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ON THE INTEGRAL OF PRODUCTS OF HIGHER-ORDER
BERNOULLI AND EULER POLYNOMIALS

MUHAMMET CIHAT DAGLI, MUMUN CAN

Abstract: In this paper, we derive a formula on the integral of products of the higher-order Euler
polynomials. By the same method, similar relations are obtained for [ higher-order Bernoulli
polynomials and r higher-order Euler polynomials. Moreover, we establish a connection between
these results and the generalized Dedekind sums and Hardy—Berndt sums.
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1. Introduction

The Bernoulli polynomials B,,(z) and Euler polynomials F,,(z) are usually de-
fined by means of the following generating functions:

uel? e u™
o ;)Bm(z)m (Juf < 2m)

and

2e4* = u™

=Y B (<),
m=0

In particular, the rational numbers B,, = B,,(0) and integers E,, = 2™E,,(1/2)

are called Bernoulli numbers and FEuler numbers, respectively.

As is well known, the Bernoulli and Euler polynomials play important roles
in different areas of mathematics such as number theory, combinatorics, special
functions and analysis.

This paper is primarily concerned with the higher-order Bernoulli and Euler
polynomials. We derive a formula for the integral having r higher-order Euler poly-
nomials and also for [ higher-order Bernoulli and r higher-order Euler polynomials.
The result is the corresponding generalization of some formulas discovered by Agoh
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and Dilcher [1], Hu et al [7] and also [3, 6, 10, 12, 13, 14]. From our formula, we
establish the connection between the sums of products of Euler (and Bernoulli
and Euler) polynomials and the reciprocity formula for generalized Dedekind (and
Hardy-Berndt) sums, motivated by Dagh and Can [5].

We now turn to higher-order analogues. The higher-order Bernoulli polyno-
mials B,(,?)(z) and higher-order Euler polynomials Eﬁff‘)(z), each of degree m in z
and in «a, are defined by means of the generating functions [13]

u \" u N gl
<e“—1> ¢ 7ZBm (z)m!

m=0

and

m

2 @ > U
uz _ () ()2
<€u+1> € *ZEm (z)mla

m=0

respectively. For o = 1, we have B,(ﬁ)(z) = B,,(z) and Eﬁ,%)(z) = E;,(2). They
possess the differential property

d d
() _ () () _ (@)
—dZBm (z2) =mB,,” (%), —dzEm (z) =mE (2) (1)

and reciprocal relations
Bl (a—z)=(-1)"B{I(z), B (a—z)=(-1)"E(z) (2)

which imply By(,ff)(a/2) =0 and Ey(,?)(a/Q) = 0 for odd m.
Also, we need the following expression of the Euler polynomials in terms of
Bernoulli polynomials:

Ba®) = —— {Buga(@) = 2" Buy (0/2)} 3)

forn > 0.

We summarize this study as follows: we first give several convolution for-
mulas for higher-order Bernoulli and Euler polynomials applying the generating
function methods, motivated by [4]. We also derive an integral formula for higher-
order Euler polynomials. By this, we extend the result of Hu et al [7] and Liu
et al [9]. By the same method, similar relations are obtained for ! higher-order
Bernoulli polynomials and r higher-order Euler polynomials, as well. Moreover,
we establish a connection between these results and the reciprocity formulas for
generalized Dedekind sums T} (¢, d) and generalized Hardy-Berndt sums s3 (¢, d)
and s4,,(c,d).

2. Convolutions of higher-order Bernoulli and Euler polynomials

In this section, we give some convolutions involving higher-order Bernoulli and
Euler polynomials which we will use in the next section.
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Differentiating the generating function of higher-order Euler polynomials as

follows

d ) n - oneuz 2neu(z+1)

— e =z —-n

du \\ev +1 (ev +1)" (et 4+ 1)"t!

B ni Uz
du (ev +1)"’
we have
n2n+leu(z+1) on+1,puz — d Uz
T @r ) Y AT

Taking z=x+y—1and n =+~ —1 leads to

2n+1eu(z+l) oo u™m o ’Y k

(ev +1 m=0 k=0
-2y (7)E <x>Eﬁzzk<y>W,
m=0k=0 ’
2n+1euz u™
2 " _9 —-1) E(ﬂ-i—v 1) —1)—
‘g = 2@ty 7;0 (+y—1)> —
and
d e u™
piana =2 BT @y - 1)—.
du (ev +1)" Z md ty-1) m!
um
By equating the coefficients of —» we get the convolution formula
m!
" (m
> (4)EP @EL
k=0
r4+y—1 _ 2 -1
=25 BT ey - D s g B ety =) ()
= EW) (x4 y).

