smooth
Calabi—Yau complete intersections in projective spaces. This theorem, combined with
the wall-crossing formula of Ciocan-Fontanine and Kim, implies mirror theorems of
Zinger and Popa for the elliptic Gromov—Witten invariants of those varieties. This
paper and the wall-crossing formula provide a unified framework for the mirror theory
of rational and elliptic Gromov—Witten invariants.

14N35; 14D23

1 Introduction

Let W be a codimension-r affine subvariety in C” defined by homogeneous degree
l1,...,1, polynomials such that the origin is the only singular point of W. Assume

r
Sta=n
a=1

and let G := C* act on C” by the standard diagonal action so that its associated GIT
quotient
X=W/)G

is a codimension-r, nonsingular Calabi—Yau complete intersection in P~ 1.

With this setup, for each positive rational number ¢, there is a so-called e—stable,
genus-g, k—pointed, degree-d quasimap moduli space

0% ((X.d)

with the canonical virtual fundamental class [Q; (X.d )]I"; see Ciocan-Fontanine,
Kim and Maulik [6]. We are mainly interested in the space Q; (X, d) with small
enough ¢ with respect to degree d, which will be denoted by ng{ (X,d) and also
simply by Qg x(X,d). When & > 2, the space Qz, (X, d) coincides with the moduli
space M ¢.k (X, d) of stable maps, which will be denoted also by ;ok (X,d).
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1460 Bumsig Kim and Hyenho Lho

When g = 1, the virtual dimension of QZ, o(X,d) is always zero. The main goal

of this paper is to discover an explicit description of deg[Q o(X,d)]"" in terms of

Givental’s I—function for X. Let
o0

(V0= qdeg[Qf o (X. '™,
d=1
where ¢ is a formal Novikov variable. We express the generating function ( )‘io in
terms of Givental’s T—equivariant /—function for X, where T := (C*)" is the complex
torus group acting on P"~!; see Givental [7].

The equivariant /—function is the H. (P"~1) ® Q(A)-valued formal function in formal
variables ¢, z, tg :

00 r l,d

_ (U H+k
(1) Ip(g)=emfE Y gdetnd 1;[“‘11;["=1(“ tE)
d=0 [Te=1 [1j=1 (H =% + kz)

where Aq,..., A, are the T—equivariant parameters, Q(A) denotes the quotient field

of the polynomial ring in Aq,...,A,, H is the T—equivariant hyperplane class, and
t:=tgH.

Let Ao be another formal parameter. Consider the restriction I7 (0, q)|p, of IT(0,q)

to the i™ T—fixed point

(1-2) pi=1[0,....1,...,00e P" L,
N
l

Define the g—series 1(q), Ro(q) € Q[¢] by the asymptotic expansion
10.9)lp, = P42 (Ro(g) + O(2)).

where = means the equality after the specialization

(1-3) A =Xtoexp Ruin—1/n), i=1,...,n.
For the existence of the asymptotic expansion, see (2-7). Denote by
It

the specialization of Iz with (1-3).
For k =0,1,...,n—1, define the initial constants Cy (q) € Q[¢] of the form 1+ O(g)
inductively by the requirements

Cr(9)H* = By + 0(1/2)

in the following Birkhoff factorization procedure:

d ) By

BO::ZT(()’q)? Bk:(H—FZq% m forlfkfn—l
—1
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Mirror theorem for elliptic quasimap invariants 1461

There is an interpretation of Cy, as a T—equivariant quasimap invariant; see Remark 3.3.

Theorem 1.1 The following holds:

o+ 3(m—1-r)?4n—r-3 la
<)1,()__ 48 log ql_[Z -

11 r

i (" Y og .

In all genera, there is a wall-crossing formula, which relates [Q°° (X, )" with
[Qg*,’( (X, d)]"'", conjectured by Ciocan-Fontanine and Kim in [5] and proven in [4]. Its
consequence for g =1 is as follows. Define /o := Cy and I; by the 1/z—expansion of

ITlh=t=0 = Io+ I, /2 + O(1/2%).

Theorem 1.2 [4] Let xp(X) be the topological Euler characteristic of X and
Caim x—1(TX) the (dim X — 1)% Chern class of the tangent bundle TX. Then

0+
-4 )CIX,DO lqti>qe exp(fapine 11/10) — { >1,0

1 1 I
:ﬁXtOp(X)logIO'i‘ﬁ/XI_OcdimX—l(TX)-

Without any usage of the reduced Gromov—Witten invariants, Theorem 1.1 combined
with the wall-crossing formula (1-4) reproves the following mirror theorem of Popa
and Zinger for Calabi—Yau complete intersections in projective spaces.

Theorem 1.3 [11; 12] The following holds:
1 1 [ L
( )c1x30|q‘1'—>qd eXp(fd[ﬁ“e] I/Iy) = 4Xtop(X) log Io + 55 24 / To 7 Cdim X — I(TX)

_3(n=1=r)*4+n—r— la
A3 log( —q 1_[1 )

n

r

i (" )1og Ci(g).

