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SUBDIFFERENTIABILITY OF INFIMAL CONVOLUTION
ON BANACH COUPLES

NATAN KRUGLYAK, JAPHET NIYOBUHUNGIRO

Abstract: We use duality in convex analysis and particularly the famous Attouch-Brezis theo-
rem to prove subdifferentiability of infimal convolution on Banach couples.
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1. Introduction

Let (Xo, X1) be a regular Banach couple, i.e. Xy N X; is dense in both Xy and
X1, and let ¢p : Xg — RU {400} and ¢1 : X1 — R U {400} be convex and
proper functions (see Section 2 for used definitions from convex analysis) and let

i if Xi .
@i (u) = e (u) o © i=0,1 (1.1)
+00 if uwe (Xo+X1)\X;

be functions defined on the sum Xg+ X;. Then the K-, L- and E-functionals (see
[4, 5]) are particular cases of infimal convolution of functions @, and @, defined
as follows:

Fo@P)@) = _inf_(polwo) +p1(e1)) (1.2)

The infimal convolution (1.2) is called ezact at a point x € (Xo+ X1) if the
infimum is achieved, i.e., (§,@%;)(z) = miE {@o (z0) + ¢1 (z1)}. Suppose that
T=ToTI1

(®o ® @,)(x) is finite and exact. Then the decomposition x = xg + x1, on which
the infimum is attained will be called optimal and denoted as £ = xg,opt + T1,0pt-
Usually, calculation of optimal decomposition is a difficult extremal problem
and only near-optimal decomposition can be constructed (see [8]). However for
applications, for example in image processing (see [9], [1] and [6]), exact optimal
decomposition is required.
Research of the second author was financially supported by the University of Rwanda-Sweden

Programme for Research and University Institutional Development.
2010 Mathematics Subject Classification: primary: 46B70; secondary: 46E35



312 Natan Kruglyak, Japhet Niyobuhungiro

In [7] the following dual characterization of optimal decomposition was ob-
tained:

Theorem 1.1. Let ¢y : Xg — RU{+00} and @1 : X1 — RU {+o0} be convex
proper functions. Suppose also that P, @ P, is subdifferentiable for a given element
x € dom(PyD@,). Then the decomposition & = g opt+T1,0pt s optimal for &P,
if and only if there exists y, € X§N XY such that it is dual to both g opr and x1 opt
with respect to g and @1, respectively, i.e.

®o (mo,Opt) = <y*7370,0pt> -9 (y*) (1 3)
©1 (T1,0pt) = (Y, T1oopt) — PT(Ys)-

Note that to use Theorem 1.1 we need to check subdifferentiability of the func-
tion @, ® P, for a given = € dom (g, & ¥,), which is often not trivial problem. In
this paper we develop an approach based on Attouch-Brezis theorem that provides
sufficient conditions for subdifferentiability of infimal convolution defined on a Ba-
nach couple. Important feature of this result is that it works also for boundary
points of the set dom (g, ® $;). Moreover, we show how these conditions can be
verified for the K, L and E-functionals.

Remark 1.1. We would like to note that all the Banach spaces considered through-
out this paper are real.

2. Some definitions and results from convex analysis

Below we present some definitions and results from convex analysis that are needed
for the proofs of our main results. Throughout, F will denote a Banach space with
the norm ||-||; and E* will denote its dual space. In this section, by F : E —
R U {400} we will denote a convex function on E. The effective domain or simply
domain of a function F' is a convex set domF', defined by

domF ={zx € E: F(z) < +oc}.
A function F is said to be proper if domF # (). If the epigraph of F, i.e. the set
epiF = {(z,a) € ExR: F(z) < a},

is closed then the function F' is called lower semicontinuous (l.s.c.). Equivalently,
this can be expressed as
F (z) < liminf F(y),
y*)flj

i.e. for every x € domF and for every ¢ > 0 there exists a neighborhood O of x
such that F (y) > F (z) — e for all y € O.

