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ON THE PROXIMITY OF ADDITIVE AND MULTIPLICATIVE
FUNCTIONS

JEAN-MARIE DE KONINCK, NICOLAS DOYON, PATRICK LETENDRE

Abstract: Given an additive function f and a multiplicative function g, let E(f,g;z) =
#{n <z : f(n) = g(n)}. We study the size of E(f,g;z) for functions f such that f(n) # 0
for at least one integer n > 1. In particular, we show that for those additive functions f whose
values f(n) are concentrated around their mean value A(n), one can find a multiplicative func-
tion g such that, given any € > 0, then E(f, g;x) > z/A(x)!T¢. We also show that given any
additive function satisfying certain regularity conditions, no multiplicative function can coincide
with it on a set of positive density. It follows that if w(n) stands for the number of distinct
prime factors of n, then, given any € > 0, there exists a multiplicative function g such that
E(w,g;x) > z/(loglogz)!*¢, while for all multiplicative functions g, we have E(w, g;z) = o(z)
as T — 0o.

Keywords: additive functions, multiplicative functions, number of distinct prime factors of an
integer.

1. Introduction

We investigate the deceptively simple question of whether the behavior of a multi-
plicative function can resemble that of an additive function. More precisely, letting
N stand for the set of all positive integers, we ask the following question: can one
find an additive function f and a multiplicative function g such that f(n) = g(n)
for all n € R, where R is a large subset of N7

For convenience, let us write A for the set of all additive functions f such that
f(1) = 0 and M for the set of all multiplicative functions g such that g(1) = 1.
From here on, we only consider real arithmetic functions. Given f € Aand g € M,
we define

E(f,g;%) ==4{n<x: f(n)=g(n)}.
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A strongly additive function (resp. strongly multiplicative function) h is a function
in A (resp. in M) such that h(p®) = h(p) for all integers a > 1 and all primes p. We
shall write A* (resp. M*) for the set of strongly additive functions (resp. strongly
multiplicative functions). Given an integer n > 2, we let w(n) stand for the number
of distinct prime factors of n, and set w(1) = 0.

Of course, we are not interested in the trivial case f(n) =0 for all n > 1 and
g(n) = 0 for all n > 2, since in this case we simply get E(f,g;z) = |z] — 1. We
are instead interested in studying the size of E(f, g;x) when the functions f € A
and g € M are such that f(n) # 0 for at least one integer n > 1, in which case
one can prove that they differ infinitely often.

Here we show that for those additive functions f whose values f(n) are con-
centrated around their mean value A(n) in the sense that, given any ¢ > 0,

lim L{n <z |f(n) — A(@)| > A@)} =0,

T—0 I

then, one can find a multiplicative function g such that

x
E(f,g;x) > ———.
(f g ) )\(x)1+5
We also show that given an additive function f satisfying certain regularity con-
ditions, no function g € M can coincide with f on a set of positive density.
In the case where the additive function f is chosen to be w, it follows that,
given any £ > 0, there exists a multiplicative function g such that

T

E’ .
(w)er) >> (10g10g$)1+€7

while for all g € M we have

E(w,giz) =o(z)  (z—00).

2. Notation and preliminary results

Before stating our results, we introduce additional notation and state preliminary
results.

We shall write p for the set of all prime numbers, while the letter p will always
stand for a prime number. The letter ¢, with or without subscript, always denotes
a constant, but not necessarily the same at each occurrence. By log, z, we mean
max(1,loglog x); by logs x, we mean max(1,logloglogz); and so on. We will use
PT(n) for the largest prime factor of n > 2 and P~ (n) for the smallest prime
factor of n > 2. For convenience, we set PT(1) = P~ (1) = 1. We also define as is
customary, for 2 <y < z,

U(z,y) :=#{n<x: Pt (n) <y} and  O(z,y):=#{n<z: P (n) >y}
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Lemma 1. Let D > 3 be a fized integer and let 0 < a1 < as < 1 with as > 2a;.
Then,

