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Hyperbolic 2-dimensional manifolds with
3—dimensional automorphism group

ALEXANDER V ISAEV

In this paper we determine all Kobayashi-hyperbolic 2—dimensional complex mani-
folds for which the group of holomorphic automorphisms has dimension 3. This work
concludes a recent series of papers by the author on the classification of hyperbolic
n—dimensional manifolds, with automorphism group of dimension at least n> — 1,
where n > 2.

32Q45, 32M05

Introduction

If M is a connected n—dimensional Kobayashi-hyperbolic complex manifold, then
the group Aut(M) of holomorphic automorphisms of M is a (real) Lie group in
the compact-open topology, of dimension d(M) not exceeding n? + 2n, with the
maximal value occurring only for manifolds holomorphically equivalent to the unit
ball B" C C" (Kobayashi [16], Kaup [14]). We are interested in describing hyperbolic
manifolds with lower (but still sufficiently high) values of d(M). The classification
problem for hyperbolic manifolds with high-dimensional automorphism group is a
complex-geometric analogue of that for Riemannian manifolds with high-dimensional
isometry group, which inspired many results in the 1950s—70s (see Kobayashi [17]
for details). The principal underlying property that made the classification in the
Riemannian case possible is that the group of isometries acts properly on the manifold —
see Myers—Steenrod [18] and van Dantzig—van der Waerden [5] (a topological group G
is said to act properly on a manifold S if the map G xS — S x S, (g, p) — (gp, p)
is proper). In the case of hyperbolic manifolds, the action of the group Aut(M) is
proper as well (see [16; 14]), and, as in the Riemannian case, this property is critical
for our arguments, despite the fact that our techniques are almost entirely different
from those utilized for isometry groups.

In Isaev—Krantz[11] and Isaev [10] we completely classified manifolds with n* <
d(M) < n?+2n (partial classifications for d(M ) = n? were also obtained in Gifford—
Isaev—Krantz [7] and Kim—Verdiani [15]). Note that for d(M) = n? the manifold
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M may not be homogeneous, which makes this case substantially more difficult
than the case d(M) > n?, where homogeneity always takes place [14]. A further
decrease in d (M) almost immediately leads to unclassifiable situations. Indeed, no
reasonable classification exists for n = 2, d(M) = 2, in which case d(M) = n? —2
(observe, for example, that the automorphism group of a generic Reinhardt domain in
C2?is 2—dimensional). While it is possible that there is some classification for n > 3,
d(M) = n? —2, as well as for particular pairs n, d(M) with d(M) < n® —2 (see
eg [7] for a study of Reinhardt domains from the point of view of the automorphism
group dimension), the case d(M) = n® — 1 is probably the only remaining candidate
to investigate for the existence of an explicit classification for every n > 2. It turns
out that all hyperbolic manifolds with n > 2, d(M) = n*> — 1 indeed can be explicitly
described. The case n > 3 was considered in Isaev [8]. The remaining case n = 2,
d(M) = 3 is the subject of the present paper.

For brevity we call connected 2—dimensional hyperbolic manifolds with 3—dimensional
automorphism group (2,3)-manifolds. For a (2,3)-manifold M, we work with the
group G(M) := Aut(M)°, the connected identity component of Aut(M ). Since the
G(M)—action on M is proper, for every p € M its isotropy subgroup I, :={f €
G(M): f(p) = p} is compact in G(M) and the orbit O(p) :={f(p): f € G(M)}
is a connected closed submanifold in M . [8, Proposition 2.1] gives (see Proposition
1.1 below) that for every p € M the orbit O(p) has (real) codimension 1 or 2 in M,
and in the latter case O(p) is either a complex curve or a totally real submanifold.

We start by observing that the case when no codimension 1 orbits are present in the
manifold can be dealt with as in [8] and leads to direct products A x .S, where A is the
unit disk in C and S is any hyperbolic Riemann surface with d(S) = 0 (see Remark
1.2). Thus, from Section 2 onwards we assume that a codimension 1 orbit is present in
the manifold. Clearly, every codimension 1 orbit is either strongly pseudoconvex or
Levi-flat.

In Section 2 we give a large number of examples of (2,3)-manifolds. It will be
shown in later sections that in fact these examples form a complete classification of
(2,3)-manifolds with codimension 1 orbits.

In Section 3 we deal with the case when every orbit is strongly pseudoconvex and
classify all (2,3)-manifolds with this property in Theorem 3.1. An important ingredient
in the proof of Theorem 3.1 is E Cartan’s classification of 3—dimensional homogeneous
strongly pseudoconvex CR-manifolds [4; 3], together with the explicit determination of
all covers of the non simply-connected hypersurfaces on Cartan’s list (Isaev [9]). The
explicit realizations of the covers are important for our arguments throughout the paper,
especially for those in the proof of Theorem 5.1 in Section 5. Another ingredient in
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the proof of Theorem 3.1 is an orbit gluing procedure that allows us to join strongly
pseudoconvex orbits together to form (2,3)-manifolds.

Studying situations when Levi-flat and codimension 2 orbits can occur is perhaps the
most interesting part of the paper. In Section 4 we deal with Levi-flat orbits. Every
such orbit is foliated by complex manifolds equivalent to A (see Proposition 1.1). We
describe Levi-flat orbits together with all possible actions of G(M) in Proposition 4.1
and use this description to classify in Theorem 4.3 all (2,3)-manifolds for which every
orbit has codimension 1 and at least one orbit is Levi-flat. The proof of Theorem 4.3
uses the orbit gluing procedure introduced in the proof of Theorem 3.1.

Finally, in Section 5 we allow codimension 2 orbits to be present in the manifold.
Every complex curve orbit is equivalent to A (see Proposition 1.1), whereas no a priori
description of totally real orbits is available. The properness of the G(M )-action
implies that there are at most two codimension 2 orbits in M (see Alekseevsky—
Alekseevsky [2]), and in the proof of Theorem 5.1 we investigate how one or two such
orbits can be added to the previously obtained manifolds. This is done by studying
complex curves invariant under the actions of the isotropy subgroups of points lying in
codimension 2 orbits.

In fact, the arguments of the present paper yield not only a classification of (2,3)—
manifolds as stated, but a classification of all connected 2—dimensional complex mani-
folds that admit a proper effective action of a 3—dimensional Lie group by holomorphic
transformations. Some manifolds of this kind are not hyperbolic and were excluded
during the course of proof (for instance, any 2—dimensional Hopf manifold admits an
effective action of SU,, but is clearly not hyperbolic). In addition, we ruled out those
hyperbolic manifolds for which the automorphism group has dimension higher than
3 and has a closed 3—dimensional subgroup. Adding the excluded manifolds to our
classification is straightforward and leads to a complete list of 2—dimensional complex
manifolds with a proper effective action of a 3—dimensional Lie group by holomorphic
transformations. We leave details to the reader.

Before proceeding, we would like to thank Stefan Nemirovski for many useful discus-
sions and especially for showing us an elegant realization of a series of manifolds that
appear in our classification. We also would like to thank the anonymous referee for a
very thorough reading of the paper.

1 Initial classification of orbits

In this section we list some initial facts about G (M )—orbits that follow from the results
of [8]. For pe M let L, :={d, f : f € I,} be the linear isotropy subgroup of p,
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where d), f is the differential of a map f at p. The group L, is a compact subgroup
of GL(T,(M), C) isomorphic to I, by means of the isotropy representation

Iy, > L, fr>dyf.

where T, (M) is the tangent space to M at p. [8, Proposition 2.1] implies the following
proposition.

Proposition 1.1 Let M be a (2,3)-manifold. Fix p € M and let V), := T,(O(p)).
Then the following holds:

(1) the orbit O(p) is either a closed real hypersurtace, or a closed complex curve,
or a closed totally real 2—dimensional submanifold of M ;

(ii) if O(p) is areal Levi-flat hypersurface, it is foliated by complex curves holomor-
phically equivalent to A, and there exist coordinates in Ty, (M) such that with
respect to the orthogonal decomposition T,(M) = (V, Ni Vp)L ®(VpNiVy)
we have L, C {£id} x L},, where L, is a finite subgroup of Uy ;

(iii) if O(p) is a complex curve, it is holomorphically equivalent to A ; furthermore,
there exist coordinates (z, w) in T, (M) in which V), = {z = 0} and the identity
component Lg of L, is given by either the matrices

ki
(1-1) (“"2 0),
0 a

for some ky,ky € 7, (ky1,ky) =1, ko # 0, or the matrices

(1-2) (g (1’)

where |a| = 1;

(iv) if O(p) is totally real, then T,(M) =V, ®iV), and there are coordinates in V),
such that every transformation from Lg has the form: v{ 4+ ivy — Avy +iAv,,
Vi,V € Vp, where 4 € SO>(R).

Remark 1.2 Observe that if O(p) is either a complex curve with Lg given by (1-1)
for k1 # 0 or by (1-2), or a totally real submanifold of M, then there exists a
neighborhood U of p such that for every ¢ € U \ O(p) the values at g of the vector
fields on M arising from the action of G(M), span a codimension 1 subspace of
T4 (M). Hence in this situation there is a codimension 1 orbit in M . Therefore, if no
codimension 1 orbits are present in M , then every orbit is a complex curve with Lg
given by (1-1) for k; = 0. In this case, arguing as in the proof of [8, Proposition 4.1]
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we obtain that M is holomorphically equivalent to a direct product A x .S, where S
is a hyperbolic Riemann surface with d(S) = 0.

From now on we assume that a codimension 1 orbit is present in M .

2 Examples of (2,3)-manifolds

In this section we give a large number of examples of (2,3)-manifolds. It will be shown
in the forthcoming sections that these examples (upon excluding equivalent manifolds)
give a complete classification of (2,3)-manifolds with codimension 1 orbits.

(1) In this example strongly pseudoconvex and Levi-flat orbits occur.

(@) FixbeR,b#0,1,and choose 0 <s <t < oo with either s >0 or ¢ < 00.

Define

2-1) Rpsi:= {(z, w)eC?:s (Rez)b <Rew <1t (Rez)b ,Rez > O} .
The group G(Rp5) = Aut(Rp ) consists of all maps

z> Az +if,
(2-2)
w > APw i v,
where A >0 and B,y € R. The G(R s ,)—orbits are the following pairwise
CR—equivalent strongly pseudoconvex hypersurfaces:
O(f” = {(z, w)eC?:Rew =« (Rez)b ,Rez > 0} ,

s <o <t,and we set

(2-3) 1= 0.
For every b € R we denote the group of maps of the form (2-2) by Gy .

(b) If in the definition of Rj, we let —o0 <5 < 0 < ¢ < oo, where at

least one of s, is finite, we again obtain a hyperbolic domain whose
automorphism group coincides with Gy, unless b = 1/2 and t = —s
(observe that Ry/; 5 _ is equivalent to the unit ball). In such domains, in
addition to the strongly pseudoconvex orbits OOf b for suitable values of «
(which are allowed to be negative), there is the following unique Levi-flat
orbit:

2-4) O := {(Z,w)ECZ:R€Z>O, Rew=0}.

Geometry € Topology, Volume 12 (2008)



648

AV Isaev

(¢) Forb>0,b+#1, —oco<s <0<t < oo define

(2-5)

(’31 = {(z,w)e(Cz:ReZ=0, Rew>0}.

The group G(ﬁb,s,,) = Aut(ﬁb,s’,) coincides with G, and, in addition to
strongly pseudoconvex orbits CR—equivalent to 7, the Levi-flat hypersur-
faces O and O; are also Gp—orbits in Ry g ;.

(2) In this example strongly pseudoconvex orbits and a single Levi-flat orbit arise.

(a) For 0 <5 <t < o0 with either s > 0 or ¢t < oo define

(2-6)

(2-7)

(2-8)

(b)

Us: = {(z,w) €C?:Rew-In(sRew) <Rez <
Rew-In(tRew), Rew >0}.

The group G(Us,r) = Aut(Us,) consists of all maps
z>Az+ (AInA)w +if,

W Aw+iy,

where A > 0 and B,y € R. The G(Uy,)—-orbits are the following pairwise
CR—equivalent strongly pseudoconvex hypersurfaces:

00(/ = {(z,w)e(Cz:Rez=Rew~ln(aRew), Rew>0},
s <o <t,and we set
&= Of].

We denote the group of all maps of the form (2-7) by ©.
For —oo <t <0 < < 0o define

ﬁs,t =
Us,00 U {(z,w) €C?:Rez>Rew-In(tfRew), Rew < 0} UO;.
The group G((?s,t) = Aut((?s,t) coincides with ®, and, in addition to

strongly pseudoconvex orbits CR—equivalent to &, the Levi-flat hypersurface
O, is also a ®—orbit in Uy .
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(3) In this example strongly pseudoconvex orbits and a totally real orbit occur.

(a)
(2-9)

(2-10)

2-11)

(b)
2-12)

(2-13)

For 0 <s <t < 00 define
S 1= {(z, w) € C?:s < (Rez)? + (Rew)? < z} .
The group G(S; ) consists of all maps of the form
()= (7)
w w y

where 4 € SO,(R) and B,y € R. The G(S;,)—orbits are the following
pairwise CR—equivalent strongly pseudoconvex hypersurfaces:

OS = {(z,w) €C?:(Rez)? + (Rew)? =a},
s <o <t,and we set
X = 016.

We denote the group of all maps of the form (2-10) by R .
For 0 <t < oo set

S, = {(z, w) € C2: (Rez)? + (Rew)? < z} .

The group G(S;) coincides with Ry, and, apart from strongly pseudocon-
vex orbits CR—equivalent to y, its action on S; has the totally real orbit

0, = {(Z,U))E(CZIRGZ:O, Rewzo}.

(4) In this example we explicitly describe all covers of the domains Sy ; and hy-
persurface y introduced in (3) (for more details see Isaev [9]). Only strongly
pseudoconvex orbits occur here.

Let ®: €2 — C2 be the following map:

z+>exp(Rez)cos (Imz) +iRew,

w > exp (Re z) sin (Im z) 4+ iIm w.

It is easy to see that <I>§<°°) is an infinitely-sheeted covering map onto C2\{Re z =

0, Re w = 0}. Introduce on the domain of <I>§(°°) the complex structure defined

by the condition that the map @g(oo) is holomorphic (the pull-back complex

structure under CIDE(OO) ), and denote the resulting manifold by M )Eoo) . Next, for
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an integer n > 2, consider the map Cbg(") from C?\ {Rez =0, Rew = 0} onto
itself defined as follows:

Z > Re((ReZ +iRe w)") +ilmz,
(2-14)
w > Im((Rez +iRe w)") +ilmw.

Denote by M )E”) the domain of @g(n) with the pull-back complex structure under
o
For 0 <s <t <00, n > 2 define

Ggft) = {(z, w) € M)E”) s/ < (Rez)? + (Rew)? < tl/”} ,

(2-15)
S i={(z.w) € M1 (In5)/2 <Rez < (In1)/2}

The domains Gg) and 6§?f) are respectively an n— and infinite-sheeted cover

of the domain & ;. The group G (@g’ft) ) for n > 2 consists of all maps

z>cosy-Rez +siny -Rew+

i(cos(mﬁ) -Imz + sin(ny) - Imw + ,3),
(2-16) :
w —siny -Rez +cosy -Rew+

i(— sin(ny) -Im z + cos(ny) - Imw + )/),

where ¥, 8,y € R. The G (Sg'ft))—orbits are the following pairwise CR—
equivalent strongly pseudoconvex hypersurfaces:

s _

o, = {(z, w) € M)E”) :(Rez)? + (Rew)? = a} ,

sUn < o <1/ and we set

s

(2-17) x™ =07

(this hypersurface is an n—sheeted cover of x).
The group G (6§°t°)) consists of all maps

z—>z+ip,
(2-18) i
wrH=ertw+a,
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where B € R, a € C. The G (Ggf’f))—orbits are the following pairwise CR—
equivalent strongly pseudoconvex hypersurfaces:

Of(oo) = {(z, w) € M)goo) :Rez = a} ,
(Ins)/2 <a < (Int)/2, and we set
(2-19) X = 05"
(this hypersurface is an infinitely-sheeted cover of x).

(5) As in the preceding example, only strongly pseudoconvex orbits occur here.
Fix b > 0 and for 0 <7 < 00, e 275t < 5 <t consider the tube domain

(2-20) Vst = {(Z, w) € C? cseb? < < teb¢} ,

where (7, ¢) denote the polar coordinates in the (Re z,Re w)—plane with ¢
varying from —oo to oo (thus, the boundary of V} ; ¢ NR? consists of two spirals
accumulating to the origin and infinity). The group G(Vp ;) = Aut(Vp s ;)
consists of all maps of the form

7 by cosy siny z (B
(2-21) (w)w (—sinwcosw)(w)+l(V)’

where ¥, B,y € R. The G(V} 5 ,)—orbits are the following pairwise CR—equi-
valent strongly pseudoconvex hypersurfaces:

Ogl/” = {(z, w)eC?:r = aeb¢} ,
s <a <t,and we set
_ Vi
(2-22) pp = 0;".
(6) In this example strongly pseudoconvex orbits and a totally real orbit arise.

(a) For 1 <5 <t < o0 define

Eg;:= {(g cziw) e CP2:s|e? + 22 +w?| < |22 +)z)* + [w)? <

(2-23)
12 422 4 w2|}.
The group G(E; ;) = Aut(Ej ;) is given by
¢ g
(2-24) z |—4A| z |,
w w
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(2-25)

(b)

(2-26)

(2-27)
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where 4 € SO;3(R). The orbits of the action of the group G(Es,;) on
E ; are the following pairwise CR—non-equivalent strongly pseudoconvex
hypersurfaces:

[l 1= {(g:z cw) € CP2: ¢ 4 |z + |w]? = a|¢? 4 22 +w2|},

s <a <t. We denote the group of all maps of the form (2-24) by R .
For 1 <t < oo define

E; = {(;:z cw) € CP2: (¢ + |z + |w|? < £|¢2 + 22 +w2|}.

The group G(E;) coincides with R, and its action on E; has, apart from
strongly pseudoconvex orbits, the following totally real orbit:

05 :=RP? c CP2.

(7) Here we explicitly describe all covers of the domains Ej; and hypersurfaces
o introduced in (6) (for more details see [9]). As we will see below, to one of
the covers of E ; a totally real orbit can be attached.

(a)
(2-28)

(2-29)

Let Q4 be the variety in C3 given by
212 + Z% + Z§ =1.