As we will see later on, the K-, Ly, p,- and E-functionals can be obtained as
infimal convolutions of two convex functions on Xy + X;. The definition of the
operation of infimal convolution is the following.
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Definition 2.1. The infimal convolution of two functions Fy and F from E into
R U {400} is the function denoted by Fy @ Fy that maps E into RU {—o0, 400}
and is defined by

(Fo® 1) (2) = _inf {Fo(wo) + 1 (21)}, (2.1)
and it is ezact at a point x € FE if the infimum is achieved, i.e., (Fy @ Fy) (z) =
miE {Fo (x0) + Fy (z1)}. Suppose that (Fy & F1) (x) is finite and exact. Then

1

r=xo+T
the decomposition z = x¢ 4+ 1, on which the infimum is attained will be called

optimal and denoted as © = 2o, opt + T1,0pt-
The notion of conjugate function will be important for us:

Definition 2.2. The conjugate function of F is the function F* : E* — RU{+oc0}
defined by
F* (y) = sup {(y,x) — F ()} (22)
zeE
Moreover, we will say that y is dual to x with respect to F if F* (y) = (y,z)—F (x)
or, in symmetric form,

F(z)+ F*(y) = (y, ).

Definition 2.3. A dual element y € E* to x € E is also called a subgradient of
the convex function F' at the point . The set of all dual elements to x is denoted
by OF(z) and the function F is called subdifferentiable at the point z € E if the
set OF(x) is nonempty.

The next proposition (see [3]) contains examples of functions that will be often
used below.

Proposition 2.1. Consider the following cases:

a) Let F(z) = o ||, where 1 < p < oo. Then F*(y) = ||y|%/, where

1 1 o
14,19
p+p’

b) Let F (z) = ||z|| 5. Then

Fww—{o if vl

g <1
o > L.

+ooif |lyl

c) Let
zwm—{o if ey <1

too if llefg>1
Then F* (y) = [lyll -

For convenience of the reader we will give the proof of a) (the proofs of b) and
¢) are simpler).
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Proof. Let us define the function ¢ : R — R, as
1
o(t) =~ [t]P.
(&)=l

It is clear that this function is convex, lower semicontinuous, proper, and even.
The dual ¢* of ¢ is by definition

1
©*(t*) = sup (t* - = t|”> .
teR p

The supremum is attained at ¢ € R satisfying t* = |t|p_1 sgn(t) and we obtain
* [ p’
" (t") = v L.
Then the conjugate to the function F (z) = % l|z]|% is equal to

F*(y) = igg{@,x) —(lzlz)}-

This can be rewritten as follows

F*(y) =sup sup {(y,z) — ()} =sup {t sup (y,x) — so(t)}

120 |1zl p=t 20 | |lallg=1

* 1 !
=sup {t[lyl g — )} = " (vl g-) = = lyllz-
t>0 p

where we used the fact that ¢ is an even function. |

The following simple observation will also be useful.

Proposition 2.2. Consider the following cases:

a) Leta € E and F : E — RU{+o0}. Then for the function F,(z) = F(z + a)
we have

(Fa)"(y) = sup {(y,z) = F(z +a)}

= sup {(y,u—a) = F()} = F'(y) = (y,a)..

b) If A € R\ {0} then

(AF)*(y) = sup {{y,z) = AF(x)} = AF" (3).
TER

The following two results show that the operations of addition and infimal
convolution of convex functions are dual to each other. The property that the
conjugate of infimal convolution of convex functions is equal to the sum of their
conjugates holds without any additional requirements. However, the property
that the conjugate of the sum is equal to the infimal convolution of the conjugates

requires some additional qualification conditions.
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Theorem 2.1 (Conjugate of infimal convolution). Let Fy and Fy be convex
functions from E into RU {+oco}. Then

(Fo® F1)* = F + Fr.

The following theorem by H. Attouch and H. Brezis (see [2]) provides a sufficient
condition for the conjugate of the sum of two convex, lower semicontinuous and
proper functions to be equal to the exact infimal convolution of their conjugates.