1 log(az/ai)
Sp(z)= > 0 < gD (2.1)
arr<n<azx
P~ (n)>D

Proof. Using the Stieltjes integral representation of the sum in (2.1), we obtain

that -
2 asxx @ t D
+/ o D) 4y (2.2)
a1xT a

a:2 | o(t, D
SD(J)) :/a ;d@(t,D) = ¥ t2

1T

1T
Setting u = logt/log D and using the estimate

two (u) D t
®(t, D) = -
(¢, D) log D logD+O log?D )’

where wp(u) stands for the Buchstab function (see Theorem 6.4 in the book of
Tenenbaum [7]) and recalling that 3 < wo(u) < 1 for all u > 1, it follows from

(2.2) that
a2 1 asx 1
Sp(@) = LW o (2 ) +/ <w°(u) +0 <2 )) dt
IOgD a1 x IOg D a1 thgD thg D
1 1 2T dt
=0 0] hud
(10gD) + <logD /alz t)
log(ag/al)
< logD ’
thus establishing our claim. |

Lemma 2. There exists a positive constant c3 such that

11
‘I’(ffay)ic?affexp{—QlZii} 2<y<a).
Proof. For a proof, see Theorem 5.1 in the book of Tenenbaum [7]. [ |

Lemma 3. Uniformly for x > 3 and 0 < £(z) < +/loglog z,

#{n <z :|w(n) —loglogz| > &(x)/loglogz} <« zeE@?°/3,

Proof. This result follows immediately from Theorem 3.8 in the book of Tenen-
baum [7]. |

Lemma 4. For each positive integer k, let mp(z) := #{n <z : w(n) = k}. Then
the mazimum value of mi(x) is attained when k = ko = loglogx + O(1), in which
case we have i, () = (14 o(1))z/+/loglogz as © — oo.

Proof. This follows from a result of Balazard [1]. [ |
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Lemma 5. Let f be a complex-valued additive function and set

A(]}) = Af(],‘) = Z f(pp(:) (1 — ;) and B(];)Q — Bf(,]j)Q = Z w.

oLy
(2.3)
Then there exists an absolute constant C > 0 such that for all x > 2, we have

L3 1) — A < OB,

nx

1
where the constant C' can be replaced by g +0 (\/@)

Proof. See Kubilius [5] and Hildebrand [4]. [ |

To each real number D > 1 we associate the multiplicative function

Gp(n) = H p*.

p|In
p<D

Lemma 6. Let € > 0 be a small number and let D be a large number satisfying
D > e'%/=, (2.4)

Then, there exist two positive constants ¢ = ci1(e) and ca = ca(e), with
c1 <1< co, and a real number xg = xo(e) such that

#{n<z: D <Gpn)<D?} =2 (1-e)x (x = zo). (2.5)
Proof. In order to prove (2.5), we will prove that for some large z1 = z1(¢),

#{n<x:Gpn) < D'} < -z (x> 1) (2.6)

N ™

and that

#{n<z:Gp(n) > D} < -z (x = 1). (2.7

| ™

The result will then follow by choosing xg = x1.
First recall that, for some positive constant cy,

1 0
Z - =loglogz + ¢4 + —5 (x > 286), (2.8)
r<a log” x

where |0,] < 1/2, an estimate due to Rosser and Schoenfeld [6].
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With ¢; < 1, it follows from (2.8) that there exists 21 = x1(¢) > 286 such that
for all x > zq,

#{n<z:Gpn) <D}
#{n < x : there exists no prime p | n with D < p < D}

3 1 3 1
5:1: H (1—p):2mexp Z log(l—p)

