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Abstract: Let us denote by Fφ1 (C) the space of entire functions f ∈ H(C) such that∫
C |f(z)|e−φ(|z|)dm(z) < ∞, where φ : (0,∞) → R+ is assumed to be continuous and non-
decreasing. Also given a continuous non-increasing function v : (0,∞) → R+ and a complex
Banach space X, we write H∞v (C, X) for the space of X-valued entire functions F such that
supz∈C v(z)‖F (z)‖ < ∞. We find a very general class of weights φ and v for which the space of
bounded operators L(Fφ1 (C), X) can be identified with H∞v (C, X).
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1. Introduction

Given a complex Banach space (X, ‖·‖), let P(X) andH(C, X) stand for the spaces
of polynomials and entire functions with values in X respectively. We write P and
H(C) in the case X = C and use the notation un(z) = zn for n ∈ N ∪ {0}. For
a radial weight we understand a continuous non-increasing function v : C → R+

such that v(z) = v(|z|) > 0 for z ∈ C \ {0}. Given a complex Banach space X and
a radial weight we write H∞v (C, X) for the space of entire functions F ∈ H(C, X)
such that

‖F‖v,X := sup
z∈C

v(|z|)‖F (z)‖ <∞. (1)

As usual H0
v (C, X) denotes the subspace of functions such that

lim
|z|→∞

v(|z|)‖F (z)‖ = 0. (2)

We use the notation H∞v (C) and H0
v (C) in the case X = C. For convenience we

shall write v(z) = e−φ(|z|) for z 6= 0 for some continuous non-decreasing function

Partially supported by Proyecto MTM2014-53009-P (MINECO Spain).
2010 Mathematics Subject Classification: primary: 30H20; secondary: 46E40



176 Oscar Blasco

φ : (0,∞) → R. Since we want P(X) ⊂ H∞v (C, X) we consider only continuous
non-increasing weights satisfying

Mk(φ) = sup
r>0

rke−φ(r) <∞, ∀k ∈ N. (3)

We denote such a class by W and write φ ∈W whenever (3) is satisfied. The basic
examples of weights in W to keep in mind, to be denoted by ϕα,β,γ where α, β > 0
and γ > 0, are defined by

ϕα,β,γ(r) = βrα − γ log r ∈W (4)

that is e−ϕα,β,γ(r) = rγe−βr
α

. The reader is referred to [3] for more examples and
a detailed study of this class.

The space H∞v (C) can be regarded as the case p =∞ in the scale of Fock-type
spaces Fφp (C). For each 1 6 p <∞ and each continuous function φ : (0,∞)→ R+

we define the Fock-type space Fφp (C) consisting in those entire functions f ∈ H(C)
such that

‖f‖Fφp =
(∫

C
|f(z)|pe−pφ(|z|)dm(z)

)1/p

<∞.

The particular case φ(z) = |z|2
2 are the classical Fock spaces, sometimes called

Bargmann spaces, (see [2, 3, 16, 25, 29]).
There are a number of results concerning the boundedness of classical oper-

ators acting on Fock-type spaces and weighted spaces of entire functions. The
reader is referred to [8, 14, 9] for multiplication operators, to [6, 9, 13, 17] for
integration/derivation operators, to [19] for interpolating sequences, to [7, 11, 26,
27, 28] for composition operators, to [1, 24] for weighted composition operators, to
[18, 21, 23] for Toeplitz operators, to [22] for Hankel operators or to [3, 5, 9, 12, 13]
for Volterra-type operators among many others.