Consider the map ®,,: C2\ {0} — Q defined by the formulas

. 2 CZw—wz
1=—iz"+w)+i———,
|22 + [w]?
Zw + wz
zzzzz—wz—ﬁ,
|2]% + |w]
|2* = w|?
z3 =2zW+ —————.
212 + [w]?

This map was introduced by Rossi [19]. It is straightforward to verify that
®,, is a 2-to—1 covering map onto Q4 \ R3. We now equip the domain of
®,, with the pull-back complex structure under ®,, and denote the resulting

complex manifold by M, ,£4) .
For 1 <s <t < 00 define

ER ={Grmm) e C s <[z + [P+ 5P < Ny,

ES ={cw)y e MP: J5=D2 <[22+ w? < V= D/2}.
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(2-30)

(2-31)

(2-32)

(2-33)

(b)

(2-34)

(2-35)

These domains are respectively a 2— and 4—sheeted cover of the domain

Es ¢, where Es(zt) covers E;; by means of the map W,: (z1,22,23) —

(z1:22:23) and Es(f‘,) covers E, by means of the composition W, o ®,,.

The group G (E s(zt)) consists of all maps

where A € SO;(R). The G (E s(zt) )—orbits are the following pairwise
CR-non-equivalent strongly pseudoconvex hypersurfaces:

@ = {z1.22,2) € C iz + P + |5 =af 1 Q4.
s <o <t (note that ,u((xz) is a 2—sheeted cover of gy ). We denote the group

of all maps of the form (2-30) by R,(LZ). This group is clearly isomorphic
o Ry.

The group G (E S(j‘,)) consists of all maps

()=(2)

where 4 € SU;. The G (E S(f‘t)) —orbits are the following pairwise CR—non-
equivalent strongly pseudoconvex hypersurfaces:

u® = {(z, w)ye MP® 1|z + Jwl® = V(a— 1)/2} ,

s <o <t (note that u((f) is a 4-sheeted cover of [y ).

For 1 <t < oo define

2
EP = {(z1,72,23) € C7 1 212+ |z + |23 < 1) N Qs

The group G (E ,(2)) coincides with Rff) , and, apart from strongly pseu-

doconvex orbits, its action on E 52) has the totally real orbit

0422 {(XI,XZ,X3)ER3 ZX12+X§+X§: 1} = Q+ DR3.

(8) In this example strongly pseudoconvex orbits and a totally real orbit arise.
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(a)

(2-36)

(2-37)

(2-38)

(2-39)

(b)
(2-40)

(2-41)
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For —1 <s <t <1 define
Q. :={(z,w) eC2is|22+uwl—1|<|zP+|w-1<
t|22+w2—1|}.

The group G(2;,;) consists of all maps

(Z)H(Z;i ) () ()

’

w ciz+cow+d
where
apy ayz by
Q:=| ay axp by | €S0, (R)°.
1 C d

The orbits of G(£24,;) on 2 ; are the following pairwise CR—non-equivalent
strongly pseudoconvex hypersurfaces:

vo = {(z.w) € C2 27 w2 — 1 =)z + w? — 1]\
{(x,u)eRz:xz—i—uZ:l},

s < a < t. We denote the group of all maps of the form (2-37) by R,,.
For —1 <t <1 define

Q, = {(z, w)eC?: |z + |w|>—1 <z|zz+w2—1|}.

The group G(£2;) for ¢ < 1 coincides with R, and its action on €2;, apart
from strongly pseudoconvex orbits, has the totally real orbit

Os:= {(x,u)eRz:x2+u2<1}C(Cz.

We note that €21 is holomorphically equivalent to A? (see (11)(c) below);
hence it has a 6—dimensional automorphism group and therefore will be
excluded from our considerations.

(9) In this example strongly pseudoconvex orbits and a complex curve orbit occur.

(a)

(2-42)

For 1 <5 <t < 00 define
Dy :={(z,w) eC2:s|l4+22—w?| <1422 = |w|]? <

(11 + 22 —w?|, Im (z(1 + ) > 0},
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where Dy o is assumed not to include the complex curve
(2-43) 0= {(z, w)eC:1422—w?=0, Im(z(1 + W) > o} .

For every matrix Q € SO,.1(R)? as in (2-38) consider the map

() L)) ()

2-44
( ) w a1z +biw+agg
The group G(Ds,) = Aut(Ds,) consists of all such maps. The orbits of
G(Dy,) on Dy, are the following pairwise CR—non-equivalent strongly
pseudoconvex hypersurfaces:
Na ::{(z, w) € C2: 1+ z)> —w|* = |l + 22 —w?|,
(2-45)

Im(z(1 + W) > o},

s <a < t. We denote the group of all maps of the form (2-44) by R, (note
that R is isomorphic to Ry).
(b) For 1 <s < oo define

Dy :z{(z, w) €C i1+ |22 = [w|? > 5|1 + 22 —w?|,
(2-46)
Im (z(1 +W)) >o}.

The group G(Ds) = Aut(Dy) coincides with R,. Apart from strongly
pseudoconvex orbits, its action on Dy has the complex curve orbit O.

(10) In this example we explicitly describe all covers of the domains 24, Dy, and
the hypersurfaces vy, 1o introduced in (8) and (9) (for more details see [9]).
Only strongly pseudoconvex orbits occur here.
Denote by (zg : 21 : 25 : z3) homogeneous coordinates in CP?; we think of the
hypersurface {zo = 0} as the infinity. Let Q_ be the variety in CIP* given by

(2-47) i+z5—z2 =22

Next, let (¢ : z: w) be homogeneous coordinates in CPP? (where we think of
the hypersurface {¢ = 0} as the infinity), and let

(2-48) 3= {(C:z:w)ECP2:|w|<|z|}.
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For every integer n > 2 consider the map @™ from ¥ to Q_ defined as follows:

Zozé‘n’
_ L zw 4wz
Z1 = —l(Zn +Zn zwz)—lmé_n,
z|4 —|w
(2-49) W on—2 2 ZW—WZI _,
Zp=z —zn "Wt ——
’ EREEA
_ |21 + |w]?
z3=-2i" lw—i—— "
: EEETEs

The above maps were introduced in [9] and are analogous to the map ®,, defined
in (7). Further, set

A&%:{gﬂoec%0<uw—uwﬂmﬁ<1L
(2-50)
A&%:{cﬂmemﬁzpw—pw—ﬂwﬁ>1}

(both domains lie in the finite part of CIP? given by ¢ = 1). Clearly, Af,n), Ag") C
Y forall n>2. Let CI>\(,") and <I>£,”) be the restrictions of ®™ to .Af,") and A%"),

respectively. It is straightforward to observe that d>,(,") and @5,") are n—to—1
covering maps onto

Ay :={(21,Zz,23) eC 1<z +zl? —|m* <1,
(2-51)
ImZ3 <O}HQ—

and Ay :={(z1.72,23) € C2 1 212 + |22 = |z > 1,
(2-52)

Im(=>(7 +73) > 0} N Q-

respectively (both domains lie in the finite part of CIP3 given by zo = 1). We
now introduce on Af,n) , AS,") the pull-back complex structures under the maps
@1(,”) , QDS,"), respectively, and denote the resulting complex manifolds by Mv("),
n -
Further, let A: C x A — X N{¢ = 1} be the following covering map:
z > e,

(2-53) 5
we‘w,
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where z € C, w € A. Define
U, = {(z,w) eC?:|lw| <1, exp(2Rez)(1 — |w|?) < 1} ,
Uy, = {(z,w) eC?:|w| <1, exp(2Re z)(1 — |w]?) > 1} .

Denote by A, A the restrictions of A to U,,, Uy, respectively. Clearly, U,
covers M,,(z) by means of A, and U, covers M,gz) by means of A,. We now
introduce on U,,, U, the pull-back complex structures under the maps A,, Ay,

respectively, and denote the resulting complex manifolds by M,,(oo), M,goo).
For —1 <s <t <1, n>2 we now define

Q) i={(z.w) e MP : JH D2 < |2 = 21" 2w <
N

Q% =) € MO VET D <
exp (2Re ) (1= [w]) < VT + 172},

(2-54)

The domain Q.E’jt)’ n > 2, is an n—sheeted cover of the domain €2, introduced
in (8) and the domain ngto) is its infinitely-sheeted cover. The domain le,)

covers (25, by means of the composition ¥, o dD,(," ), where W), is the following

1-to—1 map from A, to C? : (21, 23,23) — (21/23, 22/23); the domain ngto)

covers 25, by means of the composition W, o <I>1(,2) oAy.

The group G (ant)) consists of all maps of the form

>z ”\/(a+bw/z)2,
b4+aw/z o )
wHZa—l—bw/z (a+bw/z2)”,

where |a|?> — |b|> = 1. The G (Qg'ft))—orbits are the following pairwise CR—

(2-55)

non-equivalent strongly pseudoconvex hypersurfaces:

(2-56) = {(z, w)e MW |z = |z]"2w]? = (e + 1)/2} ,

s <a <t,(note that vé") is an n—sheeted cover of v, ). We denote the group of

all maps of the form (2-55) by R
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The group G (ngto)) consists of all maps of the form
z z+In(a + bw),

(2-57) b+aw

w ,
a+bw

where |a|? — |b|*> = 1. The G (Qgio))—orbits are the following pairwise CR—
non-equivalent strongly pseudoconvex hypersurfaces:

(2-58) v(goo) = {(z, w) € Mv(oo) cexp(2Rez) (1 —|w|?) = (o + 1)/2} ,

s <o <t (note that véoo) is an infinitely-sheeted cover of v, ). We denote the

group of all maps of the form (2-57) by R
Next, for 1 <s <t <00, n > 2 we define
Ds(i) ::{(21,22,23) eC3:s< |Z]|2 + |zz|2 — |Z3|2 <t,
Im(2>(57 +73) > 0{ N Q.
peY ::{(z, w) e M . /(s + 1)/2 < |21 = 2" 2 Jw]? <
Ds(,oto) ::{(z, w) € M,goo) Vs +1)/2<
exp (2Rez) (1 —|w|?) < m}

(2-59)

The domain Ds(’z,”), n > 1,is a 2n—sheeted cover of the domain Dj ; introduced
in (9) and the domain Ds(,oto) is its infinitely-sheeted cover. The domain Ds(i)
covers Dg; by means of the map Wy, which is the following 2—to—1 map from
Ay to C%: (21, 22,23) > (22/21,23/21); the domain Ds(’ztn) for n > 2 covers
Dy ; by means of the composition W, o @ the domain Ds(?,o) covers Dy by
means of the composition W, o @%2) oAy.

To obtain an n—sheeted cover of Dy, for odd n > 3, the domain Dg‘,") must

be factored by the action of the cyclic group of four elements generated by the
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following automorphism of M,gzn):
ml.zzz,i/ —lwP/Iz2 4+ =)z
Vi (= w222~ 1
1422 w(l = w2 )
"Wz 4 22— w2 P)
2 o] 1= w2 422 w/z

VIzl* (1 —wl?/|z[)2 — 1

Let IT®™ denote the corresponding factorization map and M,/,(") =11 (M 'gzn)> .

(2-60)

Then Dg’t) = (Ds(i")) is an n-sheeted cover of Dy ;.
The group G <D§2,)) consists of all maps of the form (2-30) with 4 € SO, ; (R)°.

We denote this group by R (observe that R is isomorphic to R; — see

(2-44)). The G (Dgzt)) —orbits are the following pairwise CR—non-equivalent
strongly pseudoconvex hypersurfaces:

@6h) Q= |Gz € dyilal +lal - |5l = Ve + D72

s < o <t (note that m(xz) is a 2-sheeted cover of 1y ). For n > 2 the group

G (Dgztn)) coincides with R (see (2-55)), where we think of elements of

R™ as maps defined on Ds(’ztn) rather than on Qg’t). The G (Ds(in)>—0rbits are

the following pairwise CR—non-equivalent strongly pseudoconvex hypersurfaces:

(2-62) n@m = {(z, w) € M < =" =z 2Jw]? = @+ 1)/2}

s <o <t,n=>2 (note that m(f") is a 2n—sheeted cover of 7y ).

Next, the group G (Dg’?) for odd n > 3 consists of all lifts from the domain

D to D™ — M,;(") of all elements of R, (see (2-44)). This group is

1,00
isomorphic to R™  Note, however, that the isotropy subgroup of every point
under the action of this group on Dg’t) consists of two points, whereas the action
of R™ on Ds(in) is free (observe also that the isotropy subgroup of every point
under the action of R, consists of two points and that the action of R") on
D s(2t) is free). This difference will be important in the proof of Theorem 3.1 (see

step (II) of the orbit gluing procedure there).
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The G (Ds(flt))—orbits are the following pairwise CR—non-equivalent strongly
pseudoconvex hypersurfaces:

(2-63) ne =1, (n$).

s <o <t (note that r]((,n) is an n—sheeted cover of 7).

Finally, the group G (Dgc;o)) coincides with R(%) (see (2-57)), where we think
of the elements of R(> as maps defined on Ds(io) rather than on ngto) The

G (Ds(oto)) —orbits are the following pairwise CR—non-equivalent hypersurfaces:

Q-64) = {(z,w) € M :exp (2Rez) (1 — [w|?) = ,/(a+1)/2},

s <o <t (here n((xoo) is an infinitely-sheeted cover of 7).

(11) Here we show how a Levi-flat and complex curve orbit can be attached to some
of the domains introduced in (8) and (10).

(a) It is straightforward to show from the explicit from of ®™ for n>2 (see
(2-49)), that the complex structure of M, ,§n) extends to a complex structure
on

A® = {(g 2 w) e CP2: 2] — 2" 2 |w|? > |§|"}.
The set at infinity in Z%”) is
(2-65) oen . {(o cz:w) e CP2: |w| < |z|},

and we have .Zg,") = .AS,") U 02" (see (2-50)). Let ]\2,5") denote .Z,({l)
with the extended complex structure. In the complex structure of ]\Z,g”) the
set O js a complex curve whose complex structure is identical to that
induced from CIP2. The action of the group R™ (see (2-55)) extends to
an action by holomorphic transformations on M, ,g") , and O™ is an orbit
of this action. The map ® has ramification locus on @ and maps it
in a 1-to—1 fashion onto the complex curve

o ::{(0:21 125 123) e CP3: zf—i—z%—z% =0,

(2-66)
Im(z3(57 + 7)) > 0}.
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(2-67)

(b)

(2-68)

Note that 0@ is an R™M —orbit (clearly, RM acts on all of O_ — see
(10)).

For 1 <5 < oo and all n > 1 define

DM .= p2B Ot

The group G (DS(Z")) (with the exception of the case n =1, s = 1) coincides
with R for all #; its orbits in DS(Z") are the strongly pseudoconvex
hypersurfaces ngf") for o > s (see (2-62)) and the complex curve O
The map W, is a branched covering map on Ds(z), has ramification locus
on O®  maps it in a 1-to—1 fashion onto the complex curve @ C C? (see
(2-43)), and takes D onto Dj. Similarly, for 7 > 2, the map Wy o ®T”
is a branched covering map on Dgzn), has ramification locus on O™ and
takes D§2n) onto Dy.

We note that Dgz) =A, UO® (see (2-52)) is holomorphically equivalent to
A? (see (11)(c) below), hence it will be excluded from our considerations.
Fix an odd n € N, n > 3, and let '™ be the cyclic group of four elements
generated by the obvious extension of automorphism (2—-60) to ]\2,52") =
D§4"). The group '™ acts freely properly discontinuously on M,gzn) C
]\2,52") and fixes every point in O®" It is straightforward to show that
the orbifold obtained by factoring 1\2,52") by the action of '™ can in fact
be given the structure of a complex manifold (we denote it by M,/,(n)) that
extends the structure of M,;(") (see (10)). The extension of the map e
(see (10)) is holomorphic on all of M ,§2n) , has ramification locus on O™
and maps O™ onto a complex curve O™ Z\Z;(") in a 1-to—1 fashion
(note that Ah/f,;(n) = M,;(") U O®). The covering map from M,/,(") onto
D o (see (2-42)) extends to a branched covering map from AZ,;(") onto
Dy (see (2-46)) with ramification locus O™ and takes O™ onto O (see
(2—43)) in a 1-to—1 fashion.

For 1 <s < 0o define

D :=n® (pi").

The group G (D§”)) is isomorphic to R and consists of the extensions
from D§”go =DM\ O™ to D™ of all elements of the group G (D§’20)
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The G (Ds("))—orbits are the strongly pseudoconvex hypersurfaces n&n)

with o > s (see (2-63)) and the complex curve o

Define
MO = w i @)upPuo,
where
o) :={(21,22,Z3) e C3\R3: |izy + 25| = |izs — 1],

lizi —zp| =iz + 1], Imz3 < 0} Nno_

(see (10) for the definition of W, and (2-47) for the definition of O_).
Clearly, M () is invariant under the action of the group R (defined in
(10)) on Q_. We will now describe the orbits of the R _action on MM,

The hypersurfaces r]((xz) for o > 1 (see (2-61)) and

v = {(21,22,23) €C |z P +|z22? — |zl = 06} no-

for —1 <a < 1 are strongly pseudoconvex orbits (note that vél) is equivalent
to vy (see (2-39)) by means of the map W, ); the hypersurface (’)(()1) is the

unique Levi-flat orbit; the surfaces
O := {(21,22,23) ciR? :Imz; < 0} No_

and O®@ are codimension 2 totally real and complex curve orbits, respec-
tively (observe that \va_l (21)=A,UO¢ (see (2-51)) with Og = \va_l (O5s)
(see (2—41))).

The manifold M) can be mapped onto A x CP! ¢ CP! x CP! by the
inverse to a variant of the Segre map. * Let [(Z¢ : Z1), (Wy : W1)] denote
two pairs of homogeneous coordinates in CP! x CIP!, where the infinity
in CP! is given by the vanishing of the coordinate that carries index 0.
Consider the following map S from CP! x CP! to CP3:

20 =i (ZoWo—2Z1 W),
21 = ZoW1 + Z1 Wy,
=i (LW —=Z1 W),
z3=Z Wo+ Z 1 W.

