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Large scale geometry of negatively curved R” xR

XIANGDONG XIE

We classify all negatively curved R” xR up to quasi-isometry. We show that all
quasi-isometries between such manifolds (except when they are bilipschitz to the real
hyperbolic spaces) are almost similarities. We prove these results by studying the
quasisymmetric maps on the ideal boundary of these manifolds.

20F65, 30C65; 53C20

1 Introduction

In this paper we study quasi-isometries between negatively curved solvable Lie groups
of the form R” xR and quasisymmetric maps between their ideal boundaries.

Given an n x n matrix A, we let G4 be the semidirect product R” x4 R, where R
acts on R” by x > e!4x for t € R, x € R”. Then G4 is a solvable Lie group.

Let G4 be equipped with any left-invariant Riemannian metric such that the R direction
is perpendicular to the R” factor. When 4 = I,,, G4 is isometric to H"*!. More
generally, if the eigenvalues of A all have positive real parts, then it follows from
Heintze’s results [12] that G4 is Gromov hyperbolic. Hence G4 has a well-defined
ideal boundary dG 4. The ideal boundary dG 4 can be naturally identified with (the
one-point compactification of) R”. On R” (identified with the ideal boundary with one
point removed), there is a parabolic visual (quasi)metric D4, which is invariant under
Euclidean translations and admits a family of dilations {A; = e’4}. See Section 3 for
more details.

Given an n X n matrix A, the real part Jordan form of A is obtained from the Jordan
form of A by replacing each diagonal entry with its real part and reordering to make it
canonical. Notice that the real part Jordan form is different from the real Jordan form
and the absolute Jordan form. It is related to the absolute Jordan form through matrix
exponential.

Here are the main results of the paper. See Theorem 5.12 for a more precise statement
of Theorem 1.2. Also see Section 2 for basic definitions.
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Theorem 1.1 Let A and B be n x n matrices whose eigenvalues all have positive
real parts. Then (R", D4) and (R", Dp) are quasisymmetric if and only if there is
some s > 0 such that A and sB have the same real part Jordan form.

Theorem 1.2 Let A and B be n x n matrices whose eigenvalues all have positive
real parts. Denote by A1 and | the smallest real parts of the eigenvalues of A and B
respectively, and set € = A /1. If the real part Jordan form of A is not a multiple of
the identity matrix I, then for every quasisymmetric map F: (R", D4) — (R", Dp),
the map F: (R”, Dz) — (R", Dp) is bilipschitz.

When A = I,,, the manifold G4 is isometric to the real hyperbolic space H”*!. In
this case, the ideal boundary is R” with the Euclidean metric, and hence the claim
in Theorem 1.2 fails: there are nonbilipschitz quasiconformal maps in the Euclidean
space R”". More generally, if the real part Jordan form of A is a multiple of I,,, then it
follows from the result of Farb and Mosher (see Section 3) that (R”, D4) is bilipschitz
to (R”,]-|€), where |- | denotes the Euclidean metric and € > 0 is some constant.
Hence the claim in Theorem 1.2 also fails.

There are several consequences of the main results.

Recall that two geodesic Gromov hyperbolic spaces admitting cocompact isometric
group actions are quasi-isometric if and only if their ideal boundaries are quasisymmetric
with respect to the visual metrics; see Paulin [17] or Bonk and Schramm [2]. Hence
Theorem 1.1 yields the quasi-isometric classification of all negatively curved R” x R.

Corollary 1.3 Let A and B be n x n matrices whose eigenvalues all have positive
real parts. Then G4 and Gp are quasi-isometric if and only if there is some s > 0 such
that A and sB have the same real part Jordan form.

The next three results are consequences of Theorem 1.2.

A map f: X — Y between two metric spaces is called an almost similarity if there
are constants L > 0 and C > 0 such that Ld(x{,x5) — C < d(f(x1), f(x2)) <
Ld(x1,xp)+ C forall x;,x, € X and d(y, f(X)) <C forall yeY.

Corollary 1.4 Let A and B be n x n matrices whose eigenvalues all have positive
real parts. Suppose the real part Jordan form of A is not a multiple of the identity
matrix I,. Then every quasi-isometry f: G4 — Gp is an almost similarity.

We view the canonical projection /i4: G4 = R” x R — R as the height function
for G4. Let A and B be two n x n matrices. A quasi-isometry f: G4 — Gp is
height-respecting if it maps the fibers of /14 to within uniformly bounded Hausdorff
distance from the fibers of /i p.
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Corollary 1.5 Let A and B be n x n matrices whose eigenvalues all have positive
real parts. Suppose the real part Jordan form of A is not a multiple of the identity
matrix I,. Then every quasi-isometry f: G4 — Gp is height-respecting.

Corollary 1.6 Let A be a square matrix whose eigenvalues all have positive real parts.
If the real part Jordan form of A is not a multiple of the identity matrix, then G 4 is not
quasi-isometric to any finitely generated group.

A group G of bijections g: X — X of a quasimetric space is a uniform quasimobius
group if there is some homeomorphism 7: [0, c0) — [0, c0) such that every element g
of G is n—quasimobius. The following result follows from Theorem 1.2 and a theorem
of Dymarz and Peng [6].

Corollary 1.7 Let A be a square matrix whose eigenvalues all have positive real parts.
Suppose that the real part Jordan form of A is not a multiple of the identity matrix.
Let G be a uniform quasimobius group of 0G4 (equipped with a visual metric). If the
induced action of G on the space of distinct triples of 0G4 is cocompact, then G can
be conjugated by a bilipschitz map of (R", D,4) into the group of almost homotheties
of (R", Dy).

When A is a Jordan block, we describe all the quasisymmetric maps on (R”, D4).
Consequently, we are able to prove a Liouville-type theorem. See Sections 7 and 8.

Theorem 1.2 was established in the diagonal case by Shanmugalingam and the au-
thor [20] and in the 2 x 2 Jordan block case by the author [22]. We believe that
Theorem 1.2 holds true for most homogeneous manifolds with negative curvature
(HMNs), with only a few exceptions. Recall that HMNs were characterized by Heintze
in [12]: each such manifold is isometric to a solvable Lie group S with a left-invariant
Riemannian metric and the group S has the form S = N xR, where N is a simply
connected nilpotent Lie group, and the action of R on N is generated by a derivation
whose eigenvalues all have positive real parts. The only exceptions known to the author
are (those HMNs that are bilipschitz to) the real and complex hyperbolic spaces: there
are quasisymmetric maps in the Euclidean spaces (Gehring and Viisild [10]) and the
Heisenberg groups (Balogh [1]) that change Hausdorff dimensions (of certain subsets),
so they can not be bilipschitz.

Our results concern the quasi-isometric rigidity and quasi-isometric classification of
negatively curved solvable Lie groups. The first result in this area is Pansu’s rigidity
theorem [16] for the quarternionic hyperbolic spaces and Cayley plane. Later, by
using L? cohomology, Pansu [14, Corollaries 55, 93] established the quasi-isometric
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classification theorem for those G4 where A is diagonal. This same result also follows
from a theorem of Tyson [21, Theorem 15.3]. All these results belong to the larger
project of quasi-isometric rigidity and quasi-isometric classification of focal hyperbolic
groups; see Conrulier [3]. Dymarz [5] recently extended Theorem 1.2 to the case of
mixed type focal hyperbolic groups.

Recently, Eskin, Fisher and Whyte [7; 8] and Peng [18; 19] proved quasi-isometric
rigidity and classification theorems for certain solvable Lie groups that admit lattices but
do not admit negative curvature. By contrast, the solvable Lie groups we study in this
paper have negative curvature but do not admit lattices (except for rank one symmetric
spaces). The approaches taken are also very different. Eskin, Fisher and Whyte and
Peng work directly on the solvable Lie groups by using coarse differentiation, while
we do analysis on the ideal boundary.

Acknowledgments I thank Bruce Kleiner for suggestions and stimulating discussions.
I also would like to thank Tullia Dymarz for telling me about her joint paper with Irine
Peng [6]. Finally I thank Yves Cornulier for pointing out Pansu’s result [14]. The
author was supported in part by NSF grant DMS-1265735.

2 Some basic definitions

In this section we recall some basic definitions.

A quasimetric p on a set X is a function p: X x X — R satisfying the following three
conditions:

(1) p(x,y)=p(y,x) foral x,y € X.
(2) p(x,y)=0forall x,y € X, and p(x,y) =0 if and only if x = y.
(3) Thereissome M >1 suchthat p(x,z) <M (p(x, y)+p(y,z)) forall x, y,ze X .

For each M > 1, there is a constant €y > 0 such that p€ is bilipschitz equivalent to
a metric for all quasimetric p with constant M and all 0 < € < ¢j; see [11, Proposi-
tion 14.5].

For any quadruple Q = (x, y, z, w) of distinct points in a quasimetric space X, the
cross ratio cr(Q) of Q is

p(x, w)p(y, z)
p(x, 2)p(y, w)

Let n: [0,00) — [0,00) be a homeomorphism. A bijection F: X — Y between
two quasimetric spaces is n—quasimobius if cr(F(Q)) < n(cr(Q)) for all quadruples

cr(Q) =
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0 = (x, y,z,w) of distinct points in X, where F(Q) = (F(x), F(y), F(z), F(w)).
A bijection F: X — Y between two quasimetric spaces is n—quasisymmetric if for all
distinct triples x, y,z € X, we have

PF(X). F(p)) _ (p(x, y))
p(F(x), F(2)) — "\ p(x.z2)
A map F: X — Y is quasisymmetric if it is n—quasisymmetric for some 7.

Let K> 1 and C > 0. A bijection F: X — Y between two quasimetric spaces is
called a K—quasisimilarity (with constant C) if

C
Ep(x, y) < p(F(x), F(y)) < CKp(x, y)

forall x,y € X. When K =1, we say F is a similarity. It is clear that a map is a
quasisimilarity if and only if it is a bilipschitz map. The point of using the notion of
quasisimilarity is that sometimes there is control on K but not on C.

3 Negatively curved R” xR

In this section we first review some basics about negatively curved R” x R, then define
the parabolic visual (quasi)metric on their ideal boundary and study its properties. We
also recall a result of Farb and Mosher and the main results of [22] and [20].

3.1 Ideal boundary and parabolic visual quasimetric

Let A be an n x n matrix. Let R act on R” by

R xR" — R"”,

(t,x) e Ax.
We denote the corresponding semidirect product by G4 = R” x4 R. Then G4 is a
solvable Lie group. Recall that the group operation in G 4 is given by

1A

(x1.11) - (x2.12) = (x1 + e X2, 11 + 12).

We will always assume that the eigenvalues of 4 have positive real parts. An admis-
sible metric on G4 is a left-invariant Riemannian metric such that the R direction
is perpendicular to the R” factor. The standard metric on G4 is the left-invariant
Riemannian metric determined by the standard inner product on the tangent space of the
identity element (0,0) € R” x R = G 4. We remark that G4 with the standard metric
does not always have negative sectional curvature. However, Heintze’s result [12]
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says that G4 has an admissible metric with negative sectional curvature. Since any
two left-invariant Riemannian distances on a Lie group are bilipschitz equivalent, G 4
with any left-invariant Riemannian metric is Gromov hyperbolic. From now on, unless
indicated otherwise, G4 will always be equipped with the standard metric.

At apoint (x,7) € R” xR & G4, the tangent space is identified with R” x R, and the
standard metric is given by the symmetric matrix

(QA(I) 0)
0 1)’

T .
where Q4(t) = e7'4" ¢4 Here T denotes matrix transpose.

For each x € R”, the map yx: R — G4, yx(t) = (x,¢) is a geodesic. We call such a
geodesic a vertical geodesic. It can be checked that all vertical geodesics are asymptotic
as t — 4o00. Hence they define a point &; in the ideal boundary dG4. The sets
R™ x {t} (t € R) are horospheres centered at &. For each ¢ € R, the induced metric
on the horosphere R” x {t} C G4 is determined by the quadratic form Q 4(¢). This
metric has the distance formula d4,((x,1), (y,1)) = le~?4(x — y)|. Here |- | denotes
the Euclidean norm.

Each geodesic ray in G4 is asymptotic to either an upward-oriented vertical geodesic
or a downward-oriented vertical geodesic. The upward-oriented vertical geodesics
are asymptotic to & and the downward-oriented vertical geodesics are in one-to-one
correspondence with R”. Hence dG 4\{&p} can be naturally identified with R”.