The above three theorems are logically independently proven, and any pair of them

1
2

implies the remaining theorem. Theorem 1.1 combined with Theorem 1.2 answers the
question raised by Marian, Oprea, and Pandharipande in Section 10.2 of [10].

The strategy to prove Theorem 1.1 consists of two steps. The first step is quite
general and conceptual. We obtain Theorem 2.6, one of two main results of this
paper. The theorem is a quasimap version of Givental’s expression [8] of the elliptic
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1462 Bumsig Kim and Hyenho Lho

Gromov—Witten generating function for a smooth projective toric variety twisted by
a vector bundle. The latter expression is given in terms of the equivariant Frobenius
structure of the equivariant quantum cohomology. One may regard Theorem 2.6 as a
mirror theorem for elliptic quasimap invariants for Calabi—Yau complete intersections in
toric varieties (as well as in partial flag varieties; see Remark 2.7), in the following sense.

Whenever one computes the right-hand side in Conjecture 2.5 in closed form, one
obtains a mirror theorem in closed form. Inspired by [11; 12], we accomplish the
computation for Calabi—Yau complete intersections in projective spaces. This second
step is completely algebraic. We will, however, see that the geometric natures of various
generating functions of quasimap invariants make the step crucially simple.

Acknowledgments We thank Ionut Ciocan-Fontanine and Jeongseok Oh for useful
discussions. The research of Kim and Lho was partially supported by the NRF grant
2007-0093859.

2 Localized elliptic expression

Let G' be a complex reductive group and let V' be a finite-dimensional representation
space of G . Let 0 be a character of G such that the semistable locus V*°(6) with
respect to 6 has no nontrivial isotropy subgroup of G . Following the twisted theory as
in [2, Section 7], we assume that a complex torus T acts on a vector space V, and this
action commutes with the G'—action on V. Assume furthermore that the induced action
on Y :=V )y G allows only finitely many O—dimensional and 1-dimensional T-orbits.

Let E be a G x T-representation space. Let s be a G —equivariant map from V to E
whose zero-locus W has only locally complete intersection singularities. Assume that
the semistable locus W*(8) is nonsingular.

Let X =W /g G . For B € Homg (Pic® V, Z), let
Qgk(X.B) (resp. Qg k(Y. B))

be the moduli space of k—pointed genus-g stable quasimaps to X (resp. Y) of degree
class 8. Denote by f the universal map from the universal curve C to the stack
quotient [V /G']:

c— 7 w6

b4

Ok (Y. )
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Mirror theorem for elliptic quasimap invariants 1463

Let
E:=[(ExV)/G],

which is a vector bundle on [V /G]. Note that s induces a section of a coherent sheaf
JT*f*E Assume that for g =0 and also for g =1, kK =0 and 8 # 0, we have

For example, this is the case when E is a sum @, E, of 1-dimensional G xT-

representations £, with G —weight m,0 for some positive integers m,, .

Let ¢ denote the closed immersion of Q4 (X, B) into Q4 (Y, B). By the functoriality
in [9], we have

2-1) [0k (X, BT = e(mx f*E) N[Qg 4 (Y, B)I'T

forg=0,k=2,3,... andalsofor g =1, k =0 and B # 0. In this paper, we study
[Q1,0(X, B)]" using (the obvious T—equivariant version of) the right-hand side of (2-1).

2.1 Genus-0 theory

We introduce the definitions of various generating functions of rational quasimap
invariants with the ordinary markings. We prove the relation in Corollary 2.3, which
will be needed later.

First we set the notation for the cohomology basis and its dual basis. Let {p;}; be the
set of T—fixed points of Y, and let ¢; be the “delta” basis of Hy (Y) ® Q(A); that is,

1 ifi=j,
Gilp; = {0 ifi # j.
Let ¢’ be the dual basis with respect to the E—twisted T—equivariant Poincaré pairing; ie
T~ 1 ifi=j
d/eT(Ely) = ’
[ oo = {27
where eT(E |y) is the T—equivariant Euler class of E ly.

We assume, for every i, that eT (E |p;) s invertible in Q(A), so the twisted Poincaré
pairing is a perfect pairing on H7 (Y) ® Q(A). Note that

T
¢ =eip;, where e; = 1 __°¢ (7:{),- Y)'
Jy #i¢ieT(Ely)  eT(Elp,)

Geometry & Topology, Volume 22 (2018)



1464 Bumsig Kim and Hyenho Lho

Integrating along the twisted virtual fundamental class
el (e [T E) N[ Qo (Y. HI'™.
we define correlators (- - )0 x.p as follows. For y; € Hy (V)@ Q(A),

P )0 :—/ v ()Y
0K JeT (o £ BYNLQok (VB H

where V; is the psi-class associated to the i™ marking and ev; is the i evaluation
map. Let

Qox (Y, BT -7

be the T—fixed part of Qg x(Y, B) whose elements have domain components only
over p;. Integrating along the localized cycle class

el (ma f*E)N[Qox (Y, B)T-Pi]T

T vir
N G (VBT 71/ Qo1 (V. )

LCC :=

’

we define (---)g’;’zi and ((-‘-))g;’p" as follows:

0+,pi . | |
(Vl‘ﬂal,...vl/kl/fak O—ZZ / ev; (Vl)w

0+ i. 0+, pi
(LIRS Yot § ﬁ YOS

for ¢ € Hy (Y) ® Q(A), and where ¢ is a formal Novikov variable.