*We are grateful to Stefan Nemirovski for showing us this realization of M 0N
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(2-72)

It is straightforward to see that this map takes A x CIP! biholomorphically
onto M Under the inverse map S~ the action of R on MM is
transformed into the following action of SU; ;/{=%id} ~ RM on A x
CP!: the element g{%id} € SU; ;/{=%id} acts on the vector (Zg: Z;)
by applying the matrix g to the vector and on the vector (W, : Wp) by

applying the matrix g to it. The map S~! takes the orbit O(()l) into the
SUy,1/{Eid}—orbit A x dA, the orbit Og into

{[(1:2),(1:7)], |Z|<1},

and the orbit O@ into
{{1:2).(1:1/2)], 0<[Z] <1} U{[(1:0).(0: D]}.
The domain W} !(21) is mapped by S™! onto A x A and Dgz) onto

A x ({(1 W), [W|> 13U 1)})

(hence each of Q1, D§2) is equivalent to A?). For more general examples
of this kind arising from actions of non-compact forms of complex reductive
groups see Akhiezer—Gindikin [1], Fels—Huckleberry [6].

It is clear from the above description of M () that in order to obtain a
hyperbolic RM _invariant submanifold of M (1) containing the Levi-flat
orbit (’)(()1), one must remove from M () an RV —invariant neighborhood
of either Og or O®) . Namely, each of the domains

W =w (@, )uDPuol, —1<s<1,

3 =wl@puDP U, 1<i<o,

o) =0 1@ UDP VO, —1<s<l<i<oo,
where s = —1 and ¢ = oo do not hold simultaneously,

is a (2,3)-manifold of this kind (see (2-36), (2—40), (2-59)). Observe here
that

U Q) = {(21,22,23) eClis<|z +|z*—|zP < 1,
Imz; < 0} no._.

Each of the groups G (Dﬁl)) = Aut (@5"), G (@El)) = Aut (@El)),
G (DS,)) = Aut (DQ}) coincides with R().
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(d) We now consider covers of
1 - 2 1
(2-73) o) =wl @ )uDd uoh.

For n > 2 the domain X \ OC" (see (2-48)) is an n—sheeted cover of
TD(_II) .00 With covering map ®™ . We equip =\ O@" with the pull-back
complex structure under @™ | This complex structure extends the structure
of each of MV("), M,;") (see (10)) and can be extended to a complex
structure on all of ¥. Let M ™ be the domain ¥ with this extended
complex structure. The map ™ takes M ™ onto

vl pubPuol,

has ramification locus on @?? and maps it in a 1-to—1 fashion onto 0?,

Clearly, the group R™ acts on M ) We will now describe the orbits of

this action. The hypersurfaces vén) for —1 <a <1 (see (2-56)) and n((xzn)

for o > 1 (see (2—62)) are strongly pseudoconvex orbits; the hypersurface
(2-74) OF =z w)y e M : |z — |z w|* = 1}

is the unique Levi-flat orbit (CR—equivalent to A x dA for every n and
covering (f)(()l) by means of the n—to—1 map ®™); the complex curve
OCM is the unique codimension 2 orbit.

We now introduce the following domains in M (OF
D" ;:{(; cziw) e MWDz = 22 w2 > V(s + 1)/2|;|"}
=@M upPuol, —1<s<1,

1>§’j) ;={(g cziw) e M@ s+ D21 < |zt = 2P w]? <

Vit + 1)/2|§|"}

=Q§n1) U thn) UO(()H), —1<s<l<t<oo,

where s = —1 and ¢t = oo do not hold simultaneously

(see (2-54), (2-59)). Each of these domains is a (2,3)-manifold. Each of the
groups G (Dg")) = Aut (Dg")), G (Dg’jt)) = Aut (Dg’jt)) coincides with R
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Next, C x A is an infinitely-sheeted cover of E(_ll) 0 with covering map A (see
(2-53)). We equip the domain C x A with the pull-back complex structure under
A and denote the resulting manifold by M (°) . Clearly, the complex structure
of M (®) extends the structure of each of Mv(oo), M,goo) (see (10)). The group
R(00) (see (2-57)) acts on M (%) | and the orbits of this action are the strongly
pseudoconvex hypersurfaces u§°°) for —1 <o <1 (see (2-58)) and n((),oo) for
a > 1 (see (2-64)), as well as the Levi-flat hypersurface

(2-75) OF = {(z.w) € M : expRe)(1 - w]?) = 1

(note that O(()oo) is CR—equivalent to O; — see (2-4)).
We now introduce the following domains in M (00).

(%) :={(z, w) e M© :exp(2Rez) (1—|w|?) > /(s + 1)/2}

_ (00 (c0) (00)
_Qs’l UDI’OOU(’)0 , —l<s<l,

D) :z{(z, w)e M@ : /(s +1)/2 <exp(2Rez) (1 — |w|?) <

Vit + 1)/2}

=P uDFPuol®. ~1<s<1<i<x,
where s = —1 and ¢ = oo do not hold simultaneously

(see (2-54), (2-59)). Each of these domains is a (2,3)-manifold. The groups
G (D) = Aut (D), 6 (25 = Aut (D) all coincide with R,

3 Strongly pseudoconvex orbits

In this section we give a complete classification of (2,3)-manifolds M for which every
G (M )—orbit is a strongly pseudoconvex real hypersurface in M . In the formulation
below we use the notation introduced in the previous section.

Theorem 3.1 Let M be a (2,3)-manifold. Assume that the G(M )—orbit of every

point in M is a strongly pseudoconvex real hypersurface. Then M is holomorphically
equivalent to one of the following pairwise non-equivalent manifolds:
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()
(i1)
(iii)
iv)
(v)
(vi)
(vii)
(viii)
(ix)
(x)
(x1)
(xii)
(xiii)
(xiv)

(xv)

Proof

(a)
(b)
(c)
(d)

(e
()
(&
(h)
0);
G"
(]' ll)
(k)
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RpsibeR,|b|=1,b#1,witheithers =0,t=1,ors=1,1<t=<o00;

Us,, witheithers =0,t=1,ors=1,1<t =< 00;
Sy,r, witheither s =0,t=1,0ors =1, 1<t <o00;

Ggio),witheithers=0,t= l,ors=1,1<t<o00;
6(’1) n>2,witheithers =0,t=1,ors=1,1<t <o00;

N
Vps.1, b >0, with e 2 <5 < 1;
Es;,withl <s <t <o00;

£®

st With1 <5 <t <o0;

EZ), with1 <5 <1 < o0;
Qg with—1<s<t=<1;

Qg?to),with —1<s<t=<1;

Qgtlt)’nEZ,With—lfs<t§1;

Ds,,withl <5 <t =<o00;

Ds(?to),withlfs<t§oo;
D§?,n22,with1§s<t§oo.

In [4; 3], E Cartan classified all homogeneous 3—dimensional strongly pseudo-
convex CR-manifolds. Since the G(M )—orbit of every point in M is such a manifold,
every G (M )-orbit is CR—equivalent to a manifold on Cartan’s list. We reproduce Car-
tan’s classification below together with the corresponding groups of CR—automorphisms.
Note that all possible covers of the hypersurfaces x, pq, Vo and 7, appear below as
explicitly realized in [9].

S3.

Lm:=8%Zm,meN, m>2;
0:={(z,w) e C?:Rew = |z|*};

gp 1= {(Z,w)e(Cz:ReZ= lwl|?, w;éO}, b>0;
w:={(z,w) € C?:Rez =exp(Rew)};
§:={(z.w) € C?: Jw| =exp (|z[?)}:
7, bER, |b| =1, b #1 (see (2-3));

£ (see (2-8));

X (see (2-11));

X(Oo) (see (2-19));

x™, n>2 (see (2-17));

ob, b >0 (see (2-22));
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@
an
a”
(m)
(m”)
(m”)
(n)
(n')
(")

Ua > @ > 1 (see (2-25));

uP @ > 1 (see (2-33));

Ue »a>1 (see (2-31));

Ve, —1 <a <1, (see (2-39));

b1 <a <1, (see (2-58));

W 1l <a <1, n>2 (see (2-56));

Ne, @ > 1, (see (2-45));

1) o> 1, (see (2-64));

1 > 1, n>2 (see (2-61), (2-62), (2-63)).

The above hypersurfaces are pairwise CR—non-equivalent. The corresponding groups
of CR—automorphisms are as follows:

(a)

(b)

(©

(-1

(d)

(3-2)

(e)

(3-3)

Autcg(S?):  maps of the form (2-37), where the matrix Q defined in (2-38)

(SIS

Autcr(Ly), m>2:
where U € U,, and [(z, w)] € L, denotes the equivalence class of (z,w) € S
under the action of Z,, embedded in U, as a subgroup of scalar matrices;

Autcg(0):
2> Are'Vz +a,
w > A2w 4+ 20eVaz +|al* + iy,
where A >0, ¥,y €R, a e C;
Autcpr(ep) :
Az 40P
inz+k’
iV
w Ww,
where A, B, .k, ¥ € R, Ak +up = 1;
Autcp(w):

Z =

Az +if
inz+i’
wrw—2In(iuz +«)+1iy,

Z =
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®

(3-4)

9]
(h)
g
(3-5)

G"

G"
(9]
)

)

an

(3-6)

(m)
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where A, B, .k, y €R, Ak +up =1;
Autcr(d):
Z ei‘/’Z +a,
w > e'f exp(Zei‘/’Ez + |a|2)w,
where ¥, 0 e R, a € C;
Autcr(tp): the group Gy (see (2-2));
Autcpr(§): the group ® (see (2-7));
Autcpr(x): generated by R, (see (2-10)) and the map
Zb>z,
w > —w;

Autcg ( X(Oo)) : generated by maps (2—18) and the map

Z>Zz

w > w;
Autcp (X(”)) ,n>2: generated by maps (2-16) and map (3-5);
Autcr(pp): see (2-21);
Autcr(pe) : the group R (see (2-24));
Autcg (,u((f)) : generated by maps (2—32) and the map
20z + ) —w
VI+ (2P + [wP)?
w(lz]?+ w42
=1 ;
V14212 4 |w}?)?

Autcp (,u((xz)) : generated by R,(f) (see (2-30)) and the map

Z1 b= —Z,
Zy > —Zs,

Z3 > —Z3;

Autcr(vy): generated by R, (see (2-37)) and map (3-5);
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(m’) Autcg (véoo)): generated by R() (see (2-57)) and the map

1 2z 1— 2
zr—>E—|—ln<— + el W) ),

V1 —exp(4Rez) (1 —|w|?)?
w+ e (1 —|w|?) _
1+e22w(l —|w]?)’

w =

(m”) Autcpg v(g,") n>2: generated by R (see (2-55)) and the map
g y

2
o (12 w1 = w2/ 12)
ZH>Z s
= 1zPn(1 = [w]/]z)?

w/Z+2"(1—|w|*/|z]?)
L+ 2 w(l = [w|?/]z[?)

w =

o (12 w0 =P /1zR))

L=z (1= w[?/]z[%)>

(n) Autcgr(ne): the group Ry (see (2-44));

(n") Autcg (nffo)) :  generated by R (%) (see (2-57)) and the map

_ , 1—|w|® +e 2w
z—=>2z4+z+1In|i )

Vexp(4Rez) (1 —|w|?)2 —1
1+e??w(l — |w|2)‘
w+e22(1—|w|?)

w =

(n”) Autcg (n&z)): generated by R() (see (10)) and map (3-6);

(n”) Autcpg (17‘(12")) ,n>2: generated by R™ (see (2-55)) and the map

2
" (1—|w|2/|z|2+z—nw/z)

2121 = [w]?/|z|)> =1~

2> 227

L+ 2" w(l = [wl*/|z]?)
X

B (= w22
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2
o (1= w122 + =)
2P (= w2/ 22 =1

22z

") Autcp (n&”)) , n>3isodd: this group is isomorphic to R® and consists

of all lifts from the domain D oo (see (2-42)) to M,™ (see (10)) of maps
from Ry (see (2—44)).

We will now show that the presence of an orbit of a particular kind in M determines
the group G(M) as a Lie group. Fix p € M and suppose that O(p) is CR—equivalent
to m, where m is one of the hypersurfaces listed above in (a)-(n"). In this case we say
that m is the model, for O(p). Since G(M) acts properly and effectively on O(p),
the CR—equivalence induces an isomorphism between G(M ) and a closed connected
3—dimensional subgroup R, of the Lie group Autcg (i), that acts transitively on
m (note that the Lie group topology of Autcg(im) coincides with the compact-open
topology — see eg Schoen [20]). The subgroup R, a priori depends on the choice of
CR-equivalence between O(p) and m, but, as we will see below, this dependence is
insignificant.

We will now list all possible groups Ry, for each model in (a)—(n"). In the following
lemma P denotes the right half-plane {z € C : Rez > 0}.

Lemma 3.2 We have

(A) Ry = Autcg(m)®, if m is one of (g)—(n");

(B) Rgs is conjugate in Autcg(S?) to SU,;

©) Rg, =SU/(SU;NZpm), m=2;

(D) R is the Heisenberg group, that is, it consists of all elements of Autcg (o) with
A =1, ¥ =0 in formula (3-1);

(E) Rg, either is the subgroup of Autcg(ep) corresponding to a subgroup of Aut(P),
conjugate in Aut(’P) to the subgroup T given by

3-7) z=> Az +1B,

where A > 0, B € R, or, for b € Q, is the subgroup B, given by ¥ = 0 in
formula (3-2);

(F) Ry, either is the subgroup of Autcr(w) corresponding to a subgroup of Aut(P)
conjugate in Aut(’P) to the subgroup T specified in (E), or is the subgroup B
given by y = 0 in formula (3-3);

(G) Rj coincides with the subgroup of Autcg(§) given by W = 0 in formula (3-4).
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Proof Case (A) is clear since in (g)—(n”) we have dim Autcg(m) = d(M) = 3.
Further, in case (B) the orbit O(p) is compact and, since I, is compact as well, it
follows that G(M) is compact. Thus Rgs is compact, and hence it is conjugate to a
subgroup of Us,, which is a maximal compact subgroup in Autcg(S?). Since Rgs is
3—dimensional, it is in fact conjugate to S'U,, as required. In case (C) the group Rg,,
is of codimension 1 in Autcg (L) = Uz /Zm, hence Ry, = SUy /(SU, N Zp).

Further, (D) and (G) follow since R, and Ry act transitively on ¢ and §, respectively.
In cases (E) and (F) note that every codimension 1 subgroup of Aut(P) is conjugate
in Aut(P) to the subgroup 7 defined in (3—7). The only codimension 1 subgroups of
Autcr(ep) and Autcpr(w) that do not arise from codimension 1 subgroups of Aut(P)
are Bj and B, respectively. Observe, however, that B, is not closed in Autcg(ep)
unless b € Q.

The lemma is proved. a

Lemma 3.2 implies, in particular, that if for some point p € M the model for O(p)
is S3, then M admits an effective action of SU,. Therefore, M is holomorphically
equivalent to one of the manifolds listed in Isaev—Kruzhilin [13]. However, none of the
(2,3)-manifolds on the list has a spherical orbit. Hence we have ruled out case (a).

We now observe — directly from the explicit forms of the CR—automorphism groups
of the models listed above — that for each m every element of Autcg () extends
to a holomorphic automorphism of a certain complex manifold M, containing m,
such that every R,,—orbit O in M, is strongly pseudoconvex and exactly one of the
following holds: (a) O is CR—equivalent to m (cases (b)—(k)); (b) O belongs to the
same family to which m belongs and the R,,—orbits are pairwise CR—non-equivalent
(cases (1)~(n”)). The manifolds M,, are as follows:

(b) Mg, =C*\{0}/Zm, m=>2;

(©) My, =C?;

(d) Mabz{(z,w)e(Cz:Rez>O,w;ﬁO};

(e sz{(z,w)e(szRez>O};

(f) Ms={(z,w)eC?:w#0};

() My, ={(z,w)eC?:Rez >0, Rew > 0};

(h) Mg ={(z,w) € C*:Rew > 0};

() My=C?\{(z,w)eC?:Rez =0, Rew =0};
() Myeo = My (see @));
(") Myw =M, n>2 (see @));

(k) Mpb:(CZ\{(z,w)e(CZ:Rez:O,Rew:0};
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) My, = | J pe = CP*\RP?;

a>1
) M, w= U us = M (see (7));
a>1
1) Mo = nd = Qr \R® (see (2-28));
a>1
m) My, = |J va=Q-11 (see2-36));
—l<a<l
m) Moo= |J v&=m> = QO (see (2-54));
—l<a<l

m”) Mw= [J v =m"= Q") | n>2 (see (2-54));
—l<a<l1

() My, = | e = D100 (see (2-42));

oa>1
(') Moo =) 18 = M = DI (see (2-59):
a>1
(n”) Mm(XZ) = U 77((,2) = A, (see (2-52));
a>1
") Myen = 18" = M = D), n= 2 (see (2-59));
a>1
") Mo = |J 0 = M,® = D", n =3 is odd (see (10)).
a>1

In each of cases (b)—(k) every two R,,—orbits are CR—equivalent (and equivalent to m)
by means of an automorphism of M, of one of the simple forms specified below:

(b) [(z,w)]—[(az,aw)], a > 0;

) zz,w—w+a,acelR,;

d) z—az, w—w,a>0;

(e) asin (d);

) z—z, wHaw, a>0;
(3-8) (g) asin (f);

(h) z—az, w—aw, a>0;

() asin (h);

(G) zz+a, wee®w,aeR;

(G") zr>aRez+iad"Imz, w+ aRew +ia"Imw, a > 0;
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(k) asin (h).

We will now show how strongly pseudoconvex orbits can be glued together to form
(2,3)-manifolds. The procedure comprises the following steps.

@

(3-9)

(II)

Start with a real hypersurface orbit O(p) with model m and consider a real-
analytic CR—isomorphism f: O(p) — m. Clearly, f satisfies

S(gq) =v(g) f(q),

for all g € G(M) and g € O(p), where ¢: G(M) — Ry, is a Lie group
isomorphism.

Observe that f can be extended to a biholomorphic map from a G(M )—invariant
connected neighborhood of O(p) in M onto an R,,—invariant neighborhood of
m in the corresponding manifold M,,. If G(M) is compact (in which case m is
one of L, with m > 2, gy, u((f), ,u((f) with @ > 1), then every neighborhood
of O(p) contains a G(M )—invariant neighborhood. In this case, we extend f
biholomorphically to some neighborhood of O(p) (this can be done due to the
real-analyticity of /) and choose a G(M )—invariant neighborhood in it.

