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ON COMPACTNESS OF TOEPLITZ OPERATORS
IN BERGMAN SPACES

JARI TASKINEN, JANI VIRTANEN

To the memory of Pawel Domariski

Abstract: In this paper we consider Toepliz operators with (locally) integrable symbols acting
on Bergman spaces AP (1 < p < o00) of the open unit disc of the complex plane. We give
a characterization of compact Toeplitz operators with symbols in L' under a mild additional
condition. Our result is new even in the Hilbert space setting of A2, where it extends the well-
known characterization of compact Toeplitz operators with bounded symbols by Stroethoff and
Zheng.
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1. Introduction and notation.

Consider the Banach space LP := (LP(D,dA), || - ||,), where 1 < p < oo and dA
is the normalized area measure on the unit disc D of the complex plane, and
the Bergman space AP, which is the closed subspace of LP consisting of analytic
functions. The Bergman projection P is the orthogonal projection of L? onto A2,
and it has the integral representation

f(Q)
Pi) = [ )
p (1 —2()?
It is also known to be a bounded projection of LP onto AP for every 1 < p < oo.
For an integrable function a : D — C and, say, bounded analytic functions f, the
Toeplitz operator T, with symbol a is defined by

(O F(0)
1- 02"
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In [8] and [9], we have given a generalized definition of Toeplitz operators,
which we denote here by T,. In particular, we extended the definition to locally
integrable symbols and showed that the generalized Toeplitz operator is bounded
under a weak “averaging” condition (see (1.3) below). Since the generalized defi-
nition coincides with (1.1), whenever the latter makes sense, our condition is the
weakest known sufficient condition for the boundedness of a Toeplitz operator. We
recall this result in Theorem 1.1. The question of whether this condition is also
necessary for boundedness remains open.

Our main interest here is on compactness of Toeplitz operators. Unlike in Hardy
spaces, nontrivial Toeplitz operators may well be compact when acting on Bergman
spaces even with unbounded symbols. For a € C(D), T, is compact if and only if
a(z) = 0 for all z € OD; see [4, 10]. For more general symbols, characterizations
are often given in terms of the Berezin transform: For any compact operator T’
on AP, the Berezin transform of 7' vanishes on 9. This is also sufficient for
compactness of operators in the Toeplitz algebra generated by bounded symbols.
However, there are compact Toeplitz operators with unbounded symbols whose
Berezin transforms do not vanish. For further details on compactness and the
Berezin transform, see [1, 5] for operators on AP(D), and [2, 3] and the references
therein for more general Bergman spaces. A different type of characterization,
involving the Mobius functions, was found by Stroethoff and Zheng [6, 7]. Their
approach was based on the use the reproducing kernel functions and other Hilbert
space techniques.

In Section 3 we shall apply our methods to generalize the results of Stroethoff
and Zheng [7], which concern the characterization of compact Toeplitz operators
with only bounded symbols: we shall relax the boundedness assumption on the
symbol and extend their result from the Hilbert-space case to all Bergman spaces
AP with 1 < p < o0.

The following notation will be used throughout the paper. For all z, A € D we
write

PE =PI WE LB K =
o (1.2)
B2) = WORA) = 5= o

Given z € D and S > 0, we write B(z,.S) for the Euclidean disc with center z and
radius S and Dy(z, S) for the hyperbolic disc with center z and radius S; the latter
is the same as the hyperbolic disc D(z, S) in [11], Proposition 4.4. By C,C’, ¢ etc.
we denote positive constants, the exact value of which may vary from place to
place but not in the same chain of inequalities. If the constant depends on some
parameter or function, say, n or g, this is denoted by C,, or Cj etc. All function
spaces consist of functions on the disc D, unless otherwise stated. In particular, the
space of bounded analytic functions on the disc is denoted by H*° and the space
of locally integrable functions on D is denoted by L{ .. For clarity, we write C*(DD)

loc®
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for the space of k times continuously differentiable functions in D. For 0 < p < 1
we set D, := {z € D : |z| < p}. Given a € L{ . we denote by a, the function,
which coincides with a on D, and equals 0 elsewhere.

