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FOURTH POWER MOMENT OF DEDEKIND ZETA-FUNCTIONS
OF REAL QUADRATIC NUMBER FIELDS
WITH CLASS NUMBER ONE

R.W. BRUGGEMAN & Y. MOTOHASHI

1. The problem

The Dedekind zeta function of a real quadratic number field F is defined by

Cr(s) = (Na)™*, Res>1, (1.1)

a

with @ running over all integral ideals of F. It continues to C, and (s — 1){r(s)
turns out to be entire. OQur principal aim is to establish a spectral decomposition
of the fourth power moment of (p:

P = [ I+ ilee, (1.2)

where g is assumed to be entire, and of rapid decay in any fixed horizontal strip.
With this, we extend to {r the discussion that are developed in [10] on the Rie-
mann zeta-function, and in [2] on the Dedekind zeta-function of the Gaussian
number field. The relevant spectral theories in {10] and [2] are, respectively, on
the full modular group and on the Picard group; here it is on the Hilbert modular
group over I, as is to be made precise in Section 3.

Basic convention. We assume that F is of class number one, and that the fun-
damental unit €5 > 1 of F has norm equal to —1. Thus each ideal in F has a
totally positive generator. The first assumption is essential for our argument, but
the second is mainly for the sake of simplicity. Notations are introduced at the
places where they are needed first time, and thereafter continue to be effective.

To begin with, we put

I(z1, 22, 23, 24; 9) =/ Cr(z1 + it)(p (22 + it)(r (23 — it)Cp(2a — it)g(t)dt, (1.3)
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with all Rez; > 1. This continues meromorphically to C*. In particular, it is

regular at Py = (%,%, %,% , and we have

22(9,F) =py;9) + ang(3i) + bog(—3i) + a1g'(31) + big'(—34) (1.4)

with constants ao, bo, a1, b1 which depend on F, and could be made explicit. On
the other hand, in the region of absolute convergence, we have the expression

— . Nb
(o1, 52,50, 3550) = Y (NO) ™ (VD) 20, o0 (0 377 )+ (15)

a,b

where

aly) = / " g, () = SN, (L6)

—oe cla

with ¢ being an integral ideal. A sum much similar to {1.5) is treated in {2], but
over the Gaussian number field. There an application is made of a natural extension
of a dissection argument that is employed in Section 4.6 of [10]. It exploits the
lattice structure of the ring of integers in the field. We are going to use the same
device. But then we have to transform the sum over ideals in (1.5) into a sum
over the elements of O, the ring of integers in F. In the real quadratic case, that
is a problem, as there are infinitely many generators for each ideal in O.

2. Initial reduction

To overcome this difficulty, we shall appeal to an instance of partition of one:

Lemma 2.1. Let p be such that its Fourier transform p (see (1.6)) is even,
real-valued, smooth, supported on a neighbourhood of 0 contained in (—m, ),
and moreover p(0) = 1. Then p is even, real-valued, smooth and of rapid decay
on R, and we have, for any z € R,

3 pe+n) =1 (2.1)

nel

Also we have, for any z,y € R,

S petmply+n) =~ [ ple)eteias, (2.2)

neZ 2m -

Proof. These identities are results of applications of the Poisson sum formula; in
(2.2) the Parseval formula is also used.
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We put, for a non-zero ¢ € F,

1 [log|z/z'|
x(@) = 5p (—-—-2 oges )’ (2.3)

where 2’ is the conjugate of = over Q. The identities (2.1) and (2.2) give, for
any non-zero z € I,

> x(en) =1, (2.4)
> x(ex)? =y, (2.5)

respectively. Here € runs over all units in @; that is, € = +ef, v € Z. Also we
have put

- o+ [ e (26)
Cx = A -"p § ‘ .
Then, for any function f defined over positive reals, we have
f(Na)=3_ f(IN(a))x(a), 27
where a runs over all generators of a, and N(a) = aa’. Thus, formally,
Y _oe(@)f(Na) = 3 oela) f(IN (@) )x(e), (2.8)
a acO.

with O, = O\{0} and g¢(a) = o¢((a)).
Applying (2.8) to (1.5) we have

orsaea i) = 3 Tcaitamally @ wanos NG/
a,beo,

-{Tas )

a=b a#b
= {jo+j+}(21,22,23, 2439)) (29)

say. By virtue of (2.5)

Cr{z1 + 23)¢r (21 + 2a)Cp (22 + 23)Cr(z2 + 24)
Crlz1+ 23 + 23 + 24)

:'0(213 22, 23, 24;9) = ng(O) . (210)

On the other hand

j+(211223 23,24;9) = Z lN(m)]"Z1“ZB

meQ.

Oz~ zz(n)al?» 24(n+m)
* Z IN(n/m)||N(1 + n/m)|=

x(n)x(n +m)§(log |IN(1 4+ m/n)]). (2.11)

n+m;é0
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Classifying m according to the ideal m = (m), we have

I4(21,22, 23,25 9) = 3 (Nm)™27=
m=n(lm)

Oy —22(N)0 25—z (0 +m)
Jp> [N (n/m)[#|N(1 + n/m)|=

§(log [N(1 +m/n)])
ned.

n+mz£0
X Z x(en)x(e(n + m)). (2.12)
The formula (2.2) gives
D " x(en)x(e(n + m)) = ¢ (1 +m/n), (2.13)
where s | ,
orte) = = [ a6y exm (i6EL]) g (219

so that ¢, = ¢, (1).

In this way we are led to binary additive divisor sums over F':

Bm(e, Bih) = Y 0a(n)os(n+m)h(n/m), m > 0. (2.15)

The condition m > 0, i.e., totally positive, causes no loss of generality under the
present assumptions on F. From (2.12)-(2.13)

I+(z1,22, 23,24, 9) = E (Nm)™ 7B, (21 ~ 22, 23 — 24; gu("; 21, 23)), (2.16)
m:an)
with s(log IN(1 + 1/2))ey (1 + 1/2)
gliog T+ 1/z))e{l +1/z
-* ) 76 = *
9+(@79) IN@PING 1 )P

(2.17)

Following the argument in [9] basically, we shall, in the next section, transform
Bm(a, B;h) into a sum of Kloosterman sums over F, and consequentially, in Sec-
tion 5, decompose it spectrally with the geometric sum formula for the Hilbert
modular group over I', provided @, 3 lie in an appropriate domain. A condition
on h that makes our procedure legitimate is to be given in (2.35). In Section 6 we
shall examine g, if it meets this condition, and apply the result on B, («, 3;h) to
obtain a spectral decomposition of Z3(g, F). Because of this, the bulk of our paper
is devoted to the study of B, (e, 8;h). We begin it with invoking the Ramanujan
expansion, i.e., (2.19), of o5 in terms of additive characters over F.
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Thus, let us put, for z € F,

elz] = exp (5;_1:(:; - f)) , (2.18)

where D is the fundamental discriminant of F'. We have

1 1 Cr(s—1) ifn=0,
Z or Z elan/c| = &0 {01—s(n) ifn£0, (2.19)

a mod c

[3
e=(c) (a,c)=1

provided Re s > 2. This can of course be formulated as

X(C elan/c| = 1 CF('S_I) ifn:[)‘
cezo: ‘N(C amzo;]c lan/ ! ¢r(s) {0'1_3(11) if n # 0. (2.20)
(G,C)=1

Hence, for Re g < —1,

Bon(a, B 1) = Co(1 — Z.Nzcc(c‘l = Y efam/dDmla,a/c;h).  (221)

ceOa amod ¢
(a,6)=1
Here
Dm(a,a/c;h) = Z ca(n)elan/clh(n/m;c), (2.22)
n€0. /U,
with
h(z;c) = ) _ h{ex), (2.23)
eelU,
U, = {e: totally positive unit congruent to 1 mod c}. (2.24)
We fix a generator of the group:
U = [ﬁc]» € >1, €. > 0. (2-25)

We assume that h is such that (2.23) is absolutely convergent, and, for = € F,
h(z; ) < [N(g)| 1 ~mex(ORea)—n (2.26)

uniformly in ¢, with an arbitrary fixed ¢ > 0. On this and Reg < -1, the
expansion (2.21) holds.

The use of the Ramanujan formula (2.19)-(2.20) is to separate the parame-
ters n and m in og(n +m) of (2.15). We need to do the same separation for the
factor h(n/m;c) too. To this end we extend h to (R\{0})? via the embedding
z — (z,7’), so that in place of (2.23)

h(z,z;¢) =Y h(elz, e %c'). (2.27)

veER
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Following Hecke, we apply the Poisson sum formula to the right side, getting

h(z,z’;c) Z/ h(etz, e tx')e 2™t dt

vEZL
Z/ h(&.’t £~1mj g—21rw/logscd§£ (2.28)

log €

The change of variable £ — £+/|z'/x| gives
h(eilz|, ezz’[; )

1
- log e, ;

x
z

T

[k (st VIV o VIV € £ 229)

where e; = *1, and w, = w/loge.. This integral is a function of /|N(z)].
Considering its Mellin transform in each quadrant separately, we have, with a
certain vertical line (a) = {s: Res = a},

h(el]mLeZIm !) 27T1, loge Z‘

X / h (s — vwogi, s + vwei;e) |N(z)| " ds, (2.30)
(a)

Vo1

where e = (e, €2), and

2(31,82, / / h(elul,ezug) -1 2_1dU1dUQ‘ (231)

Thus, a rearrangement gives

1 m
'Dm(aaa/c’h)— W;;l-ﬂ?

X f IN(m)|°he (s — v i, s + v i) De(s, a;v; a/c)ds, (2.32)
(a)

—po.1

where 1+ max(0,Rea) < a, and £ = (I3,13), I; =0, 1. Here

~ 1 ~
he(s1,2) = § > el eh(sy, saie), (2.33)
e
and
Taln n veoct
Dels.aiviel)) = Y. 2| Z ™ sgutlulean/d, (@, =1, (230

nel. /U,

with sgn[z] = sgnt(z, o'} = (a/|)) (z'/|'])"
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We assume that h is such that

71(s1,32; e) is regular and < (1 + |81 + |82])~C°

: . (2.35)
in the domain |Re s;|, |Resq] < Cy,

with a sufficiently large Cp > 0. Then (2.26) holds for [Rea| < 1Cp, for instance.
Namely, (2.32), with an appropriate (a), is valid under (2.35). This assumption
on h is quite drastic; a more refined formulation is of course possible, which seems,
however, not to be essential for our present purpose.