We now assume that G(M) is non-compact. In this case it will be more conve-
nient for us to extend the inverse map & := f~!. First of all, extend & to some
neighborhood U of m in M,, to a biholomorphic map onto a neighborhood
W of O(p) in M. It can be seen from the explicit form of the R,,—action
on M, that U can be chosen to satisfy the following condition that we call
Condition (*): for every two points 51,5, € U and every element s € R, such
that 4s; = s, there exists a curve y C U joining s with a point in m for which
hy C U (clearly, hy is a curve joining s, with a point in ).

To extend § to a R,,—invariant neighborhood of m, fix s € U and sq € O(s),
where O(y) denotes the R,,—orbit of a point y € M,,. Choose hg € Ry,
such that so = /s and define F(so) := ¢~ ! (ho)F(s). We will now show that
& is well-defined. Suppose that for some s1,5, € U and h{,hy € Ry, we
have so = K151 = hasy. To show that @~ (h1)F(s1) = ¢~ (hy)F(s2) we set
h:= h;lhl and, according to Condition (%), find a curve y C U that joins s
with a point in m and such that 7y C U.

Clearly, for all ¢ € m we have

(3-10) F(hg) = o~ (DT (q).

Consider the open set #~'U N U and let U, be its connected component
containing m. For ¢ € Uy, identity (3—10) holds. It now follows from the
existence of a curve y as above that s1 € Uy,. Thus, (3-10) holds for g = s1,
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and we have shown that § is well-defined at s¢. The same argument gives that
for 59 € U our definition agrees with the original value &(sg). Thus, we have
extended § to U’ := UgeyO(s). The extended map is locally biholomorphic,
satisfies (3—10), and maps U’ onto a G (M )—invariant neighborhood W’ of
O(p) in M . We will now show that the extended map is 1-to—1 on an Ry,—
invariant neighborhood of m contained in U’.

Suppose that for some 59,5, € U’, 59 # ¢, we have §(so) = F(sg). For U
sufficiently small, this can only occur if 5o and s lie in the same R,,—orbit,
and therefore there exist a point s € U and elements /1,4’ € Ry, such that
so=hs, sy ="ns. Then W='heJsand o~ (W'~ 1h) e I35, where Jg denotes
the isotropy subgroup of s under the R,,—action. At the same time, we have
e l(Jy) I F(s)- Thus, Ig(s) contains more points than Js. Observe also that
if m’ is the model for O (F(s)), then R,y is isomorphic to Ry,.

Assume first that O(s) is non-spherical. It follows from the explicit forms of
the models and the corresponding groups (see Lemma 3.2) that if for two locally
CR—equivalent non-spherical models nmj, m, the groups Ry, and R, are
isomorphic and the isotropy subgroup of a point in m; contains more points than
that of a point in m,, then m; = n((x") and my = 77((12”) for some « and odd n > 1
(here we set r]((xl) :=1gq). Hence O(s) = 77((12"), and the model for O(F(s)) is
n&") for some o and odd n > 1; consequently, m = nl(szn) for some B. If there
is a neighborhood of p not containing a point ¢ such that the model for O(g)
18 some ng,n), then & is biholomorphic on an R,,—invariant open subset of U’.
Suppose now that in every neighborhood of p (that we assume to be contained
in W) there is a point ¢ such that O(f(q)) = nJ(,Z") and the model for O(q)
is ng,") for some y . Note that /; consists of two elements and Jy () is trivial.
Choose a sequence of such points {g;} C W converging to p. Let g; be the
non-trivial element of Ig; . Since the action of G(M) on M is proper and I,
is trivial, the sequence {g;} converges to the identity in G(M ). At the same
time, the sequence { f(g;)} converges to f(p) and therefore ¢(g;) f(g;) lies
in U for large j. For large j we have ¥(¢(gj)f(qj)) = g;. Since ¢(g;) isa
non-trivial element in R, the point ¢(g;) f(g;) does not coincide with f(g;).
Thus, we have found two distinct points in U (namely, f(q;) and ¢(g;) f(g;)
for large j) mapped by & into the same point in W, which contradicts the fact
that & is 1-to—1 on U.

Assume now that O(s) is spherical. It follows from the explicit forms of the
models and the corresponding groups (see Lemma 3.2) that if for two spherical
models my, my the groups Ry,, and R,,, are isomorphic and the isotropy
subgroup of a point in m; contains more points than that of a point in m5,
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then m; = En/ky > Ry, = %I’l/]ﬂ? and my = En/ky» Ry, = %n/kp where
n.kiky €N, (n, k1) =1, (n,ky) =1, ky > ky. Hence m = ¢g,x,, O(s) is
equivalent to ¢,,, by means of a map of the form (d) on list (3—8), and the model
for O(F(s)) is &,/k, for some n,ky, ky as above. If there is a neighborhood
of p not containing a point ¢ such that the model for O(g) is some &, , with
keN, (n,k)=1, k > k,, then § is biholomorphic on an R,,—invariant open
subset of U’. Suppose now that in every neighborhood of p (that we assume
to be contained in W) there is a point ¢ such that the model for O(q) is &5/,
with k € N, (n,k) =1, k > k,. Choose a sequence of such points {g;} C W
converging to p. Since the action of G(M) on M is proper, the isotropy
subgroups /;; converge to I. Every subgroup /,; contains more points than
Jf(q;)» and therefore for a subsequence {ji} of the sequence of indices {;}
there is a sequence of elements {g;, } with gj, € Iy, . (g ) EJ @i, and such
that {gj, } converges to an element of /. Arguing now as in the non-spherical
case, we obtain a contradiction with the fact that & is 1-to—1 on U.

Hence we have shown that f* can be extended to a biholomorphic map satisfying
(3-9) between a G(M )—invariant neighborhood of O(p) in M and a R,,—
invariant neighborhood of m in M,,.

Consider a maximal G (M )—invariant domain D C M from which there exists a
biholomorphic map f onto an R,,—invariant domain in M., satisfying (3-9) for
all g € G(M) and g € D. The existence of such a domain is guaranteed by the
previous step. Assume that D # M and consider x € dD. Let n; be the model
for O(x) and let f1: O(x)— my be a real-analytic CR—isomorphism satisfying
(3-9) for all g € G(M), q € O(x) and some isomorphism ¢;: G(M) — Ry,
in place of ¢. As in (I), extend f; to a biholomorphic map from a connected
G (M )—invariant neighborhood V' of O(x) ontoan R, —invariant neighborhood
of my in My, . The extended map satisfies (3-9) forall g € G(M), g€V
and ¢ in place of ¢. Consider s € V N D. The maps f and f; take O(s)
onto an R,,—orbit m’ in M, and an Ry, —orbit m’1 in My, , respectively. Then
F:= fio f~! establishes a CR-isomorphism between m’ and m’. Therefore,
my lies in M,y,, that is, we have My, = M,,, . Moreover, F is either an element
of Autcg(m’) (if m" =m/), or is a composition of an element of Autcg (')
and a non-trivial map from list (3-8) that takes m’ onto m (if m’ # m’); the
latter is only possible in cases (b)—(k). It now follows from the explicit forms of
CR-automorphisms of the models and the maps on list (3—8) that F' extends to
a holomorphic automorphism of M,,.

Since O(x) is strongly pseudoconvex and closed in M, for V' sufficiently small
we have V' = V; UV, U O(x), where V; are open connected non-intersecting
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sets. Furthermore, if V' is sufficiently small, then each V; is either a subset of
D or disjoint from it. Suppose first that there is only one j for which V; C D.
In this case V' N D is connected and V' \ (D U O(x)) # @. Setting now

f on D,
F7lofi onV,

we obtain a biholomorphic extension of f to DUV . By construction, f satisfies
(3-9) for ge G(M) and g € DU V. Since DUV is strictly larger than D, we
obtain a contradiction with the maximality of D. Thus, in this case D = M,
and hence M is holomorphically equivalent to an R,,—invariant domain in M,
(all such domains will explicitly appear below).

Suppose now that V; C D for j = 1,2. Applying formula (3—11) to suitable
/1 and F, we can extend f|p, and f|y, to biholomorphic maps ﬁ , ]?2 ,
respectively, from a neighborhood of O(x) into M, ; each of these maps satisfies
(3-9). Let i := £;(O(x)), j = 1,2. Then 9f(D) = fi; Uiy, My # iy,
and M \ O(x) is holomorphically equivalent to D. The map F:= f; o f;‘l
is a CR—isomorphism from fit; onto i, (hence m is one of the hypersurfaces
occurring in cases (b)—(k)). By construction, the map F is R,—equivariant. In
each of cases (b)—(f) this implies that F extends to a holomorphic automorphism
of M., of a simple form (similar to the corresponding form on list (3-8)). Let I
denote the group of automorphisms of M, generated by F . Tt follows from the
explicit forms of F and M., in each of cases (b)~(f) that I" acts freely properly
discontinuously on M,, and that M,, covers M, with I" being the group of
deck transformations of the covering map. Observe, however, that for every m
the manifold M, is not hyperbolic. Next, in cases (g)—(k) the R.,—equivariance
of F implies that F =id, which is impossible. These contradictions show that
exactly one of V;, j =1,2,is a subset of D, and hence M is holomorphically
equivalent to an R,,—invariant domain in My,.

All hyperbolic R,,—invariant domains in each of cases (b)—(n"") are described as follows:

(b)

(3-12)  Spssi= {(z,u))e(Cz:s<|z|2+|w|2<t}/Zm, 0<s<1t<00;

(© {(z.w)eC?:s+|z|* <Rew <t +]z|?}, —oo<s<t=o00;
(d)
(3-13) Rp s 1= {(z, w)eC?: s|w|b <Rez < t|w|b, w # O} ,
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(e)

)
9]

(b)

g
G"
G"
(k)
)
an
a”
(m)
(m”)
(m")
(n)
(n")
(")
(")
(")

0<s <t =<o00,where s =0 and ¢t = co do not hold simultaneously;

Rer 1= {(Z, w) € C?:sexp(Rew) <Rez <texp(Rew)},O <s<t=< oo,
where s = 0 and ¢ = co do not hold simultaneously;

{(z.w) e C%:sexp (|z]%) < |w| <rexp (|z]?)}, 0 <s <1 < 00;

Rps:, 0<s<t=o00,where s =0 and 7 = oo do not hold simultaneously
(see (2-1));

Usy, 0 <5 <t =00, where s =0 and # = co do not hold simultaneously (see
(2-6));

S, 05 <t <00 (see (2-9));

Gg,olo), 0<s<t<oo (see (2-15));

S, 0<s5 <1 <00, n>2 (see (2-15));

Vipsi» 0 <t <00, e 2Tbt <5 <1 (see (2-20));

Esr, 1 <5<t <o0 (see (2-23));

E 1<s<t <00 (see (2-29));

EZ), 15 <1t <00 (see (2-29));

Qsr, —1 =5 <t =1 (see (2-36));

Q) —1<s<1=1 (see (2-54);

Q" —1<s<1<1,n22 (see (2-54));
Ds;, 1 =<5 <1t =00 (see (2-42));

DI, 1 <5 <1 =00 (see (2-59));

D® . 1<s5<1<o00 (see (2-59));

Ds(i”), 1<s<t<oo,n>2 (see (2-59));

st
Ds(f’t), 1<s<t<o0,n>3,n isodd (see (10)).

This concludes our orbit gluing procedure. Note that in each of cases (d) and (e) we
have two non-isomorphic possibilities for R,,. Each of the possibilities leads to the
same set of R,,—invariant domains.

We now observe that the automorphism groups of all R,,—invariant domains that appear
in cases (b)—(f) have dimension at least 4. Finally, excluding equivalent domains leads
to list (i)—(xv) as stated in the theorem.

The proof of the theorem is complete. |
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4 Levi-flat orbits

In this section we give a classification of (2,3)-manifolds M for which every G(M)-
orbit has codimension 1 and at least one orbit is Levi-flat. We start by classifying all
possible Levi-flat orbits up to CR—diffeomorphisms together with group actions.

Observe, first of all, that the Levi-flat hypersurface O (see (2—4)) is an orbit of the
action of each of the groups Gy, (see (2-2)) for b € R (including » = 0) and & (see
(2-7)) on C?. Recall next that the Levi-flat hypersurface (’)(()") (see (2-70), (2-74)) is
an orbit of the action of R™ (see (10), (2-55)) on Q_ for n = 1 (see (2-47)) and on
M® for n e N, n>2 (see (11)(d)). Furthermore, the Levi-flat hypersurface (9(()00)
(see (2-75)) is an orbit of the action of R(°) (see (2-57)) on M ) (see (11)(d)).
Note also that the Levi-flat hypersurface

(4-1) O = {(z,w)e(Cz:Rez>0, |w|:1}
is an orbit of the action on C? of the group G, of all maps
z>Az+iB,
(4_2) iy
w eV w,

where A > 0, B,¢¥ € R. The hypersurface O(()oo) is CR—equivalent to O, and the
hypersurface (’)(()n) is CR—equivalent to O/ for every n € N.

We will now prove the following proposition. Note that it applies to (2,3)-manifolds
possibly containing codimension 2 orbits.

Proposition 4.1 Let M be a (2,3)-manifold. Assume that for a point p € M its orbit
O(p) is Levi-flat. Then one of the following holds:

(i) O(p) is equivalent to O by means of a real-analytic CR—map that transforms
G(M)|o(p) into either the group Gp|o, for some b € R or the group ®|o, ;

(i) O(p) is equivalent to Oy by means of a real-analytic CR-map that transforms
G(M)|o(p) into the group G(/)|O,1 :

(iii)) O(p) is equivalent to (’)(()j) for some j € {1,2,...,00} by means of a real-
analytic CR—map that transforms G (M )|o(p) into the group R o) -
0

Proof Recall that the hypersurface O(p) is foliated by complex manifolds equivalent
to A (see (ii) of Proposition 1.1). For convenience, we realize A as the right half-plane
P :={zeC:Rez>0}. Denote by g(M) the Lie algebra of vector fields on M
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arising from the action of G(M). The algebra g(M) is isomorphic to the Lie algebra
of G(M). We identify every vector field from g(M') with its restriction to O(p). For
g € O(p) we consider the leaf M, of the foliation passing through ¢ and the subspace
[; C g(M) of all vector fields tangent to M, at ¢. Since vector fields in [, remain
tangent to M, at each point in M, , the subspace I, is in fact a Lie subalgebra of
g(M). It follows from the definition of I, that diml, = 2.

Denote by H, the (possibly non-closed) connected subgroup of G (M) with Lie algebra
I;. It is straightforward to verify that the group H, acts on M, by holomorphic
transformations. If some element g € H, acts trivially on My, then g € I,. If for
every non-identical element of L, its projection to LZI is non-identical (see (ii) of
Proposition 1.1), then every non-identical element of /4 acts non-trivially on M, and
thus g =1id; if L, contains a non-identical element with an identical projection to L’q
and g # id, then g = g4, where g, denotes the element of /; corresponding to the
non-trivial element in Z, (see (ii) of Proposition 1.1). Thus, dim H,; = 2, and either
Hy or Hy /7, acts effectively on M, (the former case occurs if g, € Hy, the latter
if g4 € Hy). As we noted in the proof of Lemma 3.2, every 2—dimensional (a priori
not necessarily closed) subgroup of Aut(P) is conjugate in Aut(P) to the subgroup 7°
(see (3-7)). The Lie algebra of this subgroup is isomorphic to the 2—dimensional Lie
algebra ) given by two generators X and Y satisfying [X, Y] = X . Therefore, 1; is
isomorphic to b for every g € O(p).

It is straightforward to determine all 3—dimensional Lie algebras containing a subalgebra
isomorphic to §. Every such algebra has generators X, Y, Z that satisfy one of the
following sets of relations:

R1) [X.Y]=X, [Z.X]=0, [ bZ, beR,
(4-3) R2) [X.Y]=X, [Z.X]=0, | X+2Z,
R3) [X.Y]=X, [Z.X]=Y, [Z.Y]=-Z.

Z.Y]=
Z.Y]=

Suppose first that g(M) is given by relations (R1). In this case g(M) is isomorphic
to the Lie algebra of the simply-connected Lie group Gj (see (2-2)). Indeed, the
Lie algebra of Gy, is isomorphic to the Lie algebra of vector fields on C? with the
generators

X,:=id/0z,
Y :=120/0z+bw d/ow,
Zy:=1id/ow,

that clearly satisfy (R1).
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Assume first that b # 0. In this case the center of Gy, is trivial, and hence Gy is the only
(up to isomorphism) connected Lie group whose Lie algebra is given by relations (R1).
Therefore, G(M) is isomorphic to Gp. Assume further that b % 1. In this case, it is
straightforward to observe that every subalgebra of g(M') isomorphic to 1y is generated
either by X7 and Y1 +vZ, orby Z; and vX; 4 Y7 for some v € R. The connected
subgroup of G with Lie algebra generated by X; and Y; 4+ vZ; is conjugate in Gy
to the closed subgroup H, bl given by y = 0 in (2-2); similarly, the connected subgroup
of G with Lie algebra generated by Z; and vX; + Y; is conjugate to the closed
subgroup H1;2 given by B = 0 in (2-2). Moreover, the conjugating element can be
chosen to belong to the subgroup W' of maps of the form
Iz

4-4) )
wHw+iy, yeR,

in the first case, and to the subgroup W? of maps of the form

z>z+if, BeER,

W w,

in the second case. These subgroups are one-parameter subgroups of G arising from
Z1 and X7, respectively.

Thus, upon identifying G(M') with G, the subgroup H, for every g € O(p) is
conjugate to either Hb1 or Hb2 by an element of either W! or W2, respectively. In
particular, Hy is isomorphic to 7 and hence does not have subgroups isomorphic to
Z, . Therefore, Hy acts effectively on M, . Since the subgroups H, are conjugate to
each other, it follows that either Hj is conjugate to H bl for every ¢, or Hy is conjugate
to Hb2 for every ¢. Suppose first that the former holds. Then for every ¢ € O(p)
every element of G(M) can be written as g/, where g € W', h € Hy. Hence for
every q1, 42 € O(p) there exists g € W! such that gMy, = My, . Furthermore, since
the normalizer of Hb1 in G coincides with H!, such an element g is unique. Let
go € O(p) be a point for which Hy, = Hb1 ,and let f: My, — P be a holomorphic
equivalence that transforms Hy, | My, into the group 7. Let X 1 and IA’I be the vector
fields on O(p) corresponding to X7, Y7. Under the map f the vector fields X 1] My,

and ?1 | My, (which are tangent to My, ) transform into some vector fields X 1* and Yl*
on P such that [X ", Y*] = X}*. Clearly, X[" and Y* generate the algebra of vector
fields on P arising from the action of 7. It is straightforward to verify that one can
find an element of 7 that transforms Y|* into zd/dz = Y;|p and X into one of
+i d/dz = £ X1 |p, and therefore we can assume that f is chosen so that it transforms
A?1|Mq0 and Y, |Mq0 into £ X |p, Y1|p, respectively.
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For every ¢ € O(p) we now find the unique element g € W' such that gM,, = M, and
define F(g):= (f(g_1 (@), i)/) € C?, with y corresponding to g as in formula (4—4).
Clearly, F is a real-analytic CR—1somorph1sm between O(p) and O; that transforms

Z1 into i d/0w|o, = Z1|o, . where Z, is the vector field on O(p) corresponding to
Z (recall that W! = {exp(sZ;),s € R}).