Given a continuously differentiable function f of a variable z = z + 1y =
re’® € D, we denote 9, = 9/0x, Oy = 8/dy, 8, = d/0r and 9y = 0/06.

We let D be a family of the sets D := D(r,0) C D, where

Dz{pe“ﬂréﬂé1—%(1—7")7 0<p<O+m(l—r)}

for all 0 < r <1, 6 € [0, 27]. We denote |D| := [}, dA and, for { = pe'® € D(r,0),

p ¢
O L Z-
an(0) = / 9/ o) odpdo.

In the sequel we will consider functions a € L' (or even a € L) such that
there exists a constant C' > 0 such that

lap(Q)l < C (1.3)

for all D € D and all ( € D. The following result is contained in Theorem 2.1
of [9].

Theorem 1.1. Let 1 < p < co. If a symbol a € L' satisfies the condition (1.3),
then the limit

a(§)f ()

T.f = g;n% T,,f, where T,,f(2) = / md/l((% feAr,  (1.4)

P

converges in the strong operator topology and defines a bounded operator
T,: AP — AP foralll < p < oo.
Moreover, the transposed operator T : A1 — A? can be written as

O R ((911(9
Taf( ) fl)_ﬂD (1 _ ZC)Qd

P

A(C) (1.5)

for f € A? and this limit also converges in the strong operator topology.

The theorem actually holds as such for symbols a € L . Notice that for a fixed
0 < p < 1 the restriction of any f € AP to D, is a bounded function and the oper-
ator T,, is bounded in AP. Formula (1.4) allows us to define the Toeplitz operator
even in many cases, where the defining integral of the conventional formula (1.1)
does not converge, and it is used throughout this paper. This generalization of
the definition of Toeplitz operators is a most natural one, it coincides with the
conventional definition whenever the integral formula (1.1) makes sense, and it is

considered from many points of view in [9].
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2. Preliminary results.

Theorem 1.1 is based on the following lemma, the proof of which is included in
the calculations (3.6)—(3.13) of the citation [8].

Lemma 2.1. Assume that the symbol a € L' satisfies the condition (1.3), let
1<p<ooandlet f € AP. Then, there exists a constant C, > 0 such that

- a(¢)f(C) LSO+ 1/ (QIW () + [f"(O)IW(¢)?
‘})135/(1—20 / 11— 2C2

dA(Q).

P

Notice that the limit on the left-hand side converges for every z € D as a con-
sequence of Theorem 1.1.

The lemma and the following proposition hold even for a € L] . Instead of
going into the details of the proof Lemma 2.1 we prove a technical generalization
of it, which is essential for the subsequent considerations. For the formulation of
this result we fix 1 < p < oo and let g € L>(D) N C?(D) be a function such that
given S > 0, there exists a constant C's > 0 such that for every z € D,

[(02059)(2)| < Cs _inf  |(&2059)(C)|, 4, k=0,1, (2.1)

(€D (2,5)
and such that for some Cy; > 0

ol + mas [ Wyl + mavx, [W20,009) < Cy <00. (22)

Moreover, let h € C%(D), h(D) C D, be a function, which also satisfies (2.2) and
in addition, for some C} > 0,

1= 2h(Q)] > Cull — 2] (2.3)
for every z,( € D. For example, h could be a Moébius transform.

Proposition 2.2. Let p, a and f be as in Lemma 2.1, and let the functions g and
h be as in (2.1)—(2.3). Then, the limit

[ alOf(Og(C)
;ﬂ/(l—zh(g))?dA(C) (2.4)

13

converges in AP and there exists a constant Cp 41 > 0 such that

iy [ 99109

(1= zh(C))?