The classes of weights where the results in the previous papers can be applied
varies according to the problem into consideration, usually some differentiability
assumption of φ is assumed (see the class I in [13] or [9, Proposition 3.2]) or
sometimes φ is taken to be subharmonic and satisfying the doubling condition on
the measure ∆φ (see [19, 21]). In this paper we shall try to keep the weight as
general as possible. A priori we simply assume that φ ∈ W, which it is actually
equivalent to P ⊂ H0

v (C) or P ⊂ ∩p>1Fpφ(C). We shall follow the ideas originated
in [3] when dealing with the Volterra operator. Namely for each weight in W we
denote by Ck(φ) the sequence 1

2π‖uk‖F1
φ(C) and use it to define the kernel

Kφ(z) =

∞∑
k=0

C2k(φ)−1zk, z ∈ C. (5)

We shall see that K2φ(z̄w) = Kz(w) for all z, w ∈ C where Kz ∈ F2
φ(C) is the

reproducing kernel of the Hilbert space F2
φ(C) with the inner product

〈f, g〉2φ =

∫
C
f(w)g(w)e−2φ(w)dA(w),

i.e. is the unique functions Kz such that f(z) = 〈f,Kz〉 for every f ∈ F2
φ(C).
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In this paper we introduce the class AW of weights φ ∈ W for which there
exists another ψ ∈W (to be written ψ ∈Wφ) satisfying

sup
z∈C

e−φ(|z|)
∫
C
|Kφ+ψ(z̄w)|e−ψ(|w|)dm(w) <∞. (6)

For weights in this class we shall show that the boundedness of operators acting on
F1
φ(C) or H0

v (C) is determined by the behaviour of a single vector-valued function
given by the action of the operator on the kernel. In particular for such weights
we can explicitly describe the dual of F1

φ(C) and H0
v (C).

The paper is divided into three sections. The first one is devoted to studying
some properties of the sequences Ck = 1

2π‖uk‖Fφ1 and Mk = ‖uk‖H∞v and some
connections between them. In the second section we introduce the class AW of
weights mentioned above. We show that ϕα,β,γ ∈ AW whenever α ∈ N, β > 0
and γ ∈ N ∪ {0} or also that any subharmonic φ with a doubling measure ∆φ
belongs to this class. The main results are contained in Section 4 where we prove
that if v = e−φ with ψ ∈Wφ then we can identify the space of bounded operators
L(F1

ψ(C), X) with H∞v (C, X) (see Theorem 4.2 below) and also L(H0
v (C), X) with

the space of functions F ∈ H(C, X) such that 〈x∗, F 〉 ∈ F1
ψ(C) for any x∗ ∈ X∗

(see Theorem 4.5 below).

2. Sequences associated to weights

Following [3, Definition 2.3] we shall use a notation for the norm of the monomials
in Fφ1 (C) and H∞v (C), namely for each φ ∈W and k ∈ N ∪ {0} we write

Ck := Ck(φ) =

∫ ∞
0

rk+1e−φ(r)dr =
1

2π
‖uk‖Fφ1 . (7)

and
Mk := Mk(φ) = sup

0<r<∞
rke−φ(r) = ‖uk‖H∞v . (8)

Note that (3) actually gives limr→∞ rke−φ(r) = 0 for all k which allows us to
give the following definition.

Definition 2.1. Let φ ∈W and k ∈ N ∪ {0} We define

Rk := Rk(φ) = max{r > 0 : Mk = rke−φ(r)}

In particular Mk = Rkke
−φ(Rk) and Mk > ske−φ(s) for s > Rk.

As mentioned in [3, Example 2.1] for each β, α > 0 and γ > 0

Ck(ϕα,β,γ) =
β−

k+2+γ
α

α
Γ(
k + 2 + γ

α
) (9)

and
Mk(ϕα,β,γ) = (αβ)−

k+γ
α (k + γ)

k+γ
α e−

k+γ
α . (10)
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It is elementary to see that

Rk(ϕα,β,γ) =
(k + γ

αβ

)1/α

. (11)

Let us also point out (see [3, Lemma 2.4]) that for φ ∈W any of the sequences
(C

1/k
k )k, (Ck+1

Ck
)k, (M

1/k
k )k and (Mk+1

Mk
)k increases to ∞ as k →∞.

Moreover Ck+j
Ck
6
(
Ck+m
Ck

) j
m

and Mk+j

Mk
6
(
Mk+m

Mk

) j
m

for any 0 6 j 6 m.