In what follows, let z be a formal variable. We will need the following T—localized
generating functions:

D; = e¢; 111»0“" 1+ 0(q),

0 iy 4]
ui = ei{(1, D)o 5" =1tlp; + 0(q),

(
(
S ) = 2 ’V>>Z,+2’pi:e’vlp,-+0(q)»

) 0+, p;
JOEP = ei<< »0 . =€l +0()
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Mirror theorem for elliptic quasimap invariants 1465

for y € Hy (Y) ® Q(M)[¢], and where the unstable terms of J 0F.Pi are defined by
the quasimap graph spaces QGg‘g ﬂ(Y ) asin [1; 2] so that

JOtpi lt=0 = J0+|t=0,p,-§

see Section 5 of [2] for the definition of J%T. Here the front terms e; are inserted
as the class E—Poincaré dual to ¢;|p,; = 1. The parameter z naturally appears as
the C*—equivariant parameter in the graph construction; see Section 4 of [2]. It is
originated from the C*—action on P!

Denote by QGg‘,'; ﬂ(Y ) the quasimap graph spaces (see [2]), and by
QGg—Z ﬂ(Y)T,Pi

the T—fixed part of QG x g(¥) whose elements have domain components only over p; .
Furthermore, we define invariants and generating functions on the graph spaces: for
vi € H (Y)® HE.(P') ® Q(A) and letting

T(n*f*E') N[QGq 4 p(Y)T-Pi]r

LCCG := ,
TN )
QGo ,8(Y)" *Pi / QGq 1. 8(Y)
we define
P28 AR VAT b QG /CC Hev v)y;
B

GO, p q ) GO+ . p;
(v, ey NS = Zﬁ(wﬂ‘”,---,kaa",t,---’f>2+m,ﬂp ’

m.B

for t € H7 (Y) ® Q(A). Here we denote by ev; the i th evaluation map to ¥ x P!
from the quasimap graph spaces and regard ¢ also as the element 1 ® 1 in Hp (Y) ®

HE(PH @ QM.

In what follows, let poo be the equivariant cohomology class H*. (P!) defined by the
requirements

Polo =0, Ppocloo =—z.

Proposition 2.1 The following holds:

(2_2) J0+,Pi — StO+yPi (PO+,P1')’ where P0+,Pi = «1 ® pOO»QG

Geometry & Topology, Volume 22 (2018)



1466 Bumsig Kim and Hyenho Lho

Proof The proof is completely parallel to the proof of Theorem 5.4.1 of [2]. Fix the
number of markings and the degree class B and then apply the C*—localization to the
definition of POT:7i. m

By the uniqueness lemma in Section 7.7 of [2],
(2-3) S{TP(y) = il y |,
Hence Proposition 2.1 gives the expression

JOTPi = eil2(r; o + O(2)),

where 7;,90 € Q(M)[t, ¢] is the constant term of P%T7i in z.

Corollary 2.2 The equality
(2-4) log JOHPi = u;/z +logrio+ O(z) € QL)) ¢]

holds as Laurent series in z over the coefficient ring Q(X) in each power expansion of
t and q, after regarding t as a formal element.

Proof 1t is clear that both sides belong to Q(A)((2))[z, ¢]- a

1

Corollary 2.3 Djli—o = .
ri0lr=0

Proof By (2-2) at t =0, (2-3) with y = 1, and the definition of J%"+?i  we see that

(2-5) JOFPi = gili=0/z pOtupi|, i OF:Pi (1) 4 0(2).

Also by (2-3) with y =1 and the definition of S to tPi | we see that

26) ST = =02 (14 L(Dyl1=0)) + O2).

The multiplication of e % li=0/2z and (2-2) after the replacements of (2-5) and (2-6) gives
PYTP g+ L4+ 0(%) = P*TP |i—o (14 Dili=o =) + O(2).

Now the comparison of the (¢/z)—coefficient yields the result. a

Geometry & Topology, Volume 22 (2018)
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2.2 Insertions of 0+ weighted markings

To break the symmetry of the localization computation for the virtual fundamental
classes of the elliptic quasimap moduli spaces, we will need to introduce a marking.
However, to keep the relation (2-1) even with markings for g = 1, we will use the
infinitesimally (ie 0+ ) weighted markings.