FQ1+ 1P QIO + QI (Q)?
Cran | e dAQ). (25)

P
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Proof. The result follows from the proof of Theorem 2.1. of [9], but some changes
are needed. We present them as briefly as we can; for more details the reader is
asked to see the citation. Following the notation of the citation, we define the count-
ably many sets D(1 —27™% 27(p — 1)27™) € D, where m € Nyp=1,...,27™,
which form a decomposition of the disc D. These are indexed in some order into
a family (D, )22, so that every D,, is of the form

D, ={z=re"|r, <r <, 0, <0<0,}
where, for some m and p,
rp=1—2""t =1 27" g =x(p—1)2"" 9 = mp2m

Given f € AP and n = n(m, u) we write

For all n € N we define D,, = {D, : v €N, D, N D,, # 0}. There exist constants
N, M € N such that any set D,, contains at most /N elements D, and on the other
hand, any set D, belongs to at most M sets D,,. By the choice of the sets D, for
all given D,, and w € D,, the subdomain Upep, D always contains a Euclidean disc
B(w, R(n)) such that |B(w, R(n))| > C|D,|. Now, let f : D — C be an analytic
analytic function and let g be as in the assumption. We claim that for each n € N,
7, k=0,1, and w € D,,

\f<w>aﬂa£g<w>|\— / F(O010g(O)|dAQ). (2.6)

| DEDILD

To see this let B(w, R(n)) C Upep, D be as above. Then, f has the subharmonicity
property

Fl < gy [ FOAQ.

B(w,R(n))

Moreover, by the choice of the family D,,, there exists S > 0, which can be chosen
independently of n, such that for every w € D,,, B(w, R(n)) is contained in the
hyperbolic disc Dp,(w, S). Then, by (2.1)

C

|f(w)3ﬁ8§g(w)\ < m

/ F(Q)090E4(C)|dAQ)

D(w,R)

<o o [1ioiehaia).

DeD, D
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For every n, a double integration by parts in polar coordinates yields

ro
T n

a(Q) f(Qg(C) f( 0n)g(ry,ein)
D/ (1- zC // alee’ Qd(pdg (1— zh(r h(r! eif7))2

n Tn On

i
rl r 0,

g J o 1

U st
r 9’

// // Qe P)odpdo aag(f(_ Z}i(:@ﬁ)f dfdr

Tn On

= F1 (%) + Fo.n(2) + F3.5,(2) + Fan(2) = Fo(2).

We consider F; ,,(z). By (2.3) and (4.8) of [11],
11— zh(re?®)| = Cp|1 — zre™n| > C4|1 — 2(] (2.7)

for all z € D, ¢ € D, all D € D,,. Performing the differentiation, using (2.6) for f
and its derivative in the place of f, and then using (2.1), (2.2), (2.7) we thus get

f(re?)g(rein)
"(1 = zh(rein))2

C Or !
< 3 /(| S©OllgOF 1 ONGgl - 1(llg(O)l

IDnl g, ) ML= zh(re®)3 |1 = zh(re®)? |1 - zh(rei® >|2) ©
Ch 1fOllglee . [FOIWO IWrglloo | (O llgllse
< 1D,] D%Z( TR s i rpe ) L

Cy, |f (O If () Lf'(Q)]
< |Dnh| 3 /(|1ZC|3+ __ 4 ) )dA(g)

Deb. ), WON —2¢2 |1 =2
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Thus, F5 , can be estimated by
rn r 9’

o< | e

’
rn r 0,

gh/’// a(pe’ QdQOdQ‘

v Tn On

f(rein) re’en)

(1 — zh(reifn))2

/(O /(I §
DeD ‘1 - ZC|3 (<)|1 fz(_P T ‘1 _ Z§|2>dA(C)d
! £ (Dl /(O /'O
) g’hD;n//(HZ<I3+W<<>|1z52+|1zaz)df“(f)dr
QW (¢
D; / |1—,zg|2 + |1(_)Z§(2)>df4(€)~ (2.8)

where the bound for the integral of a follows from (1.3) and we use |r, — /| <
CW (€) to cancel the factors |1 —z¢|~! and W(¢)~!. The terms F} ,,, F3,, and Fy ,
can be estimated with similar calculations, and we obtain for F,, the estimate (2.7)
of [9]. From here on, the proof goes by a word-to-word repetition of the citation,
except that the symbol ¢ has a different meaning in [9]. |

