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Rigidity of polyhedral surfaces, 11

REN GUO
FENG Luo

We study the rigidity of polyhedral surfaces using variational principles. The action
functionals are derived from the cosine laws. The main focus of this paper is on the
cosine law for a nontriangular region bounded by three possibly disjoint geodesics.
Several of these cosine laws were first discovered and used by Fenchel and Nielsen.
By studying the derivative of the cosine laws, we discover a uniform approach to
several variational principles on polyhedral surfaces with or without boundary. As a
consequence, the work of Penner, Bobenko and Springborn and Thurston on rigidity
of polyhedral surfaces and circle patterns are extended to a very general context.

52C26, 52B70, 58E30; 51M10, 57Q15

1 Introduction

1.1 Variational principles

We study geometry of polyhedral surfaces using variational principles in this paper.
This can be considered as a continuation of the paper by the second author [9]. By
a polyhedral surface we mean an isometric gluing of geometric polygons in E? (Eu-
clidean plane), H? (hyperbolic plane) or S? (the 2—sphere). We emphasize that the
combinatorics, ie, the topological cellular decomposition associated to a polyhedral
surface, is considered as an intrinsic part of the polyhedral surface. The investigation
of the geometry of polyhedral surfaces has a long history. Recent resurgence of interest
in this subject is mainly due to the work of William Thurston on geometrization of
3—manifolds and circle packing on surfaces since 1978. Thurston’s and Andreev’s
works on circle packing are nonvariational. The variational approach to circle packing
was introduced in a seminal paper by Colin de Verdiére [4]. Since then, many works on
variational principles on triangulated surfaces have appeared, for example Brigger [2],
Rivin [14], Leibon [8], Bobenko and Springborn [1], Luo [10; 11] and others. A uniform
approach to variational principles on triangulated surfaces, based on the derivative of
the cosine law for triangles, was proposed in [9]. It is shown in [9] that almost all
known variational principles on triangulated surfaces are covered by the cosine law for
triangles and right-angled hexagons and their Legendre transformations.
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In [9], compact triangles in spherical, Euclidean and hyperbolic geometry are the
building blocks of polyhedral surfaces. Variational principles are established for
compact triangles. The goal of this paper is to develop variational principles arising
from the cosine laws for hyperbolic polygons bounded by three geodesics. Figure 1
is the list of all ten cases of triangles in the Klein model of the hyperbolic plane. In
Figure 2, generalized hyperbolic triangles are drawn in the Poincaré model where a
horocycle is represented by a circle passing through a vertex. Cosine laws for the
cases (1,1,—1), (-1,—1,1), (—1,—1,—1) were discovered in Fenchel and Nielsen’s
work [5]. R Penner [13] discovered the cosine law for the case (0, 0,0) (decorated
ideal triangles).

We observe that there is a uniform way to write the cosine laws in all these cases
(Lemma 3.1). Furthermore, there is a uniform formula for the derivative cosine laws
(Lemma 3.5). From the derivative cosine laws, we are able to find the complete list
of localized energy functionals as in [9]. These action functionals provide variational
principles for cellular decomposed surfaces. All rigidity results obtained in this paper
and the work of Thurston [17], Penner [13] and Bobenko and Springborn [1] can be
deduced from those concave energy functionals.

&)
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s

Figure 1: Generalized hyperbolic triangles in Klein model of hyperbolic plane

1.2 Generalized hyperbolic triangles

A decorated convex polygon in the hyperbolic plane H? is a finite area convex polygon
P so that each ideal vertex of P is associated with a horodisk centered at the vertex.
A generalized hyperbolic triangle (or simply a generalized triangle) A in H? is a
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Figure 2: Generalized hyperbolic triangles in Poincaré model of hyperbolic plane

decorated convex polygon in H? bounded by three distinct geodesics L1, L, L3 and
all other (if any) geodesics L;; perpendicular to both L; and L;. The complete list of
them is in Figure 2. We call L; N A an edge of A. In the Klein model of H?, there
exists a Euclidean triangle A in R? so that each edge of A corresponds to L, Ly
or Lj.

The vertices of A are called (generalized) vertices of /. Note that if v is a vertex
of A outside H2 U dH?2, then v corresponds to the geodesic L;; perpendicular to
the two edges L; and L; adjacent to the vertex v. The generalized angle (or simply
angle) a(v) at a vertex v of A is defined as follows. Let L;, L; be the edges adjacent
to v. If v € H?, then a(v) is the inner angle of A at v; if v € dH?2, a(v) is TWICE
of the hyperbolic length of the intersection of the associated horocycle with the cusp
bounded by L; and Lj;; if v ¢ H? U dH?, then a(v) is the distance between L; and
L ;. Note that a generalized angle is always positive.

As in Figure 3, for a generalized vertex u of A, let B, = {u} if u € H?2, B, be the
horodisk at u if u € JH? and By, is the half plane missing A bounded by L;; if
u ¢ H? U OH?. The generalized edge length (or edge length for simplicity) of L; is

Geometry & Topology, Volume 13 (2009)



1268 Ren Guo and Feng Luo
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u |
Figure 3: Generalized vertices
defined as follows. The generalized length of the edge L; N A with vertices u, v is
the distance from B, to By if B, N B, = & and is the negative of the distance from

dB, N L; to dB, N L; if B, N By # @. Note that generalized edge length may be a
negative number. See Figure 4.

I(e)>0 I(e) <0

Figure 4: Generalized edge lengths

The cosine law (Lemma 3.1) for generalized triangles relates the generalized angles
with the generalized edge lengths. Given a generalized triangle A and a vertex v of A,
the type ¢ of v is defined to be ¢ = 1 if v e H?, e =0 if v € 9H? and ¢ = —1 if
v ¢ H2UQH?2. In this way, generalized triangles are classified into ten types (g1, €2, €3)
where ¢; € {—1,0, 1} as in Figure 2.

1.3 The work of Penner and its generalization

Suppose (§ , T) is a triangulated closed surface S with the set of vertices V, the set
of edges E. Wecall T ={o—V | asimplex o € T} an ideal triangulation of the
punctured surface S = S — V. Wecall V ideal vertices (or cusps) of the surface S. If
the Euler characteristic of S is negative, a decorated hyperbolic metric (d,r) on S,
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introduced by Penner [13], is a complete hyperbolic metric d of finite area on S so that
each ideal vertex v is assigned a positive number r,. Let 7,.(S) be the Teichmiiller
space of complete hyperbolic metrics with cusps ends on S. Then the decorated
Teichmiiller space introduced in [13] is T¢(S) X RZO.

Figure 5: Simplicial coordinates. a is a generalized angle and 5 is the length
of the horocyclic arc.

Given a decorated hyperbolic metric (d,r) € T¢(S) x ]RZO, using the ideal triangu-

lation 7', Penner defined a map W: 7,.(S) x RZO — RE as follows. Given a metric
(d,r), each edge e € E is isotopic to a complete geodesic e¢* and each triangle o
in T is isotopic to an ideal triangle o* in the metric d. Since assigning a positive
number r, to each cusp v is the same as associating a horodisk B centered at the
cusp so that the length of dB is r,, we see that each ideal triangle o* is naturally a
decorated ideal triangle, ie, a type (0,0, 0) generalized hyperbolic triangle. The value
of W(d,r) atanedge e € E, is

b+c—a b +c—-d

Y(d,r)(e) = 5 + 2 ,

where a, a' are the generalized angles facing ¢*, and b, b’, ¢, ¢’ are the generalized
angles adjacent to e* as labeled in Figure 5.

An edge cycle (e1,t1,ea,t,...,e, 1) in a triangulation 7 is an alternating sequence
of edges e; and faces #; in T so that adjacent faces #; and #;; share the same edge
ei forany i =1,...,k and t3 41 =1.

A beautiful theorem proved by Penner is the following.
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Theorem 1.1 (Penner [13]) Suppose (S, T) is an ideally triangulated surface of
negative Euler characteristic. Then for any vector z € Rfo so that Zf:l z(e;) > 0 for
any edge cycle (eq,t,..., ek, ty), there exists a unique decorated complete hyperbolic
metric (d,r) on S so that V(d,r) =z.

Using the derivative cosine law associated to the decorated ideal triangle and the
associated energy function, we generalize Penner’s theorem to the following.

Theorem 1.2 Suppose (S, T) is an ideally triangulated surface of negative Euler
characteristic. Then Penner’s map V: T.(S) x RZO — RE is a smooth embedding
whose image is the convex polytope

P(T)={zeRE| Zf;lz(e,-) > ( for any edge cycle (e1,11,-..,€k, %)}

We remark that, from the definition, the set P(T') is convex. It is in fact a convex
polytope defined by the finite set of linear inequalities Zf-;l z(e;) > 0 for those edge
cycles (eq,11,..., ek, tx) where each edge appears at most twice (see Luo [11] and
Guo [6]).

Results similar to Penner’s work have been established recently for hyperbolic cone
metric by Leibon [8] and hyperbolic metric with geodesic boundary in [11]. In fact
Leibon defined the coordinate ¥ (¢) = 2 T4 b/“;_“/ , where edge e is shared by
two hyperbolic triangles, a, a’ are the inner angles facing e, and b, b’, ¢, ¢’ are the
inner angles adjacent to e. In [11], the coordinate is ¥ (e) = 2 +§_“ + 2 /+02/_“/, where
edge e is shared by two hyperbolic right-angled hexagons, a, @’ are the lengths of
boundary arcs e, and b, b’, ¢, ¢’ are the lengths of boundary arcs adjacent to e.

In [9], a one-parameter family of coordinates depending on a parameter /4 € R is
introduced for hyperbolic cone metrics and hyperbolic metrics with geodesic boundary.
These coordinates generalized the ones in [8] and [11]. In fact, Leibon’s coordinate is
deformed as

b+c—a b/ +c’—a’

1ﬁh(e)=/0 ’ cos”(t)alt—i—/0 ’ cos’ (1) dt.

The coordinate in [11] is deformed as

atb—c a’+b'=c’

Yy (e) =/(; ’ coshh(z‘) dt —i—/(; ’ COShh(l) dt.

These two cases can be written in one formula as

atb—c a’+b'—c’

1ﬁh(e)=/0 i COSh(«/Et)dtJr/O ’ cos” (Vet) dt.
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Compact hyperbolic triangles correspond to ¢ = 1. Hyperbolic right-angled hexagons
correspond to ¢ = —1. Ideal hyperbolic triangles correspond to ¢ = 0. These 1—
parameter family of deformations are derived from the associated 1—parameter family
of 2—dimensional Schlaefli formulas for the associated generalized hyperbolic triangles.
However, there is only one 2—dimensional Schlaefli formula for decorated ideal triangles.
This is the reason that Penner’s coordinate cannot be deformed.

