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HILBERT MODULAR AND QUASIMODULAR FORMS

Min Ho Lee

Abstract: Quasimodular forms generalize modular forms and have been studied actively in
recent years in connection with various topics in number theory and geometry. One of their
interesting properties is that they correspond to finite sequences of modular forms of certain
types. We extend such a correspondence to the case of Hilbert quasimodular forms. As an
application we construct Poincaré series for Hilbert quasimodular forms.

Keywords: quasimodular forms, Hilbert modular forms, Poincaré series.

1. Introduction

Quasimodular forms generalize modular forms and were introduced by Kaneko and
Zagier in [4]. They have been studied actively in recent years in connection with
various topics in number theory and geometry (see e.g. [2], [7], [8], [9]). Derivatives
of both modular and quasimodular forms are quasimodular forms, and, in fact,
each quasimodular form can be expressed as a linear combination of derivatives of
a finite number of modular forms.

A holomorphic function f on the Poincaré upper half planeH is a quasimodular
form for a discrete subgroup Γ of SL(2,R) of weight λ ∈ Z and depth at most
m > 0 if there exist holomorphic functions f0, f1, . . . , fm on H satisfying

1

(cz + d)λ
f
(az + b

cz + d

)
= f0(z) +

cf1(z)

cz + d
+ · · ·+ cmfm(z)

(cz + d)m

for all z ∈ H and
(
a b
c d

)
∈ Γ. Given such a quasimodular form, it is known that

there are modular forms h0, h1, . . . , hm for Γ of certain weights such that each fk
is a linear combination of derivatives of those modular forms. On the other hand,
each modular form hj can also be written as a linear combination of derivatives
of the functions fk. These results can be used to show that there is a one-to-
one correspondence between quasimodular forms (of weight greater than twice the
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depth) and certain finite sequences of modular forms (cf. [6]). This correspondence
may potentially be used to investigate certain properties of quasimodular forms by
studying similar properties of the modular forms in the corresponding sequences.

The goal of this paper is to establish an analog of the above-mentioned cor-
respondence for functions of several variables. In the case of several variables,
as was done by F. Pellarin in [10], we can consider Hilbert quasimodular forms.
In order to study such quasimodular forms more effectively we introduce Hilbert
quasimodular polynomials for a discrete subgroup of SL(2,R)n. We also consider
Hilbert modular polynomials for the same discrete group, whose coefficients are
Hilbert modular forms of certain types, and construct an isomorphism between
the space of such polynomials and the space of Hilbert quasimodular polynomials.
This isomorphism then determines our desired correspondence between Hilbert
quasimodular forms and sequences of Hilbert modular forms. As an application
we construct Poincaré series for Hilbert quasimodular forms.

2. Correspondences of polynomials

Given a positive integer n, we denote by F the ring of holomorphic functions
f : Hn → C with H being the Poincaré upper half plane. Throughout this paper
we use the multi-index notation. Thus, given elements α = (α1, . . . , αn) ∈ Zn and
z = (z1, . . . , zn) ∈ Hn, we have

zα = zα1
1 · · · zαnn , |α| = α1 + · · ·+ αn,

If α ∈ Zn+ with Z+ denoting the set of nonnegative integers and β = (β1, . . . , βn) ∈
Zn, we also have

∂α = ∂α1
1 · · · ∂αnn ,

(
β

α

)
=

(
β1

α1

)
· · ·
(
βn
αn

)
,

where ∂i = ∂/∂zi for 1 6 i 6 n. For α, β ∈ Zn, we write α 6 β if αi 6 βi for each
i = 1, . . . , n. We also write α < β if α 6 β and α 6= β. If c ∈ Z, we shall use the
bold-faced symbol to denote the element c = (c, . . . , c) ∈ Zn.

We now fix an element µ = (µ1, . . . , µn) ∈ Zn+. Let X = (X1, . . . , , Xn), and
denote by Fµ[X] the complex vector space of polynomials in X1, . . . , , Xn over F
of the form

Φ(z,X) = Φ(z1, . . . , zn;X1, . . . , Xn) =
∑

06ρ6µ

φρ(z)X
ρ ∈ Fµ[X] (2.1)

with z ∈ Hn, φρ ∈ F and
Xρ = Xρ1

1 · · ·Xρn
n

for each ρ = (ρ1, . . . , ρn) ∈ Zn+. Given such a polynomial and an element λ =
(λ1, . . . , λn) ∈ Zn with λ > 2µ+ 1, we consider two other polynomials

(ΞµλΦ)(z,X), (ΛµλΦ)(z,X) ∈ Fµ[X]
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defined by

(ΞµλΦ)(z,X) =
∑

06ρ6µ

φΞ
ρ (z)Xρ, (ΛµλΦ)(z,X) =

∑
06ρ6µ

φΛ
ρ (z)Xρ (2.2)

where

φΞ
ρ =

1

ρ!