3. Sum of Kloosterman sums

We are going to show a functional equation for D;, from which emerges a represen-
tation of By, in terms of a sum of Kloosterman sums over F (see (3.53) below). To
achieve this, there are at least two ways to follow. One is to extend Lemma 3.7 [10],
which is originally due to Hecke and Estermann, by using a theta-transformation
formula over F. The other is more functional, and it employs the Eisenstein series
for the Hilbert modular group over F. We shall take the latter, in order to indicate
the existence of an intrinsic geometric structure behind the mean value Z(g,F),
and thus possibilities of extension, as well. It should, however, be stressed that the
direct treatment developed in this section is based on our local specifications, and
the deduction of those results from the general theory of automorphic forms on
semisimple Lie groups is naturally possible (see e.g., [6]).

Thus, we shall work with the Lie group
G = PSLy(R)?. (3.1)
The Hilbert modular group I" is the discrete subgroup in G resulting from the

embedding g — (g,g’) of PSL2(O) into G, where the conjugation is applied to
matrices element-wise. Write

(511 7))
= ([ um) [ )

K[o] = " cosf; sint cosfy sinfs
~\|—sinf; cosf;|’ | —sinfz cosfy]|/’

(3.2)

and put
N ={nlz}:z € R?}, A ={aly] : y € (0,00)%)} ,K = {k[O] 0e (]R/er)z} . (3.3)
Then we have the Iwasawa decomposition

G = NAK, G > g=nlz]afylk[d]. (3.4)
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In the sequel we shall use this coordinate system on G without mention. If either
n[z] or a[y] or both contain expressions involving elements of F, then they should
be understood as results of the embedding. Haar measures on these groups are
defined by

dn =dzdz;, da = (y1y2) " 'dy1dys, dk =n~2d01d0s, dg = (y132) ' dndadk, (3.5)

with Lebesgue measures dz;, dy;, df;. Elements of the Lie algebra g of G are
identified with corresponding right-differential operators on G. The algebra g has
the basis:

w; = £0g,, e;." = ¥ (iy;8:, + y;0y, — 110s,), e =el, j=12. (3.6)

We have the relations

[w;, e;,t] = :l:ieji, [ef T e ] = —2iw;, (3.7)

and also [x3,x3] = 0 for x; € {Wj,e;!-,e;}. These imply in particular that the
center of the universal enveloping algebra of g is the polynomial ring on two
Casimir elements:

Q= ._,e;!'e,— + wjz- —iw; = -y?(azj + 33j) + 10z, 0, (3-8)

Let f be a function on G that is left I'-automorphic and of weight 2q =
2(q1,92), g; € Z; that is, for any g € G,

fe)=fg), vel; f(eklo]) =e*Pf(g), qf =qb + qaba. (3.9)

The latter is obviously equivalent to

ij=inf, J=12 (310)
Then the first relation in (3.7) implies that

ef fare I-automorphic and of weight 2(q +1;),

. (3.11)
with 1, = (1,0), 1, = (0,1)

Such an f satisfies naturally f(n[n]g) = f(g) for any n € O, and thus, under an
appropriate smoothness condition, f should admit a Fourier expansion in terms
of the additive characters

2mi

vDr

Having said this, we introduce the Eisenstein series: It is defined, initially
for Res > &, by

Pn(g) = exp ( (nxy — n’zz)) , neo. (3.12)

Eq(g;s,v) = 3. @qlye; (stvmi,s—vwi)), q=(q,0)€Z’, v €L, (313)
YEL\
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with o = 7/(2logep). Here

P N
ba(g;s) =y1' Fys 1eHP 5= (s1,5,), (3.14)

and I, = I'NN-I'N A is the stabilizer in I" of the point infinity. To describe the
Fourier expansion of Eq(g;s,v), we need also to introduce the twists of (¢ and
g¢ with Grossencharakters:

Grls,v) =3 [n/n'[" (Nn)™*, og(n,v) =) _|d/d|""*N(@)¢, veZ, (3.15)
n#0 ?n

where n = (n), 9 = (d) with n > 0, d > 0 run over integral ideals. The L-function
Cr(s,v) continues to an entire function, provided v # 0.

Lemma 3.1. As a function of s, Eq(g;s,v) continues meromorphically to C,
satisfying the functional equation

~4g
By(gi—s.—) = (=)
XF(% + s+ vwi + Iqll)f‘(% + s — vwi+|g2]) (r(1 + 25, —2v)
P(z —s—vwi+|a)(3 — s +vwi+gl) ¢(1-2s,2v)

Eq(g; s,v).(3.16)

When it is of finite value, Eq(g;s,v) is I'-automorphic and of weight 2q. In the
half plane Res > 0, singularities occur only when v = 0 and q = (0,0), and
E(o0)(g; 5,0) has a simple pole at s = -é- with the residue (m*logep)/(Dp(r(2))

as its sole singularity. Further,

e 2 By (g; 5,v) = (y1y2) 1 (y1/y2)"™

T I'(s + vwi)['(s — vwi)

_1)tte2 3-8 —vemi
T \/D—p(ylyz) (¥1/y2) F(-Zl— + s+ Vwi)F(% + 5 — vwi)
) iqﬁl <s+ vwi — j1 — %) lQﬁl (s — VTl — jg — %) Cr(2s, —2v)
an \Ftstrwitn) 2o \ft+s—vwitjy) p(l+2s,~2)

+7r(__1)qx+qz (W/\/D_F 23 Z in/n"'vﬂﬂazs(n’ 21/)1,()7;(“[37])

GPr(l+2s,-20) <= |N(n)|"+%

X qu‘sgn(n),s-{-uwi (47r]nly1 /\/D_FT) W—stgn(“'>rs_”mi (4Wlnlly2/ F\
(3 + s + vwi + qisgn(n)) P(3 + s — vwi = gsgn(n’))

, (3.17)

where W, ; is the Whittaker function. The sum over n € O, converges absolutely
and uniformly for all parameters involved, and moreover it is of exponential decay
as y1y2 tends to infinity.

Proof. Obviously it is enough to prove the expansion (3.17). By the Bruhat de-
composition, we have

Eq(gis,v) =¢algs)+ 3. 3. Y ¢qlall/c}wnla/c+nlgs),  (3.18)

¢=(c) amodc n€Q
exD (a,0)=1
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where s = (s + vw, s — vw), w = k[$m, 37]. The sum over n is, by the Poisson
sum formula, equal to

Z a,n/c]/ ¥ (n)¢q(a[l/c?lwng; s)dn

nEO
21q6‘
= JDeN(e)? Y _ elan/clyn(nlz])An/cx da(al®yl; ), (3.19)
ne0

where A, is the Jacquet operator:

Anf(g) = /N ¥ (n) f(wng)dn. (3.20)

Computing the coordinates of wna[y], we have

—vai [ exp(2miny&1/v/Dr) (i+£1 )2‘“
Anda(alylis) = (y132) 2 (y1/y2) /;w Atk \fral a1
oo . ; —2q2
x/ exp(2mf; ylzngm) ( Z.+£2 ) dgs.  (3.21)
-—Q (1+§2)§+s vt ]Z+£2]
These integrals are tabulated: For Res >0, R 3 u,

/oo e%iu.f ( E+i )2‘1 dg
oo (€2 + 1)5+2 \ € + 1

oW,

(-l)qﬂ' (M) qsin(u),s(lu’n if 'U:?é 0,

(_l)qﬂ,zl—zs F(2S)
L(s+5+q)(s+ 3 - a)
Ignoring the convergence issue temporarily, we insert (3.21)-(3.22) into (3.18) via
(3.19), rearrange the summation, and use the twist of (2.19) with Grossencharakters:

3 le/d PN @m) T Y elan/d]
c amod ¢

e=(c) (a,0)=1 (3.23)
_ 1 r(s—1,2v) ifn=0,

"~ (r(s, 2v) {al-s(n, 2v)  ifn#0.

This leads us to the expansion (3.17). As to the convergence, we shift vertically
the two contours in (3.21) appropriately, and see that uniformly for Res > 0

Anjcrdq(alc®ylis) € (N(€)vinda)'~ 2 *exp(=a(lnyi| + In'pal))  (3.24)
with a > 0 and the implicit constant depending only on F. Then, provided Re s >
0, the sum over n € O, in (3.19) is

< (N() VTR "2 Y Ko (ay/N(jyiss). (3.25)
n#(0)
where n runs over integral ideals of F, and K, is the K-Bessel function of order
v. This shows that (3.18) converges absolutely for Re s > 1, and moreover yields
the last assertion in the lemma.

if u=0.
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Lemma 3.2. The function D; of s continues meromorphically to C. If a # 0,
then it has simple poles at s = 1, 1 + o with residues

log €. oy logee
46,080 0| N ()|~ 1 \‘;gi Cr(l—a), 46,0600/ N(0)] 1%@(1”), (3.26)

respectively, and elsewhere it is regular; i.e., it is entire unless v = 0 and £ = (0, 0)
simultaneously. Further, it holds, for all s, that

1 2(28—a—1) i
De(s,aiv;a/c) = — (2n//DeIN (O] o/ /1™
X g (s = vwci, 5 + vwei; ) De(l — s, —a; —v; a*/c), (3.27)
where a*a = 1 mod c, and

