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FUNCTIONAL EQUATION FOR THE MORDELL-TORNHEIM
MULTIPLE ZETA-FUNCTION

TAKUYA OKAMOTO, TOMOKAZU ONOZUKA

Abstract: We show a relation between the Mordell-Tornheim multiple zeta-function and the
confluent hypergeometric function, and using it, we give the functional equation for the Mordell-
Tornheim multiple zeta-function. In the double case, the functional equation includes the known
functional equation for the Euler-Zagier double zeta-function.

Keywords: Mordell-Tornheim multiple zeta-function, functional equation, confluent hypergeo-
metric function.

1. Introduction

Let r be a positive integer, s; be complex numbers for j = 1,2,...,r + 1, and
i = +/—1 in this paper.
Matsumoto [8] introduced the Mordell-Tornheim multiple zeta-function

oo

1
CuT,r (81,05 Sy Spp1) = Z (1.1)

m‘il e mi"'(ml _|_ P _|_ mr)sr-#l

mi,...,mp=1

which is absolutely convergent in a certain region (see Lemma 2.1). In the case
r = 2, this series (1.1) was introduced by Tornheim [12| and he studied its values
when these complex variables are integers in the region of absolute convergence.
Also Mordell [10] independently considered the case s; = so = s3 of the above
sum, and studied the values of the following multiple sum:

o0
S omiteem ey )

mi,...,Mp=1
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where a > —r. Also Matsumoto [8] proved that (1.1) can be continued mero-
morphically to C"*! by the Mellin-Barnes integral formula and he determined the
possible singularities of (1.1).

The major purpose of this paper is to study the functional equation for (1.1).
In the case of the Euler-Zagier double zeta-function which is defined by

oo
1
Cez2(51,52) = Z W’

m,n=1

(1.2)

the functional equation has been studied by Matsumoto [9]. We also note that
(1.2) is absolutely convergent when Rso > 1, Rs; + Rsg > 2 (|8, Theorem 3|) and
can be continued meromorphically to C? (|1, Theorem 1], [14, Theorem 5|, [8]).
In [9], Matsumoto gave the following functional equation for (1.2):

Theorem 1.1 (|9, Theorem 1]). We have

U,V 1—v,1—u AL
(27r)“4f]”(_11"21 ~) = g(i“‘“’_ll“(v) ) + 2isin <§(u +v— 1)) Fy(u,v), (1.3)

where u,v are complex variables and Fy(u,v), g(u,v) are defined by

Fi(u,v) =Y oupo1(k) (v, u+ v; 2mik), (1.4)
k=1
g(u,v) = Cpz2(u,v) — MI‘(u—H}—l)((u—Fv—l), (1.5)

T(v)

respectively. Also we put oy(k) = Zdlk d' and the confluent hypergeometric func-
tion
¢

1 OO(ii _ _ —ae
Vacn) = g [ e gy, (1.6

where fa >0, -7 < ¢ < m, |p +argz| < 7/2.

The infinite series on the right-hand side of (1.4) is convergent only in the
region Ru < 0, Rv > 1. However it can be continued meromorphically to C?
and satisfies a good functional equation ([9, Proposition 2]). The function g(u, v)
is a modified function of (1.2), and the equation (1.3) implies that g(u,v) has a
relation at two points (u,v) and (1 — v,1 — u), thus the above theorem can be
regarded as a functional equation for the Euler-Zagier double zeta-function. Fur-
thermore, we have to note that Matsumoto gave the generalization of Theorem 1.1
([9, Theorem 2]).

In the present paper, we discuss the same type of functional equation for the
Mordell-Tornheim multiple zeta-function. We have to prepare some functions to
state the main theorem. First we introduce two divisor functions

O'a(gla"'ag'r‘): Z d*

dley,....d|e,
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and
§ : s ” ”
UMT,T(Sla .. .,ST,ST+1;£1, . ,fr) = dll . di (dl + - +dr)s +1,
di|ly,....dr €
where {1, ..., ¢, are positive integers and a is a complex number. We call ¢, and

omT,» by r-divisor function and Mordell-Tornheim r-divisor function, respectively.
These functions fulfill an important role in the present paper.
We also introduce two functions

oo
Fi o 0'81+“~+S7‘+171(€17 e 767“71)
. (81,...,8r+1) - § 651 ”.Es,,,,l
€17"'7é’7‘71:1 1 r—1