Denote by

Qo (V. B)  (resp. QG i 5(¥))

the moduli space (resp. graph moduli space) of genus-g (resp. genus-0), degree class 3
stable quasimaps to Y with ordinary k—pointed markings and infinitesimally weighted

m—pointed markings; see Sections 2 and 5 of [3]. They are isomorphic to the universal
curve C of ng|m (Y, B) (resp. QGO Klm— 1ﬂ(Y)). Denote by

0+,0 s Pi 0+,0 s Pi
Qe (V. )7 (resp. QGy i s (V)17

the T—fixed part of ng’l(,)nJr(Y, B) (resp. QGgJ,rc’lgjﬂ(Y)) whose domain components

are only over p;.

For y; € H;(Y) ®QW), 7, §j € H;([V/G],Q), let
(Vlwala---a)/kwak§51,---,5m>gj1;’|(,)nJ,rg

a /eT(zr f*E)ﬂ[Q(H' L0+ l_[CV (Vl)wal l_[eV (5 )
0. i

AN )
0+.,0
(v ™8 Sl g T
B
q ~ ~0+,0
= Zﬁmwl,...,ykw“k;sl,...,5m,t,...,z)0j,;|m++m,,ﬂ,
m’,B

Y S S = /LCC Hev v Hev 8).

: 04,0+, p;
(v 81s e 8m o r

B
Z q = 0+,0+,pi
= (ylwal ’ykwak;gl’""8m’t"“’f)0,k|m+r€1’,ﬂ’
m’,ﬁ
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1468 Bumsig Kim and Hyenho Lho

where éV; is the evaluation map to [V/G| at the j " infinitesimally weighted marking, and

e (e f* E) N1Q4 i (V- AT

0,k |m
el NVl ’
( Qo—i/;|21+ x,B)T P /Qg—;‘?,j (Y,ﬂ))

LCCI :=

Here and below, double brackets with superscript 0+, 0+ will indicate the sum over
all degree classes B and all possible 7 insertions only at the infinitesimally weighted
markings. Similarly, we define

o QO and (@R
Consider

0+,0+

S(y) = Z¢ << >>o 2

L i i 0+,0+ _ ;
Vi (x. ) '_«x—w’y—w»oz _e,-(x+y)+0(CI)’
Ui =i (1. 1) 57 =T, + O(g).
) 04,0+, p; ~
sSSPy =l ), =Y+ O,

0+, p[ - 1 0+,0+, p; _ 7 _ 0+.pi
! ¢ <<Z(Z w)»o,l e lp+0(@)=J li=0 + O(F).

(Here eiZVii at 7 = 0 coincides with V0+ | p; of [5].) As before,

0+, i i
Si P (y) = eV /ZV|p,~a

-7 JOtpi = QU (ZR &z +0(zm+1))

k=0

for some unique R; x € Q(M)[7, ¢] (after regarding 7 as a formal element).

2.3 Birkhoff factorization

In this subsection, we do not need to assume that the 7 —action on Y has isolated
fixed points. Therefore, in this subsection, {¢;}; will denote any chosen basis of
H3(Y)® Q(}) with its E-Poincaré dual basis {¢'};.

Denote by I the infinitesimal /—function J 0+.0+ defined in [3]. The S introduced
in the previous section is, by the very definition, the infinitesimal S—operator S0+-0+

Geometry & Topology, Volume 22 (2018)
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defined in [3]. Hence

I:= J0+’0+ S = SO+,0+'

and
For y € Hy (Y), we denote by ¥ € Hy ([V/G]) aliftof y;ie ¥ly =y.
Let po be the equivariant cohomology class H, (P!) defined by

Polo =2, Poleo =0.
Consider

. - GO+’0+ ~
Pyi= "0 (91 ® pooi 7 ® po) 3, € Hp (V) ® QN7 g]
i
and its virtual C* localization factorization. As in Proposition 4.3 of [3], there is a
Birkhoff factorization
d ~
(2-8) 20yl := Zs SZO]I(Z +s5y) = S(Pp).
Since Py =y + O(q), the factorization (2-8) implies that for each 7, there is a unique
expression of S(y) as a linear combination of dg4 I with coefficients in Q(A)[z][¢].
Hence we conclude the following proposition.

Proposition 2.4 For each 7, there are unique coefficients a;(z,q) € Q(A)[z][¢] making
Zai(z,q)zad,i]l =y 4+ 0(1/z2).
i
Furthermore the left-hand side coincides with S(y).

2.4 Genus-1 theory

From now on, we assume that the Calabi—Yau condition holds; ie
a1(Y)—ci(Ely) =0 in H*(Y,Q).

We apply Givental’s localization method [8] to express a genus-1 generating function
in terms of the genus-0 generating functions.