Corollary 2.3. Let p, a and f be as in Lemma 2.1, and let A € D (considered as
a fixed parameter). Then, the limit

. aopr(Q)f(Q)
;l—% / (1 —2()2
pa(Dp)

dA(C) (2.9)

converges in AP and there exists a constant C = C(p, \) > 0 such that

iy [ 222070

i A0

p—1
WA(DP)

/If )+ QW) + 1O (S)?

T dA(C), (2.10)

Proof. We perform a change of variable ([11], Proposition 4.2) to obtain

aopa(Q)f(Q) Y CINEIN )
/ -z _/ (1-20(0)?

e (Dy) D,

[EA(Q)IPdA(C).
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The result follows from the previous proposition by setting g = |kx|? and
h = @y it is well-known or a routine matter to show that these functions satisfy the
assumptions (2.1)—(2.3), since A is fixed. Of course, we also have fopy € A?. R

Corollary 2.3 implies the following observation.

Corollary 2.4. Ifa € L' satisfies (1.3) and A\ € D, then P(acp,) € AP for every
1 <p<oo.

Indeed, if f =1 in Corollary 2.3, then f belongs to AP for every 1 < p < oo,
and the limit (2.9) converges in any AP to P(a o ¢y).

1
loc

Remark 2.5. We actually get the result of Corollary 2.4 for every a € L
satisfying condition (1.3), if we generalize the expression P(a o ¢y) as

Plaogy)(z) = ;ﬂ/%dmo, zeD. (2.11)

P

3. Characterization of compact Toeplitz operators.

In this section we generalize the compactness characterization result [7], Theo-
rem 6, for unbounded symbols and AP-spaces with arbitrary p € (1,00). In the
following theorem, the operator T, is the generalized Toeplitz-operator of (1.4),
but as explained below Theorem 1.1 and in [9], it coincides with the usual defini-
tion, if af € L' for every f € AP. Also, we use Corollary 2.4 to assure that the
L%-norm of P(a o)) is finite for every g € (1,00). The theorem would hold true

by merely assuming a € L{ _ instead of a € L' and using Remark 2.5.

Theorem 3.1. Assume that the symbol a : D — C belongs to L' and satisfies the
condition (1.3), and let 1 < p < co. Then, the following conditions (i)—(iii) are
equivalent:
(i) T, : AP — AP is compact,
(ii) [[P(aopr)llg = 0 as A — OD for some g € [1,00),
(iii) |P(ao@)|lq — 0 as A — OD for every q € [1, 00).

Before proceeding to the proof we need to generalize known facts to our setting.
The next lemma would hold even in the case of locally integrable symbols, but the
proof is less simple, see Remark 3.4.

Lemma 3.2. Let 1 < p < oo and let a € L' satisfy (1.3). Then, for every A\ € D,
TaKA:TaK)\:K,\P(aO(p)\)OQD)\ (31)

Proof. First, notice that the function K is bounded, hence the function ak,
belongs to L', and indeed T, K coincides with the conventional definition.
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The identity (3.1) is known to be true, if a € L*°, see for example Proposition 1
of [7]. Hence, defining for every R > 0

a(z), if fa(z)] <R,
a(R)(Z) = 1 .
a(z)la(z)|7", if a(2)| > R,
we have
Ta(R)K)\ :KAP((Z(R)OQO)\)O@A- (32)

By the dominated convergence theorem, the left hand side converges pointwise
to Ty Ky, as R — oo. For the same reason we have on the right P(a(R) opy) =
P(a o py) pointwise. Thus also

Kx\P(ary o ox) 0 ox — KxP(aopy) oy

pointwise as R — 0o, and the claim follows from (3.2). |

Lemma 3.3. Let 1 < p < oo and let a € L' satisfy (1.3). Given e > 0, we have
for every z € D,