The relationship between the edge invariant in [11] and Penner’s map W was recently
established by Mondello [12].

1.4 Thurston—Andreev’s circle packing and its generalizations

Thurston’s work on circle packing can be summarized as follows. Suppose (2, T')
is a triangulated closed surface so that V', E, F are sets of all vertices, edges and
triangles in 7. Fix a map ®: E — [Z, ]. According to Thurston [17], a hyperbolic
circle packing metric with intersection angles @ is a function r: V' — R+ so that the
associated edge length function /: E — R~ ¢ is defined as follows. In Figure 6, consider
a topological triangle with vertices v;, vj, v, . One can construct a hyperbolic triangle

Figure 6: Thurston—Andreev circle packing

Av;vjqy such that the edges vigx, vjgx have lengths r(v;), r(v;) respectively and
the angle at g, is ®(v;v;). Let /(v;v;) be the length of edge v;v; in the hyperbolic
triangle Av;v;qy , which is a function of r(v;), r(v;) and given ®(v;v;) via the cosine
law. Similarly, one obtains the edge lengths /(vjvg), [(vgv;).

Under the assumption that ®: £ — [Z, x|, Thurston observed that lengths /(v;v;),
[(vjvg) and [(vgv;) satisfy the triangle inequality for each triangle Av;v;jvg in F.
Thus there exists a hyperbolic polyhedral metric on (X, 7) whose edge length function
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is /. Let K: V — R be the discrete curvature of the polyhedral metric, which sends a
vertex to 27 less the sum of all inner angles at the vertex.

Theorem 1.3 (Thurston [17]) For any closed triangulated surface (X, T) and any
®: E — [, ], a hyperbolic circle packing metric on (X, T') is determined by its
discrete curvature, ie, the map from r to K is injective. Furthermore, the set of all K’s
is an open convex polytope in RV .

Figure 7: Generalized circle packing

Since there are many other cosine laws available, we may try to use these other cosine
laws for generalized triangles of type (s, €, §) instead of type (1, 1, 1) used by Thurston.
To state our result, let us fix the notation once and for all. Let

_[Rso if8=0,—-1, ¢ [Rsq if §=0,—1,
(- I‘*_{(o,n] if §=1. 15_{(0,71) if §=1,
_[Rsg ifo=1,—1,
(1-2) J"_{R if o=0.

A generalized circle packing metric of type (e, €,8) on a triangulated surface (X, T)
with weight ®: E — [ is given by a radius function r: V' — J.5 so that the edge
length function /: £ — J, is obtained from the radius r and weight ® by the cosine
law applied to the generalized triangle of type (s, €, §). In Figure 7, consider a triangle
with vertices v;, vj, vk in the triangulation. One can construct a generalized hyperbolic
triangle Av;vjgi of type (e, €,8) such that the edges v;qi, vjqx have lengths r(v;),
r(v;) respectively and the generalized angle at g is ®(v;v;). Let /(v;vj) be the length
of edge v;v; in the generalized hyperbolic triangle Av;v;qy, which is a function of
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r(v;), r(vj) and given ®(v;v;) via the cosine law. Similarly, one obtains the edge
lengths [(vjvg), [(vgvi).

Depending on ¢ € {0, —1, 1}, the numbers /(v;vj), /(vjvg), [(viv;) may not be the
three edge lengths of a type (e, €, €) triangle. Let M, s(P(v;vj), ®(vjvg), P(vevi))
be the set of all (r(v;), 7 (vj),r(vk)) € J;5 such that there exists a type (g, €, &) triangle
Avjvjvg with edge lengths /(v;vj), [(vjvg), [(vgv;). Therefore r can only take
values in NV 5(®P) a subspace of (Jes)" , where Nes(®) is the set of all r: V — Jgs
such that (r(v;),r(vj),r(vk)) € Mgs(DP(vivj), P(vjvr), D(vgv;)), if v;, v, v are
vertices of a triangle.

The edge length function /: E — J, produces a polyhedral metric on (X,7). We
define the generalized discrete curvature of the polyhedral metric to be K:V —>R.g
sending a vertex to the sum of all generalized angles at the vertex. We remark that the
generalized discrete curvature and the discrete curvature in Theorem 1.3 differ by a
sign and a constant.

We show that Thurston’s circle packing theorem can be generalized to the following
six cases corresponding to the generalized triangles of type (—1,—1,1), (—1,—1,—1),
(-1,-1,0), (0,0,1), (0,0,—1), (0,0,0) in Figure 8. More precisely, we list the six
cases below.

(a) For the case of (—1,—1,1), where ®: E — (0, ], the edge length /(v;v;)
is obtained from the radii r(v;), r(v;) by the cosine law for the hyperbolic
pentagon as in Figure 8 (a).

(b) For the case of (—1,—1,—1), where ®: £ — (0, 00), the edge length /(v;v;)
is obtained from the radii r(v;), r(v;) by the cosine law for the right-angled
hexagon as in Figure 8 (b).

(c) For the case of (—1,—1,0), where ®: E — (0, 00), the edge length /(v;v;) is
obtained from the radii 7 (v;), 7(vj) by the cosine law for the hexagon as in
Figure 8 (c).

(d) For the case of (0,0,1), where ®: E — (0, ], the edge length /(v;v;) is
obtained from the radii r (v;), r(v;) by the cosine law for the pentagon as in
Figure 8 (d).

(e) For the case of (0,0,—1), where ®: E — (0, 00), the edge length /(v;vj) is
obtained from the radii r(v;), r(v;) by the cosine law for the hexagon as in
Figure 8 (e).

(f) For the case of (0,0,0), where ®: E — (0, 00), the edge length /(v;v;) is
obtained from the radii 7 (v;), r(vj) by the cosine law for the hexagon as in
Figure 8 (f).
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D(v;v;
(U U]) q)(vivj) . "’CD(U,'UJ')
r(vj) r(v;) r(vj) r(vi) r(vj) r(v;)
I (viv)) I(vivj) I(vivj)
(-1,—1,1) (-1,-1,-1) (-1,-1,0)
(b)

@ (vivj)

- [(vivy)

l(v,-vj)
0,0,1) 0,0,-1) (0,0,0)
(d) (e) (®

Figure 8: Symmetric generalized triangles for generalized circle packing

Theorem 1.4 Given a closed triangulated surface (X, T) and ®: E — Ig in the above
six cases, the generalized (€, €, §) type circle packing metric r € N 5(®) is determined
by its generalized discrete curvature K:V > Rsg.In particular, the map from r to K
is a smooth embedding. Furthermore, the set of all K ’s is the space RZO.

Our method of proof of Theorem 1.4 also produces a new variational proof of the
rigidity of circle packing in Thurston’s theorem (Theorem 1.3) similar to the proof
in [3]. However, unlike the proof in [3] which uses Thurston’s geometric argument
and Maple, our proof is a straight forward calculation. We are not able to establish
Theorem 1.4 for the remaining two cases of (1,1, —1), (1,1,0) in Figure 9.

®(v;v5)
r(vj) 1 (v;)

[(vivj)
(1,1,-1) (1,1,0)

Figure 9: Generalized circle packing does not work in the two cases.
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Generalized circle patterns have been considered by many authors including Bobenko
and Springborn [1], Schlenker [15], Stephenson [16] and others. In particular, Stephen-
son’s question [16, page 331] about disjoint circle patterns motivates us to consider the
generalized circle packing of type (1,1, —1).

Furthermore, similar to the work of [3] on discrete curvature flow, for the case of € = —1
in Theorem 1.4, there exists a corresponding generalized curvature flow. Indeed, let
ri := r(v;) be the radii at vertex v; € V' and I?,- be the generalized discrete curvature
at vertex v; € V. The generalized curvature flow is
dri) = —Izile"' ——gbe™ "1,

dt 2 2
From the proof of Theorem 1.4 in Section 4, we obtain that, when (¢, ¢, §) is one of
the six cases in Theorem 1.4, the flow is a negative gradient flow of a strictly concave
down function after a change of variables.

1.5 Bobenko-Springborn’s circle pattern and its generalizations

In [1], Bobenko and Springborn generalized Thurston’s circle packing pattern in
the case of ® = & in a different setting. The energy functional in [1] was derived
from a discrete integrable system. Let us recall briefly the framework in [1]. See
Figure 10 (a). Let (X, G) be a cellular decomposition of a closed surface with the set
of vertices V, edges E and 2—cells F. The dual cellular decomposition G* has the
set of vertices V*(=x F) so that each 2—cell f in F contains exactly one vertex f™*
in G*. If v is a vertex of a 2—cell f, we denote it by v < /. For all pairs (v, f)
where v < f, join v to f* by an arc in f, denoted by (v, f™*), so that (v, /*) and
(v/, f*) don’tintersect in their interior. Then these arcs (_J o, ) (v, /) decompose the
surface ¥ into a union of quadrilaterals of the form (v,v’, f™*, f"*) where vV’ € E,
v< f,v < f’. According to [1], this quadrilateral decomposition of a closed surface
arises naturally from integrable systems and discrete Riemann surfaces. Now suppose
0 : E — (0,7) is given. For r: V* — R., called a circle pattern metric, and a
quadrilateral (v,v’, f*, f*), construct an E2 (or H?) triangle A f* f*v so that
the length of the edges v/ ™, vf’* are given by r(f™*), r(f’*) and the angle at v is
O(vv').

In this way the quadrilateral (v,v’, f*, f'*) is realized in E? (or H?) as the isometric
double of the triangle A f* f"*v across the edge f™* f’*. Since the surface X is a
gluing of the quadrilateral (v, v, /™, f’*) along edges, by isometrically gluing these
quadrilaterals, one obtains a polyhedral metric on the surface 3 with cone points at the
vertices V and V*. The cone angles at v € V are prescribed by 6, the only variable
curvatures are at f* € V*. Bobenko—Springborn’s rigidity result says:
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(a)

Figure 10: Bobenko—Springborn’s circle pattern

Theorem 1.5 (Bobenko—Springborn [1, Theorems 3 and 4]) For any cell decomposi-
tion (X, G) of a closed surface and any map 6: E — (0, i), the circle pattern metric
r: V* — Rs is determined by its discrete curvature K: V* — R for hyperbolic
polyhedral metrics and is determined up to scaling by K: V* — R for Euclidean
polyhedral metrics.

We remark that Bobenko and Springborn [1] proved that the set of all discrete curva-
tures K forms a convex polytope. In the hyperbolic geometric setting, the essential
part of Bobenko and Springborn’s construction is to produce the hyperbolic triangle
A f* f"™*v with two prescribed edge lengths and the prescribed angle between the two
edges. Since there are eight other generalized hyperbolic triangles of type (e, ¢, §) as
listed in Figure 2, we can use them to produce hyperbolic metrics. Our result below
shows that the rigidity phenomena still hold for the other eight cases.