We next define a parabolic visual quasimetric on dG 4\{&} = R”. Given x, y e R" =
0G 4\ {0}, the parabolic visual quasimetric is defined as D4(x, y) = e’, where ¢ is
the smallest real number such that at height 7 the two vertical geodesics yx and y, are
at distance one apart in the horosphere; that is,

da ((x,1), (p. 1) =le " A(x—y)| = 1.

For each g = (x, 1) € G4, the Lie group left translation Lg is an isometry of G4 and
fixes the point &q. It shifts all the horospheres centered at &y in the vertical direction by
the same amount. It follows that the boundary map of L is a similarity of (R”, D4).
When g = (z,0), Lg leaves invariant all the horospheres centered at &, and the
boundary map is the Euclidean translation by z. Hence Euclidean translations are
isometries with respect to D4,

Dy(x+z,y+z)=Dy(x,y) forall x,y, zeR"

When g = (0,¢), Lg shifts all the horospheres centered at &, by ¢, and the bound-
ary map is the linear transformation ¢’4. Hence e’/ is a similarity with similarity
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constant e’,
Dy(e'x,e'y)=e'Dy(x,y) forallx,yeR"andall 7 € R.

We remark that D4 in general is not a metric, but merely a quasimetric. See the remark
after the proof of Corollary 3.2.

For any integer n > 2, let

110 00
011 00
001 00
Jn =
000--- 11
000-.---01

be the n x n Jordan matrix with eigenvalue 1. We write J, = I, + N . Here we omit
the subscript n for N to simplify the notation. Notice that e™/n = ¢~ ne=N =
e~'e™™N Hence Dy, (x,y)=e" if and only if ¢ is the smallest real number satisfying
e! = |e™"N (y — x)|. For later use, we notice the following:

tn—2 =1

t2
(105 g oy
tn—3 tn—z
01 ¢ - 4= ooy
t”_4 t"_3
(3_1) etN= oo01 --- m W
000 .- 1 t
000 --- 0 1

3.2 Reduction to the real part Jordan form case

Here we state a corollary of a result of Farb and Mosher [9], which implies that the
main results in this paper can be reduced to the case when the matrices are already in
real part Jordan form.

Let P be a nonsingular #» x n matrix. Define amap f: G4 — Gpyp—1 by f(x,t) =
(Px,t). Then it is easy to check that f is a Lie group isomorphism. Hence f is an
isometry if Gpyp—1 is equipped with the standard metric and G4 has the admissible
metric in which P~ ey, ..., P7 ey, e, is orthonormal at the identity element of G 4.
Here ey, ..., e, denote the standard basis of R”, and e, is the standard basis for R.
Hence, G4 with any admissible metric is isometric to Gp,p-1 with the standard
metric for some nonsingular matrix P. By Heintze’s result [12], there is a nonsingular
matrix P such that Gp, p—1 with the standard metric has negative sectional curvature.
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Now we suppose both G4 and Gp, p-1 are equipped with the standard metric. Then
it is easy to check that for each ¢ € R, the restricted map

Slrnsgry: R x e} dg,e) > R x {1}, dpgp-1,)

is K-bilipschitz, where K := max{| P||, || P~!||}. Here | M| = sup{|M x| | x € R",
|x| = 1} denotes the operator norm of an n x n matrix M . We next recall a more
general result by Farb and Mosher [9].

Proposition 3.1 [9, Proposition 4.1] Let A and B be two n X n matrices. Suppose
there are constants r, s > 0 such that rA and sB have the same real part Jordan form.
Then there is a height-respecting quasi-isometry f: G4 — Gp. To be more precise,
there exist an n x n matrix M and K > 1 such that for each t € R, the map v — M v
is a K-bilipschitz homeomorphism from (R",d4 ;) to (R",dp (s/,):); it follows that
the map f: G4 — Gp given by

(x.0)— (Mx,%1)

is bilipschitz with bilipschitz constant sup{K, 7, }.
Corollary 3.2 Suppose we are in the setting of Proposition 3.1. Assume further

that r =1 and G 4 has negative sectional curvature. Then:

(1) The boundary map df: (R", D%) — (R", Dp) is bilipschitz.

(2) f is an almost similarity.

Proof (1) We observe that the boundary map is given by df(x) = M x. Let x, y € R"
and assume D%(x,y) = e’. Then Dy(x,y) = e!/s. By the definition of D,
we have dy;/s((x,1/s),(y,t/s)) = 1. Since G4 has pinched negative sectional
curvature, there is a constant a depending only on the curvature bounds of G4,
such that dg . ((x,t), (y,t")) <1/K for ¢’ > t/s +a and dg . ((x.t'). (y.1")) > K
for t’ <t/s—a. It now follows from Proposition 3.1 that dp ;» (M x,t"), (M y,t")) <1
fort”” >t +sa and dp (M x,t"),(My,t")) > 1 for t” <t —sa. By the definition
of Dp we have e *%¢’ < Dp(Mx, My) < e*®e'. Hence 9f: (R", D%) — (R", Dp)
is bilipschitz with bilipschitz constant e¢.

(2) Let p = (x1,t1), ¢ = (x2,t3) € G4 be arbitrary. We may assume #; < t,. If
X1 = X3, thenitis clear from the definition of f that d( f(p), f(q))=s-d(p,q). So we
assume X1 # x5 and that d4 4, ((x1,%), (x2, 7)) =1 for some #,. First assume 79 <1,.
Then d((x1,%2),q) < da:,((x1,12),q) <1 as G4 has negative sectional curvature.
By the triangle inequality, we have |d(p,q) — (t; —t;)| < 1. By Proposition 3.1,
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d(Mxy,sty), f(q)) <dpst,((Mxy,st2), f(q)) < K. By the triangle inequality again
we have |d(f(p), f(q))—(sta—st1)| = K. Hence |d(f(p), f(q))—s-d(p.¢)| =s+K.

Next assume f > #,. By [20, Lemma 6.3 (1)] we have |d(p, q)—(to—t1)—(to—12)| < Cy
for some constant C; depending only on the curvature bounds of G4. By [20,
Lemma 6.2], the point (xy,#y) is a Cy—quasicenter of x,x,,&y € G4 for some
constant C, depending only on the curvature bounds of G4. Since f is a quasi-
isometry, f(xi,t) = (Mxy,sty) is a Cz3—quasicenter of M x;, M x,,1n9 € 0Gp
(here ng denotes the pointin dG'p corresponding to upward-oriented vertical geodesics),
where C3 depends only on C,, the quasi-isometry constants of f and the Gromov
hyperbolicity constant of Gg. Similarly, the point (M x,, stg) is also a C3—quasicenter
of M x1, M x,,1n9€dGp. Now consider the geodesic triangle consisting of { M x1 } xR,
{Mx,} xR and a geodesic joining M x{, M x,. Notice that f(p) € {Mx1} xR
lies between M x; and (M x1,sty) and f(q) € {M x,} xR lies between M x, and
(M x5, sty). It follows that

[d(f(p). f(q)) = (sto —st1) — (stg — 512
=d(f(p). (@) —d(f(p). (M x1,510)) —d(f(q). (Mx2,50))| = Cy4

for some constant C4 depending only on C3 and the Gromov hyperbolicity con-
stant of Gg. This combined with |d(p,q) — (to — t1) — (to — 12)| < C; implies
[d(f(p). (@) —s-d(p.q)| = Cs+5Cy. O

We notice that Corollary 3.2 (1) implies that D4 is indeed a quasimetric: by Heintze’s
result, there is some nonsingular P such that Gp4 p—1 has pinched negative sectional
curvature and hence Dp 4 p—1 is a quasimetric (this can be proved by the arguments of
Coornaert, Delzant and Papadopoulos [4, page 124] or by using the relation between
parabolic visual quasimetric and visual quasimetric [20, Section 5]); since (R”, D4)
and (R", Dp4p-1) are bilipschitz, D4 is also a quasimetric.

3.3 Distance between certain subsets

In this subsection we show that certain subsets of (R”, D4) are “parallel.” These
results will be used in Section 5.

Let 4 be an n X n matrix in real part Jordan form with positive eigenvalues
A <-or <Ap,.
Let V; C R” be the generalized eigenspace of A;, and let d; = dim V;.

If k:=ky >2, we write 4 in the block diagonal form A =[A4,..., A], where A;
is the block corresponding to the eigenvalue A;; we also denote A’ =[A41, ..., Ap_1].
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Correspondingly, R” admits the decomposition R” = V; x --- x V.. Hence each
point x € R” can be written x = (x1,...,X), where x; € V;. Observe that, for
each x; € Vy, if we identify Vj x -+ X Vi_; x {xz} with V§ x --- x Vj_;, then
the restriction of Dy to Vi x -+ x Vi_1 x {xi} agrees with D4 . It is not hard to
check that for all xi, yi € Vi, the following holds for the distance with respect to the
quasimetric D4:

(3-2) Da(Vy x oo x Vi x{xp}, Vi X x Vi X {ie}) = Dy, (xk. yie)
Also, for any x = (x1,...,x;) € R” and any y; € Vi,
(3-3) Da(x, Vi x- - x Vi1 X{yk}) = Day (xpe, Yio)-

When k = 1, that is, when A4 has only one eigenvalue A := A; > 0, the matrix A also
has a block diagonal form A4 = [Alp,, ALy, + N, ..., AL, + N], where ny > 0 and
Ay, + N is a Jordan block. We allow the case 4 = AI,,. We write a point p € R”
as p = (z,(x1,¥1)...,(xr, y-))T, where T denotes matrix transpose, z € R0
corresponds to Ay, and (x;, y,')T eR" (x; eR"™~1, y; €R) corresponds to AMp,+N .
Let m4: R” — R"0*F" be the projection given by

wa(p) = yis )T for p= (2, (x1, 1), o, )T € R,

Set
AQ) =[My,—1 + N ALy 1 + N],

where Al; + N is understood to be A/ .

Lemma 3.3 The restriction of D4 to the fibers of w4 agrees with D 4(). To be more

precise, for all p = (z, (xl,yl),...,(xr,yr))T, p = (z, (x/l,yl),...,(x;,y,))T
we have

D4(p, p') = Daqy(x,x),

where x = (x1,...,x,)T andx/z(x/l,...,x;)T.

Proof Assume Dy(p. p’) = e’ and D4(1)(x,x’) = e®. By the definition, s is the
smallest real number such that |e =54 (x’ — x)| = 1. We calculate

e AM (' = x) = e (e N1 (x]—x1),... e SN (x). —x )T,
Similarly,  is the smallest real number such that |e 4 (p’ — p)| = 1. We calculate
_ _ - — T
AP = p) = (0. (TN (6] —x1). 0 (e N ()~ xp), 0)

It follows that the two equations |e S4M (x’ —x)| =1 and |e*4(p’ — p)| = 1 are the
same. Hence s =¢. a
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Lemma 3.4 The following hold for all y, y' € R"0+7

() Da(z'(y). 7wt =y -y

(2) Forany p € m ' (y), we have Da(p, 7' () = |y —'|"/*

Proof Let

p=E ). )T gt ),

P=CE D )T e g (),
where y and y’ are written y = (z,y1,....¥r), ¥ = (z/.y]..... ;). Assume
D4(p, p') =e'. Then t is the smallest real number such that

‘(Z/_Z’e—thl(xll _xl’yi _yl)T”-"e_thr(x;_xr’y;’_yr)TH :ekt'

Notice that the last entry of ¢ M (x!—xi, yi—yi)T is y/— yi, which is independent
of ¢. It follows that e* > |(z’ —z, 91 = Y1.---. ¥y — )| = |y = y|, and hence
Da(p, p)=e" = |y —y|'/*.

Set to=1n|y'=y|/A. Then e*0 =]y’ —y|. Nowlet p=(z, (X1, 71), ..., (xr, )T €
n;l (») be arbitrary. Since the matrix e 0N g nonsingular, the equation

e_tOJVni (“1, vl)T = (0, ey 0, yl/ _yl)T

has a unique solution (u;, vi)T, where u; e R ~1 and v; e R. Notice that v; = y{—yi.
Set x; = u; +x; and p’ = (z/, (x}. ). ..., (x., y.)T . Then p’ € 7;'(y') and

e A —py=eTMZ — 2,0,y = y1), ..., 0,y — y )T

It follows that 7y is a solution of |e™*4(p’ — p)| = 1 and so Dy(p, p’) < efo =
|y — '|'/* . This together with the first paragraph implies D4(p, p’) = |y — y'|'/*.
So each point p € 7! (y) is within [y — »/|'/* of 7'()’). Similarly, every point

p en;'(y') is also within |y — Y|VA of 7' (). Therefore, (1) holds.
Part (2) also follows from the above two paragraphs. a
3.4 Previous results

The following two results will be used in the proof of Theorems 1.1 and 1.2. They are
the basic steps in the induction.