2

&

Ce(s1,82; ) = H (cos 3ma — (=1)% cosm(sj — 3a)) T(1-s;)[(1+a—s;). (3.28)

j=1
Proof. Put
fa(gsa/c) = (w/v/Dp)°T*(3(1 + @))(p (1 + @)
x (e —ey)"(ef —e3)*E(,0)(nla/clg; 3, 0). (3:29)
Note that
nla/claly] " € I'n[—a*/claly/c*k[3m, 3. (3.30)
Thus, by (3.11), we have
falaly) ™Y a/c) = (-1)" 2 fa(aly/ ] —a* /<), (3.31)
On the other hand, (3.17) gives the expansion
fa(alyliafe) = { £ + 19} (alyh; a/), (3.32)
where
O (alyl;a/€) =6eo(m/ VDr) T (§(1 + @))Cr(L + @) (y1y2) 50+
+8¢,0(w//DF)°T* (5(1 — a))Cr (1 - @) (zrys) 27 (3.33)
and

P alylafc) = (1) (dn//Dg)t Hatiy htiyltd

x Ta(n) n‘'n'2efan/c in
nglN( )I%a [ /]I{-&cx(2 I lyl/\/])_F)

x Ky o(2m|n'|y2/ /D). (3.34)
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We then put
I(s,a;v;a/c)
[] Gieliao ey 9w /) =i, (639

1Sy1/y2 €2

The expansion (3.34) gives

L4141
(-1)" ( 4m )1 da(n) 4 a
I(s,o;v;a/c) = —————n''n"2e[an/c|
)= et \VBr) 2 W

] S () e (T2 E))

1<y1 /ya<e?

x (Egyl)s-}-ll l—fa—uwci (E!cpy2)5+lg—l—éa+uwci dyldyz, (336)

¢

where the convergence is absolute throughout. Hence, unfolding the integral, we
get

~284+a+1 A
g c — MOt
I(s, 05 p0/c) = (122D | oo 7
Dr|N(c)] c
T (3(s+h —vwi))T (3(s + 1 — o — vwed)) T (5(s + b2 + vwei))
x T (é’( +ly—a+ Vwct)) D£ 7a: v, a,/C). (337)

We then divide I into two parts:

I(s,a;5v5a/c) = f/ + ff o= {IT+ I }(s,o5v;a/c). (3.38)

1Sy1/y2<e:  1<y1/ya<el
yiy2=>1 yny2<1

Obviously It is entire in s. By (3.31)-(3.33), we have

17 (s, v;a/c)
= (=121t (1 = 5, —0; —v; —a*/c)

log e T \7* 2 1 1
oottt () P00 a0+ e - )

log e, T \“
+(5£,05u,GIN(C)|‘%(1-a) (\/D_F> Fz('lz'(l_a))
xgp(1-a)(sl _ 1 ) (3.39)

-1 s—a
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provided Res is sufficiently large. From (3.37)-(3.39), D, is meromorphic over
C. The assertion (3.26) is now immediate. Also (3.39) implies that

I(s,a;v;a/c) = (1) T2I(1 - 5, —a; —v; —a* /c), (3.40)
which is equivalent to (3.27)—(3.28). This ends the proof.
Now, we return to (2.32). We assume that (2.35) holds. We have

m(,afc;h) =) Yy(m;a,a/c;h), (3.41)
£

where

— Ui

1 m
Velmin o/ W) = srieee 2|
veZ
X / |N(m)|*he (s — vwci, s + veoei) Dy(s, a; v a/c)ds,  (3.42)
(a)

with 0 < a — 1 — max(0,Rea) < Cp. Inserting this into (2.21) we have also

Bm(o, Bih) =Y Ze(m; @, B5 h), (3.43)
)
where

Ze(m;a, By h) = (p(l — Z [Nz(c 3 Z elam/cYy(m;a,a/c; k). (3.44)
ceO. amaod ¢
(a,0)=1

Shifting the contour in (3.42) to the left, we have, by Lemma 3.2

)

Ye(m;a,a/c;h) = %W(cna*w(m)m, 1)¢r(1 - a)

Fa N (N ()Rl + a1+ a)Ge(1 +a)

vDr

IN ()|t ( 5 )—ZH Ialm) g mnc? |77
+ - sgn”[n]ela*n/c —

2r3iloge. \ vDr nG;/UJN(n)k ] ].Ze:z m/n'c?
x/ Te(s — vioei, s + vomei; a)he (5 — v, s + vwei)

(&

472 \/IN (mn)| 2

o AL B 3.45

( DrIN (@) ) (3:45)

with
b < min(0, Re ). (3.46)
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Here we have used a bound for D(s,a;v : e/c) which follows from (3.27); thus,
it is implicitly assumed that |Re | and |b| are sufficiently smaller than the Cp in
(2.35). Denoting the last integral as L(vw,.), we have, by the Poisson sum formula,

Z Z ] L(7) Czndcz dr.
€ ecU. em'n’
That is, in (3.45)
a_a ’ mnc’2 o
E E sgn [nle[a® n/c]/ — dr
neo./Ue mmnc
This integral can be put as
4m+/|mn| 4w /im'n’'|
hle(z(m, n;c); ), =z(m,n;c)= ,
[hle(=( )ia), =( ) ({CI\/E I
with
1 - T 23, ] 232
[hle(z; @) = "2'5/(;) ® Ly (s1,52; @) he(s1,52) 1Bk dsdss.
Then
]
Yi(m; @, a/c; h) = 4—= \gw( )P N (m)lhe(1, 1)Gr(1 ~ @)
0 —a— o
+4\/,0DfF_]N(c)[ YIN(m)|+he(1 + 0, 1 4 a)Gp(1 + a)

(3.47)

(3.48)

(3.49)

(3.50)

20—~2
+ -“IN( )[a+1( il ) > l-“( )sgne[n]e[a *n/c][hle(z(m, n; c); a).(3.51)

vDr == N (n)|
This, together with (2.20) and (3.44), gives

do,e Cr(l—a)(r(l-0)~
vDr  (r(2—a-p)

o, Cr(l+a)Cr(l—B)~
vDr  (F(2+a-B)

1 . o —2a—2
tet-0 () ¥

neQ.

X Y X()IN(e)[* P Sp(m, n; ¢)[he(z(m, n;c); o),
ceOa

Zg(m;a, B; h) = 4

+ 4

he(1,1)|N(m)|gasp-1(m)

he(1+a,1+ a)lN(m)[Haaa—avl(m)

(3.52)
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where

Sp(m,n;c) = Z e[(ma + na*)/c| (3.53)
a mod c
(a,c)=1
is a Kloosterman sum over F.

In the sequel we shall always assume, for the sake of simplicity, that

la, 18] < C1, (3.54)

where C) > 0 is sufficiently large but C,/Cy with Cp as in (2.35) is sufficiently
small; note the remark made after (3.46). On this and (2.35), the double sum on
the right side of (3.52) converges absolutely for

[Rea] + Re B < —2. (3.55)
In fact, an appropriate shift of contours in (3.50) gives
[Rle(z; @) < |az'[*(|z] + |2') 7 (3.56)

with a 1 >0 and b as in (3.46), from which the assertion follows immediately.

In Section 5, we shall decompose spectrally the interior sum over ¢ in (3.52).
For that purpose we make here a little rearrangement of the sum. By the definition
(2.3) we have

> X(IIN (¥ Sp(m, n; ¢)[Rle(z(m, n; ¢); )

ce0,
1 [4ar? arhrl
= (5;\/ |N(m")|)
< [ B D [ s 0, (3.57)
where
Sn(en 8,61 o) = 3 o Sem, m ) llfalm. mc)in 6.6), (259
ceO,
with
[[hlle(z; 0, B, €) = |3z’ |77 fo/a! | 7%/ 2180 )y (z; ). (3.59)

Note that under (2.35) and (3.54) we have the bounds

1}—Cqo /2 : /
[(Blle(z; 0, B, €) < (Iz] + |/)™* - { Iz'i-mw'—m o g {-’;I i t (3.60)

with 1 > 0 asin (3.56). The extra integration in (3.57) will eventually be elimi-
nated (see (5.4) below).
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Remark. One may consider, more generally than Z(g,F), the mean value

/ " 1ce( + ity )Gr(d + it, o) g(e)dt. (3.61)

- 00

with arbitrary vy, va € Z. The relevant reduction to a sum of Kloosterman sums
can also be performed with Lemma 3.1.

4. Geometric sum formula

The next step is to decompose spectrally the sum Sm n(a, 3,&; [h]e) . This will be
accomplished with the geometric sumn formula for the Hilbert modular group I'.
In the present section we shall describe this principal tool for our purpose.

Let L?*(I'\G) be the Hilbert space composed of all left I"-automorphic func-
tions on G which are square integrable against the measure dg. Let °L?(I'\@) be
its cuspidal subspace, i.e., the one spanned by those elements with zero constant
terms in their Fourier expansions (see (4.17)). One can show the decompositions

LA(N\G)=Ca L’ ¢, (4.1)
LAM\G) =PV, (4.2)
¢E=Pe., (4.3)

veZ

where V runs over an orthogonal system of right irreducible subspaces, and €, is
generated by the values of the Eisenstein series Fy(g; s, v) as in (4.6) below. The
action of the subgroup K leads to a further decomposition

V=V, (4.4)

qEZ?

where k(6] acts in V4 as the multiplication by %% and dim V, < 1. Analogously

we have S
& = @ Eu,q; (45)
qEeZ?

where

—00 -0

Evg= {/00 u(t)Eq(g; 3 + it,v)dt : /00 lu(t)Pdt < oo} . (4.6)

We note that the operator 2; acts as a multiplication by a constant in each V,
ie.,

nj'V = (% + K?) 1, kv = (K'h K’Z)s (4'7)
with certain x; € C, and that

levq = ‘LqJ . 1, Wj‘gv‘q = 1.qJ . 1) (48)
which is the same as (3.10).
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The fundamental assertions (4.1)—(4.6) follows from the general theory of
automorphic forms on semisimple Lie groups, see, e.g., [4] or [6]. However, in the
present situation, it is of no difficulties to derive them in the same way as for the
full modular group acting on the upper half plane, for instance as in Chapter One
of {10].