Consider the genus-1 generating function with one insertion at an infinitesimally
(ie 0+) weighted marking:

500+ . 5)0+0+
(-:¥)ol - Zq Y)ioit.dr

where ¥ € H% ([V/G], Q). We will study the generating function using the virtual
T-localization.
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1470 Bumsig Kim and Hyenho Lho

In the following conjecture, ¢; (1) denotes the element in Q(A) uniquely determined by
eT(EY @ Tp, Y)el (E|p,)
el (T, V)eT(EY ® E|p,)

(2-9) 1+ci(M)e(E) =

where E is the Hodge bundle on the moduli stack M 1,1 of stable 1-pointed genus-1
curves.

Conjecture 2.5 Fory € H% (V/G1,Q),

@10) ()5t

9 [ logRiol7=o Uilr=o
=N gy 0 (08 Ri0li=0 iy
Zi:ql’ 36]7( ATy

1 11 ~ ~Ui(L1+1) .. _ 1 )
+2Xi:(ayUl|t=0)(x,ygli>n(0,0)((e v/eiVii(x,y) Xty

'f=o)’

where q5(3/dqy) acts on qP by q5(3/3q5)qP = 4¢P [57.

We prove Conjecture 2.5 in the following toric setting. Let Y be a projective smooth
toric variety defined by a fan X. Let X (1) be the collection of all 1-dimensional
cones p in ¥ andlet ¥V =CZM)  Then Y is also given by a GIT quotient (Cz(l)//g G
for the complex torus G = (C #)EWI=dmY apq some character 6 of G . Denote

by T the big torus (C*)Z() Let E and W be as in the beginning of Section 2.
Theorem 2.6 Conjecture 2.5 holds true for the toric setting.

2.5 The proof of Theorem 2.6

There is a natural one-to-one correspondence between the T—fixed points of ¥ and
the maximal cones of . For a maximal cone o, denote by p, the corresponding
T—fixed point. The T—fixed loci of Q?E?Jr (Y, B) are divided into two types according
to their images. We will call a quasimap in Q?;ﬁ”

all domain components of the quasimap are all over p,. Otherwise, the quasimap will

(Y, )T avertex type over pg if
be called a loop type. The loop type quasimap is called a loop type over p. if the
marking of the quasimap is over pg .

Let QVTerw and QITOOP,U be the substacks of Q(l)jgi?Jr(Y, B)T consisting of the vertex

and loop types over p., respectively.

Geometry & Topology, Volume 22 (2018)
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0+,0+
1,0[1
bution Vert), from all the vertex types over py € YT and the localization contribution

Loop), from all the loop types over ps € Y T. That is,

(- (1)4(_)|(1)+' ZVert”—i—ZLoopa,

By the virtual localization theorem, (-; ) is the sum of the localization contri-

where

Verty

’

/ (e f*E)lgr &1 (7)
(o

eT(NVlr )

B#O ol 0L, /0050 (B

Loopa

/ T f*ENlgp i)
(ol

. S CT(NV“ )

/3’“’ or /00 .

The above loop term can be identified with the last term in (2-10) by an argument
completely parallel to the corresponding procedure in the proof of Theorem 2.1 of [8].

The analysis of vertex terms needs a nontrivial modification to the corresponding
procedure of [8] due to the appearance of diagonal classes Ay of Mg,m|d’ where
J Cld]:={1,2,...,d}. Here Ay is the codimension-(|J|—1) cycle class represented
by the locus where 0+ weighted markings of J coincide to each other.

Let Vert, be the ps—vertex part of ( )(I)Jg. Then by the divisor axiom for the infinites-
imally weighted marking, Vert), = q5(9/9q5)Vert, . Therefore, it is enough to show

(2-11) Vert, = —57 1og Ry 0l7—0 + 5560 (1) Ug l7—g-

For p € X(1), let &, be the character of the G'—action on the corresponding coordinate
of CEZ(M Recall that &y, p' ¢ o form a basis of the character group of G'. Hence
we may let £, = ) p/¢aap,p’§p’ for some unique integers a, . For a curve class
B € Homgz (Pic® V,Z), denote by B(p) the integer value of S at the line bundle
associated to &,.

Let B, be the set of all pairs (p, j) with p ¢ ¢ and j € [B(p)] :={1,2,...,B(p)}.
Then the T—fixed p,—vertex part of Q; (Y, B) is the quotient of M 1,0/, by a finite

group of order [ 5 B(p)!.

For C e M 1,0|8, » denote the marked point by x, ;) attached to the index (o', j) € B .
Let X for p’ ¢ o denote the effective divisor Y ;i) X(p,j)» and let X, for
p € (1) denote the divisor ) @y, X, of C. Here for p ¢ o with B(p’) =0, we
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1472 Bumsig Kim and Hyenho Lho

set X,y = 0. Then the corresponding quasimap in Q; (Y, f) is a pair

(CAOC(Xp) uptpex1))-
where u,, is the canonical section of O¢(X,) if p Z o; otherwise, u,, is zero.