Similarly, for higher-order Bernoulli polynomials, we have

y+B-1 T BB+ (5 1y — 1)

Ty -+
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(see [11, p. 145 and p. 129]). From the generating functions of the higher-order
Bernoulli and Euler polynomials, we can write

U " 2 " 2u "
xu yu _ u(z+y)
(75) () = (@5) <o

which gives the following

i (T,Z) B (@) B (y) = 2 B (‘T ; y) . (5)

k=0

3. Integral of products of higher-order Bernoulli and Euler polynomials

This section is devoted to obtain the integral of products of r higher-order Euler
polynomials. Also, we derive a formula for the integral of products of [ higher-
order Bernoulli polynomials and r higher-order Euler polynomials. Furthermore,
we relate these results to the reciprocity formulas for generalized Dedekind sums
T, (c,d) and Hardy-Berndt sums ss3 ,.(c,d) and s4,(c, d).

3.1. Euler polynomials

Let bs, ys, s be arbitrary real numbers with by # 0, 1 < s < r, and

~

Inl,“.,nr(‘r; b; y) = Inl,..“,nr ($; b17 ceey br; Y1, ~~'7yr)

I
_ (0‘8)
- [T B e s
0 s=1
Coir oo (@5 0:9) = Coay o (2361, ey by Y1, oy )

1 I
— (as) (as)
T alom) (HEn (bsz +ys) HE )

s=1

denote the multinomial coeflicients defined by

M M!
< >_ll’ ni+---+n.=M and nq,...,n,. = 0.
ni, s Ny NNyt

Then, we have the following formula:
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Theorem 3.1. For any u > 0,

~

Ing,..n, (2303 9)
12 a )
o N S R L L
-0 _ JLs e Jr—1
a= Jittir—1=a

X Cﬂl 7j17'”;774'7'717j'r'71an7'+a+1(‘T; b; y)

(_1);¢+1 T fr—1 : (k+1) (
- m / H Egloalg (bsz +ys) E, ZHL-&-l (br2 + yT) dz.
0 s=1

In particular if u =nq + -+ - + n,_1, we have

14

I, @ a j1 jr—1

a=0 Jitetir—1=a o dr—1
X b;a716n1_j17»--»nr—l_jr—17nr+a+1(x; b;y). (6)
Proof. Let
F(z) = BEY bz +y1) - ELm (bro1z + yron) -
Then
L

= [DE Gzt )z
T 0

= ; () . / (ar)
- [br T 1)!f( 2)En (brzﬂ/q«)}0 (OS] F(2) B (bez + yr) d.

Using p additional integrations by parts, we find that

x

a -1)° o
— /f (bpz+y.)dz = Z;) M [f(a)(Z)Er(zT;-)a+1 (brz + yr) 0

(_1)H+1 [ 1 ()
- m/f(’”‘ )( )E” T+u+1 (brz +y,)dz.
T .
0

Using the property of derivative
a a ; 4
Bt = X (" YA ),
=\ Jm
JittIim=a

and (1), we get the desired result. [ |
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Setting = 1 and by = a5 — 2y, with ys # as/2, 1 < s <, in (6) we have

fnl,.“,nr (1; ] — 2y1, cee, O — 2yr;yla ooy yr)

niteng g <(_1)n1+~~+nr+1 B 1)
- > Y (L e e
a=0 Jittir—1=a JLs s Jr—1 1 " ’

% bjll va lb—a 1E(041) (yl) c. E(QT*IX (yrfl) E(ar) (yr)

n1=j1 Np—1=Jr—1 ny+a+1
since B, (by +32) = BL?, (s —ys) = (=17 BSY, (y,) and gy + o+
jr—1 = a. Therefore, if ny +--- + n, + 1 is even, then