De1<p<D De1<p<D

3 1 1
QT exp | = Z p + 2Dc1
D1 <p<D

N

N

A

N

3 . 1 1
§zexp <10glogD ' —loglog D + 9D + 210g2 DCI>

3 1 1
5:1:01 exp Do + 710g2 Do

3
< ixcﬂ =3cz, (2.9)
where we used (2.4). Choosing ¢; = ¢/6, then (2.9) yields (2.6).
On the other hand, in order to prove (2.7), first apply Lemma 5 to the additive
function f(n) = log Gp(n) for which the corresponding sums A(z) and B(z) satisfy

_ log2 D

A(r) =logD+0O(1) and  B%*(2) 5

+0(1),
from which it follows that, for all x > 1,
#{n<z:Gp(n) > D} = #{n<a: f(n) > cslog D}
<#{n<z:|f(n) —log D> > (c; — 1)*log? D}

|/ (n) —log D|”
s Z (cg —1)21og® D

<
<

1 wlog2 D
(ca —1)2log® D 2

/C
provided we choose ¢y > - + 1, thus establishing (2.7). |

3. Lower bounds

It is easy to show that for any f € A, there exists g € M for which E(f, g;x) >
xz/logx for all > 11. Indeed, since any additive or multiplicative function is
entirely determined by its values at prime powers, we only need to choose g(p*) =
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f(p*) for all p € p and o € N. Then, letting R stand for the set of all prime
powers, it is clear that g(n) = f(n) for all n € R, whose counting function R(x)
satisfies R(z) > x/logx for all x > 11.

We now turn to a general question: Given f € A, can one find g € M such
that FE(f,g;x) is maximal? The answer is of course highly dependant on the
particular function f considered and we will show that the size of E(x) can range
from E(xz) = 0 (simply choose f € A* defined by f(p) = —1 for all p € p and
g € M* defined by g(p) =1 for all p € p) to E(x) > cx for any positive constant
c<1l

To show that for any given positive constant ¢ < 1, there exist a function f € A
and a corresponding function g € M which yields E(f, g;x) > cx, as x — oo, we
first let S C p be a set satisfying

> % < o0 (3.1)

pES

and define f € A* by

_J1 if pes,
f(p)_{O if pep\S.

It is easy to see that f(n) will be zero on a subset of N of positive density ¢ =
Hpe s (1 — %) It follows that the strongly multiplicative function g defined by

f(p) = g(p) on all primes p will give E(f,g;x) > cx. It is also straightforward,
given the construction of S, that the constant ¢ can be chosen arbitrarily close
to 1.

More generally, if f is a strongly additive function such that f(p) # 0 on
a set of primes S satisfying (3.1), then one can construct a strongly multiplicative
function g such that E(f, g;x) > ciz for some positive constant ¢; depending on
f. One way to construct this corresponding function g is to choose

_Jflp) if peSs,
g(p)—{l if pep\S.

This will give g(n) = f(n) = f(p) for a certain p € S, that is provided that

[Te=»

q|n
qeS

and thus

E(f, g;) ZZZ% 11

peES a>1 peES

(1;) :c.mzzz%:;clx.

peESa>1
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In some instances, it is easy to show that this strategy is optimal. Indeed,
consider the additive function f defined by f(2) = b, where b is any fixed real
number, and f(p) = 0 for all primes p > 3, and take the strongly multiplicative
function g as ¢g(2) = b and g(p) = 1 for all primes p > 3. Then, since f(n) and
g(n) agree at even integers, we easily see that E(f, g;x) = |2/2]|. But we cannot
hope to do any better. Indeed, for an arbitrary multiplicative function g, let x be
the proportion of those odd integers m for which g(m) = f(m) = 0. Then, since
g(2%m) # f(2*m) for all a € N, the proportion of even integers for which g agrees
with f is at most 1 — k. It follows from this observation that

1 1 x

E ;x) < - —(1- =—.

(Fgia) So (grt50-0) = 5
If one considers a more common additive function, say f = w, then determining
the maximal size of E(w,g;x) for an optimal g is much more difficult. A natural
way to proceed is the following. Fix an arbitrary integer & > 2. One can prove

that for f = w € A, there exists g € M such that, for some positive constant
C >0,

r  (loglogx)k~t

logz  (k—1)!