Denote by X, Y the vector fields on O, into which F transforms X 1, IA’I , respectively.
Since F is real-analytic, it extends to a biholomorphic map from a neighborhood of
O(p) in M onto a neighborhood of O; in C2. Clearly, X;, Y; extend to holomorphic
vector fields on all of M and hence X, ¥ extend to holomorphic vector fields defined
in a neighborhood of . Since the restrictions of X and Y to P x {0} C O are
+1i0/0z and z d/0z, respectively, these vector fields have the forms

(4-5) X = (£i + p(z, w))d/9z + o(z, w)d/dw,
and
(4-6) Y = (z+ pu(z, w))d/9z + t(z, w)d/dw,

where p, g, 4, T are functions holomorphic near @ and such that
4-7) 0(z,0)=0(z,0) = u(z,0) = 1(z,0) = 0.
Since [Zl,fl] =0 and [21, )71] = bZl on O(p), on aneighborhood of O we obtain

(4-8) [Z,.X]=0,[Z,.Y]=bZ,.

Conditions (4-7) and (4-8) imply: p=0,06 =0, =0 and T =bw. Thus, X= +X,
Y =Y; and hence F transforms G(M)|o(p) into Gp|o, -

The case when Hj is conjugate to H 13 for every g € O(p) is treated similarly; arguing

as above we construct a real-analytic CR—isomorphism between O(p) and (51 (see
(2-5)) that transforms G(M)|o(p) into G| o, Further, interchanging the variables

turns (51 into O and Gy, into Gyyp.

Suppose now that b = 1. In this case, in addition to the subalgebras arising for
b # 1, a subalgebra of g(M ) isomorphic to }) can also be generated by Xy +nZ; and
Y1 +vZ, for some n,v € R, n # 0. The connected subgroup of G corresponding
to this subalgebra is conjugate in Gy to the closed subgroup Hj ; of all maps of the
form (2-2) with b = 1, y = Bn. Moreover, the conjugating element can be chosen to
belong to the subgroup W! (see (4—4)). Thus, upon identifying G(M) with G, the
subgroup H, for every g € O(p) is conjugate to either Hl1 or H12, or Hy , for some
n # 0 (all these subgroups are closed). In particular, Hy is isomorphic to 7 and hence
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acts effectively on M, . Since the subgroups Hy are conjugate to each other, it follows
that either H, is conjugate to H 11 for every ¢, or Hy is conjugate to H12 for every ¢,
or Hy is conjugate to H; ; for every ¢ and a fixed n. The first two cases are treated
as for b # 1. Suppose that Hy is conjugate to H; , for every ¢ € O(p). It can be
shown, as before, that for every ¢, > € O(p) there exists a unique g € W! such that
gMy, = My, . Fix qo € O(p) with the property Hy, = H; ,, and let f: My, — P,
be a holomorphic equivalence that transforms Hy, | My, into the group 7 and such
that X 1+ nZ 1] My, and )A’l | My, (which are tangent to My, ) are transformed into the
vector fields £X|p and Y;|p, respectively. For every ¢ € O(p) we now find the

unique map g € W! such that gMy, = My and define F(q) := (f(g_l(q)), iy),

with y corresponding to g as in formula (4—4). Analogously to the case b # 1 we
obtain: X = +X; —nZ;, Y =Y;. Hence F transforms G(M)|p(p) into G1|o; .

Suppose now that b = 0. In this case there are exactly two (up to isomorphism) con-
nected Lie groups with Lie algebra g(M): Gy and G6 (see (4-2)). It is straightforward
to see that every subalgebra of (M) isomorphic to 1 is generated by X7 and Y; +vZ;
for some v € R. Clearly, the connected subgroup of Gy with Lie algebra generated by
X, and Y; +vZ; coincides with the closed normal subgroup Hy , given by A = e,
y =vt, t € R (see (2-2)). It then follows that if G(M) is isomorphic to Gg, there
exists v € R, such that, identifying G(M') and Go, we have H; = H,, for every
q € O(p). Further, let us realize the Lie algebra of G6 as the Lie algebra generated
by the following vector fields on C?: Xy, Y;, Z 1 :=iw d/0dw, which clearly satisfy
(R1) of (4-3). The connected subgroup of G with Lie algebra generated by X; and
Yy +vZ] coincides with the closed normal subgroup H , of G given by A = el
Y =vt, t €R (see (4-2)). It then follows that if G(M) is isomorphic to G/, there
exists v € R, such that, identifying G(M) and G|, we have H; = H(’)’ , for every

q€0(p).

Thus, if b = 0, every subgroup H, is normal, closed, isomorphic to 7 (hence acts
effectively on My ). In particular, all these subgroups coincide for ¢ € O(p). Denote
by H the coinciding subgroups H,. The group H acts properly on O(p), and the
orbits of this action are the leaves M, of the foliation on O(p). Further, we have
G(M) = H x L, where L is either the subgroup W! (see (4—4)), or the subgroup
W'l given by A =1, 8 = 0 in formula (4-2), and hence is isomorphic to either R
or S'. Forevery g € O(p) let Sq:={g € L:gMg= My}. Since My is closed,
Sy is a closed subgroup of L. Clearly, for every g € S, there is 4 € H such that
hg € 1. The elements g and / lie in the projections of I, to L and H, respectively.
Since H is isomorphic to 7, it does not have non-trivial finite subgroups, hence the
projection of I, to H is trivial, and therefore S; = I,;. Since all isotropy subgroups
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are contained in the Abelian subgroup L and are conjugate to each other in G(M),
they are in fact identical. The effectiveness of the action of G(M) on M now implies
that all isotropy subgroups are trivial and hence every Sy is trivial as well.

Thus, we have shown that for every ¢, g, € O(p) there is a unique g € L, such that
gM,, = My,. Suppose first that L = W!. Fix go € O(p), and let f: My, — P
be a holomorphic equivalence that transforms H | M,, into the group 7T and X|| Mgy »

Y1 +vZ, | My, into + X1 |p, Y1|p, respectively. For every ¢ € O(p) find the unique
map g € W! such that gM,, = M, and define F(q) := (f(g_l(q)), i)/), with y

corresponding to g as in formula (4—4). It can now be shown as in the case b # 0 that
F transforms G(M)|o(p) into Golo, -

Suppose now that L = W'!. Fix go € O(p), and let f: My, — P be a holomorphic
equivalence that transforms H | M,, into the group T and X | Mgy Y1 +vZ 1l M,, into

+X1|p, Y1|p, respectively, where Z 1 denotes the vector field on O(p) corresponding
to Z}. For every ¢ € O(p) find the unique map g € W' such that gMy, = My and
define F(q):= (f(g_1 (q)), e“”), with ¥ corresponding to g as in formula (4-2).
Clearly, F is a real-analytic CR-isomorphism between O(p) and O] (see (4-1)) that
transforms Z/ into iw 9/ dwlo; = Z, o -

As before, denote by X R Y the vector fields on (9’1 into which F transforms X 1>

Y1, respectively. These vector fields extend to holomorphic vector fields defined in a
neighborhood of O] . Since the restrictions of X and Y +vZ 1 to Px{l} C O] are
£+ X:|p and Yi|p, these vector fields have the forms that appear in the right-hand sides
of formulas (4-5), (4-6), respectively, where p, o, i, T are functions holomorphic near
O} and such that

4-9) piz,)=0(z,1)=u(z,1)=1(z,1) =0.
Since [21,?1] = [2’1 Yy + vZ’l] =0 on O(p), on a neighborhood of O} we obtain
(4-10) (2. X1=[2,.Y +vZ{]=0.

Conditions (4-9), (4-10) imply: p=o=p=1=0. Thus, X =£X;, Y =Y, —vZ],
and hence F transforms G(M)|o(p) into G6|O’1-
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Suppose next that g(M) is given by relations (R2) (see (4-3)). In this case g(M) is
isomorphic to the Lie algebra of the simply-connected Lie group ® (see (2-7)). Indeed,
the Lie algebra of ® is isomorphic to the Lie algebra of holomorphic vector fields
on C? with the following generators: X7, Y, := (z +w) d/dz 4+ w d/dw, Z,, which
clearly satisfy (R2). It is straightforward to observe that the center of ® is trivial, and
hence ® is the only (up to isomorphism) connected Lie group whose Lie algebra is
given by relations (R2). Therefore, G(M) is isomorphic to ®. In this case every
subalgebra of g(M) isomorphic to b is generated by X; and Y, 4+ vZ; for some
v € R. The connected subgroup of ® with Lie algebra generated by X; and Y, +vZ;
is conjugate in ® to the closed subgroup Q given by y = 0 (see (2-7)). Moreover,
the conjugating element can be chosen to belong to W! (see (4-4)).

Thus — upon identification of G(M) and ® — the subgroup H, for every ¢ € O(p)
is conjugate to Q by an element of W!. Further, since the normalizer of Q in ®
coincides with Q, we proceed as in the case of the group Gy for b 7% 0 and obtain that
there exists a real-analytic CR—isomorphism F between 0( p) and O that transforms
Z 1 into Z1|p, and the corresponding vector fields X 1, Y2 on a neighborhood of O(p)
in M into holomorphic vector fields X, Y of the forms appearing in the right-hand
sides of formulas (4-5), (4-6), respectlvely, where p, o, . T are functlons holomorphlc
near O and satisfying (4-7). Since [Zl,Xl] =0 and [21 Y2] X1 + Zl on O(p),
on a neighborhood of 7 we obtain

(4-11) (21, X]=0,[2,.Y]=X + Z,.

Conditions (4— 7), (4-11) 1mply p=0,0=0,p=tw, r=w, respectively. Thus,
we have either X = X7, Y =Y, or X =—X;, Y = (z —w) 3/dz +w 8/dw. Hence
either F' or S o F transforms G(M)|g(p) into ®|p,, where S is the map given by
formula (3-5).

Suppose finally that g(M) is given by relations (R3) (see (4-3)). In this case g(M) is
isomorphic to the algebra s0; 1 (IR). All connected Lie groups with such Lie algebra are
described as follows: any simply-connected group is isomorphic to the group B, and
any non simply-connected group is isomorphic to 8, with n € N, where B, and B,
are the Lie groups defined in Lemma 3.2. Clearly, the set C := {(z, w) € C?:Rez > O}
is B; —invariant for j € {1,2, ..., 00}.
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Consider in B; three one-parameter subgroups of transformations of C

for j = oo:
i
z > Z—E,B, w o w,
Z = Az, w — w+Ing A,
Z > - : , w > w—2ng(ipuz 4+ 1),
inz +1
for j =neN:
i
z|—>z—§,3, = w,
z > Az, > Alnw,
z 1
zZ

—_— W > ———w.
ipz+1 (ipz + 1)2/n

where A >0, B, € R, t2/" = exp(2/n Ing 1) for t € C \ (—o00, 0], and Ing is the
branch of the logarithm in C \ (—o0, 0] defined by the condition Ing 1 = 0. The
vector fields corresponding to these subgroups generate the Lie algebras of 8; for
je{l,2,..., 00} and are as follows:

for j = oo:
X; = —%8/82,
Y; = z9d/0z+ d/0w,
Z3 = —iz20/0z—2izd/0w,
for j =neN:
;
X3 = —58/82,

Y = 29/ + 2 9/dw,
n

.
Zy = —iz29/0z - 222

3/0w.

n

One can verify that these vector fields indeed satisfy relations (R3).

Next, it is straightforward to show that any subalgebra of g(M') isomorphic to ) is
generated by either X3 4+ nY3 —n?/2Z3, Y3 —nZs3, with n € R, or by Y3, Z3.
For every j € {1,2,...,00} the connected subgroups of ¥; corresponding to the
subalgebras generated by X3 +nY3 —n?/2 Z3, Y3 —nZ3, with n € R, or by Y3, Z3
are isomorphic to 7 (hence H, acts effectively on M, for every ¢) and are all closed
and conjugate to each other in 8; by elements of the one-parameter subgroup of B;
arising from X3 —1/2 Z3. We denote this subgroup by 1V; and describe it in more
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detail. Let first j = co. Transform C into {(z, w) : |z| < 1} by means of the map

z—1

H b

z+4+1
ww—2Ing ((z+1)/2).

Then W is the subgroup of B, that transforms into the group of maps

z r—>e”z,
(4-12) ]
wHw41t,

where 1 € R. Let now j = n. Transform C into {(z, w) : |z| < 1} by means of the
map

z—1
241’

o) 2/n
w = w.
(z—l—l)

Then W, is the subgroup of B, that transforms into the group of maps

Z =

zsellz,
(4-13)

w seltMy,
where 0 <t < 2mn.

Observe that — upon identifying G(M') with B; for a particular value of j — for every
g € O(p) every element of G(M) can be written in the form gh with g e W;, he Hy,
and W; N Hy = {id}. Since no element in a sufficiently small neighborhood of the
identity in W; lies in the normalizer of H, in G(M ), for every g € O(p) there exists
a tubular neighborhood U of M, in O(p) with the following property: for every curve
Yy C U transversal to the leaves M, for ¢’ € U and every q1.q92 € ¥, q1 # q2, we
have Hy, # Hg,. Further, for every two points g1,q2 € O(p) there exists g € W,
such that gMy,, = My, . If for some ¢ € O(p) there is a non-trivial g € W; such that
gMy = Mgy, then gH, g = H, and hence g has the form

for j =00

z > oz,

w > w+2wiky, ko€ Z\ {0},
for j =n e N:
z,
e2miko/ny, ko eN, kg <n—1.

A
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It then follows that g lies in the centralizer of Hy for every ¢’ € O(p). Let h € Hy
be such that hg € I, . Every element of I, has finite order (see (ii) of Proposition 1.1),
which implies that each of /4 and g is of finite order. At the same time, if G(M ) = Voo,
then g is clearly of infinite order; hence gM, # M, for every g € O(p) and every
non-trivial g € Wyo. Assume now that G(M) = ¥, for some n € N. Since every
non-trivial element of 7 has infinite order, we obtain 4 = id and thus g € I,. This
argument can be applied to any point in My, and thus we obtain that g fixes every point
in M, . Hence g = g4, where, as before, g, denotes the element of /,; corresponding
to the non-trivial element in Z, (see (ii) of Proposition 1.1). Then if a point g € M,
is sufficiently close to ¢, the point ¢, := gg; is also close to ¢, and we can assume
that g1, g, € U. It follows from the explicit form of the action of the linear isotropy
subgroup L, on T,(M) that g; # g, and that g1, g lie on a curve transversal to every
leaf in U; hence H,, # Hg,,. At the same time, we have Hy, = g4 Hy, g;l = Hy, .
This contradiction shows that gM, # M, for every ¢ € O(p) and every non-trivial
gEW,.

Suppose that G(M') = B, Fix go € O(p) for which Hy, = Hy, where H is the
subgroup of G(M) with Lie algebra generated by X3, Y3, and let f: My, — P
be a holomorphic equivalence that transforms Hy, | My, into the group 7 and such

that X’ 3 M,, and IA’3| M,, are transformed into the vector fields +Xi|p and Yi|p,
respectively, where X3, Y3 are the vector fields on O(p) corresponding to X3, Y3.
For every g € O(p) we now find the unique map g € Wy such that gMy, = M, and
define F(q) := < f(g7(q)).i Z) € C?, where ¢ is the parameter value corresponding

to g (see (4-12)). Clearly, F is a real-analytic CR—-isomorphism between O(p)
and O; that transforms X 3—1/2 7 3 into Z;|p,, where V4 3 is the vector field on
O(p) corresponding to Z3 (recall that Weo = {exp (s (X3 —1/2 Z3)), s € R}), and
transforms X3, Y3 ona neighborhood of O(p) into holomorphic vector fields X, ¥
of the forms appearing in the right-hand sides of formulas (4-5), (4-6), respectively,
where p, o, 4, T are holomorphlc na nelghborhood of (91 and satlsfy (4-7). Since
[X3 — 1/223,X3] = —1/2Y3 and [X3 - 1/223, Y3] X3 + 1/223 on 0(p) on a
neighborhood of O; we obtain

~ 1 ~ ~ ~
(4-14) [Zle]=—§Y, [Z1.Y]=2X—-Z;.
Conditions (4-7), (4-14) uniquely determine the functions p, o, u, T as follows:
A 2 S R
p=+- ((z+2)e —(z—2)e )ZFl, o 4(6 +e 2),

= 5((2 +2)etV 4 (z - 2)e¢w> -z, T= —%(ew - e_w).
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Thus, we have shown that if M is a (2,3)-manifold such that G(M) is the universal
cover of SO, 1(R)® and O(p) is a Levi-flat G(M )—orbit in M , then there exists a
CR-isomorphism from O(p) onto O; that transforms near O(p) vector fields from
the Lie algebra g(M) into vector fields near O from the Lie algebra a(®®) generated
by Z; and

i((z ) — (z— 2)6_"’)8/82 _i (ew + e—w)a/aw,
((z +2)e? 4 (z— 2)e_w)8/82 - (ew — e—w)a/aw.

The CR-isomorphism is either the map F constructed above or the map S o F', where
S is given by (3-5).