~

Inl,...,nr (17 a1 — 2y17 ceey O — 2%7 Y1, "'7y7") = 07

and if ny +---+ n, + 1 is odd, then

[nl,...,n,,. (17 ap — 2y17 ceey Qo — 2y7‘; Y1, -~-7yr)
nit-4ne—1

a (ar — 2yr) (our)
=2 -1 —E n r
;) ( ) (n'r +a+ ) n,+a+1 (y )
- st : (as)
oy (o TS e
Gt ]17- a]'r 1 s— ns_]s

For example, we have

1
3
/Eé?’) (72 —2) B§/? (—2z - 1) By (42 +1/2) dz =0
0

and

2 ) () )
E®( 2 By~ (0) Biy, (4)
t)ds =2 .
0 (=32 4)dz = 3;) 2—a) (11+a)

a

O\H

It is seen from the definition of the integral fnlw,nr (z;b;y) that the left-hand
side of (6) is invariant under interchanging the order of the integrands. That is,

for r = 2,
1
<m+n+ )b(fb2a1
a:O a

x (E D 0+ 90) B iy (b +92) = B (1) By (1)

1
<m + n + )bgblal

M

Ms

—a
a:O

x(E< Lo b+ 92) By (1w 1) = B (1) B ) - (7)
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So, we may investigate the reciprocity relation for sums of products of higher-order
Euler polynomials as follows: Let

T ()

m+n+1\ ., _._
D7 (" g B () L )

a=0

- afm+n+1\ ., _._
S 0 (" g Y ) B ).
a=0

We first rewrite this as

" nea (m+n+1 ara—n—
7= 3 (M g B ) B ()

o (_qymea (MAR LY e
S (M g () B ) (6)

Without loss of generality we may assume that n > m; in this case we separate
the sum from 0 to m and m + 1 to n on the first summation in (8), and rewrite
these as

—a(m+n+1\ oo
> (M e B () B o)

m4+n+1
_ m+n-+1 d—t—T11m—a
-y (o ( )b BB () B (1)

a
a=n+1

and

n

n—a (T +n+ 1 n—apa—n—
Z (=1) ( a )bl by lEc({Y) (y )Efnj-n—&-l o (Y2)

a=m-+1

& mti—a (MAn+1\ 4 m1ma
-3y ( )b B0 () B ().

a
a=m-+1

Thus, we have

_ 1 et m+1 afm+n+1
- bm+1bn+1 Z
a=0

x byt g ) B (y). (9)

Combining (7) and (9) gives the following reciprocity relation for sums of products
of higher-order Euler polynomials:
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Corollary 3.2.

u afm+n-+1 Ca—
S () ( )b%bg ED, (b 4 1) By 1 (o + 42)

=0 n—a
m
m+n+1\ ., o
S 0 (" g Y e ) B (i) (10
a=0

1 it m+n+1
1— aipm—+n —a
= prFLpnl § : (_1)m+ ¢ ( a >b1b2 et E?S:Z—)&-n—&-l—a (yl)E((zﬁ) (y2) -
1 2 a=0

In particular for y; = /2, y2 = 8/2 and even (m + n), the right-hand side of (10)
vanishes.

Remark 3.3. Beginning from the left-hand side of (10) and using the arguments
in the proof of (9), the right-hand side of (10) turns into

1 mgzjrl (_1)m+17a (m—l—n—‘r 1)
b'{n+1bg+1 a=0 a

X BIbE BT (b ) B (bo ).
So it follows that for all x,

it m+n-+1

> ( . )b%b?*”““EﬁzinH_a (biz + 1) B (bo + )

a=0

m+n—+1
o (Mm+n+1 mantl—a
=5 v (M g B ) B ().
a=0
e Let by = by = 1 in (10). Then the right-hand side becomes, with the use
of (2),

m+n+1 m+n+1 ( )
-)"T= > ( " )En7+n+1a (v =v1) ES) (y2) .
a=0

Now using (4) by taking z = y, and y = v — y1, (10) reduces to

- afm+n+1
S () ( )Efi_)a @+ 90) By (z+ 30)

a0 n—a
- afm+n+1
B E) ( )Eﬁz>a<x+yz>E£@a+l (e + )
=0 m —a
nY2—y1+7 -1 (y1p5-1)
=2(-N"LA ' “Fp - -1
( ) ’Y"’B_l m+n+1 (y2 Y1 +Py )