Let us find some relations between the values Mk, Ck and Rk. Clearly one has
that for φ, ψ ∈W and k1, k2 ∈ N ∪ {0}

Ck1+k2(φ+ ψ) 6 min{Ck1(φ)Mk2(ψ), Ck2(φ)Mk1(ψ)}. (12)

Proposition 2.1. Let φ ∈W and k ∈ N. Then
Rk
k + 2

6
Mk+1

Mk
6 Rk+1. (13)

Proof. Clearly
Mk+1 = Rk+1R

k
k+1e

−φ(Rk+1) 6 Rk+1Mk.

On the other hand, since Mk(φ) = Rkke
−φ(Rk) we have

R2
k

k + 2
Mk 6

∫ Rk

0

rk+1e−φ(r)dr 6Mk+1Rk

and we obtain (13). �

Proposition 2.2. Let φ ∈W and k ∈ N. Then

1

k + 2
Mk+2 6 Ck 6

2
√
M2

k

√
M2k+2. (14)

Proof. For each R > 0∫ ∞
0

rk+1e−φ(r)dr >

(∫ R

0

rk+1dr

)
e−φ(R) =

Rk+2

k + 2
e−φ(R).

This gives the first inequality.
Let 0 < s <∞ and write

Ck =

∫ s

0

rk−1r2e−φ(r)dr +

∫ ∞
s

rk+1e−φ(r)dr

6
sk

k
M2 +

∫ ∞
s

r2k+2e−φ(r) dr

rk+1

6
sk

k
M2 +M2k+2

∫ ∞
s

dr

rk+1
6
sk

k
M2 +

M2k+2

k
s−k.

Now select s =
(
M2k+2

M2

)1/2k

to obtain kCk 6 2
√
M2M2k+2 and then (14) is

shown. �
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We need the following lemma to improve the upper estimates.

Lemma 2.3. Let k, j ∈ N and A,B > 0. Then

min
0<s<∞

(Ask +Bs−j) = (k + j)
(A
j

) j
k+j
(B
k

) k
k+j

.

Proof. If f(s) = Ask + Bs−j then f ′(s) = kAsk−1 − jBs−(j+1). Therefore the
minimum is attained at sk+j = jB

Ak . This gives the result. �

Proposition 2.4. Let φ ∈W and 3 6 j 6 k. Then

Ck 6
2j

j2 − 4
M

j−2
2j

k−jM
j+2
2j

k+j . (15)

In particular, for k > 3,

Ck 6
2k

k2 − 4
M

k−2
2k

0 M
k+2
2k

2k ,

Ck 6
6

5
6

√
Mk−3M5

k+3.

Proof. Let 0 < s <∞ and write, for j > 1

Ck =

∫ s

0

rk−jr1+je−φ(r)dr +

∫ ∞
s

rk+1e−φ(r)dr

6
s2+j

2 + j
Mk−j +

∫ ∞
s

rk+je−φ(r) dr

rj−1

6
s2+j

2 + j
Mk−j +Mk+j

∫ ∞
s

dr

rj−1

6
Mk−j

2 + j
s2+j +

Mk+j

j − 2
s−j+2.

Hence

Ck 6 min
0<s<∞

(
Mk−j

j + 2
sj+2 +

Mk+j

j − 2
s−(j−2)

)
, 3 6 j 6 k.

Now apply Lemma 2.3 to conclude

Ck 6 2j
( Mk−j

(j + 2)(j − 2)

) j−2
2j
( Mk+j

(j − 2)(j + 2)

) j+2
2j

.

The estimates correspond to j = k and j = 3 respectively and the proof is com-
plete. �
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3. A new class of weights

For each ϕ ∈W, f(z) =
∑∞
n=0 anz

n ∈ H(C) and g(z) =
∑m
n=0 bnz

n ∈ P we shall
write

〈f, g〉ϕ =
1

2π

∫
C
f(w)g(w)e−ϕ(|w|)dm(w) =

m∑
n=0

anb̄nC2n(ϕ). (16)

and we shall denote by Kz the reproducing kernel of F2
ϕ(C), i.e. f(z) = 〈f,Kz〉2ϕ

for z ∈ C and f ∈ F2
ϕ(C).