Theorem 3.5 [20, Theorem 4.1] Suppose A is diagonal with positive eigenvalues

Q) <y <---<ap (r>2). Then every n—quasisymmetry F: (R", D4) — (R", D4)
is a K—quasisimilarity, where K depends only on 1 and r .
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Theorem 3.6 [22, Theorems 4.1,5.1] Every n—quasisymmetric map F: (R?, D 5)—>
(R2, D J,) is a K—quasisimilarity, where K depends only on n. Furthermore, a bi-
jection F: (R?, Dy,) — (R2, Dy,) is a quasisymmetric map if and only of it has the
following form: F(x,y) = (ax + c(y),ay + b) forall (x, y) € R?, where a # 0, b
are constants and c: R — R is a Lipschitz map.

4 (Q-variation on the ideal boundary

In this section we introduce the main tool in the proof of the main results: Q—variation
for maps between quasimetric spaces. It is a discrete version of the notion of capacity.
The advantage of this notion is that it makes sense for quasimetric spaces and does
not require the existence of rectifiable curves. We remark that, while dealing with
ideal boundary of negatively curved spaces, very often either one has to work with
quasimetric spaces in which the triangle inequality is not available, or one needs to work
with metric spaces that contain no rectifiable curves. Both scenarios are unpleasant
from the point of view of classical quasiconformal analysis.

The notion of Q—variation is due to Bruce Kleiner [13].

Let (X, p) be a quasimetric space and L > 1. A subset A C X is called an L—quasiball
if there is some x € X and some r > 0 such that B(x,r) C A C B(x,Lr). Here

B(x,r)y:={ye X |ply,x)<r}.
For any ball B := B(x,r) and any k > 0, we sometimes denote B(x,«r) by «B.
For a subset E of a quasimetric space (Y, p), the p—diameter of E is

diam,(E) := sup{p(e;,ez) | e, ez € E}.

Let u: (X, p1) — (Y, p2) be a map between two quasimetric spaces. For any sub-
set A C X, the oscillation of u over 4 is

osc(ul4) = diamy, (u(A4)).

Let QO > 1. For a collection of disjoint subsets A = {A4;} of X, the Q—variation of u
over A, denoted by Vg (u, A), is the quantity

> losc(ul4,)1°.

For § >0 and K > 1, set

V3 x ) =sup{Vo(u. A)},
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where A ranges over all disjoint collections of K—quasiballs in (X, p;) with p;—
diameter at most §. Finally, the (Q, K)—variation Vg g (u) of u is

Vo, () = lim vy k).
We notice that Vg g (u|g,) < Vo,k (u|Eg,) whenever £ C E, C X.

There are useful variants of this definition, for instance one can look at the infimum
over all coverings. Or one can take the infimum over all coverings followed by the sup
as the mesh size tends to zero. As a tool, Q—variation could be compared with Pansu’s
modulus [15], but seems slightly easier to work with in our context.

Since quasisymmetric maps send quasiballs to quasiballs quantitatively, it is easy to
see that Q—variation is a quasisymmetric invariant. To be more precise, we recall the
following lemma.

Lemmad4.1 [22,Lemma3.1] Let X be a bounded quasimetric space and F': X — Z
an n—quasisymmetric map. Then for every map u: X — Y we have Vg g (u) <

VQ,,,(K)(L{ o F_l).

We next calculate the Q) —variation of certain functions defined on the ideal boundary of
negatively curved R” x R. These calculations will be used in the next section to show
that certain foliations on the ideal boundary are preserved by quasisymmetric maps.

For later use we recall that, for any Q > 1, any integer £k > 1 and any nonnegative
numbers ay, ..., dy, Jensen’s inequality states

k 0 k
dim14; (Zizl ai)Q

and equality holds if and only if all the a; are equal. In our applications, the a; will be
the oscillations of a function u along a “stack” of quasiballs.

Let A be an n x n matrix in real part Jordan form with positive eigenvalues
M <Ay <...<Ap,

let V; C R” be the generalized eigenspace of A;, and let d; = dim V;. Then R”
admits the decomposition: R” = V; x --- x Vj. Since ¢’4 is a linear transforma-
tion with det(e’4) = e!Xi 4i%) for any subset U C R”, we have Vol(e!4(U)) =
¢! (Xi didi) ol(U).

There are constants Cy, Cy, C3 depending only on the dimension # with the following
properties. If B := B(o, 1) C R” is the unit ball (in the Euclidean metric), and ¢ < —1,

Geometry & Topology, Volume 18 (2014)



844 Xiangdong Xie

then

“-1) Blo, Cre™|t|"F1) C o' B C B(o, Coe™ |t["1),
while

(4-2) Vol(e!4 B) = Ce! i didi)

Let S = []7_4[0, 1] C R” be the unit cube. We notice that both S and B are Ko—
quasiballs with respect to D4 for some Ky depending only on A. Hence there is
some r > 0 such that B4(o,r) C B C By(o, Kor). Here the subscript A refers
to D4. Also recall that D4 is a quasimetric: there is a constant M > 1 such that
Dy(x,z) < M(Dy(x,y)+ Dy(y,z)) forall x, y,z € R".

In the following, when we say a subset £ C R” is convex, we mean it is convex with
respect to the Euclidean metric. The continuity of a function u: E — R is with respect
to the topology induced from the usual topology on R”.

Lemmad4.2 Let E CR” be aconvex open subset. If u: (E, D4)— R is a nonconstant
continuous function, then Vg g (u) = oo forall Q < (Zl diki)/kk and all K > K.

Proof Let p,q € E with u(p) # u(q). Let C C E be a fixed cylinder with axis pgq,
such that the minimum of # on one cap of C is strictly greater than its maximum on
the other cap. We pack C with translates of /4 B, for < 0, as follows. First pick a
maximal set of lines £ = {L;} in R" satistying the following conditions:

(1) Each line is parallel to pq.
(2) Each line intersects C.

(3) The Hausdorff distance (with respect to D 4) between any two of the lines is at
least 2M Kyre®.

The maximality implies that for each x € C, we have Dy4(x, Lj) < 2MKyre' for
some j. For each j, consider a translate B; of e’ 4B centered at some point on L -
Then we move B; along L; (in both directions) by translations until the translates just
touch Bj. Repeat this and we obtain a “stack” of Ky—quasiballs centered on L;. Do
this for each j and we obtain a packing P = {P} of C by translates of ¢!4 B, after
removing those that are disjoint from C.

We claim that the collection P covers a fixed fraction of the volume of C. To see
this, first notice that the D 4—distance between the centers x;, X, of two consecutive
Ko—quasiballs along L; is at most M (Kore' + Kore') = 2MKyre', due to the
generalized triangle inequality for D4. Assume D4(x1,x2) = ¢*. Then

=94, —x1) €™ 94B (0,¢*) = B4(o,r) C B C B4(0, Kor).
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Since B is convex, the line segment joining o and e " =94 (x, — x,) is contained
in B C EA(O Kgr). Tt follows that the segment Jomlng o and x, — x; lies in
e6=ImrAR (0, Kor) = By(o, Koe®). Hence X1x3 C B4(x1. Koe®). This shows
that every point on L; N C is within Kge® < K; := 2MK§re of the center of
some P € P. Now the choice of the lines {L;} and the generalized triangle inequality
for D4 imply that C is covered by D 4-balls with radius K, := M(2M Kyre' + K)
and centers at the centers of {P}. Since the volumes of /4B and By(o, K») are
comparable, the claim follows.

The number of Ko—quasiballs in P along each line L; is < e thi |£|"~1 in view of
the estimate (4-1). By Jensen’s inequality, the O —variation of u for the Ky—quasiballs
along L; is at least as large as the Q—variation when the oscillations of u on these
quasiballs are equal. This common oscillation is > e?*# ||+ Since P covers a
fixed fraction of C, the cardinality of P is = e’ (Xidi%i)  Hence the Q—variation
of u on P is

> et di)»i)(et)»k|t|—n+1)Q — ol QM=) di)"i)|l|(—n+1)Q’

which tends to oo as t - —oo for Q < (Zl d,-)»i)/)\k. Hence Vg g (u) = oo. a

Notice that (Zl diki)/kk <nifk>2and (Zl d,-)\,')/)\k =n if k = 1. Hence we
have the following corollary.

Corollary 4.3 Suppose k=1. Let ECR" be a convex open subset. If u: (E,D4)—R
is a nonconstant continuous function, then Vg g (u) =oo forall Q <n andall K> K.

Lemma 4.4 Let E C R” be a convex open subset. Let u: (E, D4) — R be a contin-
uous function. Suppose there is an affine subspace W parallel to the subspace [ [;<; Vi
such that u|wn g is not constant. Then Vg g (u) = oo forall Q < (3_; diri)/A; and
all K > K().

Proof Note that in the proof of Lemma 4.2, if pq is parallel to the subspace [ [;<; Vi,

then the number of quasiballs in P along a line L; is < e’ M= so the lower
bound on Q-variation becomes

Cel QM=% di)ti)|t|(_n+1)Q’

which tends to co as 1 — —oo if Q < (X, diki)/A;- O

Let m: R" = Vj x--- x V3 = V. be the natural projection.
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Lemma 4.5 Let n’: V. — R be a coordinate function on Vj., and set u = n’ o .
Then Vo k (u|g) =0 forall Q > (}_; diAi)/Ak. all K > Ko and all bounded sub-
sets E C R".

Proof Let E be a bounded open subset. Let 0 <6 < 1 and {Bj};jes be a packing
of E by K—quasiballs with size less than 6. Then for each j there is some x; € R”
and some 7; such that

BA(Xj,etj) - Bj C BA(xj, Ke’f).

SiI/lCe B4(0,r) C B C B4(o, Kor), we have 4B B4(0,e%) and B4(0, Ke') C
'AB where t] =t —Inr —ano and where t =1t —Inr +InK. Set B’
X;j +¢'“4B and B" = X;j + ¢'74B. Then B’ C B] C B” It follows that

OSC(u|B ) =< 0SC(M|B//) < et )"k |Z{/|dk—1

(osc(ulp;))@ < e @M QW=D < 1 (@) |11 Q=)

If we have Q > (3_; diki)/A, then this will be < (Vol(B)))* < (Vol(B;))* for s =
(Qkk +; di)\,')/(2 Y diki) > 1, which implies that the Q-variation is zero. 0O

For the rest of this section, we will assume & = 1 and use the notation introduced
before Lemma 3.3.

Lemma 4.6 Suppose A has only one eigenvalue A > 0. Let ’: R"0%" — R be a
coordinate function and u = n’ o 4. Then for any bounded open subset E :

(1) Vo,k(u|g)=0 forall Q >n and all K > K
(2) 0<Vyk(ulg)<oo forall K> K

Proof Let P be a K—quasiball. Then there is a D4-ball U with U C P C KU.
Let 1o = In(KKj). For some 7 € R there is a translate S(¢) of ¢’4S and a translate
S(t+19) of e F1)4S suchthat (1/Ko)U C S(t) CU and KU C S(t+19) C KKoU .
Observe that for any translate S’ of e’4S , we have osc(u|s/) = e . It follows that

0se(u]s(1-+10) osc(ulp).

1
osc(u|p) = osc(uls()) = (KKo)* )= (KKo)
Also notice that osc(u|g)) = (Vol(S(1))1/™ < (Vol(P))'/™,

Now let E be a bounded open subset and {P;} a packing of E by a disjoint collection
of K—quasiballs with size less than §. For each P;, let U; be a D4-ball with U; C
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P; C KU; and let S; be a translate of some efidS with (1/Ko)U; C S; C U;. Then
the preceding paragraph implies

> osc(ulp)? < (KKo)2* Y " osc(u]s;) @ < (KKo)@* ) Vol(P) /™.

From this it is clear that Vg g (u|g) =0 if Q >n and V,, g (u|g) < oo since {P;} is
a disjoint collection in E'.