We assume the same setting as in [1] that (X, G) is a cellular decomposed surface so
that V', E, F are the sets of all vertices, edges and 2—cells with dual (X, G*). Suppgse
(e,6,8)€{—1,0,1}3, and amap 6: E — I is given (see (1-1) for the definition of 7).

Assume for an r € (J,5)"" and any quadrilateral (v, v’, *, f'*), we can construct a
type (&, ¢, 8) generalized hyperbolic triangle A /™ f"*v so that the lengths of v /™, vf’*
are r(f*), r(f'*) respectively and the generalized angle at v is 6(vv’). Now realize
the quadrilateral (v,v’, f*, /'*) as the metric double of A f™* f"*v across the edge
f* ™. The generalized curvature of the resulting circle pattern is concentrated at
the vertices V*. It is defined as follows. For & € R, define the generalized curvature
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K},Z V* >R by

(13) Kt =302 [ dbwar

i=1

where the a;’s are the generalized angles at the vertex /™ in the triangle A f* f"™*v
and pg(¢) = f(; cos(+/ex) dx (see the definition in Section 2).

The following theorem is only considering the rigidity of the generalized Bobenko—
Springborn circle pattern. We do not have a result addressing the existence, ie, describ-
ing the imaging of the map in the following theorem. In the last two subsections about
the generalized Penner’s map and the generalized Thurston—Andreev circle packing,
we established both of rigidity and existence.

Theorem 1.6 Under the setup of generalized circle pattern above, for any (¢, ¢,8) €
{(=1,0,1}3 and 0: E — I, the map from (J,5)"" to RY" sending r to K, is a
smooth embedding.

Bobenko and Springborn’s circle pattern theorem (Theorem 1.5) in the hyperbolic
geometry corresponds to (g,¢&,8) = (1,1,1) and & = 0 in Theorem 1.6. Bobenko
and Springborn [1] also showed that the image of {K} is an explicit open convex
polytope in RY™ . It is an interesting question to investigate the images of {K}} in the
generalized setting.

‘We remark that there is a discrete curvature flow for each case in Theorem 1.6. Let
ri :=r(f;*). The flow is defined by

dri(t)
dt

—Kh(fi*)(zeri - —85€_ri) )

From the proof of Theorem 1.6 in Section 5, we obtain that, for any (e,¢,8) €
{—1,0,1}3, the flow is a negative gradient flow of a strictly concave down function.

Similar situations have been considered before by Hazel. In [7], he considered the flow
for cases when 4 =0 and (g,8,¢) = (1,1,1), (1,1,—1) or (1, 1,0).

Acknowledgment We would like to thank referee for his/her careful reading and very
helpful suggestions and comments.
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2 A proof of Theorem 1.2

We give a proof of Theorem 1.2 in this section. The proof consists of two parts. In the
first part we show that Penner’s map W is an embedding. Then we determine its image.
As in [11], the rigidity follows from the following well-known fact together with the
cosine law for decorated ideal triangles.

Lemma 2.1 If X is an open convex set in R" and f: X — R is smooth strictly
convex, then the gradient V f: X — R” is injective. Furthermore, if the Hessian of f
is positive definite for all x € X , then V [ is a smooth embedding.

To begin, recall that (S, T') is an ideally triangulated surface with sets of edges, triangles
and cusps given by E, F, V. We assume that x(S) < 0.

Following Penner [13], we will produce a smooth parametrization of the decorated
Teichmiiller space T, (.S) x RZO by RE using the edge lengths. From the derivative
cosine law for decorated ideal triangles, we will construct a smooth strictly concave
down function H on RE so that its gradient is Penner’s map ¥. Then by Lemma
2.1, the map W: T.(S) x RZO — R¥ is an embedding. To determine the image
(T (S) % RZO), we study the degenerations of decorated ideal triangles. The strategy
of the proof is the same as that in [11].

2.1 Penner’s length parametrization of 7.(S) xR”

For each decorated hyperbolic metric (d, r) € T (S) XRZO, where r = (rq, ...1p|), one
replaces each edge e € E by the geodesic e* in the metric d and constructs for each
cusp v; € V ahorocyclic disk By, (v;) centered at v; whose circumference 9By, (v;)
has length r; = r(v;). Now, the length coordinate 14, € RE of (d,r) is defined as
follows. Given r: V — R, realize each triangle Auvw in T by a decorated ideal
hyperbolic triangle with generalized angles at u, v, w being r(u), r(v), r(w). Then
l4,r(e) is the generalized edge length of the edge e = uv in the triangle Auvw. In
this way, Penner defined a length map

L: T,(S)xRY) - RE
d.r)—lg,.

Lemma 2.2 (Penner [13]) The length map L: T,(S) x RZO — R¥E s a diffeomor-
phism.
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Proof By the cosine law for decorated ideal triangle, the map L satisfies for all

Q-1 L(d,»r)=L{d,r)—QInA)(1,1,...,1).

Thus, it suffices to deal with those decorated metrics (d, r) so that r are small, ie,
L{,r) e Rfo. In this case, Penner proved that L|: L™! (Rfo) — ]Rfo is a diffeo-
morphism by a direct geometric construction using isometric gluing of decorated ideal
triangles. By (2-1), it follows that L is a diffeomorphism. |

2.2 Penner’s map ¥ is a coordinate

Recall that for a decorated ideal triangle A with edges eq, e,, e3 of lengths [y, [5, /3
and opposite generalized angles 61, 0, 03, the cosine law obtained by Penner [13] says
I; 2
et _ 2 b et

2 0; O 4
where {i, j,k} = {1,2,3}. The derivative cosine law expressing /; in terms of
(61,02, 03) says

al; a1

0 ;0
Let x; = %(Gj + 0 — 0;) (or 6; = xj + xi). We call x; the radius invariant at the
edge e; in the triangle A.

07

Using the derivative cosine law, we have:

Lemma 2.3 Under the same assumption as above, the differential 1-form w =
Z;’:lx,-dl,- is closed in R? and its integration W(l) = fOI w is strictly concave down
in R3. Furthermore,

aw

al;

Proof Consider the matrix H = [0/,/0dxp]3x3. The closeness of w is equivalent to
that H is symmetric. The strictly concavity of W will be a consequence of the negative
definiteness of H. We establish these two properties for H as follows. Assume that
indices {i, j,k} ={1,2,3}. By definition, d/dx; = 9/060; + 9/30 . It follows from

the derivative cosine law that
ol; _ 1 n 1
ax;  \6 6 )

al; _ 1

ax; O

(2-2)

= Xj.

and
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which is symmetric in 7, j. This shows that the matrix H is symmetric. Further-
more, the negative matrix —H is of the form [m,p]3x3 Where mgp = mp, > 0
and m;; = m;j + mj,. The determinant of such a matrix can be calculated eas-
ily as 4miy1myyms33 > 0, and the determinant of a principal 2 x 2 submatrix is
m;iimjj —mfj = (mjj +mjg)(m;j +mj) —ml.zj > (. It follows that — H is positive
definite. O

By the construction in Section 2.1, it suffices to show that the composition U =
Wo L7 !: RE - RE is a smooth embedding. The map U is constructed explicitly as
follows. For each / € RE and each triangle o € F realize o by an ideal hyperbolic
triangle together with horocycles centered at three vertices so that the generalized
edge length of an edge ¢ in o is /(e). Now isometrically glue these ideal hyperbolic
triangles along edges so that the horocycles match. The result is a complete finite area
hyperbolic metric on the surface S together with a horocycle at each cusp. For each
edge e € E, the value A‘ﬂ(l)(e) is equal to b+§_a + b/'“;_“/ where a, a’, b, V', ¢,
¢’ are generalized angles facing and adjacent to e in Figure 5. Thus

(2-3) U(l)(e) = rr(e) +rpr(e)

where /', f’ are the decorated ideal triangles sharing the edge e and r¢(e), ry(e) are
the radius invariants at the edge e in f', f” respectively.

Given a vector / € RE | define the energy H(I) of I to be

H)y= Y W) l(e) lex))

{i,j.,k}eF

where the sum is over all triangles {7, j,k} in F with edges ¢;, ¢j, ex. By definition
and Lemma 2.3, H: RE — R is smooth and strictly concave down when Hessian is
negative definite. Furthermore, by (2-2) and (2-3),
oH
dl(ei)

ie, VH = W . It follows from Lemma 2.1, that U: RE 5 RE is a smooth embedding.
Therefore WV is a smooth embedding.

= W(l)(es)

2.3 The image of Penner’s map

Let © be the convex subset of RE consisting of all z € RE such that Zf’ _,z(en;) >0
whenever (en,,n,,€nystnys - - - €np s Iny» €ny ) s an edge cycle. To show that \IJ(RE) =
Q, due to convexity of Q, it suffices to prove that W(R%) is both open and closed

in Q.
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VATEVAN
VAVARRVAN
\VANNVAVS

\VAVAVA

Figure 11: Edge cycles

First to see that a(RE) C 2, take an edge cycle (eny.tny:€nyslnys -+ Cnyslnysny)
as shown in Figure 11 and take / € RE .

Let the generalized angles in the decorated ideal triangle 7, in the metric LZ~!(/) be
a;, bi, ci, where b; faces the edge ey, , ¢; faces the edge e,; , and a; is adjacent to
en; » en;, - Then the contribution to Y%_ lIJ(l)(en ) from ey, , ep, ., in triangle 7y,
is given by (a; +b; —c¢;)/2+ (a; +¢i —b i/2) = a;. Thus

p p
(2-4) Y W) (en) =Y ai>0
ji=1 ji=1

due to a; > 0 for all 7. It follows that E(RE) is open in €2 since U: RE » RE was
just proved to be an embedding.

It remains to prove that E(RE ) is closed in 2. The closeness of E(RE ) in  requires
to show that if a sequence {/ RE};’::O satisfies limy;— 0o G(ﬂm)) =z € 2, then
{/ (m)},‘;o:o contains a subsequence converging to a point in R¥ . Given a decorated
hyperbolic metric /7 € RE on (S, T) and a generalized angle 6, let 87 € R3F be
the generalized angles of the decorated ideal triangles in (S, T') in the metric /™ . By
taking a subsequence if necessary, we may assume that limy,— o {Ij(l (m)) converges
in [—00, 0o]F and that for each angle 6;, the limit lim,, oo Qi(m) exists in [0, o].