Theorem 2.2 (Conjugate of a sum). Assume ¢, ¢ : E — R U {400} are
convex, lower semicontinuous, and proper functions such that

U A (domyp — domap)

A>0
is a closed vector subspace of E. Then
(p+¢) =¢*®y*  on E*
and, moreover, the infimal convolution ¢* ® ¥* is exact.

The following corollary will be very useful. It follows immediately from the
Attouch-Brezis theorem and it provides a connection between minimization prob-
lem on E and infimal convolution on E*.

Corollary 2.1. Let ¢, ¢ : E — RU {400} be functions satisfying conditions of
the Attouch-Brezis theorem. Then

inf (¢ (x) + v () = — (¢* ®¥*) (0),

relk
where the infimal convolution on the right-hand side is exact.

Proof. From Theorem 2.2 we have that

(e+¥)" () =(¢"@Y7) () VzeE (2.3)

and (¢* @ 1*) (2) is exact. By definitions of convex conjugate and infimal convo-
lution, we can write (2.3) as

sup (2.2) — pl@) () = __inf (¢ (2) +¥" ().

Since infimal convolution (¢* @ ¥*) (2) is exact, we can write

sup ((z,2) — () =¥ (2)) = min (¢* (2 = 22) + 97 (22)) .-
zel 22€

Let z = 0, then we obtain that

sup (—¢(z) —¢(z)) = min (¢" (=f) + 4" (f)). (2.4)

zeE feE~"
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Note that

sup [=F (w)] =~ inf F(u).

Then the expression (2.4) can be written as

inf (p(z) +¢(2)) = — min (¢" (=f) + ¢ (f)).

z€E feEE™

By definition of infimal convolution, we can rewrite this as

inf (p(z) +¢(2)) = = (¢" ©¢7) (0)

zeE

where the infimal convolution on the right-hand side is exact. |

3. Infimal convolution on couples of Banach spaces

In this section we prove a theorem on subdifferentiability of infimal convolution

on couples of Banach spaces. We start with the definition of infimal convolution

on couples. Let (X, X7) be a regular Banach couple, i.e. XoNX; is dense in both

Xo and X1, and let g : Xg — RU {+00} and ¢ : X7 — RU {400} be convex

and proper functions. Let us also define the following functions on Xy + X7:

soi(u>={%(“) ek i=0,1.
“+00 if u e (X0+X1)\X1

Then we can define the infimal convolution ¥, @ @; on the space Xy + X; as

follows:
(@o@P1)(z) = _inf (po(zo) + ¢1(21)).

r=xo+T1

Remark 3.1. The functions @, $; may be not lower semicontinuous even when
o, @1 are lower semicontinuous.

The infimal convolution (7, ®®; )(z) can be obtained by solving a minimization
problem on the intersection Xo N X;. Indeed, let us fix x € (Xo + X1) such that
(B @ %) () < 400 and fix a decomposition

T =ag+ai, ag € Xo, ay € X;.

If x = zg + 21, where 2o € Xo and 21 € Xy, then xg + 1 = ag + a1. Thus the
element y = ap — g = 1 — a1 € (Xo N X7) and we have

(B0 ©P1) () = Jc:;folﬁxl(sl’o(fﬂo) +@1(71)) = y@ig;rfjxl (¢o (a0 — y) + 1 (a1 +y)).

Therefore, if we define the functions

Sao(y) = wo (a0 —y), Ra, (y) = ¢1 (a1 +y) (3.1)
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on the intersection Xy N X7, then we have

Fo@p)@) = _inf  (Su(y) + Ry(v)

This representation of infimal convolution is useful because the functions S,, and
R,, are usually convex, lower semicontinuous, and proper on Xo N X;. The fol-
lowing result will serve as a tool for checking if an infimal convolution defined on
a given Banach couple is subdifferentiable.