1" 1
- Q,MI-ET(JIT?-FQ) (y2—y1+7-1)

= ()" B (o — 1+ ).
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e Setting by = 1, bo = —1 and using (4), (10) becomes

" m4+n+1
S (" B ) B (- 0

=0 n—a
m+n+1
#3 (" B - ) B )
a=0

Y2 + O 1 +5—-1 2 +8—1
= QW 7(3+5+1) (y2+y1 —1) — mEﬁlﬂfw) (Y2 +y1—1)

=B (o).

e Set B=7=1,b; =2and by = —1 in (10). In view of [4, Theorem 6], (10)
becomes

n
Z m+n+1\_ 1144

( n—a )2 T En—a (22 +y1) Brgat: (=2 +12)
a=0

im0\,
+2 < m—a >2 Em-o (=2 +y2) Entat1 (22 + 1)
a=0

m+n+1
m+n+1\_,
= Z ( )2 Eq (y2) Epgnti-a (1)

a
a=0

2y +
= Emin12y2 +y1) + 2" E L L (M>

2
metn 2yo +y1+1
-9 + +1Em+n+l (2 .

e Let y=p=1and y; =y =0 in (10). Then,

- m+n+1\ ., _a_
Z < >b1b2 'Enq (b17) Erntat1 (b27)
a=0 —a
m+n+1\ ., _._
_Z ( . >b2b1 "Er—a (b22) Enyat (b12)
m-+n—+1
1 m+1—a m+n+1 arpm+n+l—a
= T Z (—1) ( . >b1b2 +nt
1 2 a=0
X Epmtnti—a (0) E4 (0). (11)

From the property Ban+1(0) = 0, n > 1 and (3) for # = 0, we have
(—1)* E,(0) = —E,(0) for a > 0. Then, the right-hand side of (11) can
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be written

B (_l)nL m4+n+1 m + n + 1 babm+n+1_a
- bTH_lb;H_l Z a 192

a=0
(=b2)™
X Epint1-a (0) Eq (0) — 225~ b Bt (0). (12)

Remark 3.4. Kim and Son [8] proved the reciprocity formula for generalized
Dedekind sums T;.(c, d) as

r
a

cd" T (c,d) +dc"T,(d, c) = ;Z(

)dalcrlaEa<o>Er_a<o> +Bpa(0), (13)
a=0

where T,.(d, ¢) is defined by

= (I\ = (¢
Lled)= 3, (-1 E (d) br (d>
7=0
in which
E.(z) = E.(z), 0<z <1,

E.(z+p)= (-1 E,.(x), p €Z.
It is seen from (12) and (13) that the reciprocity formula of the generalized

)
Dedekind sum 7,.(¢,d) can be written in terms of the reciprocity relation of Euler
polynomials.

3.2. Bernoulli and Euler polynomials

Theorem 3.5. Let b; and y,, 1 < s < [+ be arbitrary real numbers with b # 0.
Let N =nq!---ny!mq!---m,! and

Jn1 ..... mT(xabvy) = Jnl, ,My (1' bl,“- bl+r;y17"'7yl+r)

T r
:N/H bz+y)HE1(7’%)(bl+iZ+yl+i)dZ,
s=1 =1

Dm,---,mr(x;b§ y) =

b

ey My (x7 blv ceey bl+r;yla "'ayl—i-r)

T

1 v
¥ H B (bew + ys) [ [ LY (briz + yisi)

s=1 i=1

l r

—%HB&S)( )HE(ﬁ)(ler)

s=1 i=1
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Then, for p=n; +---+n+my +---+mp_q,
" a
Ty, (@3 b3y) =Y (=1)° > ( , )
a=0 It digey=a ML A=l
r— - 1
X bjll ’ bﬁ:r lllerar Dnl—jh---,mr—l—jz+7~—1,mr+a+1(x; b; y)

Proof. The proof can be obtained by using the arguments in the proof of Theo-
rem 3.1. |

In order to obtain the reciprocity relation for sums of products of higher-order
Bernoulli and Euler polynomials, similar to T, we define