Let N be any of the (2,3)-manifolds ©§°°), ®§§°) introduced in (11)(d). The group
G(N) coincides with R(%) (see (2-57)) and hence is isomorphic to the universal
cover of SO, (R)°. Furthermore, O(()OO) (see (2-75)) is a Levi-flat G(N )—orbit in

N . Hence, as we have shown above, there exists a CR—isomorphism from (’)(()OO) onto
O that transforms g(N) near O(()OO) into a(® near ;. Therefore, there exists a

CR-isomorphism from O(p) onto (9(()00) that transforms G(M)| o) into R()| O -
0

Suppose that G(M') = B, for n € N. Fix g9 € O(p) for which H,, = Hy, where, as
before, Hy is the subgroup of G(M') with Lie algebra generated by X3, Y3, and let
J: My, — P be a holomorphic equivalence that transforms Hy,| M,, into the group T

and such that X 3] My, and }?3 | M,, are transformed into the vector fields + X7 |p and
Y1|p, respectively. For every ¢ € O(p) we now find the unique map g € W, such that

gMy, = My and define F(q) := (f(g_l(q)), e”/”) € C?, where ¢ is the parameter

value corresponding to g (see (4—13)). Clearly, F' is a real-analytic CR—isomorphism
between O(p) and O that transforms X3 —1/2 Z3 into 1/n Z] |O/1 and transforms

X 3, )73 on a neighborhood of O(p) into holomorphic vector fields X, Y of the forms
appearing in the right-hand sides of formulas (4-5), (4-6), respectively, where p, o, i, T
are functions holomorphic near (’)/1 and satisfying (4-9). Arguing as before, we obtain

1, = 1= [1_, = ~ 1 _,
(4-15) -Z,.X|=—2Y,|-Z.Y |=2X--Z].
n 2 n n
Conditions (4-9), (4-15) uniquely determine the functions p, o, i, t as follows:
p= :I:z—1 ((z + 2wt — (z—2)wq:”> Fi, 0= —41— (w”Jrl +w!™" —2w) ,
n

1 I
p=s (Crow +-u™) -z r=—0 (W —w!™).

2n
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Thus, we have shown that if M is a (2,3)-manifold such that G(M) is an n—sheeted
cover of SO, 1(R)® and O(p) is a Levi-flat G(M )—orbit in M , then there exists a
CR-isomorphism from O(p) onto O] that transforms near O(p) vector fields from

the Lie algebra g(M) into vector fields near O/ from the Lie algebra a® generated
by Z/ and

. n —n l_ n+1 1-n
i ((z+2w" — (z = 2w )B/BZ—n(w Y )a/aw,

n —n 1 n+1 1—n
(+2w" + (z— 2w )B/SZ—Z(w —w )a/aw.

The CR—isomorphism is either the map F constructed above or the map S’ o F, where
S’ is given by
Z >z,

w1/w.

Let N be any of the (2,3)-manifolds 335”), Dg’t), @E” (here n = 1) introduced in
(11)(d). The group G(N) coincides with R™ (see (10), (2-55)) and hence is an
n—sheeted cover of SO ; (R)°. Furthermore, O(()") (see (2-70), (2-74)) is a Levi-flat
G(N)-orbit in N . Hence, as we have shown above, there exists a CR—-isomorphism
from O(()") onto O] that transforms g(V) near (’)(()n) into a near O/ . Therefore,
there exists a CR—isomorphism from O(p) onto (9(()") that transforms G(M)|o(p)

into R(n) |O(n) .
0

The proof of the proposition is complete. |

Remark 4.2 1t is in fact possible to write down a suitable CR—equivalence between

O(()j ) for J€{l,2,...,00} and either Oy or O] explicitly. For example, let us realize
(’)(()1) as AxdA C CP! x CP! (see (11)(c)). Then the map given by
ZW +1
z==-2——",
ZW —1
w=W

takes A x JA onto O] and transforms near A x A the Lie algebra of vector fields
arising from the action of SU; ;/{#id} ~ SO, 1(R)® on CP' x CP! into a(!) near
(’)’1 (here we set Zg = Wy =1 on A x0dA and denote Z :=Z{, W := W)).

We will now prove the following theorem that finalizes our classification of (2,3)—
manifolds in the case when every orbit is a real hypersurface. In the formulation below
we use the notation introduced in Section 2.
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Theorem 4.3 Let M be a (2,3)-manitold. Assume that the G(M )—orbit of every
point in M is of codimension 1 and that at least one orbit is Levi-flat. Then M is
holomorphically equivalent to one of the following pairwise non-equivalent manifolds:

(i) Rps:.wherebeR,b#0,1,andeither s =—o0,t=1o0rs=-1,0<t =00,
and in the latter case t # 1,ifb=1/2;
(i) Rp 1, whereb>0,b%#1,0<t<o00;
(ii1) 171,,, where —oo <t <0;
(iv) Dgt),wherej6{1,2,...,00},—1§s<1<l§ooands=—1 and t = o0
do not hold simultaneously.

Proof The proof is based on Proposition 4.1 and the orbit gluing procedure introduced
in the proof of Theorem 3.1.

Observe that the set & :={p € M : O(p) is Levi-flat} is closed in M . Hence, if €
is also open, then every orbit in M is Levi-flat. Let p € € and suppose first that there
exists a CR—isomorphism f: O(p) — O; that transforms G(M)|o(p) into the group
Golo, - The group Gy acts on C = {(z, w) € C? : Rez > 0}; every orbit of this action
has the form
b, :={(z,w)eC:Rew =r},

for r € R, and hence is Levi-flat. Arguing as at step (II) of the orbit gluing procedure,
we extend f to a biholomorphic map between a G(M )—invariant neighborhood U
of O(p) and a Gy—invariant neighborhood of O; in C that satisfies (3-9) for all
g€G(M) and g € U, where ¢: G(M) — Gy is an isomorphism. Since every Go—
orbit in C is Levi-flat, the set £ is open. The group G is not isomorphic to any of the
groups Gy, for b € R*, Gy, ©, RU) | and it follows that every orbit O(g) in M is
CR—equivalent to O by means of a map that transforms G(M)|o(q) into Golo; .

We will now further utilize the orbit gluing procedure from the proof of Theorem 3.1.
Our aim is to show that M is holomorphically equivalent to a Gy—invariant domain
in C. First of all, we need to prove that the map F arising at step (III) extends to a
holomorphic automorphism of C. This map establishes a CR—isomorphism between
b,, and b,, for some ry,r, € R. Clearly, F has the form F' =vog, where v is areal
translation in w, and g € Autcg(by,). Since F = fj o f~! and the maps f and f;
transform the group G(M)|o(s) for some s € M into the groups Gols,, and Goly,, »
respectively, the element g lies in the normalizer of Gols,, in Autcg(by,).

The general form of an element of Autcg(by,) is

(4-16) (z.r1 +iv) = (av(2), 11 +ip(v)),
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where v € R, a, € Aut(P) for every v, and pu is a diffeomorphism of R. Considering
g in this form, we obtain that a, for every v € R lies in the normalizer of 7 in Aut(P)
(see (3-7)), and hence a, € T for all v. Moreover, we obtain: avlaa;11 = avzaa;;
for all @ € 7 and all vy, vy € R. Therefore, a;]lav2 lies in the center of 7, which is
trivial. Hence we obtain that a,, = ay, for all vy, v,. In addition, there exists d € R*
such that u='(v) +y = u~'(v+dy), for all y € R. Differentiating this identity with
respect to ¥ at 0 gives

(4-17) w ) =v/d +19

for some 7y € R. Therefore, F extends to a holomorphic automorphism of C as the
following map:
ZAz 4P,

4-18
( ) w>dw + o —idty,

where A > 0, 8,0 € R.
Any Gg-invariant domain in C is given by
{(z,w)e(szReZ>0, s <Rew <t},

for some —o0 <5 <t < 00. At step (IV) we observe that, since O; splits C, for
V' sufficiently small we have V' = V; UV, U O(x), where V; are open connected
non-intersecting sets. If V; C D for j =1, 2, then for the domain D we have s > —oo0,
t < 00, and the argument apphed above to the map F' shows that F has the form (4-18).
Further, using the fact that Fis Go—equivariant, we obtain that F is a translation in
w and that C covers M , contradicting the hyperbolicity of M . It then follows that
M is equivalent to A% which is impossible, since d(A?) = 6.

Next, if for p € € there exists a CR—isomorphism between O(p) and O that transforms
G(M)|o(p) into the group G|O1, a similar argument gives that M is holomorphically
equivalent to the product of A x A4, where A is either an annulus or a punctured disk.
This is impossible either since d(A x A) = 4.

Let now p € £ and suppose that there exists a CR—isomorphism f: O(p) — O, that
transforms G(M)|p(p) into the group G1|o, . The group G acts on

D:z(Cz\{(z,w)e(Cz:Rez:Rew=O},

with codimension 1 orbits, and, as before, we can extend f to a biholomorphic map be-
tween a G (M )—invariant neighborhood U of O(p) and a G —invariant neighborhood
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of Oy in D that satisfies (3-9) for all g € G(M) and g € U, where ¢: G(M) — G
is an isomorphism. A G1—orbit in D is either of the form

{(z,w) € C?:Rew =rRez, Rez > O},

or of the form
{(z,w) €C?:Rew = rRez, Rez < O} ,

for » € R, or coincides with either (51 (see (2-5)), or
(4-19) o7 = {(z,w)e(szRez:O, Rew<0},

and hence is Levi-flat. Therefore every orbit in M is Levi-flat, and it follows as before
that every orbit O(g) in M is CR—equivalent to O; by means of a map that transforms
G(M)|0(q) into G4 |(9l .

In order to show that M is holomorphically equivalent to a G —invariant domain in
D, we need to deal with steps (III) and (IV) of the orbit gluing procedure. In this
case we have F = v o g, where v is a map of the form (2-32) with 4 € GL,(R),
and g € Autcg(o) for some G1-orbit 0. As before, g lies in the normalizer of G|,
in Autcg(o). Let X be a map of the form (2-32) with 4 € GL,(R) that transforms
o into O; and gy := X0 goX~!. Considering gy in the general form (4-16) with
r1 = 0 we see that for every A > 0, B,y € R, the composition @, o a*P o a;t,
where a*B(z) := Az +iB, belongs to 7 and is independent of v. This implies that
ay(z) = Aoz +i(Cyv + Cy) for some Ay > 0, Cy,C, € R. Also, for every A > 0,
y € R there exist A; > 0, y; € R such that (X/L_l(v) +y) =Av+y;. It then
follows, in particular, that either there exist ¢ € R*, d € R such that u='(v) +y =
w1t (e€Yv 4 d(1 —e?)), or there exists d € R* such that = (v)+y=p~' (v+dy)
for all y € R. Differentiating these identities with respect to y at 0, we see that the
first identity cannot hold and that /L_l , as before, has the form (4—17) for some 7 € R.
It then follows that gx extends to a holomorphic automorphism of D as the map
z>hoz + Crw +iCy,

4-20
( ) w>dw —idty,

and thus F extends to an automorphism of D as well.

Any hyperbolic G—invariant domain in D has the form S + iR?, where S is an
angle of size less than & with vertex at the origin in the (Re z, Re w)—plane. If at step
(IV) we have V; C D for j = 1,2, then the argument applied above to the map F
shows that F has the form (2-10) with A € GL,(R). Further, using the fact that Fis
G1—equivariant, we obtain that F = id, which is impossible. This shows that M is
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holomorphically equivalent to a hyperbolic G{—invariant domain in D. By means of
a suitable linear transformation every such domain is equivalent to the tube domain
whose base is the first quadrant, and thus M is holomorphically equivalent to A2,
which is impossible.

Let p € € and suppose that there exists a CR—isomorphism f: O(p) — O; that
transforms G(M )| o(,) into the group Gp|o, for some b € R*, b # 1. The group Gy
acts on D, and every Gp—orbit in D is either strongly pseudoconvex and has one of
the forms

{(z, w)eC?:Rew=r (Rez)b ,Rez > 0} ,

{(z, w)eC?:Rew=r (—Rez)b ,Rez < O} ,
for r € R*, or coincides with one of Oy, @1 (see (2-5)), (51_ (see (4-19)), and
(4-21) o7 = {(z,w)e(Cz:Rez<0, Rewzo}.

It then follows that every Levi-flat orbit in M has a G(M )—invariant neighborhood
in which every other orbit is strongly pseudoconvex. Among the groups G, (with
ceR*, ¢c#1,c#b), ®, RY) the only group isomorphic to G is G1/p- Thus, it
follows that every Levi-flat orbit O(¢) in M is CR—equivalent to (J; by means of
a map that transforms G(M)|g(q) into either Gp|o, or Gy/p|lo, . In the latter case
interchanging the variables we obtain a map that takes O(q) into (51 and transforms
G(M)|o(g) into Gp| o, Next, by Lemma 3.2, every strongly pseudoconvex orbit
O(q’) is CR—equivalent to 75 (see (2-3)) by means of a CR—map that transforms
G(M)|0(q/) into Gb|rb-

We now turn to step (IIT) of the orbit gluing procedure. For the point x € dD there
exists a real-analytic CR—isomorphism f; between O(x) and one of Oq, O, 7p that
transforms G(M)|o(x) into one of Gplo,, Gp| b, Gp|1p, respectively. In each of
these three cases the corresponding point s can be chosen so that O(s) is strongly
pseudoconvex. Then F is a CR—isomorphism between strongly pseudoconvex Gp—
orbits, and thus has the form F' = v o g, where v is a map of the form

Z>+t2z,

4-22
( ) w —=dw

with d € R*, and g € G}. Therefore, F extends to an automorphism of D.

Suppose that at step (IV) we have V; C D for j =1,2. Assume first O(x) is strongly
pseudoconvex. Then F=vo g, Where vV is a non-trivial map of the form (4-22), and
g € Gy . Now using the fact that Fis Gp—equivariant, we obtain that F= id, which
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is impossible. Suppose now that O(x) is Levi-flat. Then F=vo g, where v is one of
the maps

(4-23) Z > —z, zZ b Z, z > ftw, z B w,

w > w, W —w, Wk Z, w = £z,

and g € Autcg(0), where o is a Levi-flat Gp—orbit. In this case, either g lies in the
normalizer of Gp|, in Autcg(o), or gGplog™! = Gi/plo and gGl/b|0g_1 = Gplo-
Transforming o into @1 by a map X from list (4-23) and arguing as in the case of the
group G for the map F, we obtain that gy := Xo g o X! extends to a holomorphic
automorphism of D as a map of the form (4-20) with C; = 0. It then follows that F
has the form (2-10) with 4 € GL,(R). Now, using the Gp—equivariance of F we
again see that F =id which is impossible. Hence M is holomorphically equivalent to
a Gp—invariant domain in D, and we obtain (i) and (ii) of the theorem.

Let p € £ and suppose that there exists a CR—isomorphism f: O(p) — O; that
transforms G(M)o(p) into the group ®|p,. The group ® acts on D, and every
®—orbit in D is either strongly pseudoconvex and has one of the forms

{(z,w) €C?:Rez=Rewln(rRew), Rew >0},
{(z,w) €C?:Rez=Rewln(—rRew), Rew < O} ,
for r > 0, or coincides with one of Oy, O (see (4-21)).

It then follows that every Levi-flat orbit in M has a G(M )-invariant neighborhood in
which every other orbit is strongly pseudoconvex, that every Levi-flat orbit in M is
CR—equivalent to O by means of a map that transforms G(M)|p(,) into ®|p, and
that every strongly pseudoconvex orbit is CR—equivalent to £ (see (2-8)) by means of
a map that transforms G(M)|p(p) into G¢.

At step (III), as in the case of the groups G} above, we can choose s so that O(s) is
strongly pseudoconvex. It then follows that F' = v o g, where v is a map of the form
Z>dz,

(4-24)

w—dw
with d € R*, and g € ®. Therefore, F extends to an automorphism of D.

Suppose that at step (IV) we have V; C D for j =1,2. Assume first O(x) is strongly
pseudoconvex. Then F=vo g, where v is a non-trivial map of the form (4-24), and
g € ®. Now, using the fact that F is ®—equivariant, we obtaln that F = id, which
is impossible. Suppose now that O(x) is Levi-flat. Then F=vo g, where v is map
(4-24) with d = —1, and g € Autcg(0), where o is a Levi-flat ®—orbit. The element
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g lies in the normalizer of ® in Autcg(o). Transforming o into O; by a map X
of the form (4—24) with d = £1 and considering gx := X o g o X! in the general
form (4-16) with r; = 0, we obtain, as before, that /,L_l has the form (4—17) for some
d € R*, to € R, and that a,(z) = Aoz + iB(v), where Ao > 0 and B(v) is a function
satisfying for every A > 0 and y € R the following condition:

9/ [,3 (k,u_l(v) + )/) — B (u_l(v)) FAlnA (Aou_l(v) — v)] =0.

Setting A = 1 in the above identity gives that gx extends to an automorphism of D
as a map of the form (4-20). Therefore F has the form (2 10) with A € GL,(R),
and using the ®—equivariance of F we again see that F = id which is impossible.
Hence M is holomorphically equivalent to a ®—invariant domain in D, and we have
obtained (iii) of the theorem.

Let p € L and suppose that there exists a CR—isomorphism f:0(p) —> O(()j ) that
transforms G(M)|o(p) into the group R(])lo(j) for some j € {1,2,...,00}. The
0
group RU) acts on DY), where D) ;= D(_ll) oo (s€€ (2-73)), ) = ) \ 02
for 1 < j < oo, and D) .= py () (see (11)(a), (d)). Apart from (’)(()j), every
R —orbit in DY) is strongly pseudoconvex and is one of v‘gj ), for -1<a<1,or
n((x 7 , for a > 1. It then follows that Levi-flat orbits in M are isolated, and every such
orbit O(g) is CR—equivalent to (9(()] ) by means of a CR—isomorphism that transforms
G(M)|o(q) into the group R(j)|0(j).
0

At step (III) we again choose s so that O(s) is strongly pseudoconvex which gives
that F extends to DY) as an element of R). At step (IV), suppose that VicD
for j = 1,2. Observe that O(x) cannot be strongly pseudoconvex since otherwise F
would be a CR-isomorphism between two distinct strongly pseudoconvex R —orbits
in DY), while in fact R)—orbits are pairwise CR—non-equivalent. On the other
hand, O(x) cannot be Levi-flat either, since otherwise F would be a CR-isomorphism
between two distinct Levi-flat RZ)—orbits in DY), while Oéj ) is the only Levi-flat
orbit in DY) . This implies that M is holomorphically equivalent to a R _invariant
domain in ) which leads to (iv) of the theorem.

The proof of the theorem is complete. |

5 Codimension 2 orbits
In this section we finalize our classification by allowing codimension 2 orbits to be

present in the manifold. We will prove the following theorem (as before, we use the
notation introduced in Section 2).
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Theorem 5.1 Let M be a (2,3)-manifold. Assume that a G(M )—orbit of codimension
1 and a G(M ) —orbit of codimension 2 are present in M . Then M is holomorphically
equivalent to one of the following manifolds:

i Sp;

(i) E; withl <t <o0;

i) E® with1 <t < oo;

Gv) Q; with—-1<t<1;

(v) Dg withl <5 <00;

(vi) Ds(z) with 1 <s < 00;

(vii) D™ withn>3,1<s < 00;
viii) D withn>1, -1 <s<1;

x) D with 1 <1 < oco.