Theorem 3.1. Suppose that the functions S,, and R,,, defined by (3.1) on
Xo N X1, are convex, lower semicontinuous, and proper. Let i and p] be the
respective conjugate functions of wo and @1, defined on the spaces X5 and X7,
respectively. Suppose that

a) the sets dom(Sq,) and dom(R,,) satisfy the equality

U A(dom(Sa,) — dom(Rq,)) = Xo N X1;
A>0

b) the conjugate function Sj; of Sa,, defined on (XN X1)" = X+ X7, is equal
to
S (Z) — 908 (—Z)+<Z,(Lo> Zf Z EXS
a0 +00 if ze (X§+X7)\Xg;

¢) the conjugate function R of Ra,, defined on (XoNX1)" = X§ + X{, is

equal to

R (2) = 07 (2) + (—z,a1) if z€ XY
“ +00 if ze (X§+ X)) \X5.

Then the function @y, ® @, is subdifferentiable on its domain in Xo + X;.

Proof. For any given x € (Xo + X;) such that (@, ® $,) (z) < +o0o we consider
a decomposition x = ag + a;. Then we have

(@o@P1) (@)= _Inf  (Sao(y) + Ray ()
From the condition (a) it follows that the functions S,, and R,, satisfy the con-
ditions of Corollary 2.1 and therefore by applying this corollary we obtain the
equality
@0 ®%1) (2) = = (S5, ® R;,) (0)
and that the infimal convolution S; @ Rj is exact. Thus there exists an element
Yx € domS;; NdomR; such that

(o ©%1) (2) = =55, (=y+) — R, (y-) -
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By the assumptions (b) and (c¢) in Theorem 3.1, this is equivalent to
(@0 ®?1) () = =5 (y+) + Y+, a0) — &1 (ys) + Y+, a1)
= (Y ) = o () = o1 (9=) -
Since the functions (g;)* (i = 0,1) on (Xo + X1)" = X§ N X coincide with their
restrictions ¢} (i = 0,1) on X N X7, therefore from Theorem 2.1 we have
(B0 ©P1) (@) = {y=,2) = (@0 @ 21)" ()

Thus the element y, is dual to the element = with respect to the function @, ® ¥,
and hence the function @, ® P, is subdifferentiable on its domain in Xo+ X;. W

4. Subdifferentiability of K-,L-, and E-functionals

In this section we illustrate Theorem 3.1 by proving subdifferentiability of the K-,
L- and E-functionals.

4.1. Some Lemmas

Below we will prove several simple lemmas that show that the conditions of The-
orem 3.1 are satisfied for some functions S,, and R,, from (3.1). These functions
will be used to describe the K-, L, »,- and E-functionals. Everywhere below the
couple (Xo, X1) is a regular couple.

Lemma 4.1. Let 1 < pg, p1 < +00 and let ag € Xo, a1 € X1 be given. Then the
functions S, R: XoN X1 — RU {400}, defined by

1 Po t p1
S(y):;o”a()*yﬂxoa R(y):;lﬂal +yl,

are convex, proper, and lower semicontinuous.

Proof. We will give the proof only for the function S (the proof for R is similar).
It is clear that S is convex and proper. Let us show that it is lower semicontinuous.
Suppose that (uj);;oi € (Xo N X;) converges to y in the norm of Xo N X;:

limJu; — y||X0r‘1X1 =0. (4.1)

J—+oo

From the definition of the function S, we can write
S(y) = = lao — yllI', = 1 lao — y +u; — w2
Po Xo Do J 11 Xo

1 Po
< = (llao sl + s~ wllx, )
< 1
< = (oo = usl, + Il = vl
1

DPo
= (oS )™ + g~ vl )
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Then
1/po 1/po
oS W7 < [poS@)? + lluj = yll 5,0,

Using (4.1) we obtain
S(y) < liminf S (u;)

Jj—+oo
and thus the function S is lower semicontinuous. |

Lemma 4.2. Let Bx,(a1;t) denote the ball of X1 of radius t > 0 centered at
a1 € Xy and let R: XoN X3 — RU {400} be the function defined by

R(’U,)_ 0 Zf UEBXl(ELl;t)ﬂ(XoﬂXl)
" ) +oco  otherwise.

Then R is convex, proper, and lower semicontinuous and its conjugate function
R* is equal to

+o0 if ze (X§+X7)\X7.