Now consider a particular packing {P;} of E by the images of the integral unit
cubes in R” under ¢’4. Then osc(u|p,) = e**. The cardinality of {P;} is approxi-
mately Vol(E)/e™! . Hence V,iK(ulE) > > ;osc(u|p,)" ~ Vol(E). Hence we have
0<Vn,K(u|E)<OO. O

Lemma 4.7 Suppose A has only one eigenvalue A > 0. Let E C R” be a rectangular
box whose edges are parallel to the coordinate axes. Let u: (E,D4) — R be a
continuous function. Suppose there is some fiber H of m4: R" — R™™T" such that
u|gnEg is not constant. Then Vg g (u) = oo forall Q <n and all K > K.

Proof Suppose there is some fiber H of w4 such that u|gnEg is not constant. Then
there is some Jordan block J in A with the following property: if we denote by
x = (x1,...,Xm;m) the coordinates corresponding to J, then there is some index k,
1 <k <m—1, such that u is constant along every line parallel to the x;—axis for
j <k —1, but is not constant along some line L parallel to the xj;—axis. We write
R” = RK—1 x R x R" % where the R corresponds to the xj—axis and the RX~1 is
spanned by the x;—axes (j < k —1). After composing u with an affine function, we
may assume that for some rectangular box C = []7_;[ai, bi] C E, we have u <0 on
the codimension-1 face Fy:={x € C | x; =ay} of C and u > 1 on the codimension-1
face F1:={x € C | xx = by} of C. We will induct on k.

Recall that for a Jordan block J = AL, + N, we have e’/ = e*e!™N | See (3-1) for an
expression of eV,

We first assume & = 1. For ¢ « 0, consider the images of the integral unit cubes
under ¢’4. Let {B;} be the collection of all those images that intersect the box C.
Notice that a vertical stack (ie parallel to the x,,—axis) of integral cubes is mapped
by e’ to a sequences of Ky—quasiballs which is almost parallel to the x; —axis. We
divide {B;} into such sequences which join F and F;. Note that the projection of
each B; to the x;—axis has length comparable to eM |£|™=1. Hence the cardinality
of each sequence is comparable to e M |t|'=™. The Q-variation of u along each
sequence is at least the Q—variation of u when oscillations of u on the members of
the sequence are equal. Since ¥ <0 on Fy and # > 1 on F, this common oscillation
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is at least comparable to e*|¢|™~!. Since each B; has volume ¢ the cardinality
of {B;} is comparable to e

comparable to

—nA 1t follows that the Q—variation of u|c is at least

e—n)»t . (ektltlm—l)Q — e)»t(Q—n)ltlQ(m—l)’

which tends to oo as  — —oo if Q <n. Hence Vg g (u|c) = oo for Q <n.

Now we assume m — 1 > k > 2. Then u is constant along affine subspaces parallel to
RA=1 % {0} x {0} C R”. Let

U={x€eFy|QBaj+bi)/4=x; <(a; +3b;)/4 foralli # k} C Fy.
For ¢t <« 0, denote by
v(t) = ()" e M e ey,

where ¢é,, is the m™ vector in the standard basis for R”. Notice that the components
of v(¢) corresponding to the Jordan block J is

. m—k tm—l tm—2 1
=0 Qm—DVW—@VM”)

and all other components are 0. Hence for ¢ < 0, lines parallel to v(¢) travel much
faster in the x; (1 <i <m — 1) direction than in the x;4 direction. Let Z C R” be
the subset given by

— k)
OB -,
lt]

Note that for each fixed £, the segment { f +sv(£)|0<s < ((m—k)!/|t|" %) (br—ar)}
joins the two hyperplanes x; = ay and x; = by . Also notice that these segments are
parallel to the images of vertical stacks (ie, parallel to the x;,—axis) of integral cubes
under e’4. Hence Z has a packing P that can be divided into sequences such that
each sequence joins x; = ay and x; = by and is the image (under e’ 4 of a vertical
stack of integral cubes.

Z={f+sv(l)‘f€U,O§s§

For p=(x,y.2), ¢g=(x",y.2) e RF "I x RxR" K define p~qif y=y,z/ =z
and x] — x; is an integral multiple of b; —a; for 1 <i <k —1. Set Y =R"/~ and
let 7: R" — Y be the natural projection. Also let 7¢: C — Y be the composition
of the inclusion C C R” and m. It is clear that m¢ is injective on the interior
of C. Tt is also easy to check that |z is injective. Now the packing P of Z
projects onto a packing of Y, which can then be pulled back through 7¢ to obtain
a packing P’ of C (since n(Z) C m¢(C)). A sequence in P gives rise to a broken
sequence in P’: the broken sequence will first hit the boundary of C at a point of
8( f-:ll [a;, bi]) x [1klai, bi] C 9C, it continues after a translation by an element of

Geometry & Topology, Volume 18 (2014)



Large scale geometry of negatively curved R" xR 849

the form (Zl_l m;(bi —a;),0,0) € R", where m; € Z; this can be repeated until the
sequence hits x; = by . Note that we can apply Jensen’s inequality to each broken
sequence while considering (—variations of u since by assumption u is constant along
affine spaces parallel to RK~1 x {0} x {0}.

Each broken sequence joins Fy to Fj. Since the projection of ¢’4S to the xj —axis
has length comparable to eM |t|m_k , the cardinality of each sequence is comparable
to e |¢|¥~™  The Q-variation of u along the sequence is at least the Q—variation
when the oscillations of u are the same on all members of the sequence. The common
oscillation is at least comparable to eM |z|m_k . Hence the Q—variation of u is at least
comparable to

- (€M T8 = Jr ST,

which tends to oo when ¢ — —oo if Q <n. Hence Vg g(u|c) =oc for Q <n. O

5 Proof of the main theorems

In this section we prove the main results of the paper. The main tools are the notion of
Q—variation (Section 4) and the arguments from [22, Section 4] and [20]. The main
results of [20] and [22] are the basic steps in the induction.

We first fix the notation. Let 4 be an n X n matrix in real part Jordan form with positive
eigenvalues

A <-or <A,

Let V; C R” be the generalized eigenspace of A;, and set d; = dim V;. If k4 > 2, we
write A in the block diagonal form A =[A, ..., Ay ], where A; is the block corre-
sponding to the eigenvalue A; ; we also denote A" =[A41,..., Ag,—1]. If kg =1, that s,
if A has only one eigenvalue A =A;, we also write A =[Al,,, ALy, +N,... AL, +N]
in the block diagonal form, and we let 4: R” — R™*" be the projection defined
before Lemma 3.3. If k4 =1 and r > 1, we set [4 = max{ny,...,n,}.

Similarly, let B be an n X n matrix in real part Jordan form with positive eigenvalues

P <o < fhig.

Let W; C R” be the generalized eigenspace of ji;, and set ej =dim W;. If kp > 2, we
write B in the block diagonal form B = [By, ..., By,], where B; is the block corre-
sponding to the eigenvalue u; ; we also denote B’ =[Bj, ..., Bx,—]. If kp =1, thatis,
if B has only one eigenvalue = pt1, we write B =[l, ilm, +N, ..., wln, +N]
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in the block diagonal form, and we let g: R” — R"0"S be the projection defined
before Lemma 3.3. If kg = 1 and s > 1, we set /g = max{m,...,ms}.

Suppose there is an n—quasisymmetric map F: (R”, D4) — (R", Dp).
Lemma 5.1 k4= 1ifandonlyifkg=1.

Proof Suppose k4 =1 and kp > 2. Fix any Q with (3_; pje;j)/pry < Q <n. Let
m: (R", Dg) — Wy, be the projection onto Wy, and 7’: Wy, — R a coordinate
function on Wy, . Set u = 7’ o . Then Lemma 4.5 implies Vg k) (| Fr(£)) =0
for all sufficiently large K and all bounded subsets £ C (R”, D4). By Lemma 4.1
Vo,k(uo F|g) = 0. But this contradicts Corollary 4.3. a

Lemma 5.2 Suppose ky = 1. Then A = A1, ifand only if B = ju11,.

Proof Suppose B = ul,. Let m; (i =1,2,...,n) be the coordinate functions on
(R, Dp). Then by Lemma 4.6 we have V,, ,, k) (i | p(£)) < oc forall i, all sufficiently
large K and all rectangular boxes E C (R”, D4). Hence V, k(7o F|g) < oo by
Lemma 4.1. Now Lemma 4.7 implies that ; o F is constant on the fibers of 7 4. Since
this is true for all 1 <i <n, the fibers of 74 must have dimension 0. Hence 4 must
also be a multiple of I,. a

Lemma 5.3 Suppose k4 =1 and r > 1. Then F maps each fiber of 74 onto some
fiber of mp.

Proof Lemmas 5.1 and 5.2 imply that kg = 1 and s > 1. Notice that it suffices to
show that each fiber of 74 is mapped by F into some fiber of wp: by symmetry each
fiber of mp is mapped by F~! into some fiber of 74 and hence the lemma follows.
We shall prove this by contradiction and so assume that there is some fiber H of w4
such that F(H) is not contained in any fiber of . Then there is some coordinate
function 7/: R™0+$ — R such that u o F is not constant on H, where u :=n’onp.
Now Lemma 4.6 implies that V,, , k) (u|r(£)) < oo for all sufficiently large K and
all rectangular boxes £ C (R”, D4). By Lemma 4.1 we have V, g (uo F|g) < oo.
This contradicts Lemma 4.7 since we can choose E such that # o F is not constant
on HNE. |

It follows from Lemma 5.3 that F induces a map G: R"0T” — R™0+S guch that
F(n;l(y)) = JTEI (G(»)) for all y € R"0*7  Define

74 R" = R™ x R™ x ... x R — R = R" 07" x R"0+7
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by
TA(Zv(Xl’yl)a-~-=(xr’J’r)) = ((Xli'”’xr)v(Z’ylv"'vyr))v
where (x;, y;) € R" =R"~1 xR. Similarly, there is an identification
1p: R = R™M0 x R x ... x R™s — R" = R#*M0™5  RM0+S
With the identifications 74 and tg, we have n;l (y) =RP077 x {y}, nEl (G(y) =
R™"=™M0=5 x {G(y)}, and F(R"7"07" x {y}) = R"7™0=5 x {G(y)}. Hence for each
y € R™*7 there is a map
H( ., y) Rn—no—r N Rl’l—mO—S
such that F(x, y) = (H(x, y),G(y)) for all x € R*7"0~",

In the following |-| denotes the Euclidean norm.

Lemma 5.4 Suppose kqy =1 and r > 1. Then:

(1) The map G: (R"0F7 |.|V/* ) — (R™o+s |.|V/KY js n—quasisymmetric.

(2) Foreach y e R"0*" themap H(-,y): (R* "0~ D 4(1)) — (R"M075  Dp(1y)
is n—quasisymmetric.

Proof Statement (1) follows from Lemma 3.4 and the arguments in [22, page 10].
Statement (2) follows from Lemma 3.3. a

Suppose k4 = 1. Set € = A/ and 1y () = n(¢'/€). We notice that all the following
maps are 71 —quasisymmetric:

(1) F:(R", D) — (R", Dp)

@) G: (RMF7 ||V — (RM0FS, |- [1/K)

(3) H(-,y): (R”‘”U_’, Dj(l)) — (R"M075 ' Dp(1y), for each y € R70+r

Let g: (X1, p1) = (X2, p2) be a bijection between two quasimetric spaces. Suppose g
satisfies the following condition: for any fixed x € X7, p;(»,x) — 0 if and only if
02(g(»), g(x)) = 0. We define for every x € X; and r > 0,

Lg(x,7) =sup{pz(g(x), g(x") | p1(x,x") <r},
lg(x, 1) = inf{py(g(x), g(x") | p1(x,x") > 1},
and set
Lg(x,r) lg(x,1)

Lg(x) =limsup ———, [g(x) =liminf =——.
r—0 r r—0 r
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Lemma 5.5 Consider the map G: (R™*7 | . |V/ky — (R™o+s | . |V/iY) and the
map H(-,y): (R”_”O_’, Dj(l)) — (R"7075 'Dpyy). The following hold for all
y e R™0+r  x e R0 .