Proof Since a codimension 1 orbit is present in M , it follows that there are at most
two codimension 2 orbits (see Alekseevsky—Alekseevsky [2]). Let O be one such
orbit. Parts (iii) and (iv) of Proposition 1.1 yield that for every p € O the group 1 1(,)
is isomorphic to U; (in particular, G(M) has a subgroup isomorphic to Uj), and
there exists an [ 1(,) —invariant connected complex curve C, in M that intersects O
transversally at p. If O is a complex curve, one such curve C, corresponds — upon
local linearization of the I, —action — to the Lg —invariant subspace {w = 0} of 7, (M),
where the coordinates (z, w) in 7,(M) are chosen with respect to the decomposition
of T,(M) specified in (iii) of Proposition 1.1, with {z = 0} corresponding to V), =
T,(O(p)); if, in addition, the isotropy linearization is given by (1-2), then the maximal
extension of this curve is the only maximally extended complex curve in M with
these properties. If O is a totally real orbit, C; can be constructed from any of the
two Lg —invariant subspaces {z = £iw} of T),(M ), where the coordinates (z, w) in
Ty(M) are chosen so that V), = {Imz = 0, Imw = 0} (see (iv) of Proposition 1.1);
locally near p there are no other such curves. Clearly, there exists a neighborhood U
of p such that U N (C, \ {p}) is equivalent to a punctured disk.

Since there is a codimension 1 orbit in M , the group G(M) is either isomorphic to
one of the groups listed in Lemma 3.2 (if a strongly pseudoconvex orbit is present in
M) or to one of G, Gy, G(’) (if all codimension 1 orbits are Levi-flat — see (2-2)
and (4-2)). Since G and G do not contain subgroups isomorphic to Uy, the group
G(M) in fact cannot be isomorphic to either of these groups. Let M’ be the manifold
obtained from M by removing all codimension 2 orbits, and suppose that G(M ) is
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isomorphic to G6. The subgroup of G(/) isomorphic to U; is unique and consists of all
rotations in w, it is normal and maximal compact in Gé); we denote it by J. It follows
from the proof of Theorem 4.3 that M’ is holomorphically equivalent to

Vi 1= {(z,w)e(Cz:Rez>O, s < |w] <t},

where 0 < s <t < 00, and either s > 0 or ¢ < co, by means of a map f that satisfies
(3-9) for all g € G(M), ¢ € M’ and an isomorphism ¢: G(M) — G;. Clearly,
I, =1:= ¢~ 1(J) for every p € O. In particular, I, acts trivially on O for every
p € O; hence O is a complex curve with isotropy linearization given by (1-2), and
there are no totally real orbits in M . The group G(/) acts on C := P x CP! (we set
g(z,00) := (Az+iB, o0) for every g of the form (4-2)). This action has two complex
curve orbits

O7 =P x {0},

-1 Og :=P x {oo}.

It is straightforward to observe that every connected J—invariant complex curve in Vs ;
extends to a curve of the form

NZ() = {Z = ZO} N Vs,t,

for some z( € P, which is either an annulus (possibly with infinite outer radius) or a
punctured disk. Fix pg € O, let Cp,, be the unique maximally extended /—invariant
complex curve in M that intersects O at pq transversally, and let zy € P be such that
J(Cpy\{Po}) = Nz, . Since for a sequence {p;} in Cp, converging to po the sequence
{/(pj)} approaches either {z = zq, |w| = s} or {z = z¢, |w| =t} and Cp, \ {po} is
equivalent to a punctured disk near pg, we have either s = 0 or t = oo, respectively.

Assume first that s = 0. We extend f to a map from M := M’ U O onto the domain
Vy = {(z, w) € C2:Rez >0, |w| < z} =V, VO,

by setting f(po) := qo := (29, 0) € O7, with zg constructed as above. The extended
map is 1-to—1 and satisfies (3-9) for all g € G(M), q € M. To prove that f is
holomorphic on all of M , it suffices to show that f is continuous on O. We will prove
that every sequence {p;} in M converging to po has a subsequence along which the
values of f converge to go. Let first { p;} be a sequence in O. Clearly, there exists a
sequence {g;} in G(M) such that p; = g; po for all j. Since G(M) acts properly
on M , there exists a converging subsequence {gj, } of {g;}, and we denote by gy its
limit. It then follows that go € I and, since f satisfies (3-9), we obtain that { f(pj, )}
converges to ¢o. Next, if {p;} is a sequence in M, then there exists a sequence {g;}
in G(M) such that g; p; € Cp,. Clearly, the sequence {g; p;} converges to po and
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hence { f(gjpj)} converges to go. Again, the properness of the G(M )—action on M
yields that there exists a converging subsequence {g;, } of {g;}. Let go be its limit; as

before, we have gg € I. Property (3-9) now implies f(pj,) = [(p(gjk)]_l F (g Pir)>
and therefore { f(pj, )} converges to go. Thus, f is holomorphic on M. If O was
another complex curve orbit, then, since ¢ < oo, arguing as above we could extend f
biholomorphically to a map from M’ U O’ onto V; that takes O’ onto ;. Then there
exist non-intersecting tubular neighborhoods U and U’ of O and O’, respectively,
such that f(U\O)= f(U’\ O’), which contradicts the fact that /" is biholomorphic on
M'. Hence, O is the only codimension 2 orbit, and M is holomorphically equivalent
to V. This is, however, impossible since d(V;) = 6.

Assume now that # = co. Arguing as in the case s = 0 and mapping O onto Og, we
can extend f to a biholomorphic map between M and the domain in C given by

{(z,w) €C?:Rez >0, |w| >s} UOg = Vs,00 U Og,

which is holomorphically equivalent to V;. This is again impossible, and we have
ruled out the case when G (M) is isomorphic to Gy .

It then follows that there is always a strongly pseudoconvex orbit in M and hence
G (M) is isomorphic to one of the groups listed in Lemma 3.2. Observe that the groups
that arise in subcases (g), (h), (j/), (k), (m”), (n") of case (A) as well as in cases (D)
and (F) do not have non-trivial compact subgroups; thus these situations do not in fact
occur. In addition, arguing as in the proof of Theorem 3.1, we rule out case (B).

We now assume that a complex curve orbit is present in M . Let O be such an orbit.
Then (iii) of Proposition 1.1 gives that O is equivalent to 7. Furthermore, if for p € O
the group 1 1? acts on O non-trivially (see (1-1)), then there exists a finite normal
subgroup H C I, such that G(M)/H is isomorphic to Aut(P) ~ SO, 1(R)?; if 11(7)
acts on O trivially (see (1-2)), then there is a 1-dimensional normal compact subgroup
H C I, such that G(M)/H is isomorphic to the subgroup 7 C Aut(P) (see (3-7)). In
particular, every maximal compact subgroup of G(M) is 1-dimensional and therefore
is isomorphic to Uj . It then follows that for every p € O the group 1 1(,) is a maximal
compact subgroup of G(M') and hence I, is connected. Observe now that in subcases
(M), A7), (1"") of case (A) as well as in case (C) the group G(M) is compact. In case
(G) the group G(M) is isomorphic to U; x R?; thus no factor of G(M) by a finite
subgroup is isomorphic to SO, 1 (R)® and the factor-group of G(M) by its maximal
compact subgroup is not isomorphic to 7 . Furthermore, in subcases (j), (j”) the group
G (M) is isomorphic to U; x R2. This group has no 1-dimensional compact normal
subgroups and cannot be factored by a finite subgroup to obtain a group isomorphic
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to SO, (R)°. Therefore, if a complex curve orbit is present in M , we only need to
consider subcases (m), (m”), (n), (n”) of case (A), and case (E).

We start with case (E) and assume first that for some point p € M there exists a
CR-isomorphism between O(p) and the hypersurface &, for some b > 0 (see (d) in
the proof of Theorem 3.1), that transforms G(M)|o(p) into G, |, , where G, is the
group of all maps

Az + i,

>-2) w |—>ei‘/’k1/bw,

with A >0, ¥, B e R.

We proceed as in the case of the group G|, considered above. In this case Levi-flat
orbits are not present in M , and it follows from the proof of Theorem 3.1 that M’ is
holomorphically equivalent to Ry, ; ; (see (3-13)) for some 0 <s <7 < oo, with either
s >0 or t < 0o, by means of amap f that satisfies (3-9) forall g € G(M), g € M’
and an isomorphism ¢: G(M) — G, . The only 1-dimensional compact subgroup
of Gg, is the maximal compact normal subgroup J* given by the conditions A =1,
B =0 in (5-2). Clearly, I, =1 := @~ 1(J®) for all p € O, which implies, as before,
that O is a complex curve with isotropy linearization given by (1-2), and there are
no totally real orbits. The group G, acts on C, and, as before, this action has two
complex curve orbits @7 and Og (see (5-1)).

Further, every connected J®» —invariant complex curve in R, extends to a curve of
the form

1Z=20y NRp 5.1 ={(z,w) €C?:z =2z,

(Rezo/1)'? < |w| < (Rezo/s)l/b},

for some z(y € P, which is either an annulus or a punctured disk. As before, we obtain
that either s = 0, or ¢t = oo.

If t = 00, we extend f to a biholomorphic map from M = M'U O onto the domain
(5-3) Cps = {(z,w)e(Cz:ReZ>s|w|b} = Rp 5,00 U O7.

Since s > 0, the orbit O is the only codimension 2 orbit, and hence M is holomorphi-
cally equivalent to € . Similarly, if s = 0, then M is holomorphically equivalent to
the domain

(5-4) {(z,w)eCZ:O<Rez<z|w|b}u08=<.Rb,0,,u(98,
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which is equivalent to the domain
Epti= {(z, w) e C?:Rez >0, |w| < (Z/Rez)l/b} .
This is, however, impossible since d(€p ) > 4 and d(&p ;) = 4.

Assume now that in case (E) for some point p € M there exists a CR—isomorphism
f between O(p) and the hypersurface g for some b € Q, b > 0, that transforms
G(M)|o(p) into By, (see Lemma 3.2 for the definition of V). Let b = k1 /k, for
ki,k, € N, with (k],kz) =1.

As before, f extends to a biholomorphic map between M’ and R s ,, where 0 <
s <t <00, and either s > 0 or t < co. The map f satisfies (3-9) for all g € G(M),
g € M’ and an isomorphism ¢: G(M ) — B, The group B acts on C, and, as before,
this action has two complex curve orbits O and Og. Every 1-dimensional compact
subgroup of By is the isotropy subgroup of the points (zg,0) € O7 and (zg, 00) € Oy
for a uniquely chosen z¢ € P. For zy € P denote by J zs(f the corresponding maximal
compact subgroup of By.

For every zg € P there is a family .’F;}f) of connected closed complex curves in Ry, ;
invariant under the J. f(f —action, such that every J, zs(f —invariant connected complex
curve in Ry, ¢, extends to a curve from .7-"32. We will now describe .7-";}‘ (here zy = 1);

for arbitrary zo € P we have F} = g (F}'), where g € B, is constructed from an

20

element g € Aut(P) such that zg = g(1). The family ]—";R consists of the curves
{(z, w)eC?: (22— Dk = pwkl} NRpses

where p € C. Each of these curves is equivalent to either an annulus or a punctured
disk. The latter occurs only for p = 0 if either s = 0 or ¢ = oo, and for p # 0 if
t = oo. If either s = 0 or ¢t = oo, the corresponding curves accumulate to either the
point (1, 00) € Og or the point (1,0) € O7, respectively.

Fix po € O. Since ¢(Ip,) is a 1-dimensional compact subgroup of B, there is
a unique zo € P such that ¢(/p,) = Jzeé’. Consider any connected [, —invariant
complex curve Cp, in M intersecting O transversally at po. Since f(Cp, \ {po}) is
J, f(f —invariant, it extends to a complex curve C € }'gf) . If asequence {p;} in Cp, \{po}
accumulates to pg, the sequence { f(p;)} accumulates to one of the two ends of C,
and therefore we have either s = 0 or ¢ = oo.

Assume first that ¢ = oo. In this case, arguing as earlier, we can extend f to a
biholomorphic map between M and €p,s by setting f(po) := go := (20,0) € Oy,
where po and zo are related as specified above. As before, it is straightforward to
show that O is the only codimension 2 orbit in M , and hence it follows that M is
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holomorphically equivalent to € . Similarly, it can be proved that for s = 0 the
manifold M is holomorphically equivalent to &, ;. As before, this is impossible and
thus in case (E) no orbit is a complex curve.

We now consider the remaining subcases of case (A). Suppose first that there is an orbit
in M whose model is either some vy, or some 1y, Or some 77((12). It then follows from
the proofs of Theorem 3.1 and Theorem 4.3 that M is holomorphically equivalent to
one of the following: €2, with —1 <s <7 <1 (see (2-36)); D5, with 1 <5 <t < o0

(see (2-42)); D with 1 <5 <1 < oo (see (2-59)); D) with —1 <5 <1 <7 < o0,
where s = —1 and ¢ = co do not hold simultaneously (see (2-72)).

Suppose first that M is equivalent to Qg ;, and let f be an equivalence map. The group
R, (see (2-37)) acts on the domain 2; (see (2—40)) with the totally real codimension
2 orbit Os (see (2-41)). Every 1-dimensional compact subgroup of R, is the isotropy
subgroup of a unique point in Os. For o € Os denote by Jj  its isotropy subgroup
under the action of R,,. There is a family ]—"q% of connected closed complex curves in
§25, invariant under the Jj —action, such that every connected J, —invariant complex
curve in 24, extends to a curve from quf). As before, it is sufficient to describe this
family only for a particular choice of go. The family ]:(%’0) consists of the connected
components of non-empty sets of the form

lewyec?: 24w =plnay,,
(5-5) {(z,w)e(Cz:z:iw}ﬂQs,,,
{(z, w) € C?:z= —iw} Nz,

where p € C*. Each of the curves from .7-"(% 0) is equivalent to either an annulus or a
punctured disk. The latter is possible only for the last two curves and only for s = —1,
in which case they accumulate to (0,0) € Os.

Now, arguing as in the second part of case (E) above, we obtain that s = —1 and extend
f to a map from M onto 2, such that f(O) = Os C ;. It can be shown, as before,
that f* is holomorphic on M . However, O is a complex curve in M whereas Os is
totally real in ;. Hence M’ cannot be equivalent to Qg ;.

Assume next that M’ is equivalent to Dy, by means of a map /. The group R,
(see (2—44)) acts on the domain D; (see (2-46)) with the complex curve orbit O (see
(2-43)). We again argue as in the second part of case (E) above. Every 1-dimensional
compact subgroup of R; is the isotropy subgroup of a unique point in O. For go € O
denote by J;’O its isotropy subgroup under the action of Rj. There is a family fq?)
of connected closed complex curves in Dy, invariant under the J‘Z) —action, such that
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every connected Jq"0 —invariant complex curve in Dy ; extends to a curve from ]—";3.
The family .7-'(? 0) consists of the sets

{(z,w) eC?:1 +22+pw2 =O}ﬂDs,,,
{wzo}mDS,[a

where p € C. Each of the curves from F, (ll.) 0) is equivalent to an annulus for ¢ < oo
and to a punctured disk if # = oo, in which case it accumulates to (,0) € O.

As before, we now obtain that ¢ = co and extend f to a biholomorphic map from
M onto Dy such that f(0) = O. 1t is straightforward to see that O is the only
codimension 2 orbit; hence M is holomorphically equivalent to Dy, and we have
obtained (v) of the theorem.

Suppose now that M’ is equivalent to Eg}t), and let f be an equivalence map. The
group RO (see (10)) acts on M ) (see (2-69)) with the complex curve orbit o
(see (2-66)) and the totally real orbit Og (see (2-71)). Every 1-dimensional compact
subgroup of R s the isotropy subgroup of a unique point in each of 0@ Og. For
qi € O® and q> € Og that have the same isotropy subgroup under the RO _action,
denote this subgroup by Jq?i,qz' As before, there is a family F° __ of connected

q1-92
. 1) . . .
complex closed curves in foﬁj invariant under the qul,qz —action, such that every
Do ) D
connected J; . —invariant complex curve in D ;" extends to a curve from F . . .

The family F o

(0:1:1:0).(0,0,—) consists of the connected components of the sets

(z1,22,23) € C3 : 22 4+ 22 —{—,022 =0 HD(I),
1 2 3 5,1

{z3 =0y N DY

5,03
(5-6)
{(21,22,23) eC3 1z = izz} N 3(})

om0y =i 5l

where p € C*. Each of the sets from F, (0:1:4:0),(0,0,—7) 1 equivalent to either an annulus
or a punctured disk. If s > —1, the latter can only occur for ¢ = oo, in which case the
corresponding curves accumulate to (0:1:7:0) € O?:if t < 00, it occurs only for the

last two curves provided s = —1, and in this case they accumulate to (0,0, —i) € Og.

It now follows, as before, that either s = —1 or = co. If s = —1 we can extend f
to a biholomorphic map between M and @51) (see (2-72)) that takes O onto Og.
This is impossible since O is a complex curve in M and Og is totally real in @El).
Hence ¢ = 0o, and we can extend f to a biholomorphic map between M and D§1)
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(see (2-72)). It is straightforward to see that O is the only codimension 2 orbit in M,
and thus M is holomorphically equivalent to Dgl), which is a manifold listed in (viii)
of the theorem.

Next, the case when M’ is equivalent to Ds(i) is treated as the preceding one. Here

we parametrize maximal compact subgroups of R by points in @@, and for the
point (0:1:7:0) € O the corresponding family of complex curves consists of sets
constructed as family (5-6), where the curves appearing on the left must be intersected
with Dgt) rather than Dg},) (note, however, that the second last intersection is empty).

As above, we obtain that # = oo and that M is holomorphically equivalent to Ds(z)
(see (2-67)). We now recall that DEZ) is equivalent to A? (see (11)(c)), and, excluding
the value s = 1, obtain (vi) of the theorem.