X \I/(ST+1,ST+ST+1;:|:27Ti(€1 ++£r—1)) (17)

which performs the same role as (1.4) and this function is absolutely convergent
when Rs; > 1, Rs, < 0 and Rs,y1 > 0 for 1 < j < r — 1 (see Theorem 3.3).
Moreover, it can be continued meromorphically to C™** (see Theorem 3.4). Fur-
thermore, we put

gr(s51 Sr41) = 1 /OO ysret
r 50y OT = 1
[T;5: T(s5) Jo

j=1
r—1 fo%e)

x Hf(syyy)/ 2> 'z, +y)de, | dy,  (1.8)
j=1 0

o s—1
where f(s,y) = / eziliildx and h(z) = 1/(e* — 1) — 1/z. This function
0

performs the same role as (1.5) and can be continued meromorphically to the whole
C™*1 space (see Theorem 3.4). Then we have the functional equation for (1.8).

Theorem 1.2.
We have
g’r‘(_sl7 ey —Sp—1, ]- - ST+17 ]- - S'r‘)
isr+sr+1_1F(ST+1)
Zi(srt+sry1—1) pt —Zi(sptspp1—1) p—
+e2Crtorn=Dpt (g sq)+e 2Ot TR (g s0)
o gT(Sla ey Sp—1,Sp, S'r‘—‘,—l)
(@m) T = s,)
) o]
— T (gt Spa1—1 .
+ e % (oreri—) E oMT,r—1(515- -+, Sr—1,Sr + Sp1 — L3 01, ..., 4rq)
51 ..... Zr_l—l

X {\I/(Sr+17 Sy + Sr41; 27Ti(€1 + -+ gr—l))

+ \II(ST+17 Sr+ Sr413 _27Ti<£1 + 4+ Erfl))}~
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In Section 3, we will prove

gr(sla .. '357“—&-1) = CMT,T(‘Sl? ey Spy 5r+1)

T'(1—s,)(s, a1 — 1
- ( i ) (S ts + )CMT,T‘fl(sla"'vs’r‘fl;ST+ST+1 - 1) (19)
L(sr+1)

Hence, by (1.9), we are able to regard this theorem as the functional equation
for the Mordell-Tornheim multiple zeta-function. Hence Theorem 1.2 is the main
theorem in the present paper. Also, we note that Theorem 1.2 is a generalization
of Theorem 1.1. Indeed, we will give the equation

T'(1—s2)(s24+s35—1)
[(s3)

92(s1, 82, 83) = Camrr,2(81, 82; 83) — Cura(si;s2+s3—1)

by (1.9). Hence we have
92(0, 51, 82) = g(s1, 52) (1.10)

since Carr,2(0,51552) = Crz2(51,52) and (ur1(05s1 + s2 — 1) = ((s1 4+ s2 — 1).
Moreover, we have

0 81, 82) Zagﬁs,“ 1(0)W(s9, 81 + s9; £2mil) (1.11)

and
omr(0,81 + 52 — 15€) = 04, 45,—1(£). (1.12)

Substituting (1.10), (1.11) and (1.12) to Theorem 1.2, we obtain Theorem 1.1.

We have to study (1.8) and show the relation between the Mordell-Tornheim
multiple zeta-function and the confluent hypergeometric function (see Theorem 3.3)
to prove Theorem 1.2. Moreover, to show the relation, we have to use the residue
of calculus around the contour C'(R) and D(R) (see proof of Theorem 3.2). The
same type of the residue calculus in the present paper has been often applied to
study the functional equation (e.g., [3], [6], [7] and [9]).

Also (1.1) relates with the zeta-function of the root system of type A, defined
by

o0
CT(S§AT) = Z H (mz+ +mj_1)_5ij7
my,...,my=11<i<j<r+1

where s = (s;;) € C""+1)/2, In fact, we have

Cr(5§ Ar) = CMT,T(5127 <oy Srrdl;s 31,r+1)7
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where s = (s12, 523, 534, - - -, Srr+1, 51,041, 0, - .., 0). Especially, the zeta-function
of the root system of type As is identical with the Mordell-Tornheim double zeta-
function. The zeta-function of the root system is introduced by Komori, Mat-
sumoto and Tsumura [5] and this function is a generalization of the Witten zeta-
function introduced by Witten [13] which is an important function in mathematical
physics. Hence it is valuable that we study the functional equation for (1.1) in
this viewpoint.

In the next section, we give two lemmas to prove Theorem 3.4 which implies
that g,(s1,...,8.+1) can be continued meromorphically to the whole C"*!. The-
orem 3.4 is one of the most important theorem to prove Theorem 1.2.

2. The region of absolute convergence and convolution for {asr,»

First we give the region of absolute convergence for (1.1). This is the generalization
of Theorem 2.2 in [11].

Lemma 2.1. The series (1.1) is absolutely convergent when

J
Z%Ske + %3r+1 >

=1
with1 <k <ka<---<kj<r foranyj=12,...,r.

Proof. We prove this theorem by induction. In the case r = 2, this theorem
is Theorem 2.2 in [11]. Hence we assume the validity of Lemma 2.1 in the case
r =k, and we will prove Lemma 2.1 in the case r = k + 1. By Lemma 2.1 in [11]
as n = mgy1 and m =my + - - - + my, we have

ICM T k41(S15 -+ 5 Sk15 Sky2)|
< i 1 - 1
R (X oyt Mt mki’”l“ (my+ - 4 My ) Rk
3 ! (Rsps1 > 1)
Sk+1
k=1 m?sl . m?sk (ml + P + mk>§RSk+2
o0
log(my + - - -+ my)
< > Rsp1=1)
e m?h R mek (ml 4+ mk)%sk+z
= 1
> , (Rspp1 < 1).
=1 m?sl e m?‘sk(ml + -+ mk‘)%sk+l+%5k+271

By the assumption of Lemma 2.1 in the case r = k, we obtain Lemma 2.1 when
r=k+1. |
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Next we introduce a convolution of the multiple zeta-function. We put

Z flmy,...,m;)

C]V[T,T(sla"-aST;S’I‘Jrl;f) = m‘il ~'~me(m1 + +mr)s’“+1’

M ,eeey myr=1
where f is a multi-variable arithmetic function.

Lemma 2.2. Let a be a complex number. Then, in the region

Rsp, +RNspp1 > 1 (1
Rsk, + Rsp, + Nspyp1 > 2 (1

Rsk, + Rsp, +---+Rsg,_, + Rspp1 >r—1 1<k <ke<- - <ko_1 <),
Rs1 + RNsa + -+ - + Nspy1 > max{r, Ra + 1},
we have

C(s —a)Curr (8155803 Sr1) = Curr (S15- -, Spi Spg1; 00 (M, ..o ymy)),
where s =51 + -+ + Sp41.

Proof. In the above region, (arr,(S1,...,5r;Sr41) and ((s — a) are absolutely
convergent by Lemma 2.1. Hence we have

C(S - a)CMT,’I"(Sla ey Spy errl)
0o

na
= Z (nmq)s1 -+ - (nmy.)5r (nmy 4 - - - + nim,. ) Sr1

n,mi,...,mp=1

> Zn\ﬂl,.“,n\fr n®
(‘il ce i ([1 4+t [T)Srr-+1 ’

Ly, lr=1

Therefore we obtain this lemma. | |

3. Integral expression for (a7, and the properties of g,
We give the following integral expression for (1.1).

Theorem 3.1. In the region Rs; > 1 and Rspy1 > 0 for 1 < j < r, we have

_ 1 > Spp1—1 - .
_H7‘+1 F(s])/o () Jl;[lf(sjvy) dy7 (31)

=1

Cmrr (81,3805 Sr41)

s—1

(oo}
where f(s,y) = / ezicryialac fory >0 and s € C with s > 1.
0
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Proof. First we assume Rs; > 1 and Rs,41 >0for 1 <j<r. For 1 <j<r, we
have

T(s;) Y e ™¥m; ™ = f(s;,y). (32)

mjzl
By (3.2), we have

r+1 o)
HF(SJ‘) Z ml_sl _,.m;sr(ml _|_..._|_mT)—sT+1
J=1

T

= [ et Tt | v

Jj=

[

This equality is justified since Rs; > 1 and s, > 0 for 1 < j < r. Hence we
obtain Theorem 3.1. [ |

Next, using the function h(z) = 1/(e* — 1) — 1/z, we divide the right-hand side
of (3.1) in order to deform the path of the integral. We have

T, (S15-- 5 Sr3 Sp41)
1 P b= T et
:m/o Yy jl:[lf(sj7y)/0 7 h(ze + y)da, | dy
1 % i1 = !
! H;fmsj)/o Y Hf“j’y)/o PR
=gr(S15- -5 Sr41) T 95 (S1, -y Sr41), (3.3)
say. Using (3.1) and the reflection formula
/°° 2. da, = y* T (s,)T(1 — s;),
0o Trty
we have
r—1

* _ (1 —sr) > Srtspy1—2
oo sorat) = e | v (T | av
(1 —5.)0(sp 45,41 — 1)
- [(sr41)
ySr—138p + Spy1 — 1).

X Cprr—1(81, -

Substituting (3.4) to (3.3), we obtain (1.9).
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Now we start to consider the functional equation for (1.8). We first deform
the path to the contour C, which consists of the half-line on the positive real axis
from infinity to a small positive number, a small circle counterclockwise round the
origin and the other half-line on the positive real axis back to infinity. We also
remark that $log x,. varies from 0 to 27 round C. Hence we have

1
9r(S1, -y Srp1) = T

(e2misr —1) Hj:l (s5)

- r—1
></ ysr+1—1/ 25 h(z, + y)da, Hf(sj,y) dy.
0 c ’
J=1

The right-hand side of the above equality is absolutely convergent when $s, 11 > 0,
Rs, <1 and Rs; > 1 for 1 < j <r— 1. In fact, by the following estimate in [4],

h(z +y) = O(e 5% 4 (|z| + 1)71), (3.5)

which holds with a positive absolute constant K, uniformly for any x,y € C U
[0, 00), we obtain

/ 5 h(x, + y)de, = O(1) (3.6)
c
when Rs, < 1. Also, for Rs > 1, we have

f(s,0) = 0(1) 3.7)

since

7l if0< 2 <2,
e? —1 e ifx>2.

Then, in the region $s, 1 > 0, Ns, <l and Ns; > 1Lfor 1 < j<r—1, we
have

0o
g?"(sh cety 87“-'1-1) < / ymsr+171f(%515 y)dy < 17
0

where the first estimate is justified by (3.6) and (3.7), and the second follows from

1 ifo<y<2,

3.8
eV ify>2 (38)

f@w%K{

for ®s > 1.
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Next, changing the path of the integral in x,, we obtain the following theorem:

Theorem 3.2. In the region s; > 1, Rs, <0 and Ns, 11 >0 for 1 <j<r—1,
we have

—2m
gr(Sla---asr-i-l) = - p Ir(n)7 (39)
DT 2

where

00 r—1
Ir(n):/ Yo (—y 4 2min) St Hf(sj,y) dy. (3.10)
0

j=1

Proof. First, by the residue theorem, we obtain

R/2 r—1
/ o / w3 " h(wy + y)da | T £(s5.0) | dy
0 C(R) j=1
R/2 i
+/ y3r+1—1/ e h(z, +y)de, | ] £(si09) | dy
0 D(R) J=1

R/2
= —2m'/ yorot Z (—y + 2min)*" Hf si,y) | dy (3.11)
0

In|<N,n#0

where R = 27(N + 1/2) for a sufficiently large positive integer N, the contour
C(R) consists of the half-line on the positive real axis from —y + R to a small
positive number, a small circle counterclockwise round the origin and the other
half-line on the positive real axis back to —y + R and the contour D(R) consists
of a circle of the radius R clockwise round —y.

By the above argument, we have

R/2
/ S+l / 5 h(z, + y)dx, f(sj,y
0 C(R)
(o)
—>/ ys"“_l/ x5 h(x, 4 y)da, f(sj,y (R— o0) (3.12)
0 c

in the region fs; > 1, Rs, <1 and s,y >0for 1 <j<r—1.
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Next we estimate the second term on the left-hand side of (3.11). By (3.7) and
(3.8), we have

R/2 r—1
/ yorot / o (e + y)da, | [T F(si0w) | dy
0 D(R)

j=1
2 R/2
<< RéRST / ymsr+171dy + / y%ST+17167’ydy
0 2
< R®™" 50 (R— o) (3.13)

in the region Rs; > 1, Rs, <0 and s, >0for 1 <j<r—1.

Lastly we consider the right-hand side of (3.11). In the region ®s; > 1, Rs, < 0
and Rs,.41 >0 for 1 < j < r —1, we obtain

/OO Srp1— 12 —y + 2min)®~ Hfsjv dy
0

n#0

2 0o
< / ygﬁs”l_1 Z|—y + 27rin|§RS'”_1dy
0

n=1

o o
+/ yRsra—l Ze_y|—y—|—27rin|%s*_1dy
2

n=1
2 e o] 'S} e3¢}
<</ y“?sr“_ldyZn?RSr‘lJr/ e Tlemudy N el <1 (3.14)
0 n=1 2 n=1

by (3.7) and (3.8). Hence we have

R/2
727ri/ oot Z (—y + 2min)*r Hf s5,y) | dy
0

n|<N,n£0
—27Ti/ ySr+iTl Z —y + 2min)® " H f(sj,y) | dy (R — 00)
0 n#0
(3.15)
in the region fs; > 1, Ns, <0 and s,y >0for 1 <j<r—1.
Therefore we obtain Theorem 3.2 by (3.12), (3.13) and (3.15). |

Now we assume Rs; > 1, Rs, < 0 and Rs,41 > 0 for 1 < j < r —1. Then,
in the case n > 0, by (3.2) and changing the variable of the integral for I,.(n) by
y = e~ ™/221ny’, we obtain by using (1.6) with x = 2wn(my + -+ m,_;)e”™/?
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and ¢ = 7/2 that

0o r—1 00
SoLm =3 (IIrey| > myt w2
n>0 n=1 \j=1 My, Mp—1=1

o0
x T(s741) Z my°t- .m;_s'i_l
My ,...,Mp_1=1
o0
X Z nS s TN (s 0y s, 4 sy —2min(my 4+ Fme_q)).
n=1
Similarly, in the case n < 0, changing the variable y = 27e™/?|n|y in the integral
for I,.(n) and using (1.6) with = = 27|n|(my +--- +m,_1)e™/? and ¢ = —7/2 we
obtain

r—1
3 L(n) = —(2r)srrerateni@oten=0/2 (T 0(s))
n<0 Jj=1

oo

xPlspn) 3 meem 5

o0
X Z ns"JrST‘*l*l\Il(er, Sp+ Spy1; 2min(my 4+ -+ mp_1)).

n=1

Hence, using the formula

1 I(1—-s,)
[(s,)(e2misr — 1) 2miemisr '
we obtain
oo

Gr(515. . 8pp1) = (2m)5 T8I0 (1 — 5,.) Z my®teem, S

My, Mp_1=1

o0
% {e—ﬂi(sr%-swl—l)/? § psrtsr1—1

n=1

X U(Spq1,8r + Spp1; —2min(my + - -+ +myp_1))

oo
+ eﬂi(s,,v+s,,v+1fl)/2 § nsT,Jrs,,qufl

n=1

X U(Sp41,8r + Spt1;2min(my + -+ + mr,l))}. (3.16)
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We remark that the definition of the confluent hypergeometric function ¥ is
given by (1.6). Then, putting £; = m;n and changing the sum on the right-hand
side of (3.16), we can express (1.8) in terms of (1.7):

Theorem 3.3. In the region s; > 1, Rs, <0 and Ns, 1 >0 for 1 <j<r—1,
we have

gr(sla AR 5r+1) - (QW)STVJFSTJrlilF(l - sr)
 (emortor s VR E (o, sya) + e O R (51 ).

(3.17)

Recalling (1.7) and (1.9), Theorem 3.3 shows the relation between the Mordell-
Tornheim multiple zeta-function and the confluent hypergeometric function. Now
we have to consider the analytic continuation for (1.8) to give the functional equa-
tion for (1.8).

Theorem 3.4. The functions FX(sy,...,8.41) and g.(s1,...,5,41) can be con-
tinued meromorphically to the whole space C™T1.

Note that the region where Theorem 3.3 is valid can be extended to the whole
space by Theorem 3.4.

Proof of Theorem 3.4. First we assume #s; > 1, Rs,, < 0 and Rs,4q > 0 for
1 < j <7 —1. Then, by Theorem 3.3, it is sufficient to show that F* can be
continued meromorphically to the whole C"*1.

Applying the formula (cf. [2, 6.5 (6)])

V(a,c;r) =2 “V(a—c+1,2—c2) (3.18)
o (1.7), we obtain
FTi(Sl,.. Sr+1)
_ > Os s 1(61 'Hagrfl)
+9ri 1—8p—Spt1 ;Jr +Srp1— )
( ) . ; 691 A g r 1(61 4. +ér71)s7'+sr+l_1
XWU(l—8.,2— 58 — Spp1; 2w (01 + -+ -+ Lr1)). (3.19)

We remark that we have the asymptotic expansion (cf. [2, 6.13.1 (1)])

N1
— 1
(a,c; ) Z (a c+ (@) Eemek 4 py(a 6 ), (3.20)

where N is an arbitrary non-negative integer, (a)r = I'(a + k)/I'(k) and

pn(a,c;x)
—DN@a—-c+1 o e [P (=Nt c—a—N—
_ =D (F(a) )N/O ey N 1/0 ((N—)l)! (L+ry)— e~ drdy.
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Applying (3.20) to (3.19) and using Lemma 2.2, we obtain

F;t(sh N Sr+1)
N— 1
F(srg1)k(1 — 80k
2 i?m PR CMTr—1(81, -+ -5 Sr—13 Sp41 + K)C(=8r + 1+ k)
N1—5.—s = Osy+-- +Srp1— 1(61,...,57‘,1)
+ (E£27i) s s . fu :
h,.u%lzl G L (Gt )t

X pN(1 = 8,,2 — 8, — Spy1; 2100 + -+ £1)). (3.21)

Applying the estimate (cf. [7, (6.2)])

lon (1 — 85,2 — 80 — Spy1; £2m0(01 4+ - -+ 41))]
< |(sr41)n|D(=Rs + N +1)

w195, 1 +HS50110/2 (90 (0, 4 - 4 £, 1)) RS —N—1
S NIT(1 - s,)] ‘ @bt b)) ’

where s, < N + 1 and Rs,1 = —N, to the second term on the right-hand side
of (3.21) and using Lemma 2.2, we have

(i?ﬂi)l_‘”_s”l io: Ts1ttsri1— 1(Z1’ o lroa)
o T (e g )]
1yeeeytr—1—

X pN(l — 87,2 — 8¢ — Sp41; :|:27Ti(£1 + -+ grfl))
|(sr+1)N[T(=Rsr + N + 1)ew(\i¥sr|+|§¥sr+1|)
NI~ 5)
X Curr—1(Rs1, .., Rsp_1;Rsp 1 + N)C(—Rs + 1+ N).

<

Hence the second term on the right-hand side of (3.21) is convergent absolutely
when Rs, < N and

J
Z?Rske—i—%srﬂ >j—N
(=1
with 1 < k1 < ko < - <k“Sr—lforanyj:1,2,...,7“—1byLemma2.1.

Since N is arbltrary, F*(s1,...,5041) can be continued meromorphically to the
whole space C" 1. [ |

Lastly we give the proof of Theorem 1.2.

Proof of Theorem 1.2. . By Theorem 3.4, ¢,(s1,...,5-+1) can be continued
meromorphically to the whole C"*!. Hence, changing (s1,...,8._1, Sr,8r11) by
(—s1,...,—8r—1, 1 — 8p41,1 — s;) in (3.19) and then rearranging the [; sum on
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putting [; =dm; (j =1,2,...,r — 1), we have

g’l"<_817 ey —Sp—1, 1 - 87‘+17 1 - S’I")
:F(sr+1) X { Z O'MT,rfl(sly”wSrfhsr+Sr+1 _1;€17"'1£7‘71)
€17~~7€r71:1
X \II(S’I”+1, Sr+ Sr413 _27Ti(‘€1 +-+ 67«,1))
+ Z OMTr—1(515 - 8p—1, 80 + 8pp1 — L3y, .. lrq)
Ly,yoilr_1=1
S W(Spp1s 80 Srprs 20 (01 + -+ +er_1))}. (3.22)
By (3.17) and (3.22), we obtain Theorem 1.2. |
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