On the other hand, since (C
1/k
k )k increases to ∞ one obtains (see [3]) that

Kφ(z) =

∞∑
k=0

C2k(φ)−1zk ∈ H(C). (17)

Both processes are related one each other as the following result shows. For
convenience we shall use the notation fz(w) = f(z̄w) whenever f ∈ H(C) and
z, w ∈ C.

Proposition 3.1. Let ϕ ∈W. Then Kz = (K2ϕ)z.

Proof. Since for each φ ∈W and k ∈ N ∪ {0} one can write

〈uk, (Kφ)z〉φ = C−1
2k (φ)

1

2π

∫
C
|w|2ke−φ(|w|)dm(w))zk = zk = uk(z),

then for each g ∈ P one has

g(z) = 〈g, (Kφ)z〉φ =
1

2π

∫
C
Kφ(zw̄)g(w)e−φ(|w|)dm(w). (18)

The result follows selecting φ = 2ϕ from the uniqueness of the reproducing kernel.
�

Definition 3.1. Let φ ∈ W. We shall say that v(z) = e−φ(|z|) is an admissible
weight, to be denoted φ ∈ AW, whenever there exists ψ ∈W and C > 0 such that

‖(Kφ+ψ)z‖Fψ1 6 Ce
φ(|z|), z ∈ C. (19)

We shall write Wφ for the set of weights ψ ∈ W such that the couple (φ, ψ)
satisfies (19).

Example 3.1. Let φ(r) = ϕ2, 12 ,0
(r) = r2

2 . Then φ ∈ AW. Moreover φ ∈Wφ.
Indeed, recall that C2k(2φ) = k!

2 and K2φ(z) = 2ez. Hence

‖(K2φ)z‖Fφ1 = 2

∫
C
eRe(zw̄)e−

|w|2
2 dm(w) = Ce−φ(|z|).
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We denote by ṽ the associate weight (see [10]) defined by ṽ(z) = ‖δz‖−1
(H∞v )∗

where ‖δz‖(H∞v )∗ = sup{|f(z)| : ‖f‖v 6 1}. It is known that H∞v (C) = H∞ṽ (C).
Also recall that in general v 6 ṽ and a radial weight is called essential whenever
there exists C0 > 0 such that ṽ(z) 6 C0v(z) for all z ∈ C.

Proposition 3.2. If v(z) = e−φ(|z|) is an essential admissible weight then v−1(z) ≈
‖(Kφ+ψ)z‖Fψ1 for some ψ ∈W.

Proof. Assume that ψ ∈ Wφ. Then using (18) when applied to φ = ϕ + ψ one
easily shows that

|f(z)| 6 ‖(Kϕ+ψ)z‖Fψ1 ‖f‖v, f ∈ P.

Hence ‖δz‖(H∞v )∗ 6 ‖(Kϕ+ψ)z‖Fψ1 . This shows that ṽ−1(z) 6 ‖(Kϕ+ψ)z‖Fψ1 . In
particular

v−1(z) 6 C0ṽ
−1(z) 6 C0‖(Kϕ+ψ)z‖Fψ1 .

The other inequality follows since ψ ∈Wφ due to (19). �

Remark 3.1. Let φ ∈W such that there exists ψ ∈W satisfying
∞∑
k=0

Ck(ψ)

C2k(φ+ ψ)
rk 6 Ce−φ(r), r > 0 (20)

then φ ∈ AW and ψ ∈Wφ.
Indeed, from (20) it follows that

‖(Kφ+ψ)z‖Fψ1 6
∞∑
k=0

‖uk‖Fψ1
C2k(φ+ ψ)

|z|k 6 Ce−φ(|z|).

Let us show that ϕα,β,γ ∈ AW at least for α, γ ∈ N. We need the following
lemmas.

Lemma 3.3 (see [4, Lemma 1.7]). Let p ∈ N, ψ(r) = rp−2e−r
p

and write

Kp(w) =

∞∑
k=0

2
2k
p +1

Γ( 2k
p + 1)

wn.

Then there exists C > 0 such that ‖(Kp)z‖Fψ1 6 Ce
|z|p for z ∈ C.