E(w,g;z) > C (for z sufficiently large). (3.2)
Indeed, consider the strongly multiplicative function g defined on primes p by
g(p) = k'*. Then, clearly, for those integers n such that w(n) = k, we have
g(n) = (K15 = k.

It remains to count the number of integers n < x such that w(n) = k. But
this is well known. Indeed, letting m,.(z) stand for the number of positive integers
n < x such that w(n) = r, it is known since Landau (see Theorem 10.3 in De
Koninck and Luca [3]) that, for each fixed r € N,

x  (loglogz) 1

m(z) = (14 o(1)) (z — 00).

logz  (r—1)!
It is also known that m(x) > z/logx for all > 11 (see for instance Rosser and
Schoenfeld [6]). Using this, one can easily prove by induction that for each integer
r > 2, there exists a positive constant ¢, and a number x, such that

r  (loglogz) 1

Crlogac  (r—1)!

7 (z) > (for all = > z;). (3.3)

Hence, choosing r = k in (3.3), estimate (3.2) follows immediately.

Does this provide an optimal result 7 Can we construct a multiplicative func-
tion g which agrees with w on a larger set 7 Let us first consider a multiplicative
function g which has “natural” properties. For example, since the mean and nor-
mal orders of w(n) are loglogn, it would seem natural to look for a multiplicative
function g(n) which also has mean and normal orders of loglogn. But this is
impossible. Indeed, Birch [2] has proven that the only unbounded multiplicative
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functions g(n) with a non-decreasing normal order are the powers of n. Let us
therefore consider a seemingly unnatural multiplicative function g that agrees with
w on a large set of values. One key idea to construct such a tricky function is to
choose g such that g(p) # 1 only if p € S, where S is an infinite set of primes

satisfying
1
Z — < o0.
peES p

Given an integer n > 2, we shall write

say. This means that the value of g(n) will be determined by s while the value of
w(n) will essentially be determined by w(m). Thus, in order for g(n) to be equal
to w(n) for many n < x, we will arrange for g(s) to be close to loglogz as often
as possible. This idea is expressed in the following theorem, where we consider
a more general strongly additive function f.

Theorem 1. Let S := {s1,82,...} be an infinite set of primes such that s; <
o0
1
Sg < --- and satisfying Z — < 0. Assume that f is a non negative integer
P
j=1"7

valued strongly additive function and A(x) a function which tends to infinity with
x such that

x
STA(2)]
Then, letting g be the strongly multiplicative function defined on the primes p by

#{ng :f(n)>/\(x)}:o< ”3> (r = 00).  (3.4)

STA(2)]

Ji+f(s5)  if p=s; for somes; €S,
g(p){1 F s

we have

B(f.giz) > ——. (3.5)
STA(2)]
Remark 1. Clearly Theorem 1 implies in particular that, given any € > 0,

xT

E(f,g;2) > Mo

Proof of Theorem 1. In order to find a lower bound for E(f,g;x) =
#{n <z : f(n) = g(n)}, we will only count those positive integers n < = which
can be written as n = m - s; with an m such that s { m for all integers k > 1.
Hence,

E(f,g;x) > Z#{n:m~sj <z:sptmVEk, f(n)=g(n)}. (3.6)

Jjz1
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Given that g(n) = g(m - s;) = g(sj) =
f(m) + f(s;), the condition f(n) = g(n
(3.6) can therefore be replaced by

j+ f(s;) and that f(n) = f(m-s;) =
) is equivalent to f(m) = j. Inequality

E(f.giz) =Y #{n=m-s; <z :sptm ¥k, f(m)=j},

j=1
which is equivalent to
x .
B(f.gi) > S # {m < = ssum vk, fom) =i (37)
j=1 J

It follows from (3.7) that

B(fgn)> Y #{mdzskfmw,f(m):j}
J<A(2)