Let r be the dimension of E. Decompose E = @;zl E; by 1-dimensional T x G—
representations £;. Denote by &; the character of G' associated to the G'—action on E;.
Then & = Zplgzg bi p &y for some unique integers b; . Let X; = Zp/¢6 bip Xy .

In the following, for a divisor D = ) ;a;p; of C with p; € C and a; € Z, we
define DT := Za,->0 aip;i and D™ = Za,-<0 a; pi - By the localization formula (see
Section 5.4 of [5]), note that

Vert, = (It eaMe®)FLY.
;)np¢a B! J i, 14
where
T (m4(05= (R])) ® Cop) 1 €7 (1(Og BN ® Elp,).

FL0) _ 1—[ =
TP e e (O (F) ®Coyp) i o (1(Og () ® Elp,)

i=1
here Cy,, denotes the 1-dimensional T—subspace of 7)Y corresponding to the facet
of 0 complementary to p, and 7w denotes the projection from the universal curve
to M 1,0|85

By the decomposition sequence 0 — O4(—B) — Oq4+p — Op — 0 of effective
Cartier divisors A, B, the computation of e (7 (044 B(D))) is reduced to that of

T(n*((’)xl (xj))), which is —1}, if i = j or Ay jyifi# j. Here 1}, is the psi-class
associated to the 0+ weighted k™ marking. Hence the above expression for F, (1.0)
can be considered as a formal element in Q(A)[[wk, Ay j1] by expanding denommator
as geometric series. For dimensional reasons, F U}BO is expressed as a polynomial in
psi-classes and diagonal classes Ay; jy.

0) F(g,m)

For nonnegative integers g, m, the above expression for Féllé also defines F [
as an element in H*(M, ¢.m|B,» Q(A)) by replacing 4 with the 74 for the universal
curve of M, ¢.m|B, - We will consider only cases where (g,m) = (1,0), (0,2) or (0, 3).

We may simplify the expression of F (gﬂm) by universal calculus not dependmg on

g,m, as follows. Let d be a positive integer. For J C [d], let w J denote wj |a, for
any j € J. Note that for J; N J, # @,

) JiNJz|—1
A.IlAJZ = (_I/lequ)l ! 2| AJ[UJZ
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in H* (Mg,mld’ Q); see Section 4.4 of [10]. For j €[d], define A; to be the fundamen-
tal class. For a partition J = {Jy,..., Ji} of [d] (ie & # J; C[d] and |_|f~‘:1J,~ =[d]),
define

A] = AJI ---AJ

K

Then F (gﬂm) can be written

(2-12) F‘gﬂ’”) = Y asa;

J={J1,., i}

a partition of B
as a linear sum of A y over the coefficient ring Q ()\)[@.| * € 5] such that the right-hand
side does not depend on g, m as long as g, m are bounded.

We claim that e(IE)l/Af. =0in H* (M1,0|k) for all £ > 1. The claim is trivial for k =1
by dimension. Consider the morphism 7 which forgets the last marking:

7 My ojk+1 = M1,0/k-

Since n*(e(E)) =¢(E) and n*(wl) = Wl we have e(]E)wl = 0 by induction on k.
Similarly, 1//. =0in H*(M, 21B0) -

Since e(E)y. = 0 in H*(Ml,o\ﬁ(,) and ¥, =0 in H*(Mo,zmg), we see that

/_ e(IE)F(1 0 — l4(coeff. of the const. term in a¢g_3) = i /_ Féo’z).
M 0ip5 Mo2ipy

The second equality follows by the expression (2-12) independent of g,m. This
explains the last term of (2-11).

The verification of the first term in the right-hand 51de of (2-11) requires a further
analysis of F (gﬂm) First, observe again that the j™ cotangent line on M. ¢,ml|d for
j € [d] is naturally isomorphic to the j® cotangent line on Mg,m|d 1 under the
pullback of the forgetting map of the last 04 weighted point. Therefore, 1}.2 =01in
H*(M ¢.m|By)- BY 1}.2 = 0 and dimensional reasons, it is easy to check that for any

partition J = {Jy, ..., Ji} of By, the following equations hold:

1 itk = _
(2-13) Aﬂp gt = [ 24 if k _landal 1,
M Tk 0  otherwise
Mi 0185 ,
1 ifay=-=ar=1,
2-14 AL Ga _
( ) /A_lo 3180 JW wjk {0 otherwise.
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Here we use the well-known fact that | My, Y= 21—4 and inductive equalities

[ = [ e
Mo 314 Mo 21a—1

- W
Mo 31=Mo.4
=1

by the dilaton equation. Let

k
A-lf;l,n-,-]k := coeff. of 1_[ Vg, inagy, . 53

.....

(p, j) such that j €[|J;(p)|], where J;(p) :={(p, j) € Ji}. Then note that
8 k
(2-15) AL = 1‘[ AP
i=1

which follows from two properties:

(1) Fy p is a product of the T—-equivariant Euler classes of vector bundles with fibers
H°(C,0p(B)), where D is an effective divisor and B is a divisor of C. Here,
supports of D and B are contained in S, .