Lemma 3.4. Let α > 0, φ ∈ W and write φα(r) = φ(αr). If φ ∈ AW then
φα ∈ AW.

Proof. Let ψ ∈ Wφ. We shall see that ψα ∈ Wφα . First observe that Ck(ϕα) =
α−(k+2)Ck(ϕ) for any ϕ ∈ W. Hence selecting ψα(r) = ψ(αr) since φα + ψα =
(φ+ ψ)α we conclude that

Kφα+ψα(z̄w) = α2
∞∑
k=0

(αz̄)k(αw)k

C2k(φ+ ψ)
= α2(Kφ+ψ)αz(αw).
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Hence, making the change of variable αw = w′,

‖(Kφα+ψα)z‖Fψα1
=

∫
C
α2|(Kφ+ψ)αz(αw)|e−ψα(w)dm(w)

=

∫
C
|(Kφ+ψ)αz(w

′)|e−ψ(w′)dm(w′)

= ‖(Kφ+ψ)αz‖Fψ1
6 Ce−φ(α|z|) = Ce−φα(|z|).

The proof is complete. �

Lemma 3.5. Let m ∈ N, φ ∈W and write

φ(m)(r) = φ(r)−m log r, r > 0.

If φ ∈ AW then φ(m) ∈ AW.

Proof. Assume that ψ ∈Wφ. Let us show that ψ(m) ∈Wφ(m)
. Clearly Ck(φ(m)) =

Ck+m(φ). Notice also that (φ+ ψ)(2m) = φ(m) + ψ(m) and then

C2n(φ(m) + ψ(m)) = C2n+2m(φ+ ψ).

Therefore

z̄mum

∞∑
n=0

z̄nun
C2n(φ(m) + ψ(m))

=

∞∑
n=0

z̄n+mun+m

C2n+2m(φ+ ψ)

=

∞∑
n=m

z̄nun
C2n(φ+ ψ)

= (Kφ+ψ)z −
m−1∑
n=0

z̄nun
C2n(φ+ ψ)

.

Using now ‖f‖
F
ψ(m)
1

= ‖umf‖Fψ1 for all m ∈ N we conclude that

‖(Kφ(m)+ψ(m)
)z‖Fψ(m)

1

= |z|−m‖zmum(Kφ(m)+ψ(m)
)z‖Fψ1

6 |z|−m‖Rm(Kφ+ψ)z‖Fψ1 ,

where Rmg = g − Pm−1g for g ∈ H(C). Therefore using the estimate ‖Rmg‖Fψ1 6
C(m+ 1)‖g‖Fψ1 for any m ∈ N (see the argument in [3, Lemma 3.1]) and the fact
ψ ∈ Wφ one obtains the estimate ‖(Kφ(m)+ψ(m)

)z‖Fψ(m)
1

6 Ceφ(m)(|z|). The proof

is then complete. �

Proposition 3.6. Let α ∈ N, β > 0, γ ∈ N ∪ {0} and, as in the introduction,

ϕα,β,γ(r) = βrα − γ log r.

Then ϕα,β,γ ∈ AW .
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Proof. Since ϕα,β,γ(r) = ϕα,1,γ(β1/αr), due to Lemmas 3.4 and 3.5 it suffices to
show the result in the case β = 1 and γ = 0. Write φ(r) = ϕα,1,0(r) and select
ψ = ϕα,1,α−2. Let us show that ψ ∈Wφ. Note that e−(φ(r)+ψ(r)) = rα−2e−2rα and
then

C2k(φ+ ψ) =

∫ ∞
0

r2krα−1e−2rαdr =
Γ( 2k

α + 1)

2
2k
α +1

.

This gives that (Kφ+ψ)z =
∑∞
k=0

2
2k
α

+1

Γ( 2k
α +1)

zkuk = (Kp)z and applying Lemma 3.3
one obtains (19). �

Other cases used in the literature are also admissible weights. Recall that if
φ be a subharmonic function on C then in particular ∆φ defines a locally finite
Borel measure. Let us denote by S the collection of subharmonic functions on C
such that µ = ∆φ satisfies the doubling condition, i.e.