In the geometric sum formula the spaces V of (4.2) occur, along with a
certain classification among them. Because of this, we need to show a structure in
the decomposition (4.4). Thus, observe that the bas1s elements e of g actin V,
and the assertion (3.11) implies the diagram within V:

(e3)
Vq+12
1
(1) Vg-1, < Vg = Vg, (). (4.9)
l
Vo-12
(e7)
The classification of V concerns how the diagram extends to a rectangular grid in
which the V; are placed. To this end, we could rely on the fact that g = sl @ sis,
but we shall use a direct argument:

We pick up a generator ¢ of a non-trivial V;. The function ¢ is a cusp-form
over I'\G in the sense that it is an element of °L?(I"'\G), and a simultaneous
elgenfunctxon of and w; as indicated in (4.7) and (4.8). Then, observe that

efej = —((£g; + 3)? + k)p via (3.7) and (3.8), and that integration by parts

gives [leJ ol = —(e;ce;.t‘p, @), with an obvious usage of notation. Hence we have
leFel? = (a5 +3)° + D)l (4.10)

In particular (g; + %)2 +ng is non-negative, which allows us to choose &; so that
either x; >0 or 0 <ik; < ||g;|— 3|. (4.11)

The relation (4.10) shows that the mappings in (4.9) are bijective in general.

Exceptions can occur only if ik; = [; 2, with an integer I; > 1. More precisely,

Vo #{0} and e;Vy={0} <= gq=Fl or Lj=1,¢;=0. (412

A combination of (4.11)-(4.12) shows that the I; — 3 are the only values that
ik; can take if ix; > 1. Then, the irreducibility of V implies that the set
{a: Vg4 # {0}} is the direct product of two intervals in Z. The possibilities are
as follows, with corresponding technical terms: (I) ¢; € Z if k; > 0 (unitary
principal series), (II) g; €Z if 0 <ix; < § (complementary series), (III) a4 =1

with ik; = 1; — § (holomorphic discrete serles) (IV) ¢; < —1; with ik; =1; — 3
(a.nti-holomorphlc discrete series), and (V) ¢; = 0 with inj = £ (trivial repre-
sentation). But the last case cannot occur, because we are dealing with spaces of

cusp forms. In this way we are led to a classification of the spaces V:
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Lemma 4.1. Let V be an irreducible subspace of °L?(I'\G), for which (4.4) and
(4.7) hold. We have the following possibilities:

. either k; > 0 or 0 <ik; < 1, for both j = 1, 2
. either kg > 0 or 0 < ik < é, and iky =1 — 3, mq > | with an integer 1 > 1,
. either k; >0 or 0 <iky < % 5, and ikg = [ — — , M2ga 2 | with an integer | > 1,

.1:K,1=l1'—

oW N~

ke =la— L meq > 11, mage > lz
with integers l1,l2 > 1,

(4.13)
where 1, = 1, and ¢; without constraint runs over all integers. We may choose
a cusp form py in V of weight 2qy with

qv = (O)O)a (T]ll,O), (O;Tl2l)v (7]311,71412)> (414)

respectively, for which

V=Upv, (4.15)
with the universal enveloping algebra U of g.
Thus, starting from Vg, , a multiple application of ejt fills the grid. In case 1,
all V; are non-trivial. In case 4, a sole quadrant of the grid is filled with Vg all
non-trivial; and other three quadrants contain only trivial spaces. In the remaining

cases 2 and 3, we have a mixed situation. Non-trivial Vg are, respectively, in a
vertical and a horizontal halves of the grid that are fixed by V.

Remark. The %—}- n? with 0 < ik; < % are called exceptional eigenvalues. It is
known that they satisfy non-trivial lower bounds. The best published result

ik; < —

Sz (4.16)

is due to Rudnick, Luo and Sarnak [7]; in the preprint [5], Kim and Shahidi give
tk; < —~

As to the Fourier expansion of v, we have

pv(g) = (~1)1¥ 1P Y | e yin(g)
3

WQI.SEn(n)}im (47rln]y1/va) W—qgsgn(n'),inz (47r|n,[y2/\/D—F)
L( +ix1 + q1sgn(n)) ['(3 +ika — gosgn(n'))

. (417

with certain complex numbers py(n) and the Whittaker function W, ;. This is
in fact the specialization ¢ = @y of the result of solving, on the side condition

€ Vg, the differential equation Q¢ = (% + n?)go in the coordinate system (3.4).
The gamma factors do not produce zeros for the combinations of q and (k;, k2)
that really occur in °L%(I'\G). Hereafter we shall assume that

{pv : V} is an orthonormal system in L?(I'\G). (4.18)
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Then we call py(n) the Fourier coefficients of V. The vector {pv(n):n € O,} is
well-defined, save for an arbitrary constant multiplier of unit absolute value.

Next, we turn to Hecke operators over the space L*(I'\G). Because of the
particular importance of this concept for our purpose, we shall dwell on certain
details, again exploiting our local situation. Thus, let n = (n), n > 0, be an
integral ideal of F; note our initial assumption that N{ep) = —1. We define the
action of the Hecke operator T, over a left I'-automorphic function f on G by

Tof(g) = wlv—n S Y fab/dai/d ), (4.19)

oln bmod 2
o==(d),d>0

where 0 is an integral ideal. The orthogonal decomposition (4.1) is obviously
preserved by any T,, and the same can be arranged for (4.2) and (4.4). Further,
it can be shown in a standard way that T Ty = Ty Ty for any m, n, and each
Ty is symmetric over L?(I'\G). Thus we may assume that V is such that

Tnl"’ = tv(t‘l) -1, tv(l‘l) € R. (4.20)

Before taking this into (4.17), we note that ov(ed“n) = pv(n), v € Z, which
follows from v (a[e2]|g) = wv(g). Then, computing the Fourier coefficients of
Tapv, we have, for any m € O,

ov(m)tv(n) = D ov(mn/d?). (4.21)
(d)i(m,n)

Hence, for any unit € and O, 3n > 0,

ov(en) = ov(e)tv((n)). (4.22)
In other words, for any n € O,,

ov(l) ifny>0,

ov(eo) if egm > 0,
ov(ep) ifepn >0
ov(=1) if —n = 0.

ov(n) = tv((n)) - (4.23)

Thus there exists at least one unit € such that gy (e) # 0, since otherwise we
would have v = 0, and the relation (4.21) implies the multiplicative property of
Hecke eigenvalues:

tv(m)tv((n) = D tv((mn/d®)), m,neq. (4.24)
(D)l(m,n)

As in the modular case, Hecke operators T, are to be supplemented with
involutions with which one may distinguish the parities or the four cases in (4.23).
To this end we put, for any unit e,

e = ([sg“(f) 1] , [Sg“(el) 1]) € PGLy(R)?, (4.25)
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We have
76G1e =G, alld)g I (allellze) P =T (4.26)

We then put, for any left I'-automorphic function f on G,

i f(g) = f(alle|lzegse)
= f(n[(ex1,€'z2)]allelyn, |€ [y2]k[sgn(e) 61, sgn(e')f2]). (4.27)

We see readily that the left I'-automorphy is preserved by i because of (4.26),
and that

i2=1, gl =lge; Qe =1, Taie = icTs. (4.28)

But weights are not preserved in general. If f is of weight 2q, then i. f is of weight
2(sgn(€)q1,sgn(€’)g2). To get an involution we need either to restrict the weights
or to choose ¢ appropriately.

Let us suppose first that x = (k1,%2) comes under Case 1 in Lemma 4.1.
Then the finite number of V with sy = & all have qv = (0,0), and the @y span
a space in which i, is an involution or the identity. The commutativity in (4.28)
implies that the V with kv = k can be chosen such that i.pv = £y (€)pv for all
¢ in the unit group. Then each £y is a character of the unit group mod|eZ], with
values in {£1}. Hence, in the case qy = (0,0), the relation (4.23) is refined with

ov(€) = ov(1)Av(e) (4.29)

for any unit €. As to the mixed cases, let us assume, for instance, that qv = (¢1,0),
q1 # 0. The expansion (4.17) is actually over those n such that ¢1n > 0. Thus
we need to use i, with ¢ > 0, i.e., ¢ = 1 or € mod [e2]. It is an involution, and
we can again choose a v satisfying i.pv = Av(€)pv with Av(e) = 1. Hence, if
qv = (ql’o)s 0 76 0, then

ov(eve) = av(ev)Av(e);  Av(e) =0 if € # 1, €0 mod [eF]. (4.30)
with ey = sgn(q;). Similarly, if qv = (0, ¢2), g2 # 0, then

ov(eve) = ov(ev)Av(e);  Av(e) =0 if € # 1,5 mod [ed], (4.31)
with ey = —sgn(ga) . Further, if qv = (g1, ¢2), q1¢2 # 0, then the expansion (4.17)

reduces to the one over the integers n such that g1n > 0 and ¢zn’ < 0. Thus in
(4.23) only one case is in fact possible:

ov(eve) = gv(ev)Av(€); Av is the characteristic function of the set €3], (4.32)

11 1y
where ey = 63( +Sgn(42))etg(1 SEH(QI))'

These definitions and (4.23) imply that we may put, for any n € ), and for
any unit € such that en = 0,

ov(n) = eviv(n)tv((n)), 1v(n) = Av(e/ev), (4.33)
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where
ov = ov(ev) (4.34)
with ey as above, and with ey = 1 in the case (4.29).

In this way we have defined the function Ay on the set of units via i,. The
action of i, is, however, not limited to cuspidal subspaces. In fact, (3.17) implies
that i Fo,0)(g;3,v) = |¢/€'|"™ E(o 0)(g; 8,v). This and (4.6) give an extension of
A and 7:

veoi

€
—| ==L (4.35)

Ae, (€) = ne, (€) =
Now, we are ready to state the spectral results that are essential for our
purpose:

Lemma 4.2. Let kv = (k1,%2) be defined by (4.7) and (4.13); gv = (q1,42) by
(4.14); ty((n)) by (4.20); nv(n) by (4.33), and gv by (4.34). Let

L3 +lal + R)0G A |ge| + ikz)
( + @l + k)0 (5 + lg2| +ix2)

Further, let w be defined for all kv, and satisfy w(ky) < ((1+]x1])(1+|k2]))"27#
with an arbitrary small constant u > 0. Then we have, for any n € O,

3 avinv (e () u(ev) < N[, (4.37)

= lov l‘ (4.36)

where V runs over aJI cuspidal irreducible subspaces, and the implicit constant
depends only on p. This implies, in particular, that

bv(n) < (N ()37, (4.38)
with the same dependency on .