[ IPtae o) 1K A < G5 (33)
D

Proof. By Lemmas 3.2 and 2.1 we have

Plac e @) =] [ 725K (0dA
D

< 0 [ OISOV IO 1y
D

, 1
gcm/l—x5|2|1—z52d‘4“)’

where we also used at the end the evident estimates | K} (¢)| W (¢) < C|Kx(¢)| and
|K{ ()| W2(¢) < C|KA(C)] for some constant C' > 0, for all ¢ and X. Thus

Plasg2)(a() 1 |
/ |1—zX|2<1—|A|2>EdA“)<CD/ 1_25|2D/ 1= AgP( = e ANA©)

The bound (3.3) follows by applying twice the Forelli-Rudin estimate, see [11],
Lemma 3.10. |
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To prove that (iii) = (i) in Theorem 3.1, we denote by p’ the dual exponent
of p, and for every 0 < p < 1 we define the operator S, : A — LP,

Spg(A) = X, (A) /Q(C)P(a ° ex)(ea(€)) KA (C)dA(C) (34)

D

where x, is the characteristic function of I,. We observe by Corollary 2.4 that
P(aopy) € L for every r € (1,00) (in particular r = p) and every A € D, and for
some constants C, C,. > 0,

sup sup [KA(Q)| <C and  swp [Placpr)lr <Cr  (35)
AeD, ¢eD AeD,

This implies that the integral in (3.4) converges, since g € AP is assumed. We
show that the operator S, : A? — LP is compact. To this end we fix r < p’ and
estimate, for all g € A",

ISpsllr < ol 31 | [ a0 PTao o)A IRAIA)
D

< sup |g|r( [P@eene@m© TldA(O)W (3.6)

2D,

where 1’ € (1,00) is the dual exponent of r and the Holder inequality was used.
Using (3.5) we can bound (3.6) by

Cllgllr sup [|[P(ao@x)ll < C'ligllr
AED,

and together with (3.6) this shows that the operator S, is bounded A" — L.
Since 7 < p/, the embedding A? < A" is compact (see Chapter 4, Exercise 2
in [11]), and thus S, : A?" — L”" is compact.

The rest of the proof goes as in [7]|, with straightforward changes. For the
convenience of the reader we expose the details. By our assumptions on a,
T, : AP — AP is bounded and thus so is T} : AP — AP The proof is com-
pleted by showing that S, — 1 in the operator norm AP 5 AP as p — 1
because then T and T, are compact. The definition of an adjoint and a change
of variables yield

Tyg(\) = Spg9(N) = (T g, Kx) — Spg(N)
/ X, ( (@0 o) POV EA(OA(C)

_. / R,(\, O)g(C)dA(C),

D



On compactness of Toeplitz operators in Bergman spaces 315

where X, =1 — x,. We will find a function h : D — R™ such that

/ R,(A OR(APAAR) < Cr(@)h(C)P,
(3.7)

/

D
/ Ry(\ QRN dA(N) < Coh(C)?
D

where C(a) is independent of p and C,, — 0 as p — 1. Then, the operator norm

of T — S, : AP = L' tends to 0, by the Schur test, [11], Theorem 3.6, and the
proof is complete.
We define the test function

h(A) = W(X)~H/ 0+,
Lemma 3.3 with ¢ = p/(1 4+ p') yields for all 0 < p < 1
[ R A < [ PGao on)ealO)] IOV ()4

D D
< Ci(@)W ()™ 4P = Oy (a)h ()P, (3-8)

where obviously the constant Cy(a) can be chosen independently of p.
Moreover, using the change of variables ( = ¢y (z) and the identities

W(Q) = W(pa(2)) = W)W (2)|Kx(2)|

KO = @) = T

where the first one follows from Proposition 4.1 of [11] and the second one is an
immediate consequence, and denoting § = p’/(1+ p’) € (3,1), we can estimate