0 < µ(D(z, 2r)) 6 Cµ(D(z, r)) <∞ (21)

for any z ∈ C and r > 0, where D(z, r) = {w ∈ C : |w − z| < r}
Basic results on pointwise estimates for the reproducing kernel of the space

F2
φ(C) where achieved by Marzo and Ortega-Cerdá in [20]. Making use of such

estimates Oliver and Pascuas [21] proved the following lemma.

Lemma 3.7 (see [21, Lemma 2.8]). Let φ ∈ S. There exists C > 0 such that∫
C
|Kz(w)|e−φ(w)dm(w) 6 Ceφ(z)

Proposition 3.8. If φ ∈ S then φ ∈ AW. Moreover φ ∈Wφ.

Proof. Taking into account Proposition 3.1 one has that Kz = (K2φ)z. Hence
selecting ψ = φ and applying Lemma 3.7 one has

‖(K2φ)z‖F1
φ
6 Ceφ(z)

and the result follows. �

4. Vector-valued functions and operators

In this section we shall characterize the boundedness of operators with domain in
F1
ψ(C) or H0

v (C) for weights in the class AW. For such a purpose we shall consider
the following vector-valued function.

Definition 4.1. Let φ and ψ ∈W, X be a complex Banach space and T : P → X
be a linear map. Set xn = T (un) for n > 0 and write

FT,φ,ψ(z) =

∞∑
n=0

xn
C2n(φ+ ψ)

zn

for the formal power series with values in X.
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Under some assumptions on the weights φ and ψ ∈W and the operator T we
shall see that FT,φ,ψ ∈ H(C, X) and it will be used to describe the boundedness
of T in certain spaces. We need the following lemma.

Lemma 4.1. If ψ ∈Wφ then the map z → (Kφ+ψ)z̄ belongs to H(C,Fψ1 (C)).

Proof. The condition (19) guarantees that (Kφ+ψ)z ∈ Fψ1 (C) for any z ∈ C.
Let us show that the series

∑∞
k=0 C2k(φ + ψ)−1ukz

k converges in F1
ψ(C) for any

z ∈ C. Invoking Hardy’s inequality for functions in H1(D) (see [15]) we have that
for f ∈ H(C) with f(z) =

∑∞
k=0 akz

k

∞∑
k=0

|ak|
k + 1

rk 6 CM1(f, r), r > 0. (22)

Therefore, applying (22) to (Kφ+ψ)z and integrating with respect to re−ψ(r)dr,
we obtain

∞∑
k=0

Ck(ψ)|z|k

(k + 1)C2k(φ+ ψ)
6 C

∫ ∞
0

M1((Kφ+ψ)z, r)re
−ψ(r)dr

= C‖(Kφ+ψ)z‖Fψ1
6 C ′eφ(z) <∞

and consequently the series
∑∞
k=0

zk+1

(k+1)C2k(φ+ψ)uk converges absolutely in Fψ1 (C)

and defines a Fψ1 (C)-valued entire function. Now the result follows from Weier-
strass theorem since also its derivative

∑∞
k=0

zk

C2k(φ+ψ)uk defines a Fψ1 (C)-valued
entire function. �

Theorem 4.2. Let v = e−φ with φ ∈ AW and ψ ∈ Wφ, let X be a complex
Banach space and let T : P → X be a linear map. Then T extends to a bounded
linear operator from Fψ1 (C) into X if and only if FT,φ,ψ(z) ∈ H∞v (C, X). Moreover
‖T‖ ≈ ‖FT,φ,ψ‖v,X .

Proof. Assume that T : Fψ1 (C)→ X is a bounded operator. Using that ψ ∈Wφ,
one has

‖
∞∑
n=0

un
C2n(φ+ ψ)

zn‖Fψ1 6 Ce
φ(|z|)

for each z ∈ C. Hence, due to the continuity of T , one obtains that FT,φ,ψ(z) =
T ((Kφ+ψ)z̄) for any z ∈ C. Invoking Lemma 4.1 one obtains that FT,φ,ψ is well
defined and holomorphic from C into X. Moreover it belongs to H∞v (C, X) and
‖FT,φ,ψ‖v,X 6 C‖T‖.