:smmw,ﬂm):j}

F<A(z) b SD\(wﬂ
2#{m< SD\T . :skTka‘} (3.8)
+O<#{m< x :f(m)>/\(x)}>.
STA(@)]
) 1
Setting C(S) := H (1 — ), which is positive because Z — < o0, we obtain,
Sj Sj
i= j=1

in light of inequality (3.8) and hypothesis (3.4),

E(f,g:7) > C(S)S[j o (8; - > ,

from which conclusion (3.5) follows immediately. |
A direct application of this theorem is the following.

Corollary 1. Given an arbitrary integer k > 1 and any real number § > 0, there
exists a multiplicative function g such that

T

E(w, g5 ) > o— -
(Hr:l log, 14 x) (Ing+2 x)1+o

(3.9)

In particular, given any € > 0, there exists a multiplicative function g such that

E(w, ;1) > (3.10)

(loglog x)1+e"
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Proof. In Theorem 1, take f = w. Then, for any positive integer k and fixed
d >0, let S :={s1,52,...} be an infinite set of primes defined as follows: first set
s1 = 2 and, for each j > 2, let s; be the smallest prime number larger than

k
max <sj_1,j (H log, j) (logk+1j)1+6> .
r=1

Then, choosing A(z) = loglog z+&(x)+/log log x, where £(x) is any function tending
to infinity with z, we immediately obtain (3.9).
Finally, (3.10) is an easy consequence of (3.9). |

Can we improve the lower bound obtained in (3.10) 7 While an optimal answer
to this question is difficult to provide, the next theorem and the remark that
follows provide a partial answer.

Theorem 2. Given any small number € > 0, there exists a multiplicative function
g and an infinite sequence of integers r such that

r

E ; _—.
(@, gi7) > (loglogr)t/2+e

Proof. Let § > 0 be a fixed small number. Let s; = 2, and for each integer
j = 2, let s; be the smallest prime number larger than max(sj_l,j1+5) and set
S = {s1, 59, ...}. Define the sequence of positive real numbers ri,rs,... by r; =

¢ . Further consider the sequence of positive integers (z;), where each z; is the
integer maximizing the quantity

r

#{méjzskfmforeachskes, w(m):zj_l}.
Sj

Consider the strongly multiplicative function g defined on the primes p by

z; if p==s; for some s; € S,
g(p): J - J J
1 if pgS.

Setting I; := [loglogr; — (loglogr;)!/?%¢ loglogr; + (loglog;)*/?*¢], we have

#l{meivmen=o(Z) (oo (3.11)

J J

which allows us to write that, as 7 — oo,

#{mgrjzskfmforeachskeé'}
5.

J

= E #{m< L si tm for each s, € S, w(m) :V}—l—o(”). (3.12)
5
yte J

Sj
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Since by the very nature of the sequence (z;), we have that

Z#{m <. sk ¥m for each s;, € S, w(m)y}

vel; Sj
2(10glogrj)1/2+a# {m < ZJ : s, {m, for each s € S, w(m) = z; — 1} 7
J
it follows from (3.12), using (3.11), that
#{m < % : s ¥ m for each s € S,w(m) = z; _1}
#{m < L : s f m for each s, € S} + o(%)
] 2(loglogr;)1/2+ —. (313

=

oo
1
On the other hand, letting C'(§) := | I (1 - s)’ it is easy to see that
— J

#{m< L sk 1 m for each sy ES} :(1+0(1))C(5)Q (j = ). (3.14)
Sj Sj
We thus obtain, combining (3.13) and (3.14), that as j — oo,