/ R,(\ OR(C)? dA(Q)
D

< [ X]Pae e (@@ KO W) dAQ)

D
P 2
:W(A)faxp(x)/yp(aom(z)y V[/(L\]%M|KA(Z)|5W(2)6dA(z)
D
:W()\)"SXP()\)/]P(aocpA)(z)]|K,\(z)|1’5W(z)’5dA(z). (3.9)
D

We finally choose e.g. r =1+ (1 —§)/10 and recall § > 1/2 so that

r5:5+(175)1%<1, 2T(175):2+2(1185)

1
721“5<2—Zf1"5,
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and we thus can use the Forelli-Rudin-estimates [11], Lemma 3.10., to see that the

integral
K\(2)|" =D w "SdA / mkii) dA(z
D/| A(2)] W(z) [ R (2)

converges and has a bound independent of A € D. Denote the dual exponent of r
by 7. Then, (3.9) can be estimated using the Holder inequality by

-( / KA (2)] 7 W(z)*rédA(z)>UTXP()\)HP(ao o)lls
D

< CAN X,(N[P(ao gz (3.10)

By the assumption (iii), X,(\)[[P(a o ¢))|# = 0 as p — 1. Thus, (3.8), (3.10)
imply (3.7).

The proof for the implication (ii) = (iii) is well-known (see [7], proof of Theo-
rems 6 and 7): if (ii) is true for some ¢ € [1, 00), we trivially have (ii) for all ¢ < §.
For ¢ > ¢ one uses the Holder inequality,

1/2 —
IP(aop)d < [Pao ey [Plaowr)|i™!/

with s = §(2¢—1)/(2¢—1), and observes that the last factor is uniformly bounded
with respect to A, by the boundedness of the Bergman projection. Hence, (iii)
holds true.

We finally consider the implication (i) = (ii). We first assume that (i) holds
and 1 < p < 2 and denote ky, = W(N\)?~?/PK} so that ||ky ||, = 1. Thus,

(9, kap) = WP 72P(g, Kn) = W(A)*/Pg(N)

for every g € H°, which implies that k), — 0 weakly, due to the normalization
of kyp, since every f € AP can be approximated by functions g € H*. Hence,
| Takxpllh — 0 as A — 1. On the other hand,

P _ p PN/ 2P—2
sPllp —
I Takn| / P(a0 px) o a|” [ [PIV?P—2dA

p( L=\
= [ [Placpr) oor(O' | 57— W(()?dA
/ ()
>0, [P0 oo (750 ) Wie
D

>C, [ [Pason) o pal IaPda =Gy llPao ol

where we used p < 2, (1 —|A|?)/|1 — A¢| < 2 and (3.1). Hence, (ii) follows.
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If 2 < p < o0, the operator T, : AP 5 AP s compact, by Schauder’s the-
orem; here again p’ € (1,2) is the dual exponent of p. By our Theorem 1.1, or
Theorem 2.1 of [9], T} = Tg, and we get the condition (i¢) for a. This again
implies the compactness of Ty : A2 — A?, by what we have already proven. Then,
T, : A? — A? is compact by Schauder’s theorem. By the above proof, we obtain
(ii) for a. |

Remark 3.4. If the symbol a is only in the space L{. ., the proof of Lemma 3.2
needs to be modified, since T,K, may not be defined directly by the integral
formula and thus the use of the dominated convergence theorem cannot be justified.
However, for every 0 < p < 1, the symbol a, belongs to L', the expression To, K
is defined by the conventional formula, and the identity (3.1),

Ty, Kx = KxP(a, 0 @x) o pax. (3.11)

holds by the existing proof of Lemma 3.2. By (1.4), the left hand side converges
in LP to T,Ky, as p — 1. On the right we have

Pl = [ 722804

P

so that by Corollary 2.3, P(a, o ¢x) = P(ao¢y) in LP. Thus also
K \P(a,0px)opx = KxP(aopy)opx

in LP. The formula (3.1) follows from (3.11).
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