Assume now FT,φ,ψ ∈ H∞v (C, X). Due to the density of polynomials in Fψ1 (C)
it suffices to show that there exists C ′ > 0 such that ‖T (f)‖ 6 C ′‖f‖Fψ1 for all
f ∈ P. Given f =

∑m
k=0 akuk ∈ P we have that

C2k(φ+ ψ)ak =

∫
C
f(w)w̄ke−φ(|w|)e−ψ(|w|)dm(w)
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which shows

T (f) =

m∑
k=1

akxk =

∫
C
f(w)FT,φ,ψ(w̄)e−φ(|w|)e−ψ(|w|)dm(w). (23)

Hence

‖T (f)‖ 6
∫
C
‖FT,φ,ψ(w̄)‖|f(w)|e−φ(|w|)e−ψ(|w|)dm(w) 6 ‖FT,φ,ψ‖v,X‖f‖Fψ1 .

This shows that ‖T‖ 6 ‖FT,φ,ψ‖v,X and the proof is now complete. �

Corollary 4.3. Let v = e−φ with φ ∈ AW and let ψ ∈ Wφ. Then H∞v (C) =

(Fψ1 (C))∗ under the pairing 〈·, ·〉φ+ψ.

Our purpose now is to study operators with domain in H0
v (C). This time we

need the following lemma.

Lemma 4.4. If ψ ∈Wφ then the map z → (Kφ+ψ)z̄ belongs to H(C, H0
v (C)).

Proof. Let us see that
∑∞
n=0

un
C2n(φ+ψ)z

n is an absolutely convergent series with
values in H0

v (C). Note that for each n > 0, by Corollary 4.3 we have that ‖un‖v ≈
sup{|〈f, un〉φ+ψ : ‖f‖Fψ1 6 1}. Hence, using the notation f(z) =

∑∞
n=0 an(f)zn,

we conclude that

‖un‖v ≈ sup{|an(f)|C2n(φ+ ψ) : ‖f‖Fψ1 6 1} (24)

Now from the trivial estimate |an(f)|rn 6 M1(f, r) and integrating with re-
spect re−ψ(r) we obtain |an(f)|Cn(ψ) 6 ‖f‖F1

ψ
, which combined with (24) implies

‖un‖v 6 C
C2n(φ+ ψ)

Cn(ψ)
. (25)

This gives for each r > 0

∞∑
k=0

‖uk‖v
C2k(φ+ ψ)

rk 6 C
∞∑
k=0

C−1
k (ψ)rk <∞,

due to the fact limk→∞ C
1/k
k (ψ) = ∞, and therefore

∑∞
n=0

un
C2n(φ+ψ)z

n is well
defined and holomorphic from C into H0

v (C). �

Definition 4.2. Let ϕ ∈ W and let X be a complex Banach space. We denote
by Fϕ1,weak(C, X) the space of holomorphic functions F : C→ X such that Fx∗ ∈
Fϕ1 (C) for all x∗ ∈ X∗ where Fx∗(z) = 〈F (z), x∗〉. We write

‖F‖Fϕ1,weak = sup{‖Fx∗‖Fϕ1 : ‖x∗‖ 6 1}.
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Theorem 4.5. Let v = e−φ with φ ∈ AW and ψ ∈Wφ, let X be a complex Banach
space and let T : P → X be a linear map. Then T extends to a bounded linear
operator from H0

v (C) into X if and only if FT,φ,ψ(z) ∈ Fψ1,weak(X). Moreover
‖T‖ ≈ ‖FT,φ,ψ‖Fψ1,weak .