Lemma 4.3. Let f be sufficiently smooth over (0,00)?, and decay sufficiently
fast as one or both of the two variables tend either to 0 or to +00. Let

e.f T1, 7'2

= —2f /oojz(z}l) Jgezlt)’"l ( ) Jé'e’?z)( ) Jgezzz)m ( «) du1 d’u2

.f(ul » Uz)

sinh 7try sinh mro UlUg

, (4.39)

where e = (e1,e3) with e; =+, and J} = J,, J; = I, in the usual notation for
Bessel functions. Then we have, for any m,, my € (’), ,

Sp(m;, ma;c)
S D (e Vimmal p Va)

cEQ.

= avmv(ma)tv((ma) )y (m2)tv ((m2))Bim, ms) f (5v)
\%

oo

T
t 23\/]jp_~log €0 V;oo

y /°° ait(ma, V)oge (ma, v)
IN(mym2)[#|Cp(1 + 2it, 2v)|2

— i
m;msa

m’lm’g

Bim,m,) f(t + v, t — vw)dt, (4.40)
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where [mymy] = (sgn(mimgy),sgn(m’ym’s)), and other symbols are the same as
in the previous lemma.

Proof. Note that the classification of V enters into these assertions through kv
and rv. The identity (4.40) is the version of the geometric sum formula for the
Hilbert modular group I' that we shall apply in the next section. This is an
adaptation of Theorem 2.7.1 of [1] to our present situation. Also, the statistical
result (4.37) follows from Proposition 3.3.1 there. It should be worth remarking
that the argument in Chapter 2 of [10] can readily be extended so as to yield
these two principal results. The way to deduce the bound (4.38) from (4.37) is
analogous to the modular case (see e.g., Section 3.1 of [10]). Better results are
known, but for our purpose the conventional bound (4.38) is more than sufficient.
It is important that (4.38) is uniform in V.

For the sake of a later purpose, we need to make it clear that the expansion
(4.40) converges rapidly under the assumption on f given in the lemma: To this
end, we remark first that by the definition (4.39) the function Be f(ry,r2) is regular
for {Imr;] < Cy, j = 1, 2. This constant Cy can be assumed to be sufficiently

large. Put
2811 sy 282—1
31,52) —/ f f( U1,u2) ) (72) duy du;. (4.41)

This is holomorphic for [Res;| < Cy, j = 1,2, and can be assumed to decay
sufficiently fast there. By the Mellin inversion,

flur,ug) = f 31,32)( )MZSI (2)—232 dsydsa, (4.42)

271'1.) (al) (uz) 2

with appropriately chosen a,, a3. Inserting this into (4.39), we get formally

1 ——
Bef(r1,m2) = Py / f(s1,82)7 (51, 11)T ) (53, m0)ds1 dsz,  (4.43)
T J(ar) J(ez)
e J(e) ® Jéfz( ) 2'61‘( ) —2s-1 d 4.44
(s,7) —L sinh 7r (2) u. (444)

Assume temporarily that [Imr;] < 3, 7 = 1, 2. Then set —1 < a; < —[Imry|.
With this the quadruple integral involved in (4.43) converges absolutely, and the
expression (4.43) holds in this domain of (r;,r2). On the other hand, we have

JE(s,7) = %{(1 £ 1)cosms + (1 F 1) coshnr}l'(ir — s)['(—ir — s),  (4.45)

provided —1 < Res < —|Imr| (for the plus case, which is more delicate, see
pp. 183-184 of {10]). Then, replace J¥(s;,7;) in (4.43) by these, and shift the
contours to the left appropriately. We see that the representation (4.43) holds in
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the much wider domain |Imr;{ < Cy. Having done this, we shift the contours to
the right. We find that for instance

Bef(ri,m2) <« (1+|r1] + ITzl)“C’/z, Mmr,| < %Cf. (4.46)

It remains to consider the case where ¢ = + and ir = — %, 1<1l€Z,in (4.44).
We have then

- % —3)
T(l+35+s)
which is of course a special case of (4.45). With this, we see that (4.46) holds

for all relevant combinations of e and (r;,r3). Hence Lemma 4.2 implies that the
right side of (4.40) converges rapidly.

J(s,i(3 = 1) = 2i(-1)'"? (4.47)

Before moving to our application of the geometric sum formula, we shall
briefly discuss the Hecke series Hy associated with a cuspidal irreducible subspace
V. Thus, assume (4.20), and put

Hy(s) =) ty(n)(iVa)~*, (4.48)

which converges absolutely at least for Res > %, and is bounded there uniformly
in V, because of (4.38). In fact it is convergent for Res > 1 as can be seen via
a use of the Rankin zeta-function attached to V, but this fact is irrelevant to our
purpose. The formula (4.24) implies an Euler product expression for Hy, and also
the relation

Hy(s1)Hvy(s2) = (r(s1 +92) ) _ 0e, s (1)by (n) (Na) ™ (4.49)

in the region of absolute convergence. Further, we have

Lemma 4.4. The function Hvy is entire, and satisfies the functional equation:

Hy(s) = =2 (jS_F)Z(%_]) Hy(1—s)

[(/\v (€;) coshmr; — cos ) (1 — s + ik )I'(L — s — inj)], (4.50)

X

2
Jj=

where € = ¢ with (e1,€3) = (e,€'), and (k1,K2) is defined by (4.7) and (4.13).
In particular, we have the bound

Hy(s) < (L+|s| + k1| + |k2])°, (4.51)

where ¢ depends only on Res, and the implicit constant only on F and Res.

Proof. The second assertion is the consequence of the first and (4.38) via the
Phragmén~Lindelof convexity principle. The functional equation is a special case
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of Theorem 11.1 in [3]. But we shall give a direct treatment. We apply the method
in Section 3.2 of [10] to the case qv = (0,0). In fact the other cases are simpler.
Let A\ = (1 — Av(€h)), A2 = 3(1 = Av(&)), and put o} = (e )* (ef) 2pv.
Then consider the integral

Av(s) = / / 0% (aly]) (v192)° Fdyadys, (4.52)
1<y /y2<ed

with Res being sufficiently large. The relation (4.29) implies that

. VIS 27r/\/})_P")A1+A2
pv(aly]) = 4(-1) \/D—PF( +m1)l"(%+im)

A+l A+l
XYy Y2
% 3 oK (2rtnlys/ VD) K (2nin/ VD7), (459
[N
where
0% (n) =m0 py(n) = pvin|™ 't (n). (4:54)

In fact, Av(e) is a nontrivial character of the unit group, provided A; +Az # 0, and
the terms caused by the derivative J,, in (3.6) cancel out each other in (4.53).
Thus, we have

Al 1M 271-/\/'])_)/\1+/\2
Av(s) = 4(-1) QV\/FF( +15)T(5 + iK2)
X wlennM i [ [ K (2 VD7)

ne0. mad [¢3] (0,00)2

X King (2n['y2/v/Dr ) 93193° (1)~ dyalys, (4.55)

in which the convergence is absolute throughout, at least for Res > 5. We find

that
1)A12 1 +h2-2 T 1-2s
Av(s) = ov (=1) Ta— ( )
7rF( +ik1)I'(5 + ik2) \vDr

x T(3(s + A +ik))T(G(s + M~ i61))T(5(s + Az + iK2))
x T'(3(s + A2 — ik2))Hy (s). (4.56)

On the other hand, arguing as (3.30)—(3.31), we see that ¢} (aly]) = (~1)M+*2
¥ (aly]™). Dividing the range of integration in (4.52) into two parts, according
as y1y2 < 1 and yi1yz > 1, we find that Av(s) is an entire function, and satisfies
the functional equation Ay (s) = (—1)*+*24y(1 — 5). This ends the proof.
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5. Binary additive divisor

Now, we are ready to return to {3.58); thus we shall work on the assumptions
(2.35) and (3.54). Note that we have m > 0 (see (2.15)), and nv(m) = nv(1) by
the definition (4.33).

The formulas (3.50), (3.59) and the bound (3.60) imply that the function
[[A]le(x; o, B, &) is so smooth that the geometric sum formula (4.40) can safely be
applied to Sm n{a, 8,&;[h)e), provided

1
|[Rea|+Reg < -—§C1, (5.1)
with C as in (3.54); for instance, take Re 8 negative and large, and keep |Re |
relatively small. We shall assume this for the time being; it will be eventually

eliminated. Then the discussion following Lemma 4.3 yields that we have a fast
converging spectral decomposition:

Smn( 8,6 [Rle) = Y aviv (Dv ((m))mv () bv ((n))Bpmy [[R))e(kv ;s o0, B, €)
\%

T | mn vwi [P g (m, 2v)o2:(n, 2v)
*t53 Z \ (] it : 3
F/Drlogey 2 || o TN Gm)IGe (1 + 228, 20)]

X Biny[[R]le(t + v, t — v, 0, B, €)dt
= {Sgn.,n + an,n}(a) B, &; [h]l)a (52)

say. It is easy to check the uniformity of the convergence with respect to all involved
parameters. The contribution, via (3.57), of S7, ,, to (3.52) is equal to

28
— it e(1 - B) (fDlF) N(m)%(a+ﬂ+1)
‘7-a(n) ;
X —ysEn [n] ) avnv(Dtv((m))nv (n)tv((n))
neo.gc:,d g IN (3o Zv: VIRV

oo 1 oo it mn %€/ (4logeg)
3 g [ sl BiallWle(rvio, 8,00 (53)
The exchange of the order of summation is legitimate: The function

Biny([2]le(kv; @, B,€) is smooth in £, and the bound (4.46) with the present choice
of f and with Cy = C; holds even after differentiating with respect to £ several
times. Thus the last integral decays sufficiently fast in v and xv. By virtue of
Lemma 4.2, the triple sum in (5.3) converges absolutely, which confirms our claim.