#{mgrj:skfmforeachskES,w(m)zjl}
Sj

1 Ty
> (2 + 0(1)) C(5) Toglonr %" (3.15)

Now, it is clear that, writing each integer n < r; as n = s; - m, we have

E(w,g;r]) /#{n\ : (n):Zj, w(n):zj}
#{n <r;: 8j|TL, sptnfor k#j, wn) =z}

2#{m<7’]‘ sk 1 m for each s € S, w(m)zjl}v

WV

which implies, in light of (3.1

™
E(w,g;75) ( ) ) i . (3.16)

s;(loglogr;)t/2+e

that as j — oo,

Now, using the fact that, for j sufficiently large, we have

s <0 < (27)° = (loglogry)°,
it follows from (3.16) that
r
E C. J
(W, g575) > (loglog rj)1/2+2e’

thus completing the proof of Theorem 2. |
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Remark 2. The lower bound of Theorem 2 is better than the one in Corollary 1
but only over a thin subset of the integers, while Theorem 1 provides a stronger
uniform bound.

The next theorem states the limitation of the strategy used to construct the
“optimal” function g of Theorem 1.

Theorem 3. Let g be a multiplicative function for which the corresponding set
Sy :={p € p:g(p) #1} is such that

1
d <o (3.17)
PESy p
Then, for any € > 0, there exists a sequence of real number xj tending to infinity

such that
T

(ng,xk) (loglogxk)l—s

(k=1,2,...).

Proof. First, we introduce the sets
A:={neN:pn=peS;} and B:={neN:pn=p¢&S,}.

Observe that the condition (3.17) implies that there exists a real number C; such

that )
Og == Z a
For each positive integer j, define the numbers c¢; implicitly by the relation

S loga, (3.18)

a
acA
g(a)=j

so that in particular we have
oo

> e <l (3.19)
j=1
Let us now introduce the additive function w* defined by

w*(n) = Z 1.

pln
PESy

If we apply Lemma 5 to the function w*, we obtain that the corresponding sums

A(x) and B(z) defined in (2.3) satisfy A(zx) < 1 and B(z) < 1, thus yielding

. 1-5 x
#{n <z :w*(n) > (loglogz) }<W

for any § > 0. Thus from now on we can assume that w*(n) < (loglogz)' %,
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Now fix an arbitrary ¢ € (0,1). For each integer k > 1, let y;, = k*6° and
consider the intervals

Jp = (yk Ve oy (k=1,2,3,...).

Observe that these intervals do not overlap for k large enough (say k > ko) since

Uit —Upr - = (b +1)2H0 — (k4 1)@F02(1/242)

> J2+6e 4 2+ 6€)k1+65 —(k+ 1)1+58+652

log(k+1)
=y + (24 6e)k 65 — o A (B0 L p1H6e
> yp + k@T01/24e) — )y yi/2+e

Finally define the sequence (Dy) by

Di=> ¢ (k> k). (3.20)

JE€Jk

1
The fact that Z Dy, <1 (because of (3.19)) implies that Dy, < Z for infinitely
k>ko
many integers k. For each such integer k, let x; = e’ Then, for each such k,

B gz = 3 #{n <oy :wn) = j, g(n) = j}

J€Jk
+ O (wx exp(—(loglog 2)*/3)) ,

where for the error term we used Lemma 3 to account for those integers n < x
counted by E(w,g; ) for which the corresponding w(n) value lies outside J.
On the other hand, for each j € Ji, we have

#n <o wm) =jgn) =7} < D #{p<Zibe Bwl) = j-w@)}
arei
(3.21)
< " . Tk B
In the above sum, first consider those a € 2 such that a < oeer Then, in light
of Lemma 4, there exists a positive constant ¢ such that
Tk . Tk
b —:beB wb) = —wa}gc—
#{ a ) =7 (a) ay/loglog(zk/a)
2c

<—— 3.22
a+/loglog . ( )

; Tk Viogzy
Secondly, for those a € /A with a > . VT we have that b < < e , which

implies that loglogb < %log log ), and that j —w(a) > %log log zk. Applying one
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more time Lemma 5 yields