Lemma 2.4 Forall i, limy,— 0o Gi(m) €[0,00).
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Proof If otherwise, suppose that lim,;—s o 0(m) = oo for some angle 6;. Let

e1, ey be the edges adjacent to the angle 6; in the triangle 7. Take an edge cycle
(€ny+tny»€nystnys -+ - nys Iny» €ny) Which contains (eq,7, e3) as a part. Then by the
calculation as in (2-4),

p p
Y z(en) = lim > W™ (en) = lim 67" = oo
m—>00 m—00

i=1 i=1

This contradicts the assumption that z € Q. O

Now, we finish the proof by contradiction as follows. If limg oo / (M) were not in
RE | there would exist an edge e € E so that limy, e /% (¢) = +00. Let ¢ be a
triangle adjacent to e. Let Ql(m), Hz(m) be the generalized angles in ¢ adjacent to e in
the metric /™ . By the cosine law,

4
(2-5) exp(I™(e)) = ——~——

and 91(”'), Qz(m) € (0,00).

Case 1 If lim,,— o0 /™ (e) = —00, then lim,,— o0 exp(/™ (e)) = 0. By (2-5), one
of limy;,— o0 Hl.(m) must be co. But this contradicts Lemma 2.4.

Case2 If limy, o0 /7 () = 00, then limy, o0 exp(/ ™ (¢)) = 0o. Since Lemma 2.4
shows that Ql(m) and 92(’") are bounded, by (2-5), one of the limits lim;— oo Qi(m) must
be zero for i =1 or 2. Say lim;;— 0 Gl(m) = 0. Let e; be the other edge in the triangle
t so that ey, e are adjacent to the generalized angle 6;. Let 63 be the third angle in ¢,
facing e. Then by the cosine law that exp(/“™ (e;)) = 4/ (G(m)G(m)) and Lemma 2.4
on the boundedness of 9( m) , we conclude that limy,_s oo /" )(el) = 0o. To summarize,
from im0 /" )(e) oo and any triangle ¢ adjacent to e, we conclude that there
is an edge e, and an angle #; adjacent to e, e in ¢ so that limg;— o 19 (e1) = 00

and im0 6 = 0.

Applying this procedure to e; and the triangle #; adjacent to e; from the side
other than the side that ¢ lies. We obtain the next angle, say 6, and edge e; in

1 so that limy,—eo l(m)(ez) = oo and lim;;— o 92(”’) = 0. Since there are only
finite number of edges and triangles, this procedure will produce an edge cycle
(eny>tnys€nystngs - €nysltny . €ny) in T so that
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G limp—oo l(m)(en[.) = oo for each i,
i) Timy— o0 6™
en; and ep; .

= 0 for each 7, where 6; is the angle in triangle ¢,, adjacent to

By (2-4),

k

k k
> z(en) = lim D WA (en;) = lim 3 6™ = 0.

i=1 i=1 i=1

This contradicts the assumption that z € Q.

3 The derivative cosine law

We give a unified approach to all cosine laws and sine laws in this section. The
derivatives of the cosine laws are also determined. Most of the proofs are straightforward
checking and will be delayed to Appendix B.

Assume that a generalized hyperbolic triangle of type (g1, €2, €3) € {—1,0, 1} has
generalized angles 61, 8, 83 and opposite generalized edge lengths /1, /5, /3. There
are ten different types of generalized hyperbolic triangles as shown in Figure 2. The
relationships between /s and 6s are expressed in the cosine law and the sine law. To
state them, we introduce the two functions pg, 7y depending on ¢, 60,5,/ € R:

9
(3-1) pe(6) = [ cos(Vex) dx = — sin(/e).
0 NG
_by 1oy
(3-2) () = 2e 2se .

To be more explicit,

p1(0) =sin(0), po(0) =0,  p—1(#) =sinh(0),
71(l) = sinh(l), to(l) = %el, 17_1(/) = cosh(/).

A simple calculation shows

dpe (0)

pi(8) := o= = cos(V/eb),
Itg(l) 1 1 _
() = 51 =§el+§se L
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Lemma 3.1 (The cosine laws and the sine laws) For a generalized hyperbolic trian-
gle of type (e1,€2,63) € {—1,0, 1} with generalized angles 6, 0,, 03 and opposite
generalized edge lengths 11, I, I3, for {i, j, k} = {1, 2, 3}, the following hold:

P, (0:) + pi. (8)) Pk, (k)
3-3 Lo () = ’
(3-3) Tejex (i) Ps; (6) psy (Bk)

(3-4) 202 (ﬁ) _ e () = g6 — e
"\ 2 Terei (1) Teie; (I1)
(3-5) o (6) = —&iTy, 6, i) + T4, 6, ()T, (k) |
l Tere; (Zj)faisj ()
(3-6) ps; (6i) _ P C)

Teje (11) Tepe; (lj)

Proof In Appendix A, the cosine law and the sine law for each type of the ten
generalized hyperbolic triangles are listed. We check directly that all the formulas there
fit the uniform formulas (3-3)—(3-6). O

Remark 3.2 The identity (3-6) is called the sine law. The formula (3-4) is stronger
than the formula (3-5). They are equivalent if ¢; = 1. If ¢; = 0, the formula (3-5) is
trivial while the formula (3-4) expresses 6 in term of lengths /.

For the six cases of generalized triangle without ideal vertices, there is a unified strategy
to derive the cosine law (3-3) and (3-5) by using the hyperboloid model. This unified
strategy is essentially given in [18, pages 74—82]. But this method does not work for
the four cases of generalized triangle with ideal vertices.

The concepts of Gram matrix and angle Gram matrix of a generalized hyperbolic triangle
are defined as follows. For a generalized hyperbolic triangle of type (¢1, &2,63) €
{—1,0,1}3 with generalized angles 61, 6>, #3 and opposite generalized edge lengths
l1, [, I3, its Gram matrix is

&1 Tpe,(13) Toye, (12)
G =— ré182(13) & t£283(11)
Té381 (12) Ié‘283 (11) &3

and its angle Gram matrix is

—1 pg(83) pg,(62)
Go:=—| pp,(03) =1 p (6)
péz(gz) 102‘1 (91) _1
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Lemma 3.3 The determinants of G; and Gy satisfy the following:

(3-7) det Gy = —(Tee; (1) Tere; (1) pe; (61))

(3-8) det Go = —(ps; (0)) pey. (O1) ;61 1))

For a hyperbolic triangle, Lemma 3.3 is well-known. We will prove it for a generalized
triangle in Appendix B.

By Lemma 3.3 and the sine laws (3-6), we see

1 Teres (ll) 0 0
M=o | 0 () O
—det Gy 0 0 T3132(13)
L ey 00

= | 0 pu®) 0
v=detGe \ 0 pey(63)

Lemma34 MG, MGy=1I.

This lemma is a consequence of the cosine laws and the sine laws (3-3), (3-5) and (3-6).
It is checked by direct calculation.

Let y1, ¥, y3 be three functions of variables x, x5, x3. Let 4 = (%)3“ be the
J
Jacobi matrix. Then the differentials dy;, dy,, dys and dx;, dx,, dx; satisfy

dyi dx;
dy2 =A dX2
dy3 dX3

Lemma 3.5 (The derivative cosine law) For a generalized hyperbolic triangle of type
(e1,€2,83) € {—1,0,1}> with generalized angles 0, 6,, 03 and opposite generalized
edge lengths [y, I, I3, the differentials of I’s and 6’ s satisfy the following relations:

dl, o,

(3-9) dly | =maG, | 46, |,
dls b,
o, dl,
(3-10) do, | =M Gy | dl,
dbs dls

We will prove Lemma 3.5 in Appendix B.

Geometry & Topology, Volume 13 (2009)



1286 Ren Guo and Feng Luo

In the rest of the section, we establish the existence of a generalized hyperbolic triangle
of type (e,¢,8) € {—1,0, 1} with two given edge lengths /1, /, and a generalized
angle 6 between them, Wfolere the generalized angles opposite to /1, /; have type &
and 6 has type §. Recall I5 and Jg are in (1-1) and (1-2).

Fix type (e,&,8) € {—1,0,1}3. For a given 0 € 105, let’s introduce the set D, 5(0) =
{(l1,15) € (J5)? | there exists a generalized hyperbolic triangle of type (e, &, §) with
two edge lengths /q, /; so that the generalized angle between them is 6 of type §}.

Lemma3.6 (1) Ife=1 or0, then D, 5(0) = (Jes)*.
(2) If(e,8) =(—1,1), then

D,s0)=1{(1.1») € R2>0 | sinh /; sinh /, —cos 6 cosh/; cosh/, > 1}.
(3) If (¢,6) = (—1,0), then
Des(0) = {(l1.1) eR? |0 > ™1 + 712}
4) If (e,8) = (—1,—1), then
D, s(0) =1{(1.12) € R2>o | cosh @ sinh /{ sinh /, — cosh/; cosh/, > 1}.

Proof We will construct a generalized hyperbolic triangle of type (e, €,8) in each
case as follows.

Denote by H? the hyperbolic plane and by dH? the ideal boundary of H?.

If (s,6,8) = (1,1,1), choose a point O € H2. Draw two geodesics rays Ly, L,
starting from the point O such that the angle between L, L, is 6 € (0, 7). Let P;
be the point on L; such that the length of the segment OP; is /; >0, i = 1,2. Then
one obtains the hyperbolic triangle by joining P;, P, by a geodesic segment.

If (e,,8) = (1,1,0), choose a point O € JH? and draw a horocycle centered at O.
Let Hy, H, be two points on the horocycle such that the length of the horocyclic
arc Hi H; is % > 0. For i = 1,2, draw a geodesic L; passing through O and H;.
Let P; be the point on L; such that the length of the segment of H; P; is |/;| and
H; is between O, P; on L; if and only if /; > 0. Then one obtains the generalized
hyperbolic triangle by joining P;, P, by a geodesic segment.

If (g,6,8) = (1,1,—1), draw a geodesic segment GG, of length 6§ > 0 with end
points G1, G,. For i = 1,2, let L; be a geodesic ray starting from G; perpendicular
to G1G, and L, L, are in the same half plane bounded by the geodesic containing
G1G,. Let P; be the point on L; such that the length of the segment G; P; is [; > 0,
i = 1,2. Then one obtains the generalized hyperbolic triangle by joining Py, P, by a
geodesic segment.
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If (e,&,8) = (0,0,1), choose a point O € H?. Draw two geodesics rays L;, L,
starting form the point O such that the angle between L, L, is 6 € (0,7) and L;
ends at point P; € 0H?2. Join P;, P, by a geodesic. Let H; be the point on the
geodesic containing L; such the length of OH; is |/;| and H; is between O, P; if and
only if /; > 0. Draw a horocycle centered at P; passing through H;. One obtains the
generalized triangle OP; P, decorated by two horocycles.