But, Poisson’s sum formula gives, in (5.3),

3= 2By IHlelevia 8,0), 6.4

v
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because of our assumption on p. Hence, by (4.49), we see that (5.3) is equal to

2p
%(%) N(m)%<“+ﬁ+l>;avw(l)w((m))

x Hy (3(1+ o= §) Hy (3(1 - a = £) BV [[h]le(xv; o, 5,0), (5.5)
where
BV = 3" sgn’lelnv(e)Byy, (5.6)
€ mod {eZ]

with € running over units. Here we have used the fact that nv(en) = nv(e), if
n = 0. Similarly the contribution of §7, ,, to (3.52) is equal to

—vwi a2it(m, 2v)
= / N(m)*|Cr(1 + 2it, )|
x(r(3(1+a=p)—it,v) e (3(1+a— ) +it,—v) Gr (5(1 —a — B) —it,v)
x (r (3(1 = a— @) +it,—v) B&4[[h]]e(t + vw,t — vw; a, B; 0)dt, (5.7

(Zﬂ/\/ﬁ)zﬂ-i-l m)3(atst Z i ’

25w log €

where we have used (4.35). We insert these expressions into (3.43) via (3.52). We
get a spectral decomposition of B,, (o, 8; k), provided (2.35), (3.54) and (5.1).

The domain (5.1) is, however, not suitable for the application in our mind,
i.e., that to Z2(g,F). We have to continue the decomposition to a neighbourhood
of the point («, 3) = (0, 0). Because of this, we shall study the transform

®.(ry,r250,8;h) 27r4z Z Z Sgn l€]n.(€) [[ lle(r1,7m2; 2, 3,0).  (5.8)

£ ¢ mod [€2]

Here * = V or €,, and (r1,r2) is initially equal to xy or (t + vw,t — vw),
respectively, but after (5.10) it will be regarded as a variable point in C2. From
(2.33), (3.28), (3.50), and (3.59),

S senidlletzson 5,0 = &[22 T
- g elz; o, B, ~ Ri 4
X Z/ / 1 + ejsgn(e;)) cos 3ma ~ (1 — e;sgn(e;)) cosm(s; — La))
< Jo) b)J_ ?
- T 281 IE’ 282
x[(1-s;F1+a~- sj)] h{s1,s2;€) | = —| dsydso, (5.9)

where b is as in (3.46), and (e1,€2) = (¢, €') as before. Apply By to this, and
argue as in (4.42)-(4.45). We find that

Bu(r1, 1250, ﬁah)————"z PR NG

€ ¢ mod [e3]
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2

100 100
X/ / h(Sl,Sg, H [ASS"(EJ SJ’rJ:a /6) ( %(a+ﬂ+1)-irj)
—100 J —100

x T(s; — Lo+ B +1) +ir,)T(1 — s;,)T(1 +a — s,-)] ds1dss, (5.10)
where

Afj(sj,rj;a,ﬂ = {(1+e;)cos ma — (1 Fej)cosm(s; — %a)}
x {(1F 1) coshmr; + (1 + 1)sinm(s; Y. (5.11)

The expression (5.10) is in fact a result of an application of analytic continuation:
The s;-contour separates the poles of Aifn(fj)(sj,rj;a, B)(s; —{a+p+1)—
irj)[(s; — 2(@+ B +1) +ir;) and T'(1 — 3;)T(1 + a—s;) to the left and the right,
respectively, and it is assumed that the parameters are such that the contour can
be drawn. Under the assumption (5.1), one may use the contour Res; = b with
2(a+ﬁ+ <b < min(0, Reor); then move it appropriately, and get (5.10). Note
that if ir; =1 — %, 1 <1 € Z, then (4.47) has to be taken into account.

Ifx=¢§, or V with qv = (0,0), then 7. = A, is a character on the group
of units, and

PO H AEE) = H(A; + A(€)AZ) (5.12)
€ mod [eg} J=1

with € = e on the right side. We shall show that this can be assumed to hold
for x = V with qv # (0,0) as well. In view of (5.5), we may restrict ourselves
to those V with nv(1) # 0. This implies, by (4.33), that Ay(ey!) # 0. Thus, by
(4.30), we see that if qv = (g1,0), ¢1 # 0, then the left side of (5.12) is equal
to v(1)AT (AT + Av(eo)A7). Also, if qv = (0,¢3), g2 # 0, then by (4.31) it is
equal to nv(1)A% (AT + Av(ey)A7). Further, if qv = (g1,92), 192 # 0, then by
(4.32) it becomes nv(1)A} AJ. Hence, we have, as a refinement of (5.12), that
for any space * with 7.(1) # 0

2 2
S @ [[aE@ = p [ + Mle)dZ)  (5.13)
e mod [e2] j=1 je=1
with € = ¢ on the right side.

Lemma 5.1. Let us assume (2.35) and (3.54). Let V. ky = (K3, k2), and qu =
(q1,92) be as in (4.2), (4.13), and (4.14), respectively. Then ®y(kv;a, B;h) is
regular, and satisfies

Oy (kv; @, B h) < (1+ k| + |ral) "9, (5.14)
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uniformly in V and a, 8, provided

]ReaH—Rﬂﬁ<2mjin{|Imnj+%[+6j}. (5.15)

Here 6; = 0,1, according as gq; = 0, # 0, respectively. Analogously, ®¢_ (t —
vw,t + vw; a, B; h) is regular, and satisfies

e, (t — v, t+ v, @, B h) < (1+ [t + |v]) ~9/2, (5.16)

provided
[Re | + Re 8 < 1 — 2|Imt]. (5.17)

Proof. It is enough to prove the assertions on ®v. If g; # 0, then ix; = |g;] — 3,
and the I’-factor in (5.10), with * = V and (ry,72) = Kv, is to be modified
as indicated in (4.47). After this modification, one may draw contours in (5.10)
under (5.15), and the assertion on the regularity follows. The decay property is
simply a result of shifting the contours appropriately to the left. This ends the
proof.

Now, we may state the first of our explicit formulas:
Theorem 5.2. Let B, (a, 3;h) be defined by (2.15), and assume (2.35). Let a, 3
be such that N
—1 < Re(a+ f) < z (5.18)

Then we have the spectral decomposition
B, B 1) = {BR) + B + B2} (o, ), (5.19)

where

¢r(1 ~ a)Cr(l - B)
vDE (r(2 — a— )
Cr(1+ a)Cr(l = f)
VDr(r(2+a— )
Gr(l-a)r(1+8)
VDF(r(2—a+5)
¢r(1 4 a)Cr(1 + B)
VDr(r(2+ a+ B)

B (o, B h) = N(m)oatps-1(m)h(0,0)

N(m)"*%0_ayp-1(m)h(a,0)

+ (m)* *Paq_g_1(m)h(0, B)

N(m)1+a+ﬁa—a‘—ﬁ—1 (m)h(o"9 :B)ﬁ (520)

BE) (o, B; k) = (2/ /D) N(m) P +D)
x 3 ayv (Vv ((m) Hy(3(1 + a ~ §)
v

x Hy(3(1 — a = 8))Py(kv;a, B h), (5.21)
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/Dr)2A+
BN a, B; h) = MF_ (m)¥atP+)

2%log €g

-Uu:u 2
X ; mr / N( )1.:025;27171_'_ ;z)t ZU)PCP( ;1+o-p)—ity)
x G (3(1+a—B)+it,—v) G (3(1 —a — B) —it,v)
X CF (%(1 — o — f) +it, ‘V) e, (t +vw,t — vw;a, B; h)dt. (5.22)

Here V, ky, ty, nv, ay, Hy, are, respectively, defined by (4.2), (4.13), (4.20),
(4.33), (4.36), (4.48); and @, by (5.10). Also

H(m, ) = //h(ul, ug)|uiug|™ (|1 + wi)|1 + ua))?dusdus. (5.23)

The expressions on the right sides of (5.20)-(5.22) are all regular in the domain
(5.18).

Remark. This result should be compared with (3.33) and (3.57) in [9]. We could
express ¥, as linear combinations of products of two integrals of the Mellin-Barnes
type. Then the analogy would be made clearer. A special case is treated in the
proof of Corollary 5.3 below. In the condition (5.18) the lower bound is to secure
the regularity of the Eisenstein term BS:;). It could be dropped, but then the
residual term B,(rr;) would need a suitable modification.

Proof. As is mentioned after (5.7), a spectral decomposition of B,,{(x, 8;h) has
already been established, provided (5.1). Thus its continuation to (5.18) is to
be discussed. The cuspidal contribution has exactly the same form as (5.21). By
Lemmas 4.4 and 5.1, the sum converges absolutely and uniformly in the domain

|Rea|+Reﬂ<2rr{}nm_in{ilmnj+%l+6j}, (5.24)
J

and there it is regular. According to (4.16), this domain contains (5.18). On the
other hand, the contribution of Eisenstein series has the form same as (5.22), but
with (@, 8) in (5.1); thus it is different from the function defined by (5.22) with
(5.18), since the integrand can have singularities in (5.24), say. Those terms with
v # 0 have, however, integrands regular in (5.24). The sum over v converges
absolutely and uniformly because of (5.16)-(5.17), and we may exclude this part
from consideration. The term remaining to be considered is

(2”/‘/]_51;)2ﬁ+1 La 1) * a2i(m)
24 log eg N(m)3tero* f N(m)i¢p(1 + 2it)Cr(1 — 2it)
x (r(3(1+a—-B)—it)(r(3(1 + a— B) +it)
x (p (5(1 —a=B) —it) (r (3(1 — a = B) +it) Uy(a, §; h)dt, (5.25)
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where (o, 8) in (5.1), and W¢(a, B;h) = Pe (t, L, By k). ThlS is obviously regular
when |[Re a|+Re 8 < —1. Let us consider the subdomain -3« Re(xa+p3) < —1.
On noting (5.16)-(5.17), we move the contour to Imt = ;. Poles we encounter
are t = —3(1 £ a + f)i, and those from the factor ¢z (1 + 2it). To avoid having
poles on the contour, one could choose an appropriate broken line instead of a
vertical line. At any events, the resulting integral can be assumed to be regular
for —% < Re(xa + ) < —%. Then, restricting ourselves to the domain

-1 < Re(ta + p) < —%, (5.26)
we shift the contour back to the original, i.e., the real axis. This time, poles we
encounter are t = 3(1+ a + f)i and those from the factor (' (1 + 2it). In this
way we have obtained the desired continuation to the domain (5.18), since the
new integral is regular there. The residual terms arising from this procedure is
those from the poles at t = i%(l + o + B)i; the other residues cancel out each
other. Namely, the continuation, to (5.18), of the contribution of Eisenstein series
is the sum of (5.22) and

- 1-
27r/\/_ BN (m) HPog_g-1(m) CFC(I-‘(f)—CF;z(+ 6;1) Ui 1-arpyi(@ Bih)

+ Z(27r/\/Dp)2(l+ﬁ)N(m)1+“+’30-a_g_1 (m)

Cr(—B)r(1+ @)
r(2+a+ f)

qjé(1+a+ﬁ)i(a; B; h) (527)

In deriving this we have used the facts that ¥;(a, 3;h) is an even function of ¢,
as can be seen from (5.10)-(5.11), and that the residue of (g(s) at s =1 is equal
to 2(log €0)/\/]¥.