Proof. It is clear that R is convex, proper, and lower semicontinuous (as an
indicator function of a convex, closed set). Let z € X;. Since

R*(z) = sup  (zy)
yeXoNXy
Hal_yl‘xl <t

and
sup  (z,y) = sup  (z,y—a1) +(z,a1) = t|2llx; + (2,01)
yeXs yeX1
s =yl 5, <t I =y, <t

therefore to prove the formula for R* for z € X} it is sufficient to demonstrate
that for any y € Xy such that [|a; — ||y, <t we have

sup  (z,9) > (2,7)-
yeXoNX1
llar—yllx, <t
Let u = a; —¥y. Then

1 1 1
L——Jul| =(1-=)ully, <[{1-=)t
n X, n n

As Xy N X; is dense in X;, we can find u,, € XoN X; and a1, € Xo N X; such

that .
Uy — <1 — ) u
n

< t HN H < t
— and a; —a —.
X, S on ! Lellx, = 2n
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Let us pick ¥, = a1,n, —un € Xo N X;. Then

i (5= Tl = lim -+ u = arlly, =0
and
a1 = Ynllx, = la1 — a1,n +unllx, <t

We conclude that

sup  (z,y) > lim (z,7) = (2,7).
yEXoNX1 n—-+oo
la—yl x, <t

Let us now consider the case z € (X5 + X7)\X7. We need to show that

sup  (z,y) = +oo.
yEXoﬂX1
I —yllx, <t

The fact that z € (X§ + X7) \ X7 implies that z is defined on Xy N X; and is un-
bounded on the set Bx, (0; 1)N(Xo N X71). Indeed, if it were bounded on Bx, (0;1)N
(Xo N Xy), then, since Xy N X7 is dense in X7, it would be possible to extend z as
a bounded linear functional on X;. Let Q = {y € Xo N X1 : [a1 — Yllx, < t}. We
need to prove that
sup (z,y) = +o0. (4.2)
yeQ
Note that (z,y) is well-defined because z € (X + X7) = (XoN X1)". Let us
assume the contrary to (4.2), i.e.

sup (z,y) = C' < 4o0.
yeN

Let us choose a1, € Xo N X7 such that ||a; — cz17t||X1 < % and consider the set

t
Q {uEXoﬁX1:|ua17t|Xl g}.

2

t
2

Clearly, Q¢ C €. We consider the set Bx, (0; )N (Xo N X;) and pick an element
v € Bx, (03 7) N (Xo N X1). Then u = (20 +a1,) € Q¢ and for such v we have

1 1
(z,v) = <z,—&> +-(z,2v+a14) < <z, —al’t> + -C=0C1 < o0,
2 2 ’ 2 2
ie.
sup (z,v) < C1 < +o0.

veBx, (0;3)N(XoNX1)

This is a contradiction to the fact that z is unbounded on Bx, (0;1) N (Xo N X7).
Therefore

sup (z,y) = +oo. u
yeN
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Lemma 4.3. Let ag € Xg and a1 € X1 be given. Let also the functions S and R
be defined on XoN X1 by

1 t
S = —llag — y||% and R =" |ly+ai|%
(y) . llao — yll%, (y) P ly + ailly,

and let p, i = 0,1 be such that i + i =1. Then

a) n the case when 1 < pg,p1 < +00, we have

S* (Z): i||z||})7gg+<z7a0> Zf ZEXS
~+00 if ze (X§+X7)\X§

and

t P . i
R (o) = d il + (—za) i ze X
e if 2 € (X5 + X7) \Xi.

b) in the case when py = p1 = 1, we have

S (2) = (z,a0) if z € Bx; (0;1)
4 if z€ (X5 +X{)\Bxg (0;1)

and
vy J{=za1) if z € Bx:(051)
R (=) = {+oo if ze (X§+ X{)\Bxr (0;).