(1) Lg(y.r) =ni(W)Ilg(. y)(x,r) forany r >0
@ 07 WE ) x) <le(1) < ni(DIE( ) (x)
3) 7 (DL, x) < Le(y) <m(D L. ,y)(x)

Proof The proof is very similar to that of [22, Lemma 4.3]. Let y € R™*",
x € R?~7 and r > 0. Let y’ € R"0F" with |y— y/|'/# <r and x’ € R*~0~" with
D1y(x,x") =r. Set to =In|y" = p|/A. Let (ui, vi) (u; eRM™! v;eR, 1<i<r)
be the unique solution of e 0™ (u;, v;)T = (0, ... ,0, vi—yi)T. Let x! =u;+x; and
x"=(x{,....x)). Then D§((x, ). (x",))) = ly—y'|VB <r < DG((x, p). (x', ).
Since F: (]R”, Dj) — (R”", Dp) is n;—quasisymmetric, we have
1G(»)— GO)I'* < Dp(F(x". ). F(x.y)) <ni(1)Dp(F(x. ). F(x'. y))
=n1(1) Dpay(H(x, ), H(x', ).

Since y’ and x’ are chosen arbitrarily, (1) follows.

The proofs of (2) and (3) are exactly the same as those in [22, Lemma 4.3]. m|

Recall that, when A4 has only one eigenvalue A = A and is written in the block diagonal
form A =[Alp,, Aly,+N, ... ,Al,, +N]withr >1, wedenote /4 =max{ny,...,n,}.

Lemma 5.6 Suppose ky=1andly=2. Thenlg =2 andfore =A/u:

(1) A and eB have the same real part Jordan form.

(2) The map F: (R", D) — (R", Dp) is a K—quasisimilarity, where K depends
onlyon A, B and .

Proof (1) By Lemma 5.4 (2), H(-,y): (R"7"07" D y(1)) — (R"7075 Dpyy) is
n—quasisymmetric for each y € R®0*”  Since /4 =2, all Jordan blocks of A have size 2
and A(1) = Al,. Now Lemma 5.2 applied to H(-, y) implies that B(1) = ul,. It
follows that all Jordan blocks of B also have size 2, and hence /g =2 and B(1) = uls.
So we have r = s. That is, A and B have the same number of 2 x 2 Jordan blocks.
Now (1) follows.

(2) The proof of (2) is very similar to the arguments in [20, Section 4] and [22]. We will
only indicate the differences here. First we notice that G: (R | .|) — (R™0F5 | .])
is also quasisymmetric, and hence is differentiable ae. Since F': (R”, Djl) — (R", Dp)
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is nj—quasisymmetric, the arguments in [20, Section 4] and [22] imply that there
is a constant K; depending only on n;, such that for every y € R"0%" where
G: (R™7F7 | .])— (R™0FS |.|) is differentiable, we have 0 < /() < oo and the map

H(-,p): (R"7"77, D)) = (R0, Dqyy)
is a Kj—quasisimilarity with constant /G (y).

Now let y, y’ € R™*" be two points where G is differentiable. We will show that
lg(y) and lg(y') are comparable. Let x € R”70~" and choose x’ € R"™"0~" g0
that D41y (x,x") > [y — y|M* . Let (u;, v;) be as in the proof of Lemma 5.5. Let
X! =x;+u;, x]" =x]+u; (1<i <r),and set x”=(x/1/, ce X)), x’”=(x’1”, con X))
Then

Da((x. ). (x")") = Da((x'. ). (" ") = 1y =y,

Now the generalized triangle inequality implies

Da((x", "), (X', y)) < M{D4((x", ¥, (x,y)) + Da((x, ), (X', »))}
= ZMDA((X,)/),(X,, J’))

By the quasisymmetry condition we have
Dp(F(x",y"), F(x", y)) =n(2M)Dp(F(x, y), F(x', y)).
Similarly, Dg(F(x",y"), F(x",y")) <n(2M)Dg(F(x",y"), F(x’, y)). So we have
Dp(F(x",y"), F(x", y") = (2M))* Dp(F(x, ), F(x", y)).

This together with the quasisimilarity properties of H(-,y) and H(-, y") mentioned
above implies that

16(Y) DSy (" x") < K3(n(2M))21G (7)) Dy (x, x').

Since D41y (x",x"") = D4q1y(x,x’), we have Ig()') < K?(n(2M))*Ig(y). By
symmetry, we also have /g (y) < Klz(r](2M))21G (¥"). Now fix y and set C = Ig(y).
Then at every y’ where G is differentiable, H(-,)’) is a K,—quasisimilarity with
constant C, where K, = K f (7(2M))?. Now a limiting argument shows that this is true
for every y’ € R™*"  The arguments in [22, Section 4] (using Lemma 5.5 from above
instead in [22, Lemma 4.3]) then show that there is a constant K3 = K3(K», n1) such
that G: (R"0*7 | .|V/k)y — (R™o+s |.|V/1) andall H(-,y) are K3—quasisimilarities
with constant C.

The final difference is in finding a lower bound for Dg(F(x, y), F(x',y")). If

DE((x, ¥), (', ¥)) < @M)E|y — y|V/H,

Geometry & Topology, Volume 18 (2014)



854 Xiangdong Xie

then

C

Dp(F(x.2). F(x'. ) 2 160N =GO 2 21y = o]

> —DE , , /’ / .

D R )
Now assume D¢ ((x, y), (x", y")) > (QM)E|y’ — y|M# . Let (u;, v;) be as in the above
paragraph. Let x;" = x] —u; and set x” = (x{,....x))). Then DS ((x", ). (x". ")) =
|y’ — y|"/# . The generalized triangle inequality implies

"

I Dallx, ), (x . )) <M.
2M — Dy((x, ). (X", ")

Now the quasisymmetric condition implies

Dp(F(x,y). F(x'. ") = Dp(F(x,y). F(x",y))

n(2M)
= WDZ((X7 J’)» (X”, y))
- C
~ 2M)<K3n(2M)

DS ((x, ), (X", ).

So we have found a lower bound for Dg(F(x, y), F(x’, y")). The rest of the proof
is the same as in [22, Section 4]. We notice that the constant M depends only on A4,
and € depends only on A and B. Hence F is a K—quasisimilarity with K depending
only on A, B and 7. O

Lemma 5.7 Suppose ky =1 and l4 > 2. Then fore = \/u:

(1) A and eB have the same real part Jordan form.

(2) The map F: (R", Djl) — (R", Dp) is a K—quasisimilarity, where K depends
onlyon A, B and 1.

Proof We induct on /4. The basic step /4 =2 is Lemma 5.6. Now assume /4 =/>3
and that the lemma holds for /4 =/—1. For any y € R”0""  the induction hypothesis ap-
plied to the n—quasisymmetric map H (-, y): (R"7"07" D 4(1)) — (R"7"07% Dp(y)
implies that for e = A/ u:

(a) A(1) and €B(1) have the same real part Jordan form.

(b)y H(-,p): (R”‘”O_’, Dj(l)) — (R"7M075  Dp(1y) is a K—quasisimilarity with
K depending only on A(1), B(1) and 7.
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Now (1) follows from (a), and (2) follows from (b), Lemma 5.5 and the arguments
in [22, Section 4]; see the proof of Lemma 5.6 (2). m|

Lemma 5.8 Suppose k4 >2. Then kg > 2 and (}_; diri)/Ap, = (Zj eji1)/ iy -

Proof Lemma 5.1 implies kg > 2. Suppose (}_; diri)/hx, > (32; €jitj)/ iy -
Pick any Q with (3_; diAi)/Ak, > Q> (3; €j1j)/ iy - Let w2 (R", Dp) — Wiy
be the projection onto Wy, and 7’: Wy, — R a coordinate function on Wy, . Set
u =m'om. By Lemma 4.5 we have V ,k)(u|r(g)) = 0 for all sufficiently large K
and all Euclidean balls E C (R", D4). Lemma 4.1 implies Vg g (uo F|g) = 0.
This contradicts Lemma 4.2 since O < (Zl d,-)\i) /MK, and the function u o F is
nonconstant. Similarly there is a contradiction if (}°; diA;)/Ax, < (Z] ejlti)/ iy -
The lemma follows. |

Recall that (see Section 3), if k4 > 2, then the restriction of D4 to each affine
subspace H parallel to [[; 4, Vi agrees with Dy, where A" =[4y, ..., Ag,—1]-

Lemma 5.9 Denote k = k4 and k' = kp. Suppose k > 2. Then each affine
subspace H of R" parallel to [ [; _; Vi is mapped by F onto an affine subspace parallel
to [[j<x- Wj. Furthermore, F|p: (H,Da) — (F(H), Dp) is n—quasisymmetric,
and F induces an n—quasisymmetric map G: (Vi, D4,) — (Wy/, Dp,,) such that

F((TTi<k Vi) x 00}) = ([Tj <o Wj) x {G ()}

Proof As in the proof of Lemma 5.3, to establish the first claim it suffices to show that
each affine subspace parallel to [[; _; V; is mapped into an affine subspace parallel

to []j<x Wj. By Lemma 5.8 we have (X diki) /Mg = (ZI ejj)/ - Pick any Q

with
S diki Sidiki 2 ejuj}

= — < @0 <min ,
A { AM—1 Mkr—1

Suppose there is an affine subspace H parallel to [[;_; Vi such that F(H) is not
contained in any affine subspace parallel to ]_[j < Wj. Let m: ]_[j W; — Wy, be
the canonical projection. Then there is some coordinate function 7’: Wy, — R such
that u o F is not constant on H, where u = 7’ om. As Q > (ZJ ej,uj)/,uk/,
Lemma 4.5 implies Vg , k) (4| F(£)) = 0 for all sufficiently large K and all rectangular
boxes E C (R", D4). By Lemma4.1 Vg g (uo F|g)=0. This contradicts Lemma 4.4
since Q < (}_; diri)/Ak—1 and we can choose a rectangular box E such that u o F
is not constanton H N E.

Since by assumption F is n—quasisymmetric, it follows from the remark preceding
the lemma that F|g: (H, D4) — (F(H), Dp’) is n—quasisymmetric.
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The first claim implies there is a map G: Vx — Wy such that F(([T;x Vi) x{»}) =
(Hj<k/ WJ) x{G(y)} for any y € V. That G: (Vi, Dy, ) — (Wi, Dp,,) is n-
quasisymmetric follows from (3-2), (3-3) and the arguments of [22, page 10]. a

Lemma 5.10 Suppose k4 =2. Then kp =2 and for e = Ay/j41:

(1) A and eB have the same real part Jordan form.

(2) The map F: (R", D) — (R", Dp) is a K—quasisimilarity, where K depends
onlyon A, B and n.

Proof Let H be an affine subspace of R" parallel to [ [; ;. , Vi. By Lemma 5.9 F(H)
is an affine subspace parallel to Hj<kB Wj,and F|g: (H,Dy) — (F(H), Dp) is
n—quasisymmetric. Since k4 = 2, we have kg = 1. Now Lemma 5.1 applied
to F|g implies kg = 1, so kg = kg + 1 = 2. Now the n—quasisymmetric map
Flg: (H,Dyg)— (F(H), Dp’) becomes (Vi, Dy,) — (Wi, Dp,), and Lemmas 5.7
and 5.2 imply that A and €; B; have the same real part Jordan form, where e; = A1/ 1.
By Lemma 5.9 F induces an n—quasisymmetric map G: (V,, Dy,) — (W2, Dp,),
and hence Lemmas 5.7 and 5.2 again imply that A, and €, B, have the same real part
Jordan form, where €, = A,/t,. Lemma 5.9 also implies d; = ¢ and d = ¢;. Now
Lemma 5.8 implies A1/u; = A,/u,. Hence (1) holds.

To prove (2), we consider two cases. First assume that A; = A1/ and A, = A, 1.
In this case, (2) follows from (1) and Theorem 3.5. Next we assume that either
Ay # A1 or Ay # Ay I holds. Then Lemma 5.7 implies that either F|g: (H, Djll) —
(F(H), Dp,) is a K|—quasisimilarity with K; depending only on 4, By and 7,
or G: (Vz, Djz) — (W,, Dp,) is a K,—quasisimilarity with K, depending only
on A,, B, and 7. Then the arguments similar to those in the proof of Lemma 5.6 (2)
(also compare with [20, Section 4]) show that F: (]R{”, Dj) — (R", Dp) is a K-
quasisimilarity with K depending only on 4, B and 7. a

Lemma 5.11 Suppose k4 > 2. Then for e = A1 /[ty :

(1) A and eB have the same real part Jordan form.

(2) The map F: (R", D) — (R", Dp) is a K—quasisimilarity, where K depends
onlyon A, B and .