Thus we have to compute the last ¥-factors. By (5.13), we have, for r; =
31—-a+p), j=1,2,

2
Y. JIa¥(s,m50,8
e mod [eZ] F=1

2
= 2%, e H [sinm(s; — o) cos im((1 - e;)s; + €;8)] . (5.28)

3=1
Hence, by (5.10) with * = &o,
100

‘1’1(1 a+ﬁ)z(a Bih) = -—'28162/ }:(51,52;6)

~100

2
x [ [cos im((1 — ;)55 + e;8)T(s; — 1 — BL(L ~ s;)] dsydsy. (5.29)
j=1
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By definition, the s;-contour is to separate the poles of I'(s; —1— ) and ['(1 - s;)
to the left and the right, respectively. The condition (5.26) implies that the contour
can be drawn. In much the same way we have

\Ijl(1+a+ﬂ).‘(a ,3,’7.) 26162/

~400

/ h(s1 + a, 53+ oje)
~{00

[cos 37 ((1 — e;)s; + €;8)T(s; — 1 — B)L(L — ;)] ds1ds,. (5.30)

X
=N

The double integrals in (5.29) and (5.30) are to be evaluated, but we shall
treat only the latter, which is somewhat more complicated. We use (2.31). A
rearrangement shows that the integral is equal to

“‘9192/ ] ha(e1ur, eauz) R(u, e1) R(uz, €2)du; dus, (5.31)
where h2(u1: UZ) - (aul 6“2 h)(ulauﬂ):

Rupe) = [ cosm((1=eg)o +es)Tls =1 (L= o)t -2 (5.3

—{00

Note that (5.26) is the same as {Rea| < 1+ Re < 1 — |[Rea|. Thus we may

take, for instance, Res = % as the contour; in particular, the pole s = —a can be
assumed to be on the left of the contour. Then, shifting the contour in (5.32) to
Res = 400 and to Res = —00, according as u; < 1 and u; > 1, respectively, we
find that if u; < 1 then

R(uj,e;) = 2miej cos mBL(— ﬂ)f u®(1 + eju)Pdu, (5.33)

and that if u; > 1 then
R(Uj, ej) = —2mie; cos %’n’ﬂf‘(—ﬂ)/ u*(]1 + eju]g _ uﬂ)du
Uj

u1+a+ﬂ

+ 27!'1:6_7' COS%ﬂ'ﬂF( ﬂ)m

+ 2micos (37((e; — Da+€;8)) F(1+ a)[(-1—a~-f). (5.34)
Hence, for u; > 0, u; #1,
Oy, R(u;, e;) = 2mie; cos zmf3 P(=B)ufl + eju; jP. (5.35)

On noting that R(uj,e;) is continuous for u; > 0 as (5.32) implies, we have, via
(5.31),

v, (1+a+ﬂ)1( 313; h) = 4'”-2 (COS %Wﬂr('—ﬂ))z ;z(a, ﬂ), (536)
with h as in (5.23). Analogously we have
4 %(l—cﬁ-ﬂ)i(aa Bih) = 4n=? (COS %ﬂ'ﬂ F(-ﬁ))z h(oy B), (5.37)

We insert these into (5.27), and apply the functional equation for (¢ to transform
the factor (g(—p), which gives (5.20). We finish the proof of Theorem 5.2 with
analytic continuation,
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Corollary 5.3. Let dp be the ideal divisor function on F. Let h(x) be such that
its embedding h(z,z’) is smooth and compactly supported on (0,00)2. Then we
have, for any @ 23 m > 0,

S dp(n)dr(n + mh(n/m) = { B + BE + BE} (0,0;h), (5.38)
ne0.
where

B{r)(0,0; h) = 45> IOgCD)“ / / h(u1, ua)Mp(m; uq, ug)dudu,, (5.39)
Dicr(2)

BO(0,0;h) = N(m)2 D avnv(ty((m)Hy (3)*®v(kv;0,0:k),  (5.40)
v

e ‘ TN(m)% N M v
BS!I) (Q, ;B: h) - 23\/T)_;10g € U'—'ZOO ('n—'z")

Xfw 0'2,':(771,21/) |CF(%+it,l/)l4
o N [Ge(1+ 2, 20)]°

®e (t + vw,t — vw;0,0; R)dt. (5.41)
Here

Mg (m; uy, up) = o(m)(log uyuz)(log(uy + 1)(ua + 1))
+ {o(m)(co — log N (m)) + 20’ (m)} log(uiua(uy + 1)(ua + 1))
+ o(m)((co — log N(m))? + ¢1) + 40" (m)(eo — log N (m)) + 4¢”'(m), (5.42)

where cy, ¢y are constants that could be made explicit, and

a™(m) = > (log N(2))* N (0). (5.43)
l(m)
Also,
®,(r1,72;0,0;h)
duydu
= [ [ b un) P ) P () S, (544
where
Pi(r;u)
i L(3 +ir)?
— 2Re | A 2
Re K () + sinh-rrr) (Lt 2ir)
x F(§ +ir, 5+ irs1 +2ir—1/u) ub =] (5.45)

with the hypergeometric function F.
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Remark. This is an extension of Theorem 3 in {9] to the field F. That h(z, z') is
supported compactly on (0,00)? makes the situation relatively simple. Otherwise
we would have to overcome a greater complexity that is similar to what is expe-
rienced in the proof of Theorem 4 of [9] (the dual case). Also, observe that the
product of two values of the hypergeometric function in (5.44) is closely related to
the free-space resolvent kernel of the Casimir operators £1; on the quotient space
G/K = H?, the direct product of two copies of the hyperbolic upper half plane.
This can be regarded as a higher dimensional analogue of a phenomenon noted on
p. 179 of [10].

Proof. The assertion (5.42) is the result of taking the limit on the right side of
(5.20) as (a,8) — (0,0), with the present choice of 4. On the other hand, (5.13)

gives

2
Z m(€) H Afn(e)(sj, 74;0,0)

€ mod [e3] j=1
(5.46)

2
= 2%1.(1) H{sin T35 — Au(€;) cosws; coshmry}
j=1

with € = € on the right side. Inserting this into (5.10) with our current specifi-
cation on h, we have the expression (5.44) but with

1 ) .
FPi{(r;u) = p—rs (ﬂl‘(s—%%—zr)l‘(s- %»zr‘)l"(l«s)2
4

x {sinws — A.(€) cosms coshwr}uds. (5.47)

fir=1- % with an integer [ > 1, an obvious transformation is to be applied to
the factor I'(s — £ — ir). We have

D(s— % +1
)/ (—2—2—+2F(1—s)2u’ds
3 D(5 — s +ir)

+ o ( o(€) — smhm) /(%) Hr(l - s)?u’ds. (5.48)

Invoking the Mellin—Barnes formula for the hypergeometric function, we get {5.45).
This ends the proof.

Pi(riu) = ( () +

smh T

6. The fourth moment of (v

Having obtained the spectral decomposition of B (e, 8;h) with (o, 8) in a ne-
ighbourhood of (0, 0), we are at the position to apply it to our principal problem
Z2(g, F) via (2.16). To this end we have to see if the condition (2.35) is satisfied
by h = g.:



74 R.W. Bruggeman & Y. Motohashi

Lemma 6.1. Let g.(z;~v,8) be defined by (2.17), and put

00 o0
ﬁ(51>82;e;7,5)=/0 /0 ge(eru1, e2uz; v, S)ud T ug "  duy dug, (6.1)

with e = (e1,e2), e; = £1. Then the function gsi,s2;e;~,0) is regular in the
domain
Re(s; —v—-9) <0, j=1,2 (6.2)

An analytic continuation of it is given by the representation

log €L

Gu(51,82;€;7,6) = C(y+6~a)(y+ 8~ s2)

« [ psiogen) [ o(0) [T [sin (6 — it + (-17°€)
—oa — 00 j=1

x cos 4m((1 = e5)(y — 53) + § — egilt + (~1)%))

X D(L= 8+ i(t + (~1E)T(s; = 7 — i(t+ (~1)%6)| dtdg, (6.3
where the t-contour separates the poles of '(1 =8 +i(t+ €))L (1 -8+ i(t—£)) and
those of ['(sy —y—1i(t—&))['(s2~y—i(t+£)) upwards and downwards, respectively;
and 8y, 92,7,0 are assumed to be such that the contour can be drawn. Moreover,
if v,8, and Re sy, Re s, remain bounded, then we have, regardless of (6.2),

Gel31,52,€,7,6) € (14 |sa] + |s2)) ™€ (6.4)

with any fixed C > 0.
Proof. We have, by (2.14),

logeo [ .,
gu(e1uy, equayy, 6) = g 0/ P (2€log eo)
ul i(t+£) u;” i(t—£)
6.5
x[‘gou+qmwﬁwgu+%wpﬂto dtdg  (6.5)

with u3, u2 > 0. Obviously
gulertiy, e2us;, 8) < (uqus) ™ 77° (6.6)

as u1,u2 [ oo. Shift appropriately the contour in the inner integral to see that
g+ is of rapid decay as w;,u2 | 0, and also as u; — 1 with e; = —1 or ug — 1
with ez = —1, either. These considerations yield the first assertion. Then, assume
temporarily that

Rey < Res < Re(y+J) < Rey+ 1. (6.7)
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Under this assumption,

Ga(s1,52;,€;7, 6)

loges [ .o o0 2 ‘ (6.8
=280 [" goctoge) [ o0 [[bo oot = (167 S)audg D
- —eo i
with
b = [ Z T, 6.9
(5,757, )~/O Txzf= (6.9)
We have, for any n € R, that
. Ms—vy—iml(y+4é-5)
/0 (1 + z)é—in dz = L(6 — in) ’ (6.10)
and
00 p8—y—in—1
[r,
:I‘(s-—'y—in)f‘(l—5+irl) Fy+68—s)T(L— 6+ in)
(s—~—06+1) L(y—s+1+in)
From these equalities, we get
2 . .
ba(s,m;7,6) == sin 3 (6 —in) cos (1 F 1)(y — ;) + 6 F in)
xD(s—y—ip)T(y+ 6 —s)I'(1 — 8 +in). (6.12)

Inserting this into (6.8), we have the representation (6.3) under (6.7), with the
contour ¢t € R. Deforming the contour appropriately we may drop the constrain
(6.7) and get the second assertion of the lemma. As to the decay property (6.4),
push the new contour far down. This ends the proof.