If (e,¢,8) = (0,0,0) or (0,0,—1), the construction is similar to the case of (0,0, 1)
above.

If (¢,6,8) = (—1,—1, 1), choose a point O € H2. Draw two geodesics rays L, Ly
starting form the point O such that the angle between Ly, L, is 6 € (0,7). For
i =1,2,let P; be the point on L; such that the length of the segment OP; is [; > 0.
Let M; be the geodesic passing through P; perpendicular to L;. There is a generalized
hyperbolic triangle with prescribed lengths /1, /; and angle @ if and only if the distance
between My, M, is positive. The distance / between M;, M, can be calculated from
the cosine law of generalized triangle of type (—1,—1, 1):

cosh/ = sinh/ sinh /5 — cos 6 cosh /{ cosh /5.
This shows that the condition in part (2) is equivalent to / > 0.

If (s,¢6,8) = (—1,—1,0), choose a point O € 0H? and draw a horocycle centered
at O. Let Hy, H, be the two points on the horocycle such that the length of the
horocyclic arc Hy H; is % > (0. For i = 1,2, draw a geodesic L; passing through O
and H;. Let P; be the point on L; such that the length of the segment H; P; is |/;|
and H; is between O, P; if and only if /; > 0. Let M; be the geodesic passing through
P; perpendicular to L;. There is a generalized hyperbolic triangle with prescribed
lengths /;, /, and generalized angle 6 if and only if the distance / between M, M,
is positive. The distance / between M7, M, can be calculated from the cosine law of
generalized triangle of type (—1,—1,0):

1
cosh/ = 592e11+12 —cosh(l1 —1).

Now, one sees %92611+12 —cosh(/; — 1) > 1 if and only if 8 > e/t 4+ ¢~'2. This
shows part (3) holds.

If (¢,¢68) = (—1,—1,—1), draw a geodesic segment GG, of length 8 > 0 with
end points Gy, G,. For i = 1,2, let L; be a geodesic half line starting from G;
perpendicular to GG, and L;, L, are in the same half plane bounded by the geodesic
containing G1G,. Let P; be the point on L; such that the length of the segment G; P;
is [; > 0,i = 1,2. Let M; be the geodesic passing through P; perpendicular to L;.
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There is a right-angled hexagon with prescribed lengths /1, [, 0 if and only if the
distance / between M, M, is positive. The distance / between M, M, can be
calculated from the cosine law of a right-angled hexagon:

cosh/ = cosh 0 sinh /; sinh/, —cosh/; cosh /5.

This shows that the condition in part (4) is equivalent to / > 0. O

4 A proof of Theorem 1.4

We give a proof of the generalized circle packing theorem (Theorem 1.4) in this section.

Recall that (X, T) is a closed triangulated surface with V', E, F the sets all vertices,
edges and triangles in 7. Given a type (,&,8) € {—1,0,1}3 and ®: E — I, for each
r € N s(®), a generalized (e, €, §) circle packing on (X, T') is based on the following
local construction.

As in Figure 12, consider a topological triangle with vertices v;, vj, vg. One can
construct a generalized hyperbolic triangle Av;vjqy of type (e, €, §) such that the edges
Vigk, Vjqk have lengths r(v;) :=r;, r(vj) :=r; respectively and the generalized angle
at gx is ®(v;vj) =: ¢y . Let [(v;vj) =: i be the length of edge v;v; in the generalized
hyperbolic triangle Av;v;q, which is a function of r;, rj. Similarly, one obtains the
edge lengths /(vjvg) =:/;, [(vgv;) :=1;. Let 0; be the generalized angle of Av;vjvg
at the vertex v;. With fixed (¢;, ¢;j, ), we consider 6; as a function of (r;,rj,rg).

Figure 12: Data for generalized circle packing

Let’s recall the definition of M, s5(®(v;v;), ®(vjvg), P(vkvi)) in Section 1.4 and
definition of D, 5(0) in Section 3.
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Lemma 4.1 When ¢ =0 or —1, we have

M 51, h2,¢3) = {(r1,72,13) € (Jes)® | (riy1j) € Des(p), (i, j. kY = {1,2,3}}

Proof Given ¢ € 105, by Lemma 3.6, for r;,r; € D, s(¢y), there is generalized
hyperbolic triangle Av;v;qy of type (e, ¢, 6) with edge lengths r;, rj and angle ¢y
of type § between the two edges. We obtain the edge length /; = /(v;vj). There is a
case which is not contained in Lemma 3.6: § = 1, ¢ = m. It is easier since we have
ly=r+ rj.

For ¢ =0, we get /;,[j, [ € R. Thus there exists a decorated ideal triangle with three
edge lengths /;, [;, I; . For ¢ = —1, the inequality defining D_ 5(¢x) guarantees that
li, lj,Ix > 0. Thus there is a right-angled hexagon with three edge lengths /;, /;, [;. O

4.1 A proof of Theorem 1.4 for e =0

We assume that indices i, j, k are distinct in this section. First by Lemma 3.6 and
Lemma 4.1, we have M 5(¢i, ¢j, dx) = R>. Therefore Ny 5(P) = R”.

The case ¢ = 0 is very simple. Indeed, for a fixed ®: E — Ij, there exists a map
C: V — R so that for all r € N 5(®) =RY,

(4-1) K(r)(v) = Cv)e™" @,

ie, the discrete curvature K (r) is uniformly proportional to e™" @) Thus, one sees
easily that the generalized circle packing metric » € R¥ is determined by its generalized
discrete curvature K: V — R and {K(v) |[ve V} = RZO.

Indeed, in Figure 12, the generalized triangle Av;vjq has type (0,0, 6), edge lengths
ri, rj, I and inner angle ¢, opposite to /; . By the cosine law (3-4), we have

/
2 To(ri)To(rj)
Thus

4-2) elk = 03 (d)?k)e”"”f'.

By the cosine law (3-4) for the decorated ideal triangle Av;vjvg (or type (0,0,0)
generalized triangle) we have

92
(4-3) e = ole=li=l;
4
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Combining (4-2) and (4-3) we obtain

2 2 ( Pk itrj 2 ﬂ
G_k = elk_li—lj = '08 (TI)er Y = p(S( 21 ) e_zrk
4 e (et g8 pi(%)
hence
205 (2
(4-4) Ok = 253 i

ps(§)p5(%)
Summing up (4-4) for all triangle having v as a vertex, we obtain (4-1) where C(v)
depends explicitly on §.

4.2 Rigidity of circle packing for e = —1 or (¢,46) = (1,1)
In this subsection we prove Theorem 1.4 for the case ¢ = —1 and give a new proof of

Thurston’s rigidity Theorem 1.3.

In the variational framework, the natural parameter is u = (u1, u,, u3) where
© 1]
(4-5) uj =-— / dt
ri 738 (l)

for ¢ = +1. Note that by the definition of g, du;/dr; > 0.

Lemmad4.2 Fix ¢ =(p1, a2, P3) € 183 , the set u(M, 5(¢1, ¢2. ¢3)) is an open convex
polyhedron in R3 in the following cases:

i) e=-—1,o0r

(i) (e,6)=(1,1) and ¢; €[Z, 7], i =1,2,3.
Proof (i) When ¢ = —1, we have figured out the set M, 5(¢1,¢2.¢3) in Lemma
4.1.

If the type of ¢y is 6 = 1, by the proof of Lemma 3.6 (2), we need /; > 0 which is
the same as

— cosh /; 4 sinh7; sinh 7 - —1 + sinhr; sinh r;

4-6 =
(4-6) cos P coshr; coshr; coshr; coshr;
In this case u; = —f;;o 1/cosht dt = 2arctane’" —m € (—%,0). Then
) 1 1
4-7) sinhr; = — , coshrj =——.
tan u; sin u;
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By substituting (4-7) into (4-6), we obtain cos¢; < cos(u; + uj). Since ¢i €
(0, ], —u; —uj € (0, ), we see that / > 0 if and only if u; + uj > —¢;. Then
U(M€,8(¢1,¢2, ¢3)) = {(ul’u27u3) € Rio | uj + lxl] > _¢k’ {l’ J?k} = {1’ 27 3}}
The last description shows that u(M, s(¢1,¢2, ¢3)) is a convex polyhedron.

If the type of ¢y is § = 0, we need /5 > 0 which is equivalent to

¢,% __cosh/y + cosh(r; — l"j) 1 + cosh(r; —rj)
7 - etitrj etitri

1 . .
= e

Since in this case u; = —f 1/e' dt = —e™"i <0, we see that I > 0 is the same
as having u; +uj > —¢y. Thus UM 5(p1. 92, $3)) = {(u1,uz,u3) €RE [ ;>0
for all i} = {(uy,us,u3) € R<0 | uj +u; > —¢x. i, j. k} = {1,2,3}}. The last
description shows that u (M, 5(¢1, ¢2,¢3)) is a convex polyhedron.

If the type of ¢ is § = —1, we need /; > 0 which is the same as

cosh [y 4 coshr; coshr;

cosh ¢y = . -
Pk sinhr; sinh r;

1 + coshr; coshr;

sinh r; sinh r;
1 j ; 1
2 2 2 tanh 7 tanh 5
Hence [, > 0 if and only if
e~% < tanh I tanh Q.
2 2
It follows that /;, > 0 is the same as

ri }"j
Intanh — —|— Intanh = > —¢y.

Since in this case u; = f 1/s1nhl dt =In tanh < 0, we see that /; > 0 if and

only if u;+u;j>—¢y . Thus M(Mes(dh $2,¢3)) = {(Ul uz, uz) €RY ) Juitu;>—gy,
{i, j.k}={1,2,3}}. The last description shows that (M, s(¢1.,$2,$3)) is a convex
polyhedron.