Proof We induct on k4. The basic step k4 = 2 is Lemma 5.10. Now we assume
k4 = k = 3 and that the lemma holds for k4 = k — 1. For each affine subspace H
of R” parallel to []; 4 , Vi, the induction hypothesis applied to F|g: (H, Dg) —
(F(H), Dps) implies that for € = A1/pq:
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(a) A’ and eB’ have the same real part Jordan form.

(b) The map F|g: (H, Djl,) — (F(H), Dp’) is a K—quasisimilarity, where K
depends only on 4", B’ and 7.

The statement (a) implies in particular k4 —1 = kg — 1 (hence kg = kp), Aij = €u;
and e; = d; for i < k4. Now it follows from Lemma 5.8 that Ay, = ey . If Ag, is
a multiple of 7, then (1) follows from Lemmas 5.9 and 5.2. If Ay, is not a multiple
of I, then Lemmas 5.9 and 5.7 (1) imply that Ay, and € By, have the same real part
Jordan form. Hence (1) holds as well in this case.

If Ay, is a multiple of 7, then (2) follows from the statement (b) above and the argu-
ments in the proof of Lemma 5.6 (2). If Ay, is not a multiple of 1, then Lemma 5.7 (2)
implies that G': (Vk, Djlk) — (Wys, Dp,,) is a K{—quasisimilarity with Ky depending
only on Ay ,, By, and 7. In this case, (2) follows from this, (b) and the arguments in
the proof of Lemma 5.6 (2). m|

Next we will finish the proofs of the main theorems. So let 4, B be two arbitrary n xn
matrices whose eigenvalues have positive real parts. Let G4, Gp be equipped with
arbitrary admissible metrics. Then there are nonsingular matrices P, Q such that G4
is isometric to Gpygp—1 (equipped with the standard metric) and Gp is isometric
to Gopp-! (equipped with the standard metric). Hence below in the proofs we will
replace (R”, D4) and (R”, Dg) with (R”, Dp4p-1) and (R”, Dgpp—1) respectively.
There also exist nonsingular matrices Py, Q¢ such that G p, 4 P! and Gg, BQ;! have
pinched negative sectional curvature. We may choose the same PyA Py ! for all
conjugate matrices 4. Denote by J and J' the real part Jordan forms of 4 and B
respectively. By Proposition 3.1, there are bilipschitz maps fj: Gpyapy!t — G
and fp: Gpy4 Pyl — Gpgqp-1. Then Corollary 3.2 implies their boundary maps
afy: R", Dpyaps1) — (R", Dy) and 3fp: (R", Dpyap;') — (R", Dpgp-1) are
also bilipschitz. Similarly, there are bilipschitz maps f;: Gg, Bo;! — Gy and
Jfo: GoyBoy' — Gopo-!, whose boundary maps dfy/: (R", Do, Bo;!) — (R", D)
and dfp: (R", Dg,Bo;!) — (R", Dopo~—1) are also bilipschitz.

Completing the proof of Theorem 1.1 The “if” part follows from Proposition 3.1
since the boundary map of a quasi-isometry between Gromov hyperbolic spaces is
quasisymmetric. We will prove the “only if”” part. So we suppose (R”, Dpgp-1) and
(R", Dgpp-1) are quasisymmetric. Since the four maps dfp, dfy, dfp and df;  are
bilipschitz, we see that (R”, D) and (R”, Dj/) are quasisymmetric. Now it follows
from Lemmas 5.2, 5.7 (1) and 5.11 (1) that J and €J’ have the same real part Jordan
form, where e = A /1. Hence A and €B also have the same real part Jordan form. O
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Theorem 5.12 Let A and B be n x n matrices whose eigenvalues all have positive
real parts, and let G4 and G g be equipped with arbitrary admissible metrics. Denote
by A1 and [, the smallest real parts of the eigenvalues of A and B respectively, and
set € = Aq1/uq. If the real part Jordan form of A is not a multiple of the identity
matrix I,,, then for every n—quasisymmetric map F: (R", D4) — (R", Dg), the map
F: (R", Djl) — (R", Dp) is a K—quasisimilarity, where K depends only on n, A, B
and the metricson G4, Gpg.

Completing the proof of Theorem 5.12 Let F: (R", Dpap—1) — (R", Dyp,—1) be
an n—quasisymmetric map. Notice that the bilipschitz constant of the map df; depends
only on A (actually the conjugacy class of A4) as the same PyoA Py I is chosen for
all matrices A in the same conjugate class. However, the bilipschitz constant of dfp
depends on P and hence on the admissible metric on G4. Hence dfy o dfp Uis
L -bilipschitz for some constant L depending only on A and the admissible metric
on G4. Similarly, dfy o d fél is L,-bilipschitz for some constant L, depending
only on B and the admissible metric on Gp. It follows that

G:=(3fy09fg")oFo(dfs0dfp )™t R", Dy) — (R", D)

is 1y —quasisymmetric, where 1n; depends only on L, L, and n. Now Lemmas 5.7 (2)
and 5.11 (2) imply that G is a K—quasisimilarity, where K depends only on J, J'
and n;. Consequently, F' is a KL L,—quasisimilarity. a

6 Proof of the corollaries

In this section we prove the corollaries from the introduction and also derive a local
version of Theorem 1.1.

Let M be a Hadamard manifold with pinched negative sectional curvature, & € 0M ,
and xg € M a base point. Let y be the geodesic with y(0) = x¢ and y(00) = &.
Let hpg = —By: M — R, where B, is the Busemann function associated with y .
Set H; = hX/[l (). A parabolic visual quasimetric Dg, on dM \{&o} is defined as
follows. For &, 1 € OM\{&o}, Dg,(§, 1) = ¢’ if and only if §&o N H; and né&y N H;
have distance 1 in the horosphere H;.

Let N be another Hadamard manifold with pinched negative sectional curvature, and
f: M — N a quasi-isometry. For any £ € M and x € M, we set £ = df(€) and
x" = f(x). Let y’ be the geodesic with y’(0) = x;, and y'(0c0) =&;. Set hy = —B,/,
where B, is the Busemann function associated with y’. Denote H, = h}l (7). Let D%
be the parabolic visual quasimetric on dN \{£,} with respect to the base point x;.
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Lemma 6.1 Let s > 0. Then the following three conditions are equivalent.

(1) There is a constant C > 0 such that the Hausdorff distance HD( f (H;), H{,) <C
forall t.

(2) The boundary map df: (M \{&q}, Dgo) — (IN\{&;}. Dg(r)) is bilipschitz.

(3) There exists a constant C > 0 such that s -d(x,y) —C <d(f(x), f(»)) <
s-d(x,y)+C forall x,y € M.

Proof The arguments in the proof of [20, Lemma 6.4] shows (2)=>(1), while the argu-
ments at the end of [20, proof of Corollary 1.2] yield (1) = (3). We shall prove (3)= (1)
and (1)=(2).

(1)=(2): Suppose (1) holds. Let & # n € IM \{&}. Assume Dg,(£,7) = e’ and
Dg (§'.1) = e’ Let Ye be the geodesic joining & and & with y¢(0) € Hy and
Ye(00) = &o. By [20, Lemma 6.2], y(¢) is a C;—quasicenter of &, 1, &, and yg (¢')
is a Cj—quasicenter of £, 1, &;, where C; depends only on the curvature bounds
of M and N. Since f is a quasi-isometry, f(yg()) is a C;—quasicenter of &', 7', &,
where C, depends only on Cj, the quasi-isometry constants of f* and the curvature
bounds of N. It follows that d(f(yg(t)),ye(t')) < C3, where C3 depends only
on Cy, C; and the curvature bounds of N. By condition (1), the point f(yg(t)) is
within C of HJ,. It follows that yg/(¢') € H/, is within C + C3 of Hy, so [t' —st| <
C + Cs. Therefore, e (C+C3)est < Dg (&', 1) = e < eCHCspst,

(3)=(1): Suppose (3) holds. Let w: R — M be any geodesic with w(0) € Hy
and w(oco) = &y. Then fow isa (L, Ci)—quasigeodesic in N, where L; and C;
depend only on s and C. By the stability of quasigeodesics in a Gromov hyperbolic
space, there is a constant C, depending only on L, C; and the Gromov hyperbolicity
constant of N, and a complete geodesic @’ in N with one endpoint &; such that the
Hausdorff distance between @’(R) and f o w(R) is at most C,. Let ¢; < t,. Then it
follows from condition (3) and the triangle inequality that

|hn (f(@(2))) = hy (f(@(t1) — stz —1)] = C5,

where C3 depends only on C, C, and the Gromov hyperbolicity constant of N . In
particular, this appliedto w =y, t, =t andty =0 (ortp, =0and t; =t if t <0)
implies [An (f(y (1)) —st| = C3.

Let x € H; be arbitrary. Let w; be the geodesic with w;(¢f) = x and w;(c0) = &.
Pick any #, >t with d(y(¢2), w1(f;)) < 1. By condition (3),

|hn (f (v (12))) = hn (f (@1 ()] = d(f(v(12)). f(@1(12))) =5+ C.
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The discussion from the preceding paragraph implies

Iy (f(@1(22))) = hn (f(01(0) =52 =) = C3,
(AN (f(y(22))) =hn (f(y (@) = stz —1)| = C3.

These inequalities together with the one at the end of last paragraph imply
(AN (f(w1(1)) —st| = Cq:=3C3+ 5+ C.

Hence f(x) = f(w;(?)) is within C4 of H],. This shows f(H;) lies in the C4—
neighborhood of HJ,. By considering a quasi-inverse of f', we see that the Hausdorff
distance HD( f(H;), H{;) < Cs, where Cs depends only on s, C and the Gromov
hyperbolicity constants of M and N . O

A local version of Theorem 1.1 also holds.

Theorem 6.2 Let A, B be n x n matrices whose eigenvalues have positive real parts,
and let G4 and G g be equipped with arbitrary admissible metrics. Let U C (R", D),
V c (R", D) be open subsets, and F: (U, D4) — (V, Dp) an n—quasisymmetric
map. Then A and sB have the same real part Jordan form for some s > 0.

Proof By Corollary 3.2 and the discussion before the proof of Theorem 1.1 we may
assume A and B are in real part Jordan form. Fix a base point x € U. We may assume
both x and F(x) are the origin 0. Then there is some constant @ > 1 and a sequence
of distinct triples (xg, Vg, zx) from U satisfying x; =0, D4(xk, yx) — 0 and

Da(xk, k) Da(ie, X)) Da(zk, x)

Da(xk,2) " Da(yiszx) " Dalzk, yi)
Such a triple can be chosen from the eigenspace of A; (the smallest eigenvalue of A4)
so that x; = o is the middle point of the segment y; z; . Since F is n—quasisymmetric,
there is a constant b > 0 depending only on @ and 7 such that

Dp(F(xk), F(yk)) Dp(F(yk). F(xx)) Dp(F(zg). F(xg))
Dp(F(xk). F(zx)) " Dp(F(yr). F(zk)) " Dp(F(z). F(yk))

Assume Dy(xg, yi) = e~ '% and Dg(F(xy), F(yx)) = ¢~'k. Then we have that
ek Ad: (U, e D 4)— (e"A4U, D4) is an isometry. Hence the sequence of pointed metric
spaces (U, e’k D4, 0) converges (as k — o0) in the pointed Gromov—Hausdorff topol-
ogy towards (R”, D4). Similarly, the sequence of pointed metric spaces (V, ¢’k Dg. 0)
converges (as k — oo) in the pointed Gromov—Hausdorff topology towards (R”, Dp).
On the other hand, the sequence of maps Fy = F: (U, e’ D4) — (V, e'k Dp) are all n—
quasisymmetric, and the triples (xx, vk, zx) € (U, e’ Dy), (F(xx), F(yr), F(zx)) €

€ (1/a,a).

e (1/b,b).
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(V,etl/f Dp) are uniformly separated and uniformly bounded. Now the compact-
ness property of quasisymmetric maps implies that a subsequence of {F}j} con-
verges in the pointed Gromov—Hausdorff topology towards an n—quasisymmetric
map F’: (R", D4) — (R", Dg). Now the theorem follows from Theorem 1.1. O

Lemma 6.3 Let F: 0G4 — dGp be a quasisymmetric map, where dG4 and 0Gpg
are equipped with visual metrics. Let £ € 0G4, € 0Gp be the points corresponding
to upward-oriented vertical geodesic rays. If the real part Jordan form of A is not a
multiple of the identity matrix, then F(&y) = &;.