. » 2z loglog(zx/a)
#{bg - tbeB,wbd) =3 —W(G)} S a ((1/6)loglog zx)?
6z

N

_ 3.23
aloglog xy ( )

Using (3.22) and (3.23) in (3.21), we get that

#{ngl‘kIW(n):]v ( _-7} Z aw

q(a) J
We thus obtain, recalling (3.18) and (3.20),

Tk 2e
E(w,g;z1) < cCy E Cj—F—— +O($k exp(—(loglog zy) /3))
i log log xy,

Tk

k\/log log xy,

cCy xy,
<—— 2= 40 —(log 1 22 /3)). 3.24
k+/log log - (xk exp(~(loglog z11)™/ )) ( )

]1/(2+66) > yi/%ze

=c¢CyD + O (z exp(—(loglogmk)%/i%))

Since k =y = (loglog x1,)'/?72¢, we obtain from (3.24) that

cCyxy

E(w,g;x1) < + O (z1, exp(—(loglog z1)%/3)) ,

(loglog xy)t—2¢
thus completing the proof of Theorem 3. ]

This last theorem essentially confirms that if one hopes to obtain significant
improvements of the results in this section, it can only be possible using a different
approach.

4. An upper bound

In this section, we show that, given an additive function f satisfying certain basic
conditions, no function g € M can agree with f on a set of positive density. More
precisely, our goal in this section is to prove the following result.

Theorem 4. Let f be an integer valued additive function for which the corre-
sponding sums A(x) and B(x) defined in (2.8) satisfy the conditions
) B __ B(x)
(1) o(z) = ps(z) = A) —0 as x — 00,
(ii) r;lgﬁ){(#{n <z:fn)=2}=0 (Ha(:x)>7 where H(x) = Hjp(x) — oo

as r — O0.

Then, given any multiplicative function g, we have E(f,g;x) = o(x) as x — 0.
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Remark 3. Observe that in the case f = w, we have A(z) = (1 + o(1))loglogz
and B(z) = (14 o(1))y/loglogx as  — o0, so that p(z) = (1 + o(1))/+/loglog x
as  — 0o, while in light of Lemma 4 we have H(z) = /loglog x.

Before we start the proof of Theorem 4, observe that it is clear that we can
discard those integers n < z for which

|f(n) = A)| > ¢(2)"/*B(x)

since, in light of Lemma 5, their contribution to E(f,g;x) is o(z). This means
that throughout the rest of the proof we only need to consider those n < x for
which
|f(n) = A(z)| < p(2)"/*B(z) = p(2)**A). (4.1)
We now introduce a key set of integers. Let D and k be positive integers.
Later, D and k will be chosen large. Define the set Tp i by

T = {n € N: P*(n) < D and p**! { n for any prime p} .

Observe that for any given D and k, the set Tp j is finite, which implies in par-
ticular that if g(n) # 1 for some positive integer n, then, for D large enough and
depending only on g, the quantity

Vo = min l9(n)|
: mn€Toe |g(m)|
lg(n)|>]g(m)|

is well defined, in which case Vp , > 1. Now choose z large enough so that
1+ ()Y < Vpi. (4.2)
Let us further introduce the set Up defined by
Up :={neN: P~ (n) > D}.

Note that the counting function of the set Up is the function ®(x, D). Finally, for
each positive integer k, let Sg stand for the set of those positive integers n such
that p**!|n for some prime number p, and let Si(x) be the counting function of
Sk. Observe that

x *odt x

p<T

Observe also that, given any fixed positive integers D and k, the prime powers
dividing an arbitrary integer n > 2 either belong to 7p i or to Up or to Sy.