(i) When e =1, § =1 and ¢y €[%, 7], Thurston observed M 1(¢1,¢2. $3) = Rio
Indeed, ¢; €[5, 7] implies /; > r;. Similarly, /; > r;. See Figure 12. Hence /; +/; >
rj 4 ri > l. This shows that /, /5, I3 are the lengths of a hyperbolic triangle. In this
case u; = —frjo 1/sinh¢ dt = Intanh 3 < 0. Thus u(M; 1 (1.2, $3)) = R3<0. O

Lemma 4.3 For ¢ = *1 and fixed (¢1, ¢2,¢p3) € 1 83 the Jacobi matrix A of the func-
tion (01, 60, 03) = (61 (1), 02(u), 03()): u(Me5(¢1, 2. $3)) — R? is symmetric.
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Proof Consider the (¢, ¢, §)—triangle Av;v;qy in Figure 12 with edge lengths r;, r;,
[ and opposite generalized angles aj;, a;j, ¢k . By applying the derivative cosine law
(3-10) to Av;vjgy , the third row of the matrix in (3-10) is

—ps(Pk)
/—detGg

Since ¢y is fixed, then d¢y = 0. We have dly, = p),(aj;)dri+pj(a;j)dr;. For e = %1,
we have u; = —frfo 1/7e5(¢) dt. Then dr; = t,5(r;)du;. Thus

doy = (pp(aji)dri + pe(aij)dri —dly).

dl 0 pglazs) pylasz) dr
dly | =| pelais) 0 pylazy) dry
dls Pe(arn) pelaz;) 0 drs

0 pglazs) pylasz) Tes(r1) 0 0 du,

(4-8) = pe(@3) 0  plasr) 0 Te5(r2) O du;

pelarz) pglaz;) 0 0 0 7e5(r3) dus

For the (e, ¢, €)—triangle Avjvyv; with angles 6y, 85, 63 and edge lengths [, /5, /3,
by the derivative cosine law (3-9) and (4-8), we have

db, 1 (/) 0 0 —1 p(63) p(62)
dty | = ———= 0 7i(l) O pe(63)  —1  pL(6)
—det
doy ) VTG 0 0 qi ) \ploa) o6 -1
0 pylazsz) pylasz) Te5(r1) 0 0 duy
pelaiz) 0 pllasr) 0 ze5(r2) 0O dus
pelarz) pylaz;) 0 0 0 Te5(r3) dus
dul
='—_1 N | du
L J/—det Gy duj

To show the Jacobi matrix A of (01 (u), 6,(u), 83(u)) is symmetric, we only need to
check that N = (N;;) is symmetric. In fact

Nij = t11(l) o5 (rj) (—=peajr) + 0 (0)) pelaji)).
By the cosine law (3-5),
et,s(rk) + 7,5 (r) Ty (i)
Tes (rj)T1 (/i)
et (l;) + 1 (i)t () etlg(ri) + T 5 (1)) (lk))
t1 (L)t (lg) Tes (rj) 1 (k)

Nij =1 (li)Tes(rj)(—
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_ eti () (=t Uk) + s (rp) T () + L (r) 7] (1))

t2(lk)
N (e () — 77 ) s () Ty () + 2T s (ri) Ty (1)) .
i (k)
Since ¢ = +1,11(lg) = %elk — %e‘lk = sinh /;, we have tiz(lk) — rlz(lk) =1=2¢%.
Therefore N;; is symmetric in the index i, ;. O

Lemma 4.4 Given (¢1,¢o,¢3) € 1 53 , the Jacobi matrix A of

(61,62, 63) = (61 (u), 02(u), 03 (u)): u( M, 5(d1, P2, $3)) = R

is negative definite in the following cases:

i) e=—1or
(ii) (Colin de Verdiére [4], Chow—Luo [3]) (e,6) = (1,1) and ¢; € [%, ), i =
1,2,3.

We remark that the case (ii) for ¢; = m was first proved by Colin de Verdiére [4], and
was proved for ¢; € [Z, ] in [3] using the Maple program. Our proof of (ii) is new.

Proof In the proof of Lemma 4.3, the Jacobi matrix 4 = (—1/+/—det G;)N . Hence
it is sufficient to show N is positive definite. First det N > 0. Indeed N is a
product of four matrixes. The first one and forth one are diagonal matrixes with
positive determinant. By Lemma 3.3, the determinant of the second matrix (nega-
tive of an angle Gram matrix) is positive. The determinant of the third matrix is
Pe(@12) pg(a23) pp(as1) + pi(asz) pp(azi) pi(arz) > 0. If e = —1, the above inequality
is obvious. If ¢ =1, for {i, j.k} = {1,2,3}, ¢x, aij, aj; are inner angles of a
hyperbolic triangle as in Figure 12. By the assumption ¢ €[5, 7], we must have
a;j (0, 5 ). Therefore p'(a;j) = cos(a;;j) > 0. Thus the above inequality holds.

Since the set u(M, 5(¢1,¢2.¢3)) is connected and the det N # 0, to show N
is positive definite, we only need to check N is positive definite at one point in
u(M;s(d1,$2, ¢3)). We choose the point such that 1y =r, =r3 =r.

Now in Figure 12 and Figure 13, in the (e, €, §)—triangle Av;v;q; with edge lengths
r, r, I and opposite generalized angles a;; = aj;, ¢, let h be the geodesic length
realizing the distance between the edge v;v; and the generalized vertex gy . In the
(e, 1,8)—triangle Av; Rqy, where Rqy is perpendicular to v;v;, by the cosine law
(3-5), we have

o T T+ (/;)r;(%f) |
2 w5 (h)7e (%)
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Figure 13: Data for generalized circle packing

Thus 75(h) = t/g (r)/ré(%"). Also in Av; Rqy, by the cosine law (3-5), we have

—et5(h) + ()T (r) _ () (—e+ (%) |

/
pelaij) = : -
’ e (%) ,5(r) (e () ey (r)
Since
1 1 _\? 1 1 _\?
—8+‘L’€,2(l) =—c+ (Eel—l-zse l) = (561_586 l) :rsz(l),
we have
w5 (NTe(%)
(4-9) pilaij) = L——2—.
788(”)78(7)
By substituting (4-9) into N, let
—1 pL(63) PL(62) 0 A S AC R ACSYEACS!
Ni=| pp03) =1 p0) || w(2)/2) 0 w(2)/7U(2)
P02) pp(6) =1 S\ w(3)/1(5) w($)/my) 0

Then N, N; differ by left and right multiplication by diagonal matrices of positive
diagonal entries. We will show that the determinants of the 1 x 1 and 2 x 2 principal
submatrices of N; are positive. This implies that the determinants of the 1 x 1 and
2 x 2 principal submatrices of N are positive. Thus /N is positive definite.

Indeed, the determinant of the 1 x 1 principal submatrix of Nj is
w(3) %)
w%(3) )

(4-10) JACH) + p(62)

Te
’
Te
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The determinant of the 2 x 2 principal matrix of Ny is

() (%)

Iy 1
7(3) (%)

(%) (%)
(%) 7(5)
7o() 7e(3)
ACSEACH)

(i) If e=—1, then pj(6;) = cosh 6;. Each term in (4-10) and (4-11) is positive. Hence
(4-10) and (4-11) are positive.

@11 (p2(03)—1)

+ (04(62) + (1) 4 (03))

+ (p5(61) + Py (62) py(62))

(i) If e =1, then p,(6;) = cos ;. We see that the expression in (4-10) is positive is
the same as

/ /
(4-12) cos 05 tanh 52 + cos 05 tanh 53 > 0.
By the cosine law, (4-12) is equivalent to

—cosh/3 4+ cosh/j coshl, sinh/,
sinh /{ sinh /, 1 4+ cosh/,
—cosh/y 4+ cosh/j cosh/z sinh/; -
sinh/; sinh /3 1 +coshls =~

(4-13)

By calculation, (4-13) is equivalent to

cosh? I, + cosh? I3 4 cosh [, + cosh /3

4-14 hl/; >
( ) costh 2cosh/; cosh /3 + cosh/; 4 cosh /3

Since I; > |l — [5], therefore cosh/; > cosh(/, —[3). To show (4-14) holds, it is
enough to check

cosh? I, + cosh? I5 + cosh l, + cosh /5

4-15 h/ h /3 —sinh/, sinh /3 >
( ) coshlycosh/s —sinh/ysinh/y = 2 cosh /5 cosh /3 + cosh /5 + cosh /3

We simplify the notation by introducing @ := cosh/, > 1, b := cosh/3 > 1. Then
(4-15) is rewritten as

a*>+b>+a+b
41 —y@=D*-1) =
(4-16) b= (@ =2 - 1= T
(4-16) is equivalent to
a?+b*+a+b
41 _ > 2_1)(b2%2-1).
(4-17) b= ratb _\/(a o= =1)
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Since @ > 1, b > 1, the left hand side of (4-17) is positive. To show (4-17) holds, we
square the two sides and simplify. We have

(ab* + a*b —a*b? — a?b3) + (a* + b* —2ab*) + (@® + b —ab* —a?b) > 0
&(ab+ 1)@ + b3 —a*b—ab?) + (@*> —b*)* >0
&(ab +1)(a+b)(a—b)? + (@®>—b*)?>0.
This shows that the expression in (4-10) is positive.
We see that the expression in (4-11) is positive is the same as
—sin? 65 tanh %1 tanh %2 + (cos 6, + cos 6; cos 93) tanh %2 tanh %3

(4-18) / /
+ (Cos 01 + cos 6 cos 93) tanh El tanh 53 > 0.

By the cosine law, (4-18) is equivalent to

/ / / /
(4-19) —sin? 65 tanh 31 tanh 52 + cosh /5 sin 81 sin 05 tanh 32 tanh 53

/ /
+ cosh /; sin 6, sin 83 tanh 31 tanh 33 > 0.

By the sine law, (4-19) is equivalent to

/ [ [ / [
(cosh /1 sinh /, tanh 51 + cosh /, sinh /; tanh 32) tanh 33 > sinh /5 tanh 51 tanh 32

coshl/ysinh/, cosh/,sinh/;  sinhlj

tanh %2 tanh 17‘ tanh 17‘
< cosh/{(1 4+ cosh/y) + cosh/y(1 4+ cosh/{) > 1+ cosh/;
< (cosh/y 4+ coshly — 1) 4+ (2 cosh/q coshl, —coshlz) > 0.
This is true since cosh/; + cosh/, > 1 and 2cosh/j coshl, > cosh/; cosh/, +

sinh/; sinh/, = cosh(/; 4+ /5) > cosh /5. This shows that the expression in (4-11)
is positive. O

As a corollary of Lemma 4.3 and Lemma 4.4, we obtain the following result.

Corollary 4.5 Given (¢1,¢2,¢3) € I3, the differential 1 —form Z?Zl 0;du; is closed
in u(Mqgs(¢1,¢2,¢3)). Furthermore, its integration w(u) = f” Z;’:l 0; du; is a
strictly concave function defined in u(M, 5(¢1.¢2. ¢3)) if either

i) e=—1or
(i) (e,6)=(1,1) and ¢; €[Z, 7], i =1,2,3.
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Furthermore
ow
(4-20) — = 0.
ou;
Let’s prove the rigidity of circle packing for e = —1, or (¢,6) = (1,1) and ®: £ —
[5.7]. Fix ®: E — I5. For each r € N, 5(®), define the function u in terms of r as

in (4-5) by o
=— dt.
u(v) /;(v) Te5(1)

The set of all values of u is u(N, s(®)) which is an open convex set in RY due to
Lemma 4.2. To be more precise, let us label vertices V' = {vy,...,v,} and denote
by {i, j,k} € F a generalized triangle in F' with vertices v;, v;, vg. Let u; = u(v;).
Then (W, 5(®)) = {u € RY | (ur.uj.ug) € (M s(dr. ¢y 1)) if (i, j.k} € Flis
convex since it is the intersection of the convex set [[y; ; x1er U(Me5(di, dj, k)
with affine spaces.