Proof The proof is similar to that of [22, Proposition 3.5]. Suppose F(&o) # &;. By
the relation between visual metrics and parabolic visual metrics [20, Section 5], the
map

F: RM\{F ()}, Da) = (R"\{F(£), Dp)

is locally quasisymmetric. By Theorem 6.2, A and sB have the same real part Jordan
form for some s > 0. In particular, we have kg = k 4; the fibers of 74 and g have
the same dimension if k4 = 1, and the subspaces [[; 4, Vi and [] j<kg W have the
same dimension if k4 > 2. If k4 = 1, let H be a fiber of 4 not containing F~! (5(’));
if k4 > 2, then let H be an affine subspace parallel to [ [, . , Vi and not containing
F_l(é(’)). Let m be the topological dimension of H. Then H U {£3} C 0G4 is an
m—dimensional topological sphere. Since F(&) # &) and F -1 (&y) & H, the image
F(H U{£}) is a m—dimensional topological sphere in R” = dGp\{£}. In particular,
F(H U{&p}) (and hence F(H)) is not contained in any fiber of g (if k4 = 1) or any
affine subspace parallel to [ | j<kg Wi Gf k4 > 2). Now the arguments of Lemmas 5.3
and 5.9 yield a contradiction. Hence F(£p) =&;. o

Now Corollary 1.3 follows from Proposition 3.1, Lemma 6.3, Theorem 1.1 and the fact
that a quasi-isometry between Gromov hyperbolic spaces induces a quasisymmetric
map between the ideal boundaries.

Proofs of Corollaries 1.4 and 1.5 We use the notation introduced before the proof of
Theorem 1.1. Let f: Gpqp—! — GgBo—! be a quasi-isometry. By Lemma 6.3, f in-
duces a boundary map df: (R”, Dpgp-1)— (R", Dgpp—1), which is quasisymmetric.
By Theorem 1.2, there is some s > 0 such that df: (R", Db p-1) = (R", Dgpp-1)
is bilipschitz. Since dfp and dfp are also bilipschitz, we have that the boundary map
A fg'ofofp): (R, D 4ps1) — (R", Doypoy') of fo' o fo fp: Gpyary! —
G,Boy! is bilipschitz. Since Gpy4p;! and Gg,Boy! have pinched negative sec-
tional curvature, Lemma 6.1 implies the map fg Lo fo fp is height-respecting and is
an almost similarity. By Proposition 3.1 and Corollary 3.2 the two maps fp and fp
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are height-respecting and are almost similarities. Hence f is height-respecting and is
an almost similarity. O

The proof of Corollary 1.6 is the same as in [20, Corollary 1.3].

Next we give a proof of Corollary 1.7. Recall that a group G of quasisimilarity maps
of (R”, Dy4) is a uniform group if there is some K > 1 such that every element of G is
a K—quasisimilarity. Dymarz and Peng have established the following theorem; see [6]
for the definition of almost homotheties.

Theorem 6.4 [6] Let A be a square matrix whose eigenvalues all have positive real
parts, and G be a uniform group of quasisimilarity maps of (R", D4). If the induced
action of G on the space of distinct couples of R" is cocompact, then G can be
conjugated by a bilipschitz map into the group of almost homotheties.

Proof of Corollary 1.7 Let G be a group of quasimobius maps of (0G4, d) such that
every element of G' is n—quasimdbius, where d is a fixed visual metric on dG 4. Let
&0 € 0G 4 be the point corresponding to vertical geodesic rays. Since the real part Jordan
form of A is not a multiple of the identity matrix, Lemma 6.3 implies that the point &g
is fixed by all quasisymmetric maps dG4 — dG 4. Hence G restricts to a group of
quasisymmetric maps of (R”, D4). For any three distinct points &;1,&,,&3 € R" =
3G 4\{&o}, the quasimobius condition applied to the quadruple Q = (&1, &5, &3,&))
implies that every element of G is an n—quasisymmetric map of (R”, D4). Now
Theorem 1.2 implies that there is some K > 1 such that every element of G is a K-
quasisimilarity. In other words, G is a uniform group of quasisimilarities of (R”, D 4).

Since the induced action of G' on the space of distinct triples of (0G4, d) is cocompact,
there is some § > 0 such that for any distinct triple (£1,£,,&3), there is some g € G
such that d(g(&;),g(&j)) =6 forall 1 <i # j <3.Nowlet £ #& e R" =030G4\{&0}
be any distinct couple. Then there is an element g € G as above corresponding to the
triple (&9, &1,£5). Since g(&y) = &9, there are two constants ¢, b > 0 depending only

on & such that Dy (g(§1),0) =b, Dg(g(§2).0) =b and D4(g(§1). g(52)) = a. This
shows that G acts cocompactly on the space of distinct couples of (R”, D4).

Now the corollary follows from the theorem of Dymarz and Peng. a

7 QS maps in the Jordan block case

In this section we describe all the quasisymmetric maps on the ideal boundary in the
case when A is a Jordan block.
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Theorem 7.1 Let J, =1, + N be the n xn (n > 2) Jordan block with eigenvalue 1.
Then a bijection F: (R", Dy ) — (R", D ) is a quasisymmetric map if and only of
there are constants ag 7% 0,ay,...,ay—> € R, a vector v € R" and a Lipschitz map
C: R — R such that

F(x) = (aoly +a1N + -+ ap_y N ?)x + v+ C(x)

forall x = (xq,...,xp)T € R", where é(x) = (C(x,).,0,...,0)T. Here T indicates
matrix transpose.

We first prove that every map of the indicated form is actually bilipschitz. Notice that the
map F described in the theorem decomposes as F = Fjo F,0 F3, with Fi(x) =x+v,
Fy(x)= x+C (x) and F3(x)=(apln+aiN+---+an_,N"?)x, where C;: R >R
is defined by C; () = C(t/ay). Since D, is invariant under Euclidean translations, F
is an isometry. We shall prove that F, and F3 are bilipschitz in the next two lemmas.

For an n x n matrix M = (m;j), set Q(M) = Zi,j mlzj We will use the fact

M| < Q(M)'/2, where | M| denotes the operator norm of M .

Lemma 7.2 Suppose C: R — R is L-Lipschitz for some L > 0. Then we have
F>: (R",Dy,)— (R",Dy,), F2(x) =x+C(x) is L’ -bilipschitz, where L’ depends
only on L and the dimension n.

Proof Let x = (xq,...,xs)T and x’ = (x,...,x})T be two arbitrary points in R”.
Then F(x) = (x1 + C(xn), X2, ....x,)7 and Fr(x") = (x| + C(x}), x5 ....x;)T.
Assume Dy, (x,x") =e' and Dy, (Fa(x), F2(x’)) = e*. We need to show that there
is some constant ¢ depending only on L and #n such that |t —s| < a.

Since Dy (x,x') = e’, we have ¢/ = |7V (x’ — x)|; see Section 3. Similarly,
Dy, (Fy(x), Fa(x")) =e* gives €5 = |e™N (F,(x')—=F3(x))|. Note F5(x)—Fa(x) =
(x" —x) + w, where w = (C(x},) — C(x4),0,...,0)T. The only nonzero entry in
e7™Nw is C(x}) — C(xy). So we have

e Nw| = |C(x;) = C(xn)| < LIxp, — Xa.
On the other hand, the last entry in eV (x” — x) is (x/, — x,), hence
le™™Nw| < L|x) —xp| < Lle™™N (x' = x)| = Le".
We write

e N (Fy(x)=F(x)) ="MV e N[(x'—x)+w] =N [e™N (x'—x)+e N,
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Now
&8 = e N (Fy(x) = Fa(x))] = |e N[ ™V (3 — x) + e Ny

< @IVl N (' x) + e Nu] = eIV fle N (7 = )] + e N}

= [eCINY e + Le'y < e (14 L)y Q(et=9N),

From this we derive 57 < (1 + L)/ Q(e@=9N). Notice that Q(e"9V) is a
polynomial of degree 2(n — 1) in ¢ — s that depends only on #. It follows that there is
a constant a depending only on » and L such that s —¢ < a. Since the inverse of F,
is Fz_l (x) = x + (=C(x,),0,...,0)T, the above argument applied to Fz_1 yields
t —s <a. Hence |s —t| <a, and we are done. a

Lemma 7.3 Let F3: (R",D;,) — (R", D;,) be given by
F3(x) = (apIn+aiN + -+ a1 N" "x,
where ag # 0,44, ...,a,—1 € R are constants. Then F3 is L —bilipschitz for some L

depending only on n and aq,ay,...,dy—1.

Proof The proof is similar to that of Lemma 7.2. Let x, x" € R” be arbitrary. Assume
Dy, (x,x") =e' and Dy (F3(x), F3(x')) = ¢*. Then we have ¢’ = [e7"N (x' — x)|
and e’ = eV (F3(x") — F3(x))|. We need to find a constant a that depends only
on n and the numbers aq, ---, dy—1 such that |s —¢| <a.

Set By ="V and B, =agl,+a;N +---+a,_1 N"~!. Notice that B, commutes
with N . We have

¢f = e N(F3(x)) = F3(x))| = [N e™™N By (x' — x)|

= |B1B2e™™ (x' = x)| < [|B1 ]| - | Bal| - |le™™N (x' = x)|

< VO(B1)VO(By) €'
Hence ¢*~! < \/O(B1)Q(B,). Since Q(B1)Q(B,) is a polynomial in ¢ — s that
depends only on # and the numbers ay,...,a,—1, there is some constant a > 0
depending only on n and aq,...,a,—1 such that s —¢ <a.

Notice that F_,,_1 (x) = B2_1x. Set

B =_(a_1N+..._|_a”__1N”_1)‘
agp ao

Then 8" = 0. We have B, = aog(I — ) and Bz_l =a0_1(1+,3+,32 o g,
It follows that Bz_l has the expression Bz_1 = aO_II +bN +--- 4+ b, s N" 2 4
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by—1 N" ', where by, ..., b,_; are constants depending only on ay, . ..,a,_;. Now
the preceding paragraph implies that ¢ — s < &’ for some constant ¢’ depending
only on n and ao_l,bl,...,bn_l, hence only on n and aq,...,ay—1. Therefore
|s —t] < max{a, a’}, and the proof of Lemma 7.3 is complete. O

To prove that every quasisymmetric map has the described type, we induct on n. The
basic step n = 2 is given by Theorem 3.6. Now we assume # > 3 and that Theorem 7.1
holds for J,,_1.

Let F: (R", Dj,) — (R", Dy, ) be a quasisymmetric map. Let 7; (i =1,...,n—1)
be the foliation of R” consisting of affine subspaces parallel to the linear subspace

Hi:={x=(x1,....xn)T €R" | xj31 =+ =x, =0}

Then the proof of Theorem 1.2 shows that the foliation F; is preserved by F'. To be
more precise, if H is an affine subspace parallel to H;, then F(H) is also an affine
subspace parallel to H;. In particular, F' maps every line parallel to the x; —axis (that is,
parallel to Hy) to a line parallel to the x;—axis, and maps every horizontal hyperplane
(that is, parallel to H,_1) to a horizontal hyperplane. It follows that there is a map
G: R"™1 — R"! such that for any y e R”™!, F(R x {y}) =R x {G(y)}. For each
y € R"™1 thereis amap H(-,y): R — R such that F(x;, y) = (H(x1,y),G(»)).

Arguments similar to the proofs of Lemmas 3.3 and 3.4 show the following:

(1) Foreach y € R"™!, the restriction of D J, to Rx{y} agrees with the Euclidean
distance on R.

(2) Forany two yq, ys € R”"~! the Hausdorff distance with respect to D, satisifes
HDR x{y1},Rx{y2}) =Dy, ,(y1.¥2).

(3) Forany p=(x1,y1) € RxR""!, y, e R"! wehave Dy, (p,R x {y;}) =
Dy, (31, »2).

Hence each H(-,y): (R,|-]) = (R,]|-]) is quasisymmetric, and the arguments
of [22, page 11] shows that G: (R"~!, D; )— (R"™1, D, ) isalsoquasisymmetric.