In dealing with (2.16), let us assume initially that

[Re(z1—23)| < co, {Re(zs — z4)| < co; (6.13)
Re z1, Re z3 > Cy, (6.14)

where Cp and cp are, respectively, sufficiently large and small positive constants.
Then the last lemma implies that g.(z; 21, 23) satisfies (2.35). Also the spectral
decomposition (5.19) can safely be applied to B(zy— 29, 23— z4; g«(-; 21, z3)) . Thus
(5.20)-(5.23) yield the decomposition

Ji(z1,22, 23,24, 9) = {f]s_r) + f](:) + 3(;)}(21,22,23; 243 9). (6.15)
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Here we have

J(I)(zx,zz,za, 24;9)

_ Cr(l =21+ 22)Cr(1 — 23 + 21)
VDF(r(2— 21 +22 — 23+ 24)
(r(1+ 21 — 22)Cr(1 — 23 + 24)
VDF (r(2+ 21 — 22 — 23 + 24)
Cr(1— 21 + 22)Cr(1 + 23 — 24)
VDE(r(2— 214 22 + 23 — 24)
Cr(1l+ 21 — 22)Cr(1l + 23 — 24)
VDR (r(2+ 21 — 22 + 23 — 24)

X (r(22 + 24 — 1)(F (21 + 23) (21 — 23, 22 — 24; 21, 23), (6.16)

Cr(z1 + 23 — 1)Cr(22 + 24)§+(0, 0; 21, 23)

Cr(z2 + 23 — 1)Cr(21 + 24)Ga(21 = 22,0; 21, 23)

Cr(21 + 24 — 1)Cr (22 + 23)G4 (0, 23 — 245 21, 23)

j-(:)(zl, 22, 23, 24;9) = (271'/_\/])_}?)2(23—-24)

X Zavnv(l)Hv(%(zl +2xn+z+z—1)Hv(G(1+21 — 22 — 23+ 2))
\%

X Hv(%(l — 21+ 23 — 23+ 24))®v(kv; 21 — 22, 23 — 24; 9.(; 21, 23)), (6.17)

_ (2m/y/Dp)Xza—za)41 i /m Zp(z1, 22, 23, 243, V)

q9(e) , cq) =
Y (21,22, 23, 245 9) 2% og €0 e J o GR(1 428, 20)2

X ®eg (t +vw,t — vw; 21 — 22,23 — 24, G« ("} 21, 23))dt, (6.18)
with

Zr (21, 29, 23, 2431, V)

=(p(3(z1 + 22 + 23 + 24 — 1) + it, —V)CF(%(Zl + 22+ 23 + 24 — 1) — it, V)
xgp(%(l +2z1— 23— 23+ 24) + it,-u)g'p(%(l + 21— 29— 23 + 24) — it V)
xgp(%(l — 21 + 22 — 23 + 24) + it, -V)§p(%(1 — 21 + 22 — 23 + 24) — it,v).(6.19)

The absolute convergence that is necessary to deduce (6.17) and (6.18) is amply
secured by (4.37), (4.38), (4.51), (5.14), and (5.16).

We have to continue the expansion (6.15) to a neighbourhood of the central
point pL = (%, %, %, %) We shall consider first the contribution of the cuspidal
subspaces, i.e., (6.17). We need to examine the function ¢ = ®y(ky; 21 — 22,23 —
24; g« (+; 21, 23)) . This has to be well-defined in the domain (6.13)-(6.14). In fact,
on noting (4.16) and (6.2), we may take the vertical lines Res; = %— as the
contours in (5.10) with the current specification. Then, it follows readily that ¢
is regular in the domain

{Re(z; + 23) > 2 and (6.13) hold}. (6.20)
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Also, shifting both contours to the left sufficiently far, we see, in view of (6.4),
that ¢ is of fast decay with respect to xy uniformly with respect to bounded
(#1,22, 23, 24) in (6.20). Thus we find that ﬂgf)(zl,zz, 23, 24; g) continues to (6.20).
In particular, it is regular at Pys that is, (21, 22, 23, 24) = Py, the right side of
(6.17) converges and represents 3% (p;;g).

As to the continuation of (6.18), the part corresponding to v # 0 is ana-
logous to the cuspidal contribution, and it is regular in (6.20). Thus, we need to
consider only the term with v = 0:

(2m//Dp)}22)41 £ (24, 25, 23, 24; 1, 0)
2%]og ¢p —oo CF(1+ 2it)(r(1 — 2it)

\I}t(zl — 22,23 — 24;9*(‘; 21, 23))dt7

(6.21)
where U, is asin (5.25), and (21, 22, 23, 24) still satisfies (6.13)-(6.14). Obviously
this continues to the domain where Re(z; + 22 + 23 + 24) > 3 and (6.13) hold.
Let us consider its subdomain where 3 < Re(21 + 25 + 23 + 24) < 1?3- and (6.13)
hold, and move the contour in (6.21) to Im¢ = 3. Poles we encounter are t =
—%(21 +22+ 23+ 24— 3)1, and those from the factor Cl}'l (1+2it). Here the argument
is analogous to that following (5.25). Thus, as before, we may suppose that the
resulting integral is regular in the domain where 1 < Re(21+22+23+24) < -lf and
(6.13) hold. Restricting ourselves to the domain where & < Re(z1+22+23+24) <
3 and (6.13) hold, we shift the contour back to R. This time the poles we encounter
are ¢ = %(zl + 22 + 23 + z4 — 3)i and those from the factor C{-l (1 + 2it). In this
way we obtain the desired continuation of (6.21), since the new integral over R is
regular in the domain

{Re(z1 + 22 + 23 + 24) < 3 and (6.20) hold}, (6.22)

which contains p 1- More precisely, this continuation of (6.21) has the expression

that is the sum of the same expression as (6.21) but with (21, 22, 23, 24) in (6.22)
and the residual correction

1/ ox \2z-z+l)
(\/—D_=F) CF(2— 29 — 23)(F(21 + 24 — 1)(F(2 — 21 — 23)

4
XCp(za+ 24— 1)((F(A— 21— 25 — 23 — :9'4))_1
X \Pé(zl+zz+za+z4—~3)i(zl 22,23 z4§g*('; 21, Z3))_ (623)

Let (") be the sum of (2.10), (6.16) and (6.23). This has to be regular at
Py, since we have, in a neighbourhood of p 1

9 =90 498 49l (6.24)
and have seen already that J itself and Cl(c), Jgf) are all regular at p 1 We write
My(g) =9 (py) +bog(—31) + a1g'(3%) + brg'(—3i), which is in fact a transform
of g. Also, we put Ay(g) = ®v(xv;0,0;0.(; 3, 3)) and Z,(¢; g) = B¢, (t—vw,t+
vw; 0,0; gu(+; %, %)), which are integral transforms of g.

In this way we have established an explicit formula for the fourth power
moment of the Dedekind zeta-function {r of a real quadratic number field F:
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Theorem 6.2. Let F be of class number one, and have the fundamental unit
€0 > 1 with norm equal to —1. Let g be entire and of rapid decay in any fixed
horizontal strip. Then we have, with transforms Mp(g), Av(g), and Z,(t;g) as
above,

| tee +initae) = Meo) + S e (D) o)

ICr(5 +it, v)[®
23‘/ﬁ-logfﬂ E / e (L + 2it 2oyp v (B9t (625)

Y==—0a

where Dr is the fundamental discriminant of F. Here (z(-,v), tv, nv, av, Hy,
are, respectively, defined by (3.15), (4.20), (4.33), (4.36), (4.48); and V runs over
an orthonormal system of Hecke invariant irreducible subspaces of L?(I'\PSL,(RR)?)
with I' being the Hilbert modular group over F.

Remark. This is an extension, to the field F, of Theorem 4.2 of [10] which asserts
a spectral expansion of

OO
2alg, @) = [ I6(3+ in)l*gl)ee (6.26)
hals- el

in terms of the spectral theory of L2 (PSLy(Z)\PSLy(R)). The corresponding
extension to the Gaussian number field is obtained in Theorem 14.1 of (2], where
Z2(g,Q(?)) is decomposed in terms of the spectral theory of L?(PSL,(Z[i])
\PSL,(C)). A common feature is the appearance of cubic powers of central va-
lues of Hecke series. This peculiar réle of cubic powers of Hecke series was first
found in |8}, where (6.26) is dealt with. It is even possible to show that any sin-
gle non-zero Hecke series contributes non-trivially to the formation of values of
respective zeta-functions (see Section 5.4 of [10] for the modular case). It should
be stressed that as is done for Z3{g, Q) in [10] we could give precise expressions
for the transforms Mp(g), Av(g), and Z,(¢;9).
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