We now use the function in Corollary 4.5 to introduce a function W: u(N, 5(®P)) - R
by defining
W)= > wuiujug)
{i,j,k}eF
where the sum is over all triangles in F' with vertices {v;, vj, vg}. By Corollary 4.5,
W is smooth and strictly concave down in u (N 5(®)) so that

gIZ = K(v)

by (4-20) and the definition of K.

By Lemma 2.1, the map VW: u(N; s(P)) — RY is a smooth embedding. Thus the
map from {r € N; 5(®)} to {E € RZO} is a smooth injective map.

4.3 The image of K for e = —1

To prove that the image X = {K(v) |[ve V} = RZO for ¢ = —1, we will show that
X is both open and closed in RZO. By definition, X C RZO and X is open due to
the injectivity of the map from {r € N_ 5(®)} to RZO. It remains to prove that X is
closed in RZO. To this end, let us first establish the following lemma.

Lemma 4.6 Let ¢ =—1 and (¢;, ¢;, ¢x) be given so that (6;,60;, 0x) = (0; (ri, rj, %),
0i(ri rj, i), Ok (ri, vj, 1y )) are considered as functions of r;,rj,ry € J_s. Then

lim 6y (r;,r;, =0
rkl—>oo k(Vz”’j r)

and the convergence is uniform.
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Proof We only need to check that for constants a, b, ¢ € J_g the following holds.

(1) If limr; =a,limr; = b,limry = oo, then lim 6; = 0.
(2) If limr; = ¢,limrj = oo, limrg = oo, then lim 6y = 0.

(3) If limr; = o0o,limr; = 0o, limrg = oo, then lim 6 = 0.

The strategy of the proof is the same for all three cases. First,in A P; P, Q;, AP P; Qj,
AP; P Qj of type (—1,—1,6), by the cosine law (3-4), the lengths /;, [, I} can be
written as functions of r;, rj, r:

: 1
cosh; = 2 (%l) T3 ()T (rk) = 5 (€777 4 €T,
¢ 1 Fi—ri Fi—rg
coshl; = 2pf 5 ) T8 (i) T—g (i) — S (€™ + €M),

1
coshl = 2,05 (¢ )T_S(V,)T_g(rj) — _(er,—r, + el

When the limits of 7;, rj, ry are given, we can find the limits of /;, /;, I;. Then in
A P; Pj Py (of type (—1,—1,—1)), by the cosine law (3-5), write 6 as a function of
liy i, I

cosh /; + cosh/; cosh /;

h6, =
oS Tk sinh /; sinh /;

Then we find the limit of 6.

(1) If limr; =a, limrj = b, limrg = oo, then

1
limcosh/; = lim (2p§(¢;’)r_ (b) e’ 2e’k—b)

= lim %erk (2p§(¢l )r_(;(b) — 1)

Since cosh/; > 0, we have 2p§(%)r_5(b) — 1> 0. When limr;, = co, we have
limcosh/; = o0o.

By symmetry limcosh/; = oco. Furthermore lim cosh /; is finite. Therefore lim/; =
lim/; = oo, lim /) is finite. Hence

cosh [y,

li h6; =lim ———
M eOsh by = Hm sinh /; sinh /;

Therefore lim 6, = 0.
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(2) If limr; =c¢,limrj = oo, limrg = oo, then

i\ 1 1
limcosh/; = lim (2,0(% (ﬁ) —eli Tk E(erf_rk —i—er"_rf))

2 /4
= lim ler]' +ri pg ﬂ _ e—2rk _e—2rj
2 2
1. i
— lim —e"i +ri 2 7P
im 2e ,08( 5
= 00,
i 1 1
limcosh/; =lim (2,0§ (%)‘C_s(c)zerk — Ee’k_c)
i 1
=lime’* (,0§ (%’) 7_g(c) — Ee—c)
= 00.

Here we use the same argument as in (1).

By the same calculation of limcosh/j, we see that lim cosh/; = lim e’/ ¢; = oo for
some constant ¢ . Hence

h/
limcosh 0, = lim ———— cos _k
sinh /; sinh /;
) cosh /;,
=lim——
cosh/; cosh/;
= li e’ Ck 1
= lim erkcjerj—i-rkci +

=1.

Therefore lim 6, = 0.

(3) If limr; = oo, limr; = oo, limrg = 0o, by the same calculation of lim cosh /;
in (2), we see that

limcosh/y =lime’i " ay, limcoshl; =lime**"iq;, limcosh/; =lime" "k q;

for some constants

) ) cosh /;, ) cosh /;
limcosh 0y =lim —— 4+ 1 =lim —— + 1
sinh /; sinh /; cosh/; cosh/;
) er,-—i—rj ay
= 11rn e’k+’iaje’j+’kai + 1 = 1
Therefore lim 6, = 0. ad
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To show that X is closed in RZO, take a sequence of radius rm in Ng,—1 such
that lim;;,— 00 K (m) ¢ RZO. To prove closedness, it is sufficient to show that there is a

subsequence, say ") | so that lim,,_ e ¥ is in N_; 5(P).

Suppose otherwise, there is a subsequence, say ™ so that limy, o0 7™ is in the
boundary of N_; 5(®). For § = £1, there are two possibilities that either for some
v eV, limy_oo ™ (v) = 0o or there is an edge e such that l§"’) = 0. For 6 =0,
although r™°s are allowed to be negative, the limit of r™ can not be —oo since
when ¢ is given, the condition in Lemma 3.6 (3)

br > exp(ri(m)) + exp(rj(m))

implies that rl.(m) is bounded away from —oo. Therefore there are only those two

possibilities as in case § = +1.

In the first possibility, by Lemma 4.6 we see each generalized angle incident to the vertex
v converges to 0. Hence limy;— o0 K (m) (v) = 0. This contradicts the assumption that
limy oo K™ e RV .

In the second possibility, in a hyperbolic right-angled hexagon with lengths /;, /;, I
and opposite generalized angle 0;, 0, 0y, by the cosine law we see that

cosh/j + cosh/; cosh /j

ho; =
oS sinh /; sinh [,

- cosh /; cosh [
sinh /; sinh [,
cosh /;

> .

~ sinh/;

Hence we have limj, _, 6; = oco. Hence the generalized discrete curvature containing
6 converges to oo. This contradicts the assumption that limy, e K m) ¢ RZO.

Now we have finished the proof of Theorem 1.4.

S A proof of Theorem 1.6

The proof is based on constructing a strictly concave energy function on the space of all
generalized hyperbolic triangles of type (e, €, 8) so that its gradient is the generalized
angles. Then using Lemma 2.1 on injectivity of gradient, we establish Theorem 1.6.
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5.1 An energy functional on the space of triangles

Fix atype (e,&,8) €{—1,0,1}3. Consider (&, &, §) type generalized hyperbolic triangles
whose edge lengths are /;, [, /3 and opposite angles 01, 6,, 03 so that the angle 6;
faces /; and the type of 63 angle is 6. For a fixed angle 83, all values of the two edge
lengths (/y, /) form the set D, 5(03). For the definition of D, 5(03), see Section 3.

For h € R, make a change of variables (/1,/;) to (wq,w;) and (8y,6;) to (ay,as)
as follows. Let i =1, 2,

0;
(5-1) a; = / pl(0) di
1

where p.(1) = fé cos(+/ex) dx and

li
(5-2) w; = / o1 (e) dr
1

where 1.5(t) = %e’ - %eé’e—t , as introduced in Section 3. By the construction, the maps
(I1,1) to w = (wy,wy) and (01, 0,) to a = (ay, a,) are diffeomorphisms. Thus the
cosine law relating / to 8 can be considered, with 83 fixed, as a smooth map a = a(w)
defined on w (D, 5(03)).

Lemma 5.1 Under the above assumption, for a fixed angle 03, and any h € R, the
differential 1-form aidw, + axdw, is closed in w(Dgs(03)). Furthermore, the
integration

(w1,w2)
Fo, p(wy,wp) = / (ardwy + ardwy)

s

is strictly concave down in w(D;, 5(63)). In particular

8F93,h _ _ 0 h
(5-3) Bw; —aj—/; P (1) dt

for {i, j} ={1,2}.

Proof If 65 is fixed, then df; = 0. By the derivative cosine law (3-9) we have

(dh)_ 1 (m(h) 0 )( e ré8(13))(d91)
dly )~ J=detG; \ 0 ti5(la) )\ tl(l3) e db,

_ 1 (rss(ll) 0 )(rge(h) € )(d@z)
T /—detG; \ 0 ts(ly) e tl() )\ do )
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Since dw; = t%1(l;)dl;, da; = p"(0;)d6;, for i = 1,2, then
(dwl ) -1 (158(11) 0 ) (r;8(13) e )
dwy ]~ J=detG; \ 0 (1) e ()

P62 0 day
( 0 p;h(eo)(dal)

. —1 A (da2 )
" J/—det G day )’
Since A, = rfg(ll)sp;h(el) = tz’a(lz)sps_h(Qz) = A,y by the sine law (3-6), the
matrix A4 is symmetric. Thus the differential 1-form a;dw, + a>dw; is closed.
Therefore the function Fy, (w1, w) is well defined.

The above calculation shows that the Hessian of the function Fy, p(w;, w;) is the
matrix —/—det G;A™!. To show the function Fy, 5(w;, w>) is strictly concave down,
we need to check that A~ is positive definite. It is equivalent to show that A4 is positive
definite. By forgetting the two diagonal matrices, it is enough to show

() e
B‘( e Tés(13))

is positive definite. Since t/,(/3) = 1/2(e’3 + €2e™3) > 0 and
) SN AU SR P S BV B
detB=r1;(l3)—e"=|ze3+zcee” ) —e"=ze3—2-egge”3| >0,
2 2 2
the matrix B is positive definite. |

5.2 A proof of Theorem 1.6

Now the proof of Theorem 1.6 follows from the routine variational framework. Let
us recall the set up in Section 1.5. Suppose (X, G) is a cell decomposed surface so
that the sets of all vertices, edges and 2—cells are V', E, F respectively. The dual
decomposition is G* with vertices V*(=~ F). Elements in V* are denoted by f™*
where f € F. A quadrilateral (v,v', [, f*) € VxV x V*x V* in T satisfies
v’ € E, f>vv and f > v,

Now fix a type (&, ¢,4) and a function 6: E — f(g. The set of all circle pattern metrics
is E5(0) =1{r € (Jes)"" | (ri.1j) € Dy 5(0(vivj)) whenever f;, f; share an edge}.
For any circle pattern metric r € & s(0) and any quadrilateral (v,v’, f*, f/'*) €
VXV xV*xV* where vv' € E, f > vv' and f’ > vv’, construct a type (s, &,6)
generalized hyperbolic triangle A /™ f"*v so that the lengths of f*v and f"*v are
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r(f*), r(f"™), and the generalized angle at v is O(vv’) of type . Realize the
quadrilateral (v,v’, f*, f'*) geometrically as the metric double of A f*vf"* along
the edge /™ f"*. Now isometrically glue all these geometric quadrilaterals along edges.
The result is a polyhedral surface. Recall that for 41 € R, the Kj—curvature of r

Khi V* >R
is defined by (1-3).