= a [T +n+ 1 ap—a—1 () (B)
Ty = Z (_1) bib, B,”, (1) Em+a+1 (y2)

n—a

" afm+n+1\ . _._
e ( )b2b1a ED  (42) BY, L ().

m—a

= afm+n+1\ . _._
=) (-1 < >b1b2 LB, (b 1) B oy (ba + 2)

=0 n—a
m+n+1\ ., _a
- Z ( —u )5251 lET(JZa (b2 + y2) Br(l[i)aJrl (b1 +y1)
_ 1 m+zn+1 (_1)m+17a <m+n+ 1)
b;n+1bg+1 prt a
X bEby T B () BO), (1) (14)

Notice that the right-hand side of (14) vanishes for y; = v/2, y2 = 8/2 and even
m +n.

e Setting 8=+ =1 and by =2, by = —1 in (14), we get

m—+n—+1
m m+n+1\_,
2 +1T1 = — Z ( >2 Ea (y2) Bm+n+1—a (yl)

a
a=0
N 20 +1y1 +1
= —Bptnt1(2y2 +y1) + 2" (m 4 4 1) By (yQle>
2

by [4, Theorem 10]. After similar manipulations to T, we have for v = 3
and b2 = bl =1

m+n+1 m+n+1
)= Y ( )szinﬂ =) ED (3.
a=0
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In view of (5) for x = — y1, y = y2, we get
. 1) Y— Y1+ Y2
7= (-1)" 2" B <2> .

e For y; =y2 =0 and v = =1, T1 can be written as

- af(m+n+1\ .
T1=Z(—1) ( n—a >b1b2 'Bp_a (0) Eptas1 (0)

m+n-+1 Ca—
- Z < —a >b§b1 1Ejmfa (0) Bn+a+1 (0)

a=0

(_1)m+1 m+n—+1

afm+n+1 mtntl—a
= b11n+1bn+1 Z (_1> ( a )b(llb2 ol BernJrlfa (O> Ea (0) .
a=0

Using (3) for z = 0, we get

T (_1>m+1 m+n+2(_1)a71 m+n+1
1 — b71'n+1b’n+1 p a — 1

2
% ba lbm+n+2 aB 2 a (1 _2(L>B

Therefore, we have

" afm+n-+1 Ca—
Z (_1) < n—a )blllb2 1Bn*aEm+a+1 (O)

m+n+1\ ., _._
o Z ( —a >b2 bl lEm—a (0) Bn+a+1

-ym 2 mi“(_l)a (m+n+2>

= 2 T
bRt m 4 n + 2 pt a

X BTt (1 29 B0 o B,. (15)

Remark 3.6. Observe that the sum on the right-hand side of (15) is the reci-
procity formula for the Hardy-Berndt sums s3 (¢, d) and s4.,(c, d) given by [2]

(r+1) (cd"ss, (c,d) —272d (2¢)" sa,r (d, C))
r4+1
= 22 (T . 1) ) *d™ (1 - 2%) ByBry1-a, (16)

where d and r are odd and

rled) = S (1P B, (5) L siled) =43 B, (23) .
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Thus, the reciprocity formulas given by (15) and (16) can be associated as

- mea (MAN+1\ ioiana
> Y B B (0)

n—a
a=0

i _ 1
B Z (—l)m a (m +n+ )bg+1+ab1in+l—aEm_a (O) Bn+a+1
= m—a
= bibhss (b1, ba) — 27 2b2(2b1)" 54, (b2, b1 )

r+1

2 a T+1 apr+l—a a
:T+IZ(—1) ( . >b1b2 (1—2%) Byi1-aBa

a=1

for odd integers r = (m +n + 1) and bs.

From this relationship, (15) can be evaluated for some special cases. Since
s3.+(d,1) =0 and s4,,(d,1) = 0, we have

- af(m+n+1\ _,_
Z(_l) ( >b 1anaEm+a+1 (0)

=0 n—a
- o (Mm+n+1Y ,
- )0 s O) B
m—a

a=0
= (_1)mbm53,m+n+1 (1,0)

for odd integers (m +n + 1) and b, and

S (" Y a0

n—a

- afm+n+1\ _,_
NCI( )0 B 0) B
a=0

m-—a
—_ (71)m+12m+n71bn71547m+n+1(1’ b)

for odd integer (m +n +1).
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