We now assume that M’ is holomorphically equivalent to one of the n—sheeted covers,

for n > 2, of the previously considered possibilities: Qg’t) (the cover of Q2 ;) with

—1=<s<t=<1-see(2-54); Ds(f’,) (the cover of Dy ;) with 1 <s <t < oo, where n

is odd — see (10); Ds(i") (the cover of Ds(,zt) )with 1 <5 <t < oo - see (2-59); @K’,)
(the cover of fDS,)) with —1 <s <1 <t < oo, where s = —1 and ¢ = oo do not hold
simultaneously — see (11)(d). We will now formulate a number of useful properties
that hold for the covers. These properties (that we hereafter refer to as Properties (P))
follow from the explicit construction of the covers in (10), (11).

Let S be one of Q;, Dy, p?® D(l) and let S be the corresponding n—sheeted

s,t > st

cover of S (for S = D,; we assume that n is odd). Let H := G(S) and H®™ =
G <S(”)> . Then we have:

(a) the group H ) consists of all lifts from S to S of all elements of H, and
the natural projection 77: H" — H is a Lie group homomorphism and realizes
H®™ as an n—sheeted cover of H;

(b) it follows from (a) that for every maximal compact subgroup Ko C H (all such
subgroups are isomorphic to Uy ) the subgroup 71 (Kp) is maximal compact
in H®™ | and all maximal compact subgroups of H ) are obtained in this way;

(c) for every maximal compact subgroup K ¢ H™ the family of all K—invariant
complex curves in S consists of the lifts from S to S of all 7 (K)—invariant
complex curves in S, where every connected 7 ( K)—invariant curve C is lifted
to a unique connected K —invariant curve C @) (in particular, C ™) covers C in
an n—to—1 fashion);
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(d) if S is one of Dy, D¥, DV

5.t Dsr» then every maximal compact subgroup K C
H™ s the isotropy subgroup — with respect to the H™ —action — of a unique
point in ol (see (11)(b)) in the first case, and a unique point in 0en (see
(2-65)) in each of the other two cases; every K —invariant closed complex curve
in ™ equivalent to a punctured disk accumulates to this point (provided, for
S = Dﬁlt), we assume that s > —1).

Properties (P) yield that if M’ is equivalent to either D( ") for odd n or D(Z") for
n>2,then t = oo and M is holomorphically equivalent to either D§”) (see (2-68))
or Ds(zn) (see (2—-67)), respectively; this gives (vii) of the theorem.

Suppose now that M’ is equivalent to Q(") by means of a map f. Then Properties
(P) imply that s = —1. Recall that W, o <I>,(,”). Q(_nl) ; —> $2-1, is an n—to-1 covering

map (see (10)). Consider the composition f~ =W, o0 CD,(,”) o f. This is an n—to-1
covering map from M’ onto Q_;, satisfying (3-9) for all g € G(M), g € M’,
where ¢: G(M) — R, is an n—to—1 covering homomorphism. Fix py € O. Since
Ko := ¢(Ip,) is a maximal compact subgroup of R, , there is a unique go € Os such
that Ky is the isotropy subgroup of ¢ under the R, —action on £2; . We now define
f (po) := qo. Thus, we have extended f to an equivariant map from M onto Q; that
takes O onto Os. As before, it can be shown that f is holomorphic on M . However,
Os is totally real in Q_; ; and therefore M’ cannot in fact be equivalent to Q(")

Let M’ be equivalent to Dg t), and let f be an equivalence map. In this case Properties
(P) imply that either s = —1 or t = co. If s = —1, arguing as in the precedlng
paragraph, we extend the map f =M, f to a holomorphic map from M onto
Dgl) that takes O onto O¢. As before, this is impossible since Og is totally real in
@51), and therefore we in fact have ¢ = co. In this case Properties (P) yield that M is
holomorphically equivalent to Dg"), and we have obtained (viii) of the theorem.

We now assume that every codimension 2 orbit in M is totally real. We will go again
through all the possibilities for the group G(M) listed in Lemma 3.2, paying attention
to constraints imposed on G(M') by this condition. In what follows O denotes a totally
real orbit in M . In case (E) with G(M') isomorphic to G, (see (5-2)) we obtain, as
before, that I, = I := ¢~ 1(J#») for every p € O, and thus I, acts trivially on O(p)
for every p € O which contradicts (iv) of Proposition 1.1. A similar argument gives a
contradiction in case (G). In case (E) with G(M) isomorphic to B the argument given
above for the case of complex curve orbits shows that f extends to a biholomorphic
map between M and either €5 (see (5-3)) or domain (5—4), with either f(0) =

or f(0O) = Og, respectively, which is impossible, since O is totally real, whereas
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Og, O7 are complex curves. Next, in subcase (1) of case (A) the group G(M) is
isomorphic to S U,, which implies that M is holomorphically equivalent to one of the
manifolds listed in [13]. However, none of the manifolds on the list has a totally real
orbit. Therefore, it remains to consider subcases (j), (), (1), (1”), (m), (m”), (n), (n”)
of case (A), and case (C).

We start with case (C). In this situation G(M) is isomorphic to SU,, if m is odd and
to SU,/ {xid}, if m is even. To rule out the case of odd m we again use the result of
[13]. We now assume that m is even. In this case M’ is holomorphically equivalent to
Sm,s,t (see (3—12)), with 0 < < ¢ < 0o, by means of a map f that satisfies (3-9) for
all g € G(M), g € M’ and some isomorphism ¢: G(M) — SU,/ {*id}.

Fix po in O and consider the connected compact 1-dimensional subgroup ¢(/ 1(,)0) -
S U,/ {£id}. It then follows that <p(1190) is conjugate in SU,/ {%id} to the subgroup
J£ that consists of all elements of the form

eV 0 .
(0 iV ) {+£id},

where ¥ € R (see eg [12, Lemma 2.1]). Suppose that pq is chosen so that <p(11‘,)0) =
JE. Let Cp, be a connected 1 1(,)0 —invariant complex curve in M that intersects O
transversally at po. Then f(Cp, \ {po}) is a connected J*—invariant complex curve
in Sy s, . It is straightforward to see that every connected J £_invariant complex curve
in Sy,s,r extends to a closed curve equivalent to either an annulus or a punctured disk.
The only closed connected J £ _invariant curves in Sm.s,+ that can be equivalent to a
punctured disk (which only occurs for s = 0) are

(2 =0}/Zm) N S

and
(tw=0/Zm) N Sms.

Therefore, the curve f(Cp, \ {po}) extends to one of these curves, and we have s = 0.

Let B; be the ball of radius # in C? and E its blow-up at the origin, ie
B, = {[(z,w), (€ g)] € By xCP!:zf = wg} ,

where (£ : {) are homogeneous coordinates in CP!. We define an action of U, on
E as follows: for g € U, and [(z, w), (§: §)] € E set

g|Gw. @ o)== g w.eE: 0]
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where in the right-hand side we use the standard actions of U, on C2 and CPP!. Next,
we denote by B, /Zm the quotient of B, by the equivalence relation [(z, w), (& :

Z)] ~ e [(z, w), (& §)]. Let {[(2, w), (§: {)]} € E/Zm be the equivalence class
of [(2, w), (& C)] € fi’\, We now define in a natural way an action of SU,/ {%id}

on E/Zm: for {[(Z, w), (§: {)]} € E/Zm and g {£id} € SU,/ {£id} we set

gtxidy {|G.w). €: 0] = {g[ w0}

The points {[(O, 0),(E:¢ )]} form an SU,/ {xid}-orbit that we denote by Og; this

is a complex curve equivalent to CP!. Everywhere below we identify Sm,0,r With
B; / Lim \ (99 .

For g¢ € Og let Jq% be the isotropy subgroup under the action of SU,/ {£id}. It is

straightforward to see that every subgroup cho is conjugate to J£ in SU,/ {=+id} and

that for every ¢ there is exactly one ¢; € Oy, g # qo, such that J, qﬁo =J ;} (for exam-
0

ple, JZ is the isotropy subgroup of each of {[(0, 0), (1: 0)]} and {[(0, 0),(0: l)]}).
Fix go € Og and let pg € O be such that (p(II(,)O) = JqLO. As we noted at the beginning
of the proof of the theorem, there are exactly two connected / 190 —invariant complex

curves Cp, and épo in a neighborhood of py that intersect O at pg transversally. The
curves f(Cp,\{po}) and f(Cp,\{po}) extend to the two distinct closed J, qﬁo —invariant

complex curves in f?\, /Zm \ Og that are equivalent to a punctured disk. Since there

are no other closed J, qﬁo —invariant complex curves in B;/Z, \ Oy equivalent to a
. . 0 0

punctured disk, it follows that IP6 # I, forevery pj € O, py# po.

Observe that if ¢,q" € Og, g # q’, are such that J,f = Jqﬁ, =: J, then one of the
J —invariant complex curves equivalent to a punctured disk accumulates to ¢ and the
other to ¢’. Therefore, we can extend § := f~! to a map from 1/9\,/ Zm onto M by
setting §(qo) := po, where gg € Og and pg € O are related as indicated above (hence
& is 2—to—1 on Og). As before, it can be shown that § is continuous on E Yy
and thus is holomorphic there. However, § maps the complex curve Og C E /Lo,
onto the totally real submanifold O C M , which is impossible. Hence, M’ cannot be
equivalent to Sy, 5 ¢ .

We now consider the remaining subcases of case (A). In subcase (j) the manifold M’ is
holomorphically equivalent to Sy, for 0 <s <t < oo (see (2-9)). The group R (see
(2-10)) acts on C? with the only codimension 2 orbit O, (see (2—13)). The isotropy

subgroup of a point (iyg,ivg) € O, is the group J (’; 0.90) of all transformations of the
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form (2-10) with B = yg —cos{¥ - yo —siny - vg, ¥ = vg + siny - yg — cos ¥ - vy,

where
( cosy siny )
A= ) ,
—sinyr cosy
with ¥ € R. Note that these subgroups are maximal compact in R, (which implies
that 1, is connected for every p € O), and the isotropy subgroups of distinct points in
O, do not coincide.

We now argue as in the second part of case (E) for complex curve orbits. There
is a family F~° of connected closed complex curves in S, invariant under

(30,v0)
the J(y v0) —action, such that every connected J(

Sy,r extends to a curve from ]:(;(),v<)) The family ]—'(0 0) consists of the connected
components of non-empty sets analogous to (5-5), where the sets on the left must
be intersected with ©;; rather than Q,. Among the curves from JT(() 0)’ only the
last two can be equivalent to a punctured disk. This occurs only for s = 0, in which
case the curves accumulate to (0, 0) € O,. Arguing as before, we can now construct
a biholomorphic map between M and S; (see (2-12)). Clearly, S; is equivalent to

1, and we have obtained (i) of the theorem.

Y0,20) —invariant complex curve in

Consider subcase (j”). In this situation M’ is holomorphically equivalent to the n—
sheeted cover 6( ,) of S5 for 0 <s <t <00, n>2 (see (2-15)), by means of a
map f . From the explicit construction of the covers in (4) it follows that Properties
(P) hold for S = Sy;. Let [ := ®” o f, where ®{": &) — &, , is the n—to-1
covering map defined in (2—14). Arguing as in the case of complex curve orbits when
M’ was assumed to be equivalent to Q§’f} , we extend ]7 to a holomorphic map from
M = M'U O onto S, that takes O onto O,.

Suppose that the differential of f is degenerate at a point in O. Then, since f satisfies
(3-9), its differential degenerates everywhere on O. Slnce O is totally real, it follows
that the differential of f is degenerate everywhere in M . This is impossible since f
is a covering map on M, and thus f is non-degenerate at every point of O. Hence,
for every p € O there exists a neighborhood of p in which f is biholomorphic. Fix
po € O and let Cp,, be a connected I,,—invariant complex curve intersecting O at pg
transversally (observe that 7, is connected). Then it follows from (c) of Properties (P)
that f(Cp, \{po}) covers f (Cpy \ {po}) in an n—to-1 fashion, and hence ]7 cannot be
biholomorphic in any neighborhood of pg. This contradiction yields that M’ cannot
be equivalent to 62’})

Consider subcase (1). In this situation M’ is holomorphically equivalent to E;; for
1 <s <t < oo (see (2-23)). The group R, (see (2-24)) acts on C P2 with the totally
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real orbit O3 (see (2-27)). Every connected 1-dimensional compact subgroup of R,
is conjugate in R, to the subgroup J# that consists of all matrices of the form

1 0 0
5-7) 0 cosy siny |,
0 —siny cosyr

where ¢ € R (this follows, for instance, from [12, Lemma 2.1]). It is straightforward to
see that the isotropy subgroup Jq” of a point ¢ € O3 under the R —action is conjugate
to J# (note that J#* = J, 8:0:0)) and that the isotropy subgroups of distinct points do
not coincide.

There is a family ]—"f of connected closed complex curves in E;; invariant under the
J; —action, such that every connected Jq“ —invariant complex curve in E;; extends
to a curve from ff . The family ]35:0:0) consists of the connected components of
non-empty sets of the form

{(§ cz:iw) e CP?: 22 + w? =,o§2} NEs,,

{(E:z:w)e(CIP’Z:z=iw}ﬂEs,t,

{(@:z ‘w)eCP?:z= —iw} NEsy;.
where p € C*. Among the curves from F, (]f 0:0)° only the last two can be equivalent
to a punctured disk. This occurs only for s = 1, in which case the curves accumulate

to (1:0:0) € O3. Arguing as before, we can now construct a biholomorphic map
between M and E; (see (2-26)), which gives (ii) of the theorem.

Further, in subcase (1”) M’ is holomorphically equivalent to E §2t) for some 1 <s <
t < oo (see (2-29)). Let f be an equivalence map that satisfies (3-9) for all g € G(M),
g € M’ and some isomorphism ¢: G(M) — Rg) (see (2-30)). The group R,(f) acts
on Q4 (see (2-28)) with the totally real orbit O4 (see (2-35)). All 1-dimensional

compact subgroups are described as in subcase (1) — see (5—7). The isotropy subgroup
@
J‘f of a point ¢ € O4 under the R,(f) —action is conjugate to J#, and for every

@ @
q € Oy there exists exactly one ¢’ € Oy, ¢’ # q, for which J;* =J :; (note that

@
¢’ =—q and J* = (lfi:I,0,0))‘

E®

s.f invariant

. . . @) .
Again, there is a family ff of connected closed complex curves in
2 . @ . .
under the J; —action, such that every connected Jé‘ —invariant complex curve in
@ . @ .
E s(zt) extends to a curve from ff . The family f(fl:l 0,0) CONSIsts of the connected
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components of non-empty sets of the form
{(21,22,23) eC? :zg +Z§ = pzl} N Egzt),

st

€ = {(21,22,23)663 =122 =i23}ﬂE( )

s,t

€, := {(21,22,23) €eC’izy=1,z5= —i23} NEY

0:3 = {(21,22,23) S (C3 L = -1, Zy = iZ3} ﬂE(z)

st

€y = {(21,22,23) eClizy=—1,23= —i23} " Es(zt)

where p € C*. Among the curves from FZ :I:l 0 0y’ only €; can be equivalent to a
punctured disk, which occurs only for s = 1. It then follows that s = 1, and in this case
€;, €, accumulate to (1,0,0) € Oq4, while €3, €4 accumulate to (—1,0,0) € O4.

Fix pg € O and let g9 € O4 be such that ¢(/ 1‘,)0) = Jéf)m and such that, for a / 1(7)0_
invariant complex curve Cp, intersecting O at py transversally, the curve /" (Cp, \ {po))
extends to a complex curve from ]-'(f)(Z) that accumulates to ¢o. We extend & := f !
to a map from E; (2) (see (2-34)) onto M = M’ U O that takes O4 onto O. Define
() et (hqo):=¢ ' (h)po. Since ¢~ ! (J,Z)(Z)) CIp,,

this map is well-defined. Furthermore, the extended map satisfies (3—10) forall s € R ,
(2

&(q0) := po and forany h e R;

qgekE; (2) , and for every ¢ € O4 there exists a Jg ut® —1nvar1ant complex curve € in E;
that intersects Q4 at ¢ transversally and such that § (€ \ {¢g}) is an Ig(q) —invariant
complex curve that accumulates to F(¢g). Arguing as in the second part of case (E) for
complex curve orbits, we now obtain that § is holomorphic on E 1(2). Further, as in
subcase (j”') above, we see that § is locally biholomorphic in a neighborhood of every
point in Oy.

We will now show that & is 1-to—1 on Q4. Suppose that for some ¢, ¢’ € O4, q # ¢’,
we have F(g) = F(¢') = p for some p € O. Since § satisfies (3—10), we have
2

@
J; =J ;, = (I 19), and therefore ¢’ = —¢g. Consider the four Jj M _invariant

connected complex curves in E| ) ; equivalent to a punctured disk; a pair of these curves
accumulates to ¢, while the other pair accumulates to —¢q. The curves are mapped
by & into four distinct 0—1nvar1ant complex curves in M’ whose extensions in M
intersect O transversally at p. However, as we noted at the beginning of the proof of
the theorem, there are exactly two [ 1(7) —invariant complex curves near p that intersect
O transversally at p. This contradiction yields that & is a biholomorphic map from
E ;2) onto M. Tt can be now shown, as before, that O is the only codimension 2
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orbit in M, which gives that M is holomorphically equivalent to £ ;2), and we have
obtained (iii) of the theorem.

It now remains to consider subcases (m), (m”), (n), (n”). We will proceed as in the
situation when a complex curve orbit was assumed to be present in M. If M’ is
equivalent to one of Dy, Ds(f’t) forn > 2, Dg’ft) for n > 1 (where in the last case we
assume that s > —1), we obtain a contradiction since O is totally real in M whereas
O and O™ for n > 2 are complex curves in the corresponding manifolds. Further, if
M’ is equivalent to 24, we obtain that s = —1 and M is holomorphically equivalent
to ;. Recalling that ; is equivalent to A? (see (11)(c)) and excluding the value

t = 1, we obtain (iv) of the theorem. Next, If M’ is equivalent to Q(_ll) ;» then M is

equivalent to 1351), which are the manifolds in (ix) of the theorem.

n .
g’t) for some —1 <s <7 < 00. In this case we

Suppose now that M is equivalent to
obtain a holomorphic map f from M onto €2, that takes O onto Os and such that
f~ [ is an n—to—1 covering map from M’ onto Q_; ;. Now, arguing as in subcase
(j”), we obtain that the differential of f is non-degenerate at every point of O which
leads to a contradiction. Finally, a similar argument leads to a contradiction if M’ is

equivalent to E(_"l) , forn=2.

The proof of the theorem is complete. |
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