∑
06ν6µ−ρ

1

ν!(λ− 2ρ− ν − 1)!
∂νφµ−ρ−ν (2.3)

φΛ
ρ = (λ+ 2ρ− 2µ− 1)1

∑
06ν6ρ

(−1)|ν|

ν!
(µ− ρ+ ν)! (2.4)

× (λ+ 2ρ− 2µ− ν − 2)!∂νφµ−ρ+ν ,

for each ρ ∈ Zn with 0 6 ρ 6 µ. The next proposition shows that the resulting
maps are linear automorphisms of Fµ[X], and its proof uses the combinatorial
identity

u∑
r=0

(−1)r
(
u

r

)(
v − r
u− 1

)
= 0 (2.5)

for positive integers u and v with u 6 v (see e.g. [5, Lemma 2.7]).

Proposition 2.1. The maps Ξµλ,Λ
µ
λ : Fµ[X]→ Fµ[X] given by (2.2) are complex

linear isomorphisms with
(Λµλ)−1 = Ξµλ

for each λ ∈ Zn with λ > 2µ+ 1.

Proof. Given λ > 2µ + 1, we first consider a polynomial Φ(z,X) and its image
(ΞµλΦ)(z,X) under Ξµλ as in (2.1) and (2.2), respectively. Then, using (2.3) and
(2.4), we obtain

((Λµλ ◦ Ξµλ)Φ)(z,X) =
∑

06ρ6µ

φ̂ρ(z)X
ρ,

where

(λ+ 2ρ− 2µ− 1)−1φ̂ρ (2.6)

=
∑

06ν6ρ

(−1)|ν|

ν!
(µ− ρ+ ν)!(λ+ 2ρ− 2µ− ν − 2)!∂νφΞ

µ−ρ+ν

=
∑

06ν6ρ

∑
06ξ6ρ−ν

(−1)|ν|(λ+ 2ρ− 2µ− ν − 2)!

ν!ξ!(λ− 2µ+ 2ρ− 2ν − ξ − 1)!
∂ξ+νφρ−ξ−ν

=
∑

06η6ρ

∑
06ν6η

(−1)|ν|(λ+ 2ρ− 2µ− ν − 2)!

ν!(η − ν)!(λ+ 2ρ− 2µ− ν − η − 1)!
∂ηφρ−η

= (λ+ 2ρ− 2µ− 1)−1φρ

+
∑

0<η6ρ

∑
06ν6η

(−1)|ν|(λ+ 2ρ− 2µ− ν − 2)!

ν!(η − ν)!(λ+ 2ρ− 2µ− ν − η − 1)!
∂ηφρ−η
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for 0 6 ρ 6 µ. If η > 0, we note that ηi 6= 0 for some i ∈ {1, . . . , n}. Denoting by
η̂i = (η1, . . . , 0, . . . , ηn) the element of Zn with ηi replaced by 0 in the i-th entry
and similarly for other elements, we have∑

0<η6ρ

∑
06ν6η

(−1)|ν|(λ+ 2ρ− 2µ− ν − 2)!

ν!(η − ν)!(λ+ 2ρ− 2µ− ν − η − 1)!
∂ηφρ−η

=
∑

0<η̂i6ρ

∑
06ν6η̂i

(−1)|ν|(λ̂i + 2ρ̂i − 2µ̂i − ν − 2̂i)!

ν!(η̂i − ν)!(λ̂i + 2ρ̂i − 2µ̂i − ν − η̂i − 1̂i)!

×
ρi∑
ηi=1

ηi∑
k=0

(−1)k(λi + 2ρi − 2µi − k − 2)!

k!(ηi − k)!(λi + 2ρi − 2µi − k − ηi − 1)!
φηφρ−η

=
∑

0<η̂i6ρ

∑
06ν6η̂i

(−1)|ν|(λ̂i + 2ρ̂i − 2µ̂i − ν − 2̂i)!