Proof. We will only prove the formulas for the function S* (the proofs for R* are
similar). Let us first consider
The case when 1 < py < 400: Assume that z € Xj. From Proposition 2.1
it follows that the conjugate function to the function 7' : Xg — R, defined by
1

T(y) = ;- llyll, . is equal to

* _ 1 p:)
T(z) = o 12| X
Let us calculate S*. We have

. 1
S*(z)=  sup {@m—nwwﬂa}= sup {{z,9) — T(y — ao)}
yEXoNX, Do yEXoNX,

Since our couple (Xg, X1) is regular, i.e. XqN X is dense in both Xy and X; and
T is a continuous function with respect to the norm of X, then

§%(2) = yseu)l? {{z;y —ao) = T(y — ao)} + (2, a0)

. 1 g
=T(z) + (2 a0) = o I121%; + {2, a0) -
0
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If z € (X§ + X7)\X{, then z is unbounded on Bx, (0;1) N (X, N X1). Hence
% 1
s:6= s fle = Ll al | =+
yeEXoNX, bo

The case when pg = 1: In this case the function 7" becomes

T(y) = llyllx,
and its conjugate (see Proposition 2.1) is equal to
if « (051
T (2) = 0 1 z € Bx; (0;1)
+oo if z € (X5 + X7)\Bx; (0;1).
As before, we have S*(z) = T*(z) + (z,a0). Therefore
g* (Z) _ <z,a0> lf S BXS (0; 1) n
400 if 2z € (X5 + X7)\Bx; (0;1).
4.2. Subdifferentiability of the E-functional
Given z € (X + X;) and t > 0, the E-functional is defined by

E(t7$;X0,X1): inf ||:E_‘T1||X0'

21 l1x, <

We can express the E-functional as the following infimal convolution on the
sum XO —+ X1
E(t,z; Xo, X1) = (o0 ® ¢1) (2),

where @g and @; are functions defined on the sum Xy 4+ X7 by

u if ueX
po (w) = 4 1Mo 1w Xo (13)
+o00o if ue (X0+X1)\XO

and

o if ue By, (0;t)
Pru) = {+oo if ue (Xo+X1)\Bx, (0:2), 44

where By, (0;t) is the ball of X; of radius ¢ centered at the origin. In this case
the functions ¢g : Xog — RU {400} and ¢1 : X3 — R U {400} are defined by

0 if uwe Bx, (0;t)
_ 1 _ ! 4.5
vo (u) = [|ullx, an 1 (u) {+oo if ue X;\Bx, (0;t). (#5)

Let us fix ag € Xy and a1 € X, such that £ = ag + a1. Then

E(t 2 X0, X1) = inf flao—yly,, yeXoNnXi)
los-+ylly, <t
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and, similarly to (3.1), we can rewrite the E-functional as

E(t,z; Xo, X1) = ye;lc??xl {Sa0(y) + Ra, ()},

where Sq, (y), Ra, (y) : Xo N X7 — RU {400} are the functions defined by

Sao (¢) = llao =yl x,

and
_Jo if ye (Bx,(—a1;t) N (XoNXy))
Ral (y) - .
+o00  otherwise.

Theorem 4.1. The E-functional is subdifferentiable on its whole domain.

Proof. It follows from Lemma 4.1 that the function S,, is convex, lower semi-
continuous, and proper. The function R,, is convex and lower semicontinuous
as an indicator function of a convex and closed set Bx,(—a1;t) N (XoN X7).
Since the space X N X3 is dense in X7, then By, (—a1;t) N (XoN X1) # 0 and
therefore the function R,, is proper. Moreover, since domsS,, = Xo N X; and
domRal = BXI(—al; t) n (Xo n Xl) then

U A(domS,, — domR,,) = Xo N X1.
A0

Thus the condition (a) of the Theorem 3.1 is satisfied. The conjugate function ¢
of g is defined on X and is given by

0 if ze€ Bxx(0;1)
c(2) = sup ({z,u) —||lu = 0\ 4.6
#(2) = sup () =~ flullx,) {+oo it 2 e Xi\By: (0:1). O
The conjugate function S;  of S,, can be obtained from Lemma 4.3:
§* (2) = (z,a0) if 2 € Bx;(0;1)
o +00 if z € (X§+ X7)\Bx;(0;1).
Hence
g* (Z): 306 (7Z)+<Z7a0> if ZEXS
w0 +00 if z e (X§+ X7)\Xg.
The conjugate @7 of ¢ is defined on X7 and is given by
p1(2) = sup  (z,2) =tz[ly; - (4.7)
z€Bx, (05t)
From Lemma 4.2, where we take a; = —a;, we obtain

R (o) = {t|z||Xf —(z,a1) if z€ X}

+00 if 2 e (Xg+ X7)\XT,
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ie.