(2) Let D= D{+ D,, where Dy, D, are effective, and let B = B{ + B,. Then in
the K—group element,

OD1+D2 (Bl + BZ) = ODl (Bl) ® ODl (BZ) + ODZ(BZ) ® ODz(_Dl + Bl)

Suppose that S, is a disjoint union of Sp, S, such that supports of D;, B; are in S;
for each i = 1,2. Then

eT(H°(C,0p, 4+ p,(Bi1+B2)))ls,.s, = e (H°(C,0p, (B1))) e (H°(C,0p,(B))).

where the restriction to Sy, S, is defined to be letting A ; = 0 whenever there is J;
in the partition J such that J; intersects with S; and S, simultaneously.
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By (2-13), (2-14) and (2-15), we note that

[ S N O

3180 k=1 {J1,...Ji} i=1
a partition of Bo

SO o | T

k=1  ordered partition i=1
(J15e-5Jk) of Bo

_ > 1 B(p) ) ABJ;i
> [ l_[(IJI(p)I NIk (0)] l_[

k=1 ordered i=1
(Buys-Bay)
o 1 (1.0)
“[Ieer L > 1‘[( [ FW).
pZo k=1 k! ordered i= HP¢U|JI(/0)|' Mi 08, by
PARN a,BJk
Hence
B
1 F(I’O) 1 7 10g Dg|1=0.

B#0 HP¢U B(p)! M 085 oF 24

This combined with Corollary 2.3 verifies the first term in the right-hand side of (2-11).

Remark 2.7 By Section 5.9.2 of [5], it is clear that the above proof works also for
Calabi—Yau zero loci of homogeneous vector bundles on partial flag varieties Y, local
toric varieties, local Grassmannians, and the total spaces of the cotangent bundles of
partial flag varieties.

3 Explicit computations

In this section, we prove Theorem 1.1. From now on unless stated otherwise, let
G =C* and T =(C*)", and let C;, be the 1-dimensional representation space of G
with positive weight ;. Let E =), _; C;, with "/ _, I, = n. We take the standard
T—action on V' and the T—trivial action on E. This gives rise to a T—equivariant vector
bundle E on [V/G]. Choose a character § such that Y := V /3 G becomes P"~ 1.
Under the natural isomorphism Homg, (PicG V,Z) = 7, we use a nonnegative integer d
instead of B. Let p; be the i™ T—fixed point of Y as in (1-2).
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3.1 Birkhoff factorization revisited

By [7] (see also (5.3.1) of [3]),
H7=0 = It [1=0,
where the left- and right-hand sides are defined in Section 2.3 and (1-1), respectively.
We define the degrees of A, H and ¢ as
deghj =1=degH, degq=0.

Then it is easy to check that, for k =0,1,...,n—1,the 1/ zk_coefficient I of

It |t=0
is a homogeneous degree-k element in Q[o7q,...,0,—1, H]|[q] satisfying
(3-1) I, € Q[¢]H* modulo (1-3).

On the other hand,
St_o(H*) = H* + 0(1/z) for 0 <k <n—1.

Throughout Section 3, we impose the condition (1-3). After [12], we define an operation
as follows. For

Q[H] , d
ke ((H” —Ag))ﬂl/z]][[q" with ((qu_q +H)F) )H=1,2=oo,q=0 70,
let
(quiq —i—H)F(Z, H,q)
((quiq + H>F(Z’ H, q))}H=1,z=oo .

Consider B (I |;—0/15), and note that it is of the form H* + O(1/z) and homoge-
nous of degree k if we put degz = 1.

B(F) =

Corollary 3.1 Recall that = denotes the equality modulo relations (1-3). Then

I7]—
(3-2) Sr_o(H¥) = 8% (-T}L") k=0.1,....n—1.
0

Proof Let H € Hy ([C"/C*]) be the natural lift of /, and let
n—1 )
= Z l‘iHl
i=0
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with formal variables #;. Then there is (the T—equivariant version of) the derivative

n—1 i
I(7) = (exp(z %(quiq + H) ))IT
i=0

of the big /—function as in Section 5.3 of [3], which shows that

form formula

t=0

(3-3) 0 T)r_g = (Zq;—q + H)l (ly).