ν!(η̂i − ν)!(λ̂i + 2ρ̂i − 2µ̂i − ν − η̂i − 1̂i)!

×
ρi∑
ηi=1

1

ηi
φ

(η)
ρ−η

ηi∑
k=0

(−1)k
(
ηi
k

)(
λi + 2ρi − 2µi − k − 2

ηi − 1

)
= 0,

where we used (2.5). From this and (2.6) it follows that φ̂ρ = φρ for all ρ with
0 6 ρ 6 µ; hence we obtain

((Λµλ ◦ Ξµλ)Φ)(z,X) = Φ(z,X).

We now assume that (ΛµλΦ)(z,X) is as in (2.2) and that

((Ξµλ ◦ Λµλ)Φ)(z,X) =

µ∑
ν=0

φ̃ν(z)Xν .

Thus, in particular, (2.4) is valid for 0 6 ρ 6 µ. Noting that clearly φ̃µ = φµ, we
shall verify that φ̃ρ = φρ for 0 6 ρ 6 µ by using induction. Given a vector ρ with
0 < ρ 6 µ, we assume that

φη = φ̃η =
1

η!

∑
06ν6µ−η

1

ν!(λ− 2η − ν − 1)!
∂νφΛ

µ−η−ν (2.7)

holds for each η with ρ < η 6 µ. Thus there is an index j ∈ {1, . . . , n} such that

ρ+ εj = (ρ1, . . . , ρj + 1, . . . , ρn) 6 µ.

Then from (2.4) we obtain

φΛ
µ−ρ = (λ− 2ρ− 1)1

∑
06ν6µ−ρ

(−1)|ν|

ν!
(ρ+ ν)!(λ− 2ρ− ν − 2)!∂νφρ+ν

= (λ− 2ρ− 1)1ρ!(λ− 2ρ− 2)!φρ

+ (λ− 2ρ− 1)1
∑

0<ν6µ−ρ

(−1)|ν|

ν!
(ρ+ ν)!(λ− 2ρ− ν − 2)!∂νφρ+ν .
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Hence we have

φρ =
1

ρ!(λ− 2ρ− 1)!
φΛ
µ−ρ

− 1

ρ!(λ− 2ρ− 2)!

∑
0<ν6µ−ρ

(−1)|ν|

ν!
(ρ+ ν)!(λ− 2ρ− ν − 2)!∂νφρ+ν .

Shifting the index ν to ν + εj and using (2.7), the sum over ν on the right hand
side can be written as

∑
0<ν6µ−ρ

(−1)|ν|

ν!
(ρ+ ν)!(λ− 2ρ− ν − 2)!∂νφρ+ν

=
∑

06ν6µ−ρ−εj

(−1)|ν+εj |

(ν + εj)!
(ρ+ ν + εj)!(λ− 2ρ− ν − εj − 2)!∂ν+εjφρ+ν+εj

=
∑

06ν6µ−ρ−εj

∑
06β6µ−ρ−ν−εj

1

(ρ+ ν + εj)!β!(λ− 2ρ− 2ν − 2εj − β − 1)!

× (−1)|ν+εj |

(ν + εj)!
(ρ+ ν + εj)!(λ− 2ρ− ν − εj − 2)!∂εj+β+νφΛ

µ−ρ−εj−ν−β

=
∑

06ν6µ−ρ−εj

∑
06β6µ−ρ−ν−εj

(−1)|ν+εj |(λ− 2ρ− ν − εj − 2)!

β!(ν + εj)!(λ− 2ρ− 2ν − 2εj − β − 1)!

× ∂εj+β+νφΛ
µ−ρ−εj−ν−β

=
∑

06δ6µ−ρ−εj

∑
06ν6δ

(−1)|ν+εj |(λ− 2ρ− ν − εj − 2)!

(δ − ν)!(ν + εj)!(λ− 2ρ− ν − δ − 2εj − 1)!

× ∂εj+δφΛ
µ−ρ−εj−δ

=
∑

06δ6µ−ρ−εj

1

δ + εj

∑
06ν6δ

(−1)|ν+εj |
(
δ + εj
ν + εj

)(
λ− 2ρ− ν − εj − 2

δ + εj − 1

)
× ∂εj+δφΛ

µ−ρ−εj−δ.