For i € R, make a change of parameter from r € & 5(0) to w = w(r) € w(&; 5(0))

so that w(r)(x) = lr(x teha_l(s) ds is given by (5-2). We now use Lemma 5.1 to

construct a smooth strictly concave function W: w(&; 5(6)) — R so that VW |, is
the generalized curvature Kj of r where w = w(r). Then using Lemma 2.1, we see
that Theorem 1.6 follows.

Here is the construction. For w = w(r) € w(& (0)) and for each quadrilateral
(v, v, f*, ) in X, we define the F-energy of it in r metric to be

Fovy n(w(r (1)), w(r(f™)))
where Fy ; is given by Lemma 5.1. The function W: w = w(r) € w(& 5(0)) — R
is the sum of F-energies of all quadrilateral (v,v’, f/*, f’*) in r metric. By the
construction, W is smooth and strictly concave. By (5-3) we have

where w = w(r). This ends the proof of Theorem 1.6.

Appendix A Formulas of cosine and sine laws

For {i, j, k} ={1,2,3},

cos 8; 4 cos 6; cos O

cosh/; = ,
: sin ¢; sin O
—cosh /; 4+ cosh /j cosh I,
cos b = . . ,
sinh /; sinh [y,
sinfhy _ sinf  sinb;

sinh/;y  sinh/, sinh/;’
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For {i, j} ={1,2},
cos 0; + cos 6; cosh 03

sinh/; = ,
' sin 0 sinh 63
cosh 03 + cos 0 cos 6,
coshl/z = - - ,
sin 0 sin 6,
—sinh/; +sinh/j cosh/3
cosb; = . ;
cosh/j sinh /3
I3 cosh /3 + sinh /{ sinh /,
cosh 03 = )
cosh/q cosh/,
sinf; _ sinth  sinh6;

cosh/; coshl, sinh/;’

For {i, j} ={1,2},
cosh 6; 4 cosh 0 cos 63

i h Z' - )
S sinh 6; sin 63
cos 03 + cosh 87 cosh 6,
coshlz = - - ,
sinh 0 sinh 6,
sinh/; + sinh /; cosh /3
cos 0; = - ,
cosh/j sinh /3
—cosh /3 + sinh /; sinh /,
cos 03 = ,

cosh/; cosh/,
sinhf;  sinh6,  sin6;

cosh/;  coshl, sinh/s’

For {i, j,k} ={1,2,3},

cosh 6; 4 cosh 6 cosh 6
coshl; = - - ,
sinh 6; sinh 6

cosh/; + cosh/j cosh /j
cosh 0; = . : ,
sinh /; sinh [,
sinhf;  sinh6,  sinh6;

sinh/y  sinh/,  sinh/3’
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For {i, j} ={1.2},

el cos; + cos 0; —eli + eli cosh

—_—=— cosb; = —
03 sin 6; eli sinh /3

1 + cos 61 cos 6, 03  coshlz —cosh(l; — 1)
coshly = - - , - = [ +1 ’
sin 01 sin 6, 2 e 14 2
sinf;  sin6, 03
et 2 sinh/y
2 2

e!t  cosfy + coshb, 9 —elt 4+ el2 ginh I,
— = cos by =
2 05 sinh 6, ! el cosh I3
el __cosh 6, +cos 0, cosh o — e'2 + ¢!t sinh I3
2 05 sin 64 27 elicosh I3
, 1 + cos 6 cosh 6, 67  sinhl3 +sinh(l —1;)
sinh /3 = - - - = TEY]
sin 0 sinh 0, 2 e 1: 2
sin 91 . sinh 92 i 93
el e2 7 coshly
2 2
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For {i. j} = {1.2},

el cosh6; + cosh 0; eli + eli coshl,
— = : , coshffj = —————
2 63 sinh 6; eli sinh [
1 + cosh 6; cosh 6, 932 cosh /3 + cosh(/{ — 1)
coshl; = - - ) - = T +1 ’
sinh 6 sinh 6, 2 e 1: 2
sinh 91 _ sinh 92 _ 93
i e2 7 ginhly
2 2

For {i, j} = {1.2},

el 14cosb, 0F  eli—elsTli
2 Gsinf; 4 elith 7
el _ l+cosb; 203
= sin® — =e¢ :

2 616,

91 o 92 i Sil’l93

elt el els T
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For {i, j} ={1,2},
eli _ L +coshb;

2 6; sinh 03 °
els _ I +coshb;
2 6,60,
9_,~2 _ eli 4 el3=li
4 - elj+l3 ’

0
sinh? ?3 = el3_l‘_lz,
91 . 92 N sinh«93

e elr T el

For {i, j, k} ={1,2, 3},

eli . 2

2 9j9k’

2

L
4 b
01 0, 05

i el T el

Appendix B Proofs of Lemma 3.3 and Lemma 3.5

For simplicity, we abuse the notation. Let
g(0;) := pe; (6:). g'(0:) = pg; (0,
SUr) = teie; (k). k) = T, (k)

for {i, j,k} ={1,2,3}, where g, f represent functions which depend on the type of
generalized vertices.

In this simplified notation we have

g1 f(l) f'(l2)
—detGy =det| f'(l3) & f'(l)
S /(L) 3

= 16263 + 2/ (1) f'(2) £/ (13) — e1 [ (1) —e2 f 2 (la) — &3 /2 (13).

Geometry & Topology, Volume 13 (2009)
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If ¢35 =0, then g(63) = 63, f(l}) = % fl) = % By the cosine law (3-4), we
have

03 f'(l3)—3e1elt 72— Jgpel2h

2 ) f()

Thus the negative of the right hand side of (3-7) is

AN [212)g*(03) = () 2 ()63

21"(I3) —e1eh 2 —gyel=h

= 12 f2(
F2) 4 AT
= fU) D QRS (I3) —e1e't72 —gye27h)
el el Iy —1 1
= 77(2f/(13) —g1el T2 —grerT)
L I 20 210,
=255 f) —er T — e
= —det Gj.

If 3 = £1, then g2(03) = e3(1 — g’*(63)). And we have

1, 1 N\ (1 1 2\
(B-1) fz(li)—flz(li)Z(Eel—igjgke l) —(§€l+§ jeke l) =—¢gj&g.

Thus the negative of the right hand side of (3-7) is

F2U) f212)g%(83) = f2(1) 2 (1) (1 — g% (63))
=e3(f2() f2 (1) — (—e3 f'(I3) + /(1) [ (12))?)
=e3((/ (1) — e263)(f* (l2) — £381)
—(—e3f"U3) + f(1) [ (12)?)
= e3(e16265 + 263 17 (1) /(L) /' (I3)
—e183 [ (1) — e263 f (L) — €3 /7 (I3))
= —det Gy.

The second equality is due to the cosine law, the third equality is due to (B-1) and the
last equality is due to g3 = %1.

Geometry & Topology, Volume 13 (2009)
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And we have

—1  g'(63) g'(62)
—detGg =det| g'(63) -1 g'(6))
g'(0y) g'(01) —1

=—1+2¢'(01)2'(62)¢"(03) + " (61) + g% (62) + ¢ (65).
Notice that we have
(B-2) g% +eig*(0) =1.
Thus negative of the right hand side of (3-8) is
g2(01)€2(62) /2 (l3) = g2(01)7 (02 (S (13) — £182)

= (g'(63) + &' (61)g'(62))* — g% (61)g* (02)e1 2

= (g'(63) + £'(01)g(62))* — (1 —g"(61)) (1 — g"*(62))
= —det Gy.

The second equality is due to the cosine law and the third equality is due to (B-2).

We can prove either one of the derivative cosine law (3-9) and (3-10). The other one
will be a corollary due to Lemma 3.4. For example, if (3-9) is true, we have

dl do,
(dlz) = MG (d@z).
dls dbs
db, dl
(d@z ) =(MG))™! (dlz ) .
dbs dls

By Lemma 3.4, (M G;)~! = M Gg. Thus we obtained (3-10):

e, dl,
doy | = MGg | diy |.
d6; dls

In the following, we give a proof of (3-9). By the cosine law (3-3) we have

1'(1)g(0))g(0k) = g'(0:) + &' (/)8 (6k).

It is equivalent to
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After differentiating the two sides we have
1" U)g©)gOdli + f'(11)g'(0;)g(0r)db; + f(11)g(0j)g  (Or)db
=g"(0;)d6; + " (0,)g" () d0; + g'(0;)g" (Or) db)
which is equivalent to
B-3) ["(1)g(0))g(Ok)dl;

=g"(6:)d0; + (g"(0))g" (Or) — ['(li)g' (0;)g(0k))db
+(£'(0))g" (O) — (1) g(8j)g" (1)) dOy.

By the cosine law (3-3), the coefficient of d6; in (B-3) is
g"(0)g" () — f'(1)g'(0))g (k)

— o"(6;)g" () — g'0)+¢g (0; ) (k)
- J

2(6j)g ()
(g(6))" (6)) —g" ()’ () — ' (61)g'(6)))-

g'(0))g(0k)

B0 ol

For g(f) =sin6, or sinh 8, or 6, we always have
2(0)g"(0))— g (0)) = —

Hence (B-4) is

= —g(0:) f (k)

(9)

due to the cosine law (3-3). By symmetry, the similar formula holds for the coefficient
of d6y . Hence (B-3) is

S (1)g(0))gOr)dli = g" (6:)d0; — g(0;) f (Ix)d0; — g(0;) f (1) dbk.

By the definition of /', we have f” = f. Thus
gl = —80) (_ g"(6:)
L SUNg@g@\ g6

—g(0;)
- idb; Ix)db; 1:)d6y).
7na6na @ &40+ S U0 + 1()d0)

This proves (3-9).

d@+ﬂhM®+f%M%)
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