By (3-3) and Proposition 2.4, in order to verify (3-2), it is enough to recall that both
sides of (3-2) are of the form H* + O(1/z). a

Now consider an equivariant cohomology basis
(,H,...,H"™ Y}, where H:=cT(0O(1))
of the T—equivariant cohomology ring
n

i=1

Its E—twisted Poincaré metric modulo relations (1-3) becomes

o Tlala ifi+j=n—1-r,
ST M e ifi+j=2n—1—r,

for 0 <7, j <n—1. Here we use the relation H" = —[[;_;(—A;) = Aj.
There is an expression of V—correlators in terms of S—correlators by [5, Theorem 3.2.1]:

1Y Szmxi=0(@)lpiSz=y =0 (@))p;
eiVii(x, y)lgg = — L AT PRI E0 T T

ej X+y
Hence
1
(3-4) eiViilz—g = m
a l
n—1—r
x( Y Semnimo(H ) p Sy o (H" 779y,
k=0

r—1
1 _ 1
+m ZSz=x,t~=0(Hn r+b)|PiSz=y,7=0(Hn ! b)|17i)'
b=0
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3.2 Vertex terms

Applying (2-7) to

= T|t 0,pn,z>z />

i qdl_[:z=1 [T G + ez /2i) _

I7—o.,. = ITli=0,p; =
t=0,p; t=0,p 1—[]{:1((1_"_](2/)”)”_1)

we obtain

Tz—o,p; = e“‘q”f/Z(Z Rk(q)(z/xl-)k)

k=0
for some 1u(q) € ¢Q[¢] and Ry (gq) € Q[¢]. Hence

— At
H|7=tnﬁ,pi = H/Z(IT|t=0,q'—>qe’H)

00
= ekifH/zeﬂ(qetH))»i/Z(Z Rk(qetH)(z/Ai)k),

k=0
Thus
(3-5) Uily_y, g = ~(m +p(ge™)) and Ry = Ry(ge™)/ ().
Since
olrmo = Biolizo: wilimo = Uilimo and = (1) + 2 o

J#
we conclude that

1 1
(3-6) E 2 log Dj|i=o = ﬁ(—n log Ro(g)).
i

67 > geulico = 55 ( S 1= (5))uto

3.3 Loop terms

If we let

I1li=0
Wp.pr = ((‘3)1’ To )

((%)p’IT|t 0)‘ ’
H=1,z=x Iy H=1,z=y

V(X, Vs q) = Z WP’P/ + Z WP’P/’

p+p'=n—1-r p+p'=2n—1—r
n—r<p<n-—1

then by (3-2) and (3-4),

Vi ( Vg = AT - (X Y )
Vi N0 = et a2 ?)
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Here we use also the degree property that deg(S(¢ j)S(qu )) =n—1—r. Therefore,
kn—l
i R @Oi/x+1i/y) V(L l,q),
eI(T,,Y)(x+y) Ai’ A
Now the limit as x, y — 0 of (2-10) (or equivalently the residue at x =0, y =0 of
(2-10)/(xy)) as computed in [11, Lemma 5.4] becomes

o~ Ui |7=o(1/x+1/y)eiVii(x,J’)|’f=0 =

i -U; 1 =2 J

lim @ MUM+U”0V“X, _ )‘ — i P ,
(x,)—(0,0) Vi) = o = T, VL) dg =P
where

L(g)==(1—q 1‘[sz>—1/",

Loop(q) := ( 22) 1o (=) g (g T )
n—2—
Z( ) og Cito).

k=

(=]

Since
oU;

Wh:o = L(q)Ai

by (3-5) and Proposition 3.2 below, we conclude that

(3-8) > Loop, = Lo (@)

3.4 Proof of Theorem 1.1

Now the sum
(3-6) + (3-7) + 3Loop(q)

can be explicitly obtained by Proposition 3.2, and hence we complete the proof of
Theorem 1.1.

3.5 Explicit computations of x, Ry, Ry and loop terms

Recall we assume (1-3). Let Ao = 1. Note that /7 satisfies the differential equation

PFIT|t=ty.-# =0, where PF:=( —) —l—ql_[ l_[ (az —i—mz)

a m=1
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see [7, Corollary 11.7]. Applying the differential operator PF to the asymptotic form of

IT |t:tHH,pn9
one obtains u, Rg, Ry and the loop limit; see Sections 4.2 and 4.3 of [11] for details.

For the reader’s convenience, we state the following proposition due to Popa [11].

Proposition 3.2 [11, Propositions 4.3 & 4.4] Consider Cp, for b =0,1,...,n—1.

n—r -1
() 1'[Ci=(1—q]‘[zga) .
i=0 a

2) Cp=Cy_p_p torb=0,1,...,n—r.

(3) Cp=1 forb=n—r+1,....n—1.
q(]— Jlay=1/n _

4) M(CI)Z/ (1= xTlgla") dx and Ro=L"+D/2
0 X

Remark 3.3 Let {(H?)"}}, be the E—twisted Poincaré dual basis of {H?};. Note that

) o —1. 0.0+ ~ 7 1
S(HP™") = HP™' + —(HO({(H®) HP ™' H), [)+0(z2,z—2).

By (3-2) and the definition of Cj, we have

0+,0+

CbE(([-[”)V,I—J{b_l;H)O’2|1 forb=1,...,n—1,

and hence Proposition 3.2(2) naturally follows except for the claim that Cy = C;,—, .
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