Proof. Assume that T : H0
v (C)→ X is a bounded operator. As shown in Lemma

4.4 (Kφ+ψ)z̄ =
∑∞
n=0

un
C2n(φ+ψ)z

n where the series is absolutely convergent in
H0
v (C) for each z ∈ C. Due to the continuity of T we obtain that the function

FT,φ,ψ(z) = T
(

(Kφ+ψ)z̄

)
is well defined and holomorphic from C into X. Let us

show that FT,φ,ψ ∈ Fψ1,weak(C, X). For each x∗ ∈ X∗ we consider Tx∗ ∈ (H0
v (C))∗

defined by Tx∗(f) = 〈T (f), x∗〉. Since the mapping g → g(z)e−φ(|z|) produces an
isometric embeddingH0

v (C) ⊆ C0(C), then using Hahn-Banach we can find a Borel
measure νx∗ with |νx∗ |(C) = ‖Tx∗‖ such that Tx∗(g) =

∫
C g(w)e−φ(|w|)dνx∗(w) for

any g ∈ H0
v (C). Define

fx∗(z) =
1

2π

∫
C
Kφ+ψ(zw)e−φ(|w|)dνx∗(w).

Observe that
fx∗(z) = Tx∗

(
(Kφ+ψ)z̄

)
= 〈T

(
(Kφ+ψ)z̄

)
, x∗〉.

Hence fx∗(z) = 〈FT,φ,ψ(z), x∗〉 for any z ∈ C and x∗ ∈ X∗. Notice that∫
C
|fx∗(z)|e−ψ(|z|)dm(z) 6

1

2π

∫
C

∫
C
|Kφ+ψ(zw)|e−φ(w)e−ψ(|z|)d|νx∗ |(w)dm(z)

6
1

2π

∫
C

(∫
C
|Kφ+ψ(zw)|e−ψ(|z|)dm(z)

)
e−φ(w)d|νx∗ |(w)

6
1

2π

∫
C
‖(Kφ+ψ)w̄‖Fψ1 e

−φ(w)d|νx∗ |(w)

6
C

2π
|νx∗ |(C) 6

C

2π
‖T‖‖x∗‖.

This gives that FT,φ,ψ ∈ Fψ1,weak(C, X) and ‖FT,φ,ψ‖Fψ1,weak 6 C‖T‖.

Assume now that FT,φ,ψ ∈ Fψ1,weak(C, X). Since polynomials are dense in
H0
v (C) it suffices to show ‖T (f)‖ 6 C‖f‖v for all f ∈ P. Using (23) we have

for all f ∈ P and x∗ ∈ X∗

〈T (f), x∗〉 =

∫
C
〈FT,φ,ψ(w̄), x∗〉f(w)e−φ(|w|)e−ψ(|w|)dm(w).

Therefore
|〈T (f), x∗〉| 6 ‖FT,φ,ψ‖Fψ1,weak‖x

∗‖‖f‖v

and the proof is complete. �
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A corollary from Theorem 4.5 is the following duality result.

Corollary 4.6. Let v = e−φ with φ ∈ AW and let ψ ∈ Wφ. Then Fψ1 (C) =
(H0

v (C))∗ under the pairing 〈·, ·〉φ+ψ.

Corollary 4.7. Let v(z) = e−φ(|z|) with φ ∈ AW, let X be a complex Banach
space and let T : X → H0

v (C) be a bounded operator. Then there exists a sequence
(x∗n)n>0 in X∗ such that

∑∞
n=1

x∗n
C2n(φ+ψ)un ∈ H

∞
v (C, X∗) and

T (x) =

∞∑
n=0

〈x∗n, x〉
C2n(φ+ ψ)

un, x ∈ X. (26)

Proof. From Corollary 4.6 we know that (H0
v (C))∗ = Fψ1 (C) for some ψ ∈ Wφ.

Since the adjoint operator T ∗ : Fψ1 (C) → X∗ is continuous we can define x∗n =
T ∗(un) for n > 0 and apply Theorem 4.2 to conclude that FT∗,φ,ψ ∈ H∞v (C, X∗).
Let fx = T (x) ∈ H0

v (C). To show that fx = 〈FT∗,φ,ψ, x〉 for each x ∈ X it suffices
to observe that

an(fx) =
〈x∗n, x〉

C2n(φ+ ψ)
, n > 0. (27)

This follows since

〈x∗n, x〉 = 〈un, fx〉φ+ψ =

∫
C
fx(w)w̄ne−φ(w)−ψ(w)dm(w) = an(fx)C2n(φ+ ψ).

The proof is then complete. �
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