Using (2.5), we have

∑
06ν6δ

(−1)|ν+εj |
(
δ + εj
ν + εj

)(
λ− 2ρ− ν − εj − 2

δ + εj − 1

)

=
∑

εj6ν6δ+εj

(−1)|ν|
(
δ + εj
ν

)(
λ− 2ρ− ν − 2

δ + εj − 1

)

= −
(
λ− 2ρ− 2

δ + εj − 1

)
.
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Thus we obtain∑
0<ν6µ−ρ

(−1)|ν|

ν!
(ρ+ ν)!(λ− 2ρ− ν − 2)!∂νφρ+ν

= −
∑

06δ6µ−ρ−εj

1

δ + εj

(
λ− 2ρ− 2

δ + εj − 1

)
∂εj+δφΛ

µ−ρ−εj−δ

= −
∑

εj6δ6µ−ρ

1

δ

(
λ− 2ρ− 2

δ − 1

)
∂δφΛ

µ−ρ−δ,

which implies that

φρ =
1

ρ!(λ− 2ρ− 1)!
φΛ
µ−ρ

+
1

ρ!(λ− 2ρ− 2)!

∑
εj6δ6µ−ρ

1

δ

(
λ− 2ρ− 2

δ − 1

)
∂δφΛ

µ−ρ−δ

=
1

ρ!

∑
06δ6µ−ρ

1

δ!(λ− 2ρ− δ − 1)!
∂δφΛ

µ−ρ−δ = φ̃ρ.

Hence we have φ̃ρ = φρ for all n ∈ {0, 1, . . . , µ} by induction. Thus it follows that

((Ξµλ ◦ Λµλ)Φ)(z,X) = Φ(z,X),

and the proof of the proposition is complete. �

3. Modular and quasimodular polynomials

The usual action of the group SL(2,R) on the Poincaré upper half plane H by
linear fractional transformations determines an action of SL(2,R)n on Hn. Thus,
if z = (z1, . . . , zn) ∈ Hn and γ = (γ1, . . . , γn) ∈ SL(2,R)n with

γi =

(
ai bi
ci di

)
∈ SL(2,R)

for 1 6 i 6 n, then we have

γz = (γ1z1, . . . , γnzn) =

(
a1z1 + b1
c1z1 + d1

, . . . ,
anzn + bn
cnzn + dn

)
.

For the same z and γ, we set

J(γ, z) = (J1(γ, z), . . . , Jn(γ, z)),

K(γ, z) = (K1(γ, z), . . . ,Kn(γ, z)), (3.1)

where
Ji(γ, z) = cizi + di, Ki(γ, z) =

ci
cizi + di
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for 1 6 i 6 n. These formulas determine the maps J,K : SL(2,R)n × Hn → Cn
whose component functions satisfy

Ji(γγ
′, z) = Ji(γ, γ

′z)Ji(γ
′, z), (3.2)

Ki(γγ
′, z) = Ki(γ

′, z) + Ji(γ
′, z)−2Ki(γ, γ

′z) (3.3)

for γ, γ′ ∈ SL(2,R)n, z ∈ Hn and 1 6 i 6 n.
If γ ∈ SL(2,R)n, λ ∈ Zn, µ ∈ Zn+, f ∈ F and

Φ(z,X) =
∑

06ρ6µ

φρ(z)X
ρ ∈ Fµ[X], (3.4)

we set

(f |λ γ)(z) = J(γ, z)−λf(γz), (3.5)

(Φ |Xλ γ)(z,X) =
∑

06ρ6µ

(φρ |λ+2ρ γ)(z)Xρ, (3.6)

(Φ ‖λ γ)(z,X) = J(γ, z)−λΦ(γz, (X − K(γ, z))(diag J(γ, z))2) (3.7)

for all z ∈ Hn, where diag J(γ, z) is the n × n diagonal matrix whose diagonal
entries are the components of J(γ, z), so that

(X − K(γ, z))(diag J(γ, z))2

= (J1(γ, z)2(X1 − K1(γ, z)), . . . , Jn(γ, z)2(Xn − Kn(γ, z)).

If γ′ is another element of SL(2,R)n, then it can be shown that

(f |λ (γγ′))(z) = ((f |λ γ) |λ γ′)(z),
(Φ |Xλ (γγ′))(z,X) = ((Φ |Xλ γ) ‖λ γ

′)(z,X),

(Φ ‖λ(γγ′))(z,X) = ((Φ ‖λ γ) ‖λ γ
′)(z,X).