R* (Z) _ (pik (Z) - <Z,CL1> if z€ XT
“ +00 if z e (Xg+ X7)\XT.

So all the conditions of Theorem 3.1 are satisfied, therefore the E-functional is
subdifferentiable on its domain in Xg + X;. |

4.3. Subdifferentiability of the L-functional
Let x € (Xo + X1) and let ¢ > 0 be a fixed parameter. We consider the following

L-functional

1 t
Ly (03 X0, X1) = inf (= [lzol?> + — [|lz1]2 ), 4.8
o X0 X0 =t (Ll + L) )

where 1 < pg, p1 < co. Note that the K-functional corresponds to the particular
case when py = p; = 1.

The Ly, p,-functional can be written as the infimal convolution

LPO,Pl (t>x;X0a Xl) = (950 SP) @1) (‘T) ;

where the functions ¢y and @; are both defined on the sum X, + X; as follows

Ll if uwe X
@0 (U) — Do ||'U4HX0 1 u 0 (49)
+00 if we (Xo+ X1)\Xo.
and
Lol if wue X
oy (w) = { o Il i we X (4.10)
+0o0 if ue (X0+X1)\X1

In this case, the functions ¢y : Xog — RU {+00} and ¢; : X1 — R U {+o0} are

defined by
po (u) = S %, and oy (u) = — [Jul} . (4.11)
Do Xo D1 X1

Theorem 4.2. The L-functional (4.8) is subdifferentiable on Xy + X;.

Proof. We will only consider the case when pg, p1 > 1, as the proofs for the other
cases are similar. For given ag € Xy and a7 € X; such that x = ag + a1, we can
define the L, ,,-functional as

Lpo»zn (tax;XOle) = inf {Sao(y) +R¢11 (y)},

yeXoNXy

where
1 Po t p1
Sao(y) = —llao—yly, and  Re (y) = —ly+ally, .
Po P1

Moreover,
LPoypl (tvi;XO’ Xl) = (950 D 951) (:C) )
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where the functions @ and @; are defined by (4.9) and (4.10), respectively. From
Lemma 4.1 we see that the functions S,, and R,, are convex, proper, and lower
semicontinuous and since domsS,, = domR,, = Xo N X; then

U A (domSa, — domRa,) = Xo N X
A>0

Thus the condition (a) of Theorem 3.1 is satisfied. The respective conjugate func-
tions S* and R* of S and R are given in Lemma 4.3:

1 Po . *
= |Iz|I5- + (z,a if ze€ X,
S;D (Z) — {po || ||X0 < 0> 0

e if ze (X3 +X7)\X;
and /
t z ||P . .
Rzl (Z): E ’?’){11‘+<_Zaal> if ZEXl
ee if 2 (X5 + X7)\X}.

The conjugate functions ¢f of ¢y and ¢ of ¢; are defined on X and X7, respec-
tively, and are given by (see Propositions 2.1-2.2)

* 1 ‘ *
o) = 2l VzeX; (4.12)
Py
and ,
t Z ||P1
4 =— |- Vz € X7. 4.13
¢1 (2) p/l tllx: z 1 ( )

It is clear that

St (2) = 0§ (—2) + (z,a0) if z€ X§
0 400 if ze (X5 +X7)\X¢§

and
R (2) = o7 (2) + (—2,a1) %f z € Xy
! +00 if ze(Xg+ X7)\XT.

Thus all the conditions of Theorem 3.1 are satisfied and therefore the L, p,-
functional is subdifferentiable on its domain, which is equal to Xg + X;. |
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