The induction hypothesis applied to G establishes constants ag # 0, ay, ...,a,—3, b;
(2 <i <n) and a Lipschitz map g: R — R such that

aoXy +ayxz + - +ay_3x,—1 + by + g(xn)

X2
N apx3 +ajxg4+-+-+ap—3xy + b3
3
G| .| =
‘ aoXp—1 +aixp +bp_y
Xn

agxy + by
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Notice that the horizontal hyperplane R”~! x {x,} at height x, is mapped by F
to the horizontal hyperplane R71 x {aoxn + by} at height agx, + b,. Since the
restriction of Dy, to a horizontal hyperplane agrees with D; | (Lemma 3.3), the
map

F: R" ' x{x,},Dy,_ ) — R" ' x{agxy +bu}, Dy,_,)

is quasisymmetric. Now the induction hypothesis, the fact F(xy, y) = (H(x1, y)G(»))
and the expression of G imply that

H(x1,y)=aoxi +a1xy+ -+ ap_3xy—2 +c1(xn) + c2(Xp—1, Xn),

where ¢;: R — R and ¢,: R? — R are two maps and for each fixed v, ¢;(u, v) is
Lipschitz in u. Since F is a homeomorphism, ¢; and ¢, are continuous. Define
c3: R = R by c3(u,v) = ¢ (v) + c2(u, v). After composing F with a map of the
described type, we may assume F has the following form

F(xi,x2,...,x0) = (x1 +c3(Xp—1,Xn), X2 + g(xn), X3, ..., Xp).

We need to show that there are constants a,—», d, and a Lipschitz map C: R — R
such that g(x,) = ay—2xn + dr and c3(xy—1, Xn) = dp—2xy—1 + C(xp).

Lemma 7.4 There is a constant L such that the following holds for all u,v,v' € R:

[{esu+ " =v)In o — v, v') —e3(u, v)} —In|v" —vl{g(v) —g(v)}| < L]V~ |

Proof Let u,v,v' € R. Let x € R” with x,,_; =u, x, =v. Set t =In|v/ —v| and
let y = (y1,...,yn)T be the unique solution of e "Ny = (0,...,0,v" —v)T. Let
x"=x+y. Notice y, =v"—v, yyo1 =@ —v)In[v/ —v|, x,, =0 and

Xy =Xp—1+Yp—1 =u+ @ —v)Inv'—v|.

Notice also that ¢ is the smallest solution for e’ = |e™*N (x'—x)| and so D, (x, x") =e’.
Suppose Dy, (F(x),F(x"))=e*. Then ¢* = |e™N(F(x')—F(x))|. By Theorem 1.2, F
is L -bilipschitz for some L; > 1. Hence e’/L; < ¢* < Lie’. It follows that
|t —s| <In L;. Now we write the following:

e *N(F(x') — F(x))

C3(x,,1_1’x,,1) —3(Xp—1, Xn)
g(xy) — g (xn)
— e—sN(x/ _x) + e—sN 0
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] (x,/,_l s Xp) — €3(Xn—1, Xn)

g(xy) —g(xn)

=e(t—S)Ne—tN(x/_x)+e(t—S)Ne—IN 0

0

{e3 (g Xp) — €3 (xp—1. Xn)} — 1{g (xp) — g (xXn)}

g(xy) — g(xn)

0
— e(t—s)N

0
X)) — Xn
Set
T = {e3(x_y. Xp) — 3 (Xn—1, X))} — 1{g (o) — g (xn) }-

The first entry of e *N (F(x') — F(x)) is

_ 1
0= =)l — g} ).

We have
lg| < e N(F(x') = F(x))| =¢* < Lie' = Li|v' —v].

Recall that g is L,-Lipschitz for some L, > 0. Hence,
lg(x3) —g(xn)| = Lal|xy — xu| = LoV —v].
Now it follows from |t —s| <1n L; and the triangle inequality that

(lnLl)n_1 /
— ||V —].

<|L LylnL
|T|_( 1+ LxInlqy+ =1

O

Recall that the map g is Lipschitz and for each fixed v, c¢3(u, v) is Lipschitz in u.
Hence g is differentiable ae, and for each fixed v, the partial derivative dc3/du exists

for ae u.

Lemma 7.5 Let v be any point such that g’'(v) exists. Then c3(u,v) = ¢3(0,v) +

g’ (v)u forall u.

Proof Fix an arbitrary u € R. Let a > 0. For any positive integer n, define (g, zg) =
(u,v) and (y;, zj) = (u+i(a/n)In(a/n), v+i(a/n)) (1 <i <n). Applying Lemma 7.4
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to yi—1,zi—1,z; we obtain
a a
tesGinzi) = e3(imrzi-0} = In(5 ) g Gi) — g Gimn)} | < L

Now let k = k(n) be the integer part of n/In(n/a). Then (k/n)In(a/n) — —1
as n — co. Combining the above inequalities for 1 <i < k and using the triangle
inequality, we obtain

k
o3 (21 = e3 w0} = In(2 Mgz — g )} < L5
Now divide both sides by (ak/n)In(n/a) (which converges to a as n — 00), we get
{3k k) —e3(u, )} + g —gw)yi| L
(ak /n)In(n/a) (ak /n) “ In(n/a)’

As n — oo, we have z; = v + (ak/n) — v, yr — u—a. Also, since g’(v) exists,

we have
{g(zx) —g(v)}
(ak /n)

— g'(v).

Consequently,

c3(u—a,v)—c3(u,v) + ') =0.

Hence c¢3(u —a,v) —c3(u,v) = —ag’(v) for all u € R and all a > 0. It follows that
c3(u,v) = ¢3(0,v) + g’ (v)u for all u. O

Lemma 7.6 Suppose g is differentiable at vy and v,. Then g’(vq) = g’'(v3).

Proof By Lemma 7.5, we have ¢3(u, vq) = ¢3(0,vy) +ug’(vy) and

c3(u +[vy —vi]In vy — vy, v2) = €3(0, v2) + (u 4 [v2 — v ]In [vz —v1])g" (v2)
for all u. Now Lemma 7.4 applied to u, vy, v, implies that ‘u(g’(vz) —g/(vl))| <C
holds for all u, where C is a quantity independent of u. Thus g’(v,) —g’(v{) =0. O

Completing the proof of Theorem 7.1 Lemma 7.6 implies that g is an affine function
and hence there are constants «,b such that g(v) = av + b. It now follows from
Lemma 7.5 that for any v we have c¢3(u,v) = ¢3(0,v) + au. To finish the proof
of Theorem 7.1, it remains to show that ¢3(0, v) is Lipschitz in v. This follows
immediately from Lemma 7.4 after plugging in the formulas for g and c;3.

Now the proof of Theorem 7.1 is complete. a
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8 A Liouville-type theorem

In this section we prove a Liouville-type theorem for G4 in the case when A4 is a
Jordan block: every conformal map of the ideal boundary of G 4 extends to an isometry
of G4.

Let X and Y be quasimetric spaces with finite Hausdorff dimension. Denote by Hy
and Hy their Hausdorff dimensions and by Hy and Hy their Hausdorff measures.
We say a quasisymmetric map f: X — Y is conformal if

(1) Lyg(x)=1r(x)€(0,00) for Hy—almost every x € X,
(2) Ly-1(y)=1l-1(y) € (0,00) for Hy—almost every y € Y.

We now describe some isometries of G4. For any g = (x,7) € G4 = R"” xR, the
Lie group left translation L, is an isometry. If g = (x,0), then the boundary map
0Lg: R" — R" of Ly is translation by x. If g = (0, ), then the boundary map of L,
is the similarity /4. Let t/: G4 — G4 be given by 7/(x, 1) = (—x, ). Then 7’ is an
isometry, and its boundary map is 7: R” - R", 7(x) = —x.

Theorem 8.1 Let J, be the n xn (n > 2) Jordan matrix with eigenvalue 1. Then
every conformal map F: (R", Dy ) — (R", Dy, ) is the boundary map of an isometry
GJn — Gjn .

We first prove the case n = 2.

Lemma 8.2 Every conformal map F: (R, D ) = (R2, D J,) is the boundary map
of an isometry Gy, — G, .

Proof Since F is conformal, it is quasisymmetric in particular. By Theorem 7.1, F
has the following form: F(x, y) = (ax +c(y),ay + b), where a # 0, b are constants
and ¢: R — R is a Lipschitz map. By composing F with the boundary maps of the
isometries described before Theorem 8.1, we may assume ¢ = 1 and b = 0; that is, F
has the form F(x, y) = (x +c(»), y). We shall prove that ¢(y) is a constant function.

Since ¢: R — R is a Lipschitz function, it is differentiable ae. We shall show that
¢'(y) =0 for ae y € R. By the definition of a conformal map, L g(x, y) =[p(x, y) for
ae (x, y) € R? with respect to the Lebesgue measure in R?. It follows from Fubini’s
Theorem that for ae y € R, the derivative ¢’(y) exists and Lg(x,y) =[r(x, y) for
aec x € R. Let yy be an arbitrary such point and x¢ € R be such that L g(xq, yg) =
[ (x0, yo). We will show ¢’(yo) = 0.

Geometry & Topology, Volume 18 (2014)



870 Xiangdong Xie

By precomposing and postcomposing with Euclidean translations if necessary, we may
assume that (xg, yo) = (0,0) and ¢(yo) = 0. We need to show ¢’(0) = 0. We will
suppose ¢’(0) # 0 and get a contradiction. Notice that F(x,0) = (x,0) for all x € R.
It follows that L (0,0) > 1 and /g(0,0) < 1. Combining this with the assumption
LE(0,0) = [r(0,0), we obtain Lg(0,0) = /r(0,0) = 1. First suppose ¢’(0) > 0.
Then c(y) > 0 for sufficiently small y > 0. Let p = (0,0) and ¢ = (r + 7 Inr,7)
with r > 0. Then F(p) = p and F(q) = (r + rlnr + ¢(r),r). One calculates
D(p,q)=r and D(F(p), F(q)) =r +c(r). It follows that Lr(p,r) > r 4 c(r) and
hence Lg(p) > 1+ ¢’'(0) > 1, contradicting L £(0,0) = 1. If ¢/(0) < 0, then letting
q = (—r +rlnr,r) one similarly obtains a contradiction. a

Proof of Theorem 8.1 Let F: (R", D; ) — (R", D;,) be a quasisymmetric map.
After composing with the boundary maps of isometries described before Theorem 8.1,
we may assume F has the following form

F(x)=(I +aiN +- +dapaN" x4+ (C(xn).0,...,0)T,
where C: R — R is Lipschitz. We will prove the following statement by inducting on 7:
If F as above is conformal, then a1 = --- = a,—, = 0 and C is constant.

The basic step n = 2 is Lemma 8.2. Now we assume 7 > 3 and that the statement
holds for Jordan matrices with sizes less than or equal to » — 1. Notice that F maps
every horizontal hyperplane H(x,) := R”™! x {x,} to itself. By Lemma 3.3 the
restriction of Dy on H(x,) agrees with the metric Dy, . It now follows from
Fubini’s Theorem that for ae x, € R, the restricted map

Fla(xy: (H(xn), Dy, ) — (H(xn), Dyg,_,)

is also conformal. Now the induction hypothesis applied to F'|g(x,,) implies that a; =0
for 1 <i <n—2. It remains to show C is constant.

Suppose C is not constant. Then there is some u € R such that C’(«) # 0 and
Lr(p) =1r(p) for some p € H(u). After precomposing and postcomposing with
Euclidean translations, we may assume # = 0, C(0) = 0 and p is the origin o.
Notice that the restriction of F to the x;—axis is the identity, so Lg(0) =Ilr(0) = 1.
Now for any x, > 0, choose xy,...,x,—1 such that x = (xq,. ..,xn)T satisfies
e™™Nx =(0,...,0,x,)T, where r = Inx,. It follows that Dy (0,x) = e = xy.
Suppose D, (F(o), F(x)) =e®. Then e® = le™SN F(x)|. We calculate as before that

(t—s)"1 (t— s)”_2
-1 " (2!

T
eNF(x) = (C(xn)—i- xn,...,(t—s)xn,xn) )
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Since Lp(0) =Ip(0) =1, we must have e*/e’ = Dy (F(x), F(0))/Dy,(x,0) > 1
as x; — 0 and hence t —s — 0. Now

(C(Xn)_'_(l—s)n_1 (t=s)" s (t=3) I)T.

s _ —sN —
¢ =[N = =T+ T

t

Since x, = e’, we have

smt _|(Clxn) | (t=9)""" (t —5)n2 T
‘ _‘( Xn + (n—1)! ’ (n—2)! ""»(I_S),l) .

Now as x, — 0, the right hand side converges to

(C'(0),0,...,0, DT | = /14 (C(0))2,

which is greater than 1 since C’(0) # 0. However, the left-hand side converges to 1.
The contradiction shows C must be a constant function. a
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