Thus the above operations determine right actions of SL(2,R)n, the first one on
F and the other two on Fµ[X].

Lemma 3.1. If f ∈ F and γ ∈ Γ, we have

∂ν(f |λ γ)(z) =
∑

06α6ν

(−1)ν−α
ν!

α!

(
λ+ ν − 1

ν − α

)
K(γ, z)ν−α

J(γ, z)λ+2α
∂αf(γz) (3.8)

for all ν ∈ Zn+.

Proof. Given ν = (ν1, . . . , νn) ∈ Zn+, if 1 6 j 6 n, from [1, (1.9)] we see that

∂νj (f |λ γ)(z) =
1

J(γ, z)λ

νj∑
`=0

(−1)νj−`
νj !

`!

(
λj + νj − 1

νj − `

)
Kj(γ, z)

νj−`

Jj(γ, z)2`
∂`jf(γz)
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for 1 6 j 6 n. If k 6= j is another index with 1 6 k 6 n, noting that Jj(γ, z) and
Kj(γ, z) depend only on zj , we obtain

∂νk∂νj (f |λ γ)(z) =

νj∑
`=0

(−1)νj−`
νj !

`!

(
λj + νj − 1

νj − `

)
× Kj(γ, z)

νj−`

Jj(γ, z)2`
∂`j∂

νk(J(γ, z)−λf(γz))

=

νj∑
`=0

(−1)νj−`
νj !

`!

(
λj + νj − 1

νj − `

)
Kj(γ, z)

νj−`

Jj(γ, z)2`
∂`j∂

νk(f |λ γ)(z);

hence the lemma follows by applying ∂ν1 , . . . , ∂νn succssessively to f |λ γ. �

Theorem 3.2. Given a polynomial Φ(z,X) ∈ Fµ[X] and an element λ ∈ Zn with
λ > 2µ+ 1, we have

((ΞµλΦ) ‖λ γ)(z,X) = Ξµλ(Φ |Xλ−2µ γ)(z,X) (3.9)

((ΛµλΦ) |Xλ−2µ γ)(z,X) = Λµλ(Φ ‖λ γ)(z,X) (3.10)

for all γ ∈ SL(2,R)n, where Ξµλ and Λµλ are the isomorphisms in Proposition 2.1.

Proof. Let Φ(z,X) ∈ Fµ[X] be given by (3.4), so that

(ΞµλΦ)(z,X) =
∑

06ρ6µ

φΞ
ρ (z)Xρ,

where the coefficients φΞ
ρ (z) are as in (2.3). If γ ∈ SL(2,R)n, from (3.7) we obtain

((ΞµλΦ) ‖λ γ)(z,X) = J(γ, z)−λ
∑

06α6µ

φΞ
α(γz)J(γ, z)2α(X − K(γ, z))α

=
∑

06α6µ

∑
06ρ6α

(
α

ρ

)
φΞ
α(γz)J(γ, z)2α−λ(−1)|α−ρ|K(γ, z)α−ρXρ

=
∑

06ρ6µ

∑
ρ6α6µ

(−1)|α−ρ|
(
α

ρ

)
φΞ
α(γz)J(γ, z)2α−λK(γ, z)α−ρXρ.

Thus we may write

((ΞµλΦ) ‖λ γ)(z,X) =
∑

06ρ6µ

ξΞ
ρ (γ, z)Xρ,

where

ξΞ
ρ (γ, z) =

∑
06α6µ−ρ

(−1)|α|
(
α+ ρ

ρ

)
φΞ
α+ρ(γz)J(γ, z)2α+2ρ−λK(γ, z)α
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for each ρ ∈ Zn with 0 6 ρ 6 µ. Using (2.3), we have

φΞ
α+ρ(γz) =

1

(α+ ρ)!

∑
06β6µ−ρ−α

1

β!(λ− 2ρ− 2α− β − 1)!
∂βφµ−ρ−α−β(γz),

and therefore we obtain

ξΞ
ρ (γ, z) =

∑
06α6µ−ρ

∑
06β6µ−ρ−α

(−1)|α|J(γ, z)2α+2ρ−λK(γ, z)α

β!ρ!α!(λ− 2ρ− 2α− β − 1)!
∂βφµ−ρ−α−β(γz).

(3.11)
On the other hand, from (2.2), (2.3) and (3.6) we see that

Ξµλ(Φ |Xλ−2µ γ)(z,X) =
∑

06ρ6µ

ηΞ
ρ (γ, z)Xρ,

where

ηΞ
ρ (γ, z) =

1

ρ!

∑
06β6µ−ρ

1

β!(λ− 2ρ− β − 1)!
∂β(φµ−ρ−β |λ−2ρ−2β γ)(z)

for ρ > 0. Using (3.8), we have

∂β(φµ−ρ−β |λ−2ρ−2β γ)(z) =
∑

06α6β

(−1)|β−α|
β!

α!

(
λ− 2ρ− β − 1

β − α

)

× K(γ, z)β−α

J(γ, z)λ−2ρ−2β+2α
∂αφµ−ρ−β(γz).

Thus we obtain

ηΞ
ρ (γ, z) =

∑
06β6µ−ρ

∑
06α6β

(−1)|β−α|K(γ, z)β−αJ(γ, z)−λ+2ρ+2β−2α

ρ!α!(β − α)!(λ− 2ρ− 2β + α− 1)!
∂αφµ−ρ−β(γz)

=
∑

06α6µ−ρ

∑
α6β6µ−ρ

(−1)|β−α|K(γ, z)β−αJ(γ, z)−λ+2ρ+2β−2α

ρ!α!(β − α)!(λ− 2ρ− 2β + α− 1)!
∂αφµ−ρ−β(γz)

=
∑

06α6µ−ρ

∑
06β6µ−α−ρ

(−1)|β|K(γ, z)βJ(γ, z)−λ+2ρ+2β

ρ!α!β!(λ− 2ρ− 2β − α− 1)!
∂αφµ−ρ−β−α(γz).

Comparing this with (3.11), we have ξρ(γ, z) = ηρ(γ, z) for each ρ ∈ Zn with
0 6 ρ 6 µ, which verifies (3.9). The relation (3.10) follows from this and Propo-
sition 2.1. �

We now choose a discrete subgroup Γ of SL(2,R)n and consider the restriction
of the operations |λ, |Xλ and ‖λ of SL(2,R)n with λ ∈ Zn in (3.5), (3.6) and (3.7)
to Γ.
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Definition 3.3. (i) An element f ∈ F is a Hilbert modular form for Γ of weight
λ if it satisfies

f |λ γ = f

for all γ ∈ Γ.
(ii) An element Φ(z,X) ∈ Fµ[X] is a Hilbert modular polynomial for Γ of weight

λ and degree at most µ if it satisfies

Φ |Xλ γ = Φ

for all γ ∈ Γ, and the same element is a Hilbert quasimodular polynomial for Γ of
weight λ and degree at most µ if it satisfies

Φ ‖λ γ = Φ

for all γ ∈ Γ.

We use Mλ(Γ) to denote the space of Hilbert modular forms for Γ of weight λ.
We also denote by MPµλ (Γ) and QPµλ (Γ) the spaces of Hilbert modular and quasi-
modular, respectively, polynomials for Γ of weight λ and degree at most µ.

If a polynomial Φ(z,X) ∈ Fµ[X] of the form

Φ(z,X) =
∑

06ρ6µ

φρ(z)X
ρ

belongs to MPµλ (Γ), from (3.6) and Definition 3.3(ii) we see that

φρ ∈Mλ+2ρ(Γ) (3.12)

for 0 6 ρ 6 µ; hence a Hilbert modular polynomial determines a finite sequence
of Hilbert modular forms.

Proposition 3.4. The isomorphisms Ξµλ and Λµλ in Proposition 2.1 induce the
isomorphisms

Ξµλ : MPµλ−2µ(Γ)→ QPµλ (Γ), Λµλ : QPµλ (Γ)→MPµλ−2µ(Γ) (3.13)

for each λ ∈ Zn with λ > 2µ+ 1.

Proof. This follows immediately from Theorem 3.2 and Definition 3.3. �

4. Hilbert Quasimodular forms

In this section we introduce Hilbert quasimodular forms corresponding to Hilbert
quasimodular polynomials and construct Poincaré series for Hilbert quasimodular
forms for congruence subgroups of SL(2,R)n.

Let F and Fµ[X] with µ ∈ Zn+ be as in Section 3, and let Γ be a discrete
subgroup of SL(2,R)n.
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Definition 4.1. Given λ ∈ Zn, an element φ ∈ F is a Hilbert quasimodular form
for Γ of weight λ and depth at most µ if there are functions φρ ∈ F with 0 6 ρ 6 µ
such that

(φ |λ γ)(z) =
∑

06ρ6µ

φρ(z)K(γ, z)ρ (4.1)

for all z ∈ Hn and γ ∈ Γ, where K(γ, z) is as in (3.1) and |λ is the operation in
(3.5). We denote by QMµ

λ (Γ) the space of such Hilbert quasimodular forms.

Remark 4.2. (i) If (4.1) is satisfied for another set of functions {φ̂ρ ∈ F | 0 6
ρ 6 µ}, then we have ∑

06ρ6µ

(φ̂ρ(z)− φρ(z))K(γ, z)ρ = 0

for all γ belonging to the infinite set Γ; hence it follows that φ̂ρ = φρ for each ρ.
Thus we see that the Hilbert quasimodular form φ determines the associated func-
tions φρ ∈ F uniquely.

(ii) If γ is the identity element of Γ in (4.1), then K(γ, z) = 0, and therefore it
follows that φ = φ0. On the other hand, if µ = 0, the relation (4.1) can be written
in the form

φ |λ γ = φ0 = φ;

hence QM0
λ (Γ) coincides with the space Mλ(Γ) of Hilbert modular forms.

Let φ ∈ F be a Hilbert quasimodular form belonging to QMµ
λ (Γ) satisfying

(4.1). Then we define the corresponding polynomial (Qµλφ)(z,X) ∈ Fµ[X] by

(Qµλφ)(z,X) =

µ∑
r=0

φr(z)X
r (4.2)

for all z ∈ H. From Remark 4.2(i) we see that Qµλφ is well-defined, and therefore
we obtain the complex linear map

Qµλ : QMµ
λ (Γ)→ Fµ[X]

for each λ ∈ Zn.

Lemma 4.3. An element

Φ(z,X) =
∑

06ρ6µ

φρ(z)X
ρ ∈ Fµ[X] (4.3)

is a Hilbert quasimodular polynomial belonging to QPµλ (Γ) if and only if for each
ρ ∈ Zn with 0 6 ρ 6 µ the function φρ satisfies

(φρ |λ−2ρ γ)(z) =
∑

06α6µ−ρ

(
α+ ρ

ρ

)
φα+ρ(z)K(γ, z)α (4.4)

for all z ∈ Hn and γ ∈ Γ. In particular, if Φ(z,X) ∈ QPµλ (Γ), then φρ is a Hilbert
quasimodular form belonging to QMµ−ρ

λ−2ρ(Γ).
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Proof. If a polynomial Φ(z,X) given by (4.3) belongs to QPµλ (Γ), we have∑
06ρ6µ

φρ(z)X
ρ

= J(γ, z)−λ
∑

06ρ6µ

J(γ, z)2ρφρ(z)(X − K(γ, z))ρ

= J(γ, z)−λ
∑

06ρ6µ

∑
06α6ρ

(−1)|ρ−α|
(
ρ

α

)
J(γ, z)2ρK(γ, z)ρ−αφρ(z)X

α

= J(γ, z)−λ
∑

06α6µ

∑
α6ρ6µ

(−1)|ρ−α|
(
ρ

α

)
J(γ, z)2ρK(γ, z)ρ−αφρ(z)X

α.

Replacing z by γz and γ by γ−1, we obtain∑
06ρ6µ

φρ(γz)X
ρ = J(γ−1, γz)−λ

∑
06α6µ

∑
α6ρ6µ

(−1)|ρ−α|
(
ρ

α

)
× J(γ−1, γz)2ρK(γ−1, γz)ρ−αφρ(γz)X

α

= J(γ−1, γz)−λ
∑

06α6µ

∑
06β6µ−α

(−1)|β|
(
α+ β

α

)
× J(γ−1, γz)2α+2βK(γ−1, γz)βφα+β(γz)Xα.

From this and the identities

J(γ−1, γz)2α+2β = J(γ, z)−2α−2β , K(γ−1, γz)β = (−J(γ, z))2βK(γ, z)β ,

it follows that

φα(γz) = J(γ, z)λ
∑

06β6µ−α

(
α+ β

α

)
J(γ, z)−2αK(γ, z)−β

for 0 6 α 6 µ, which is equivalent to (4.4). �

If 0 6 α 6 µ, we consider the complex linear map

Sα : Fµ[X]→ F

defined by

Sα

( ∑
06ρ6µ

φα(z)Xα

)
= φα(z)

for all z ∈ Hn. Then from Lemma 4.3 we see that

Sα(QPµλ (Γ)) ⊂ QMµ−α
λ−2α(Γ);

hence we obtain the map

Sα : QPµλ (Γ)→ QMµ−α
λ−2α(Γ) (4.5)
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for each α. On the other hand, using (4.2) and (4.4), we also have

(Qµ−ρλ−2ρ(SρF ))(z,X) =
∑

06α6µ−ρ

(
α+ ρ

ρ

)
(Sα+ρF )(z)Xα ∈ QPµ−ρλ−2ρ(Γ)

for F (z,X) ∈ QMµ
λ (Γ) and 0 6 ρ 6 µ. In particular, the map Qµλ given by (4.2)

determines the complex linear map

Qµλ : QMµ
λ (Γ)→ QPµλ (Γ) (4.6)

for each λ ∈ Zn.

Lemma 4.4. The map S0 : QPµλ (Γ) → QMµ
λ (Γ) in (4.5) with α = 0 is an

isomorphism whose inverse is the map Qµλ in (4.6).

Proof. If Φ(z,X) ∈ QPµλ (Γ) is as in (4.3), we have

(S0Φ)(z) = φ0(z)

for all z ∈ Hn. On the other hand, from Lemma 4.3 we see that

(φ0 |λ γ)(z) =
∑

06α6µ

φα(z)K(γ, z)α.

Hence it follws that
((Qµλ ◦S0)Φ)(z,X) = Φ(z,X).

Since S0 ◦ Qµλ is clearly the identity map on QMµ
λ (Γ), the lemma follows. �

Let φ ∈ QMµ
λ (Γ) be a Hilbert quasimodular form satisfying

(φ |λ γ)(z) =
∑

06ρ6µ

φρ(z)K(γ, z)ρ (4.7)

for all γ ∈ Γ and z ∈ Hn, so that

(Qµλφ)(z,X) =
∑

06ρ6µ

φρ(z)X
ρ ∈ QPµλ (Γ)

by (4.2). We then set

Λ̃µλ(φ) = (φΛ
ρ )06ρ6µ ∈ F |µ|+1. (4.8)

where the functions φΛ
ρ ∈ F are the coefficients of the Hilbert modular polynomial

((Λµλ ◦ Q
µ
λ)φ)(z,X) ∈MPµλ (Γ)

given by (2.4). Then from (3.12) we see that

φΛ
r ∈Mλ+2r(Γ)
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for each r ∈ {0, 1, . . . ,m}; hence the formula (4.8) determines an isomorphism

Λ̃µλ : QMµ
λ (Γ)→

⊕
06ρ6µ

Mλ+2k−2µ(Γ)

of complex vector spaces for λ > 2µ+ 1.
In order to consider Poincaré series we now consider a totally real number field

F with [F : Q] = n and denote its ring of integers by o. Thus there are n real
embeddings

σ1, . . . , σn : F ↪→ R

of F , which induce an embedding

SL(2, F ) ↪→ SL(2,R)n.

Throughout the rest of this section we shall identify SL(2, F ) with its embedded
image in SL(2,R)n. Thus SL(2, o) is a discrete subgroup of SL(2,R)n, which is
the full Hilbert modular group. Let n be an ideal of o, so that the corresponding
principal congruence subgroup is given by

Γ(n) = {γ ∈ SL(2, o) | γ ≡ 1 (mod n)}.

For the rest of this section we assume that Γ is a congruence subgroup of SL(2, F )
containing Γ(n) with finite index, and set

Γ∞ = {( 1 x
0 1 ) | x ∈ F}.

We denote by
Tr : F → Q

the Galois trace map of F over Q, and set

n∗ = {α ∈ F | Tr(αn) ⊂ o}.

Given λ ∈ Zn and a totally positive element ν ∈ n∗, we can consider the
Poincaré series

Pλ,ν(z) =
∑

γ∈Γ∞\Γ

J(γ, z)−λ exp(2πiTr(ν(