Before we move on to the proof of Theorem 4, we need an additional result
which essentially says that if we gather the prime powers p® dividing n into two
parts, namely the part u(n) made up of the product of those p® which are not
in 7p and the part ¢(n) made up of the product of those p* which belong to
Tp,k, and if two integers n < x such that g(n) = f(n) happen to have an identical
u(n) part, then their ¢(n) parts have the same image under f. This is formally
expressed in the following lemma.
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Lemma 7. Let g be a multiplicative function. Under the assumption (4.1), write
each integer n € [2,x] as

n= H p® - H p* = u(n) - t(n). (4.4)

p%|n p®|n
PETD & PETD )

Let ny and ng be two integers such that g(n1) = f(n1) and g(n2) = f(ng). Write
u; =u(n;) and t; =t(n;) for j =1,2. If uy = ug, then f(t1) = f(t2).

Proof. We will first show that g(¢1) = g(t2). Indeed, it is clear that

f(n1)  gln)  gluity)  g(th)
fna)  glne)  gluatzs)  g(ta)’ (4.5)

Hence, assuming that g(¢1) # g(t2), we have by the definition of Vp ; and in light
of (4.2), that
(9(751) g(t2)
X b
g(t2) " g(t1)

Taking into account (4.5), (4.6) and assumption (4.1), we have, assuming say that
f(n2) = f(n1) and that z is sufficiently large,

T02)  (4a) - o) B(@)) (14 ¢()?)

) > Vpr > 1+ @(x)/3. (4.6)

f(nz) = f(nl) :

f(n1)
> A(z) + %w(w)l/?’A(x)
while
f(n) = f(n2) - ;EZ;; < (A(:v) + so(x)*l/?’B(x)) (1 + cp(x)l/3)_1

< Afx) ~ (@) Aw),

from which it follows that f(n2) — f(n1) > Zgo(:c)lBA(x), thus contradicting our

assumption (4.1). Tt follows that we must have g(¢1) = g(t2). Hence, by (4.5), we
have that f(n1) = f(n2) and therefore that f(t1) = f(¢2), as requested. |

We are now ready to begin the proof of Theorem 4.

Proof. As we did in the statement of Lemma 7, write those numbers n < x for
which g(n) = f(n) as in (4.4). Then, Lemma 7 guarantees that, for each fixed
positive integer u < x, we only need to count the number of positive integers
t < z/u, with t € Tp i, knowing that these ¢’s have the same value under f, say
the value z.

This allows us to write that

E(fgin) < 3 #{t< 3t € Towglurt) = flu- 0} +0(55) +olw). (47
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where the first error term is a consequence of (4.3) while the second one comes
from the fact that we chose to discard those n < « for which |f(n) — A(x)| >

(x)" 2 B(x).
Suppose that for a fixed value of u < x, the numbers t1,ts,...,tx are the
integers counted by the counting function

x
#{t<ZiteTongu-t) = flu-0)},
then by Lemma 7, there exists an integer z such that

fltr) = f(t2) = -+ = f(in) = 2.
We thus obtain from (4.7) that

B(f.gz)< S max#{ CiteTon f(t) = 2f+0(55) +ola)

z>1
u<x

weUp

= R(2) + 0 (57 ) + ola), (4.8)

say.

Lemma 6 allows us to discard those n < z for which ¢(n) < D°* or ¢(n) > D,
that is those n < z for which u(n) > n/D or u(n) < n/D°, and therefore it
follows that

R(z) = Z max # { % cteTpk, f(t)= z} +o(x) = Ro(x) + o(x),

o oz21
D“é2 <u< D“é
P~ (u)>D

(4.9)
say. Using condition (ii) and Lemma 1 with a; = 1/D and ay = 1/D, we
obtain that

Rolw)< 3 mast{t< )=z}

- - z>1
D2 U< per
P—(u)>D

T 1
< H(De) Z u

Dz <u<per
P~ (u)>D
x  (ca—c1)

log D
SHD) gD BUS

B (4.10)

Substituting (4.9) and (4.10) in (4.8), it follows that

H(f)m) +0(55) + o)

Since both D and k can be chosen to be arbitrarily large, this completes the proof
of Theorem 4. |

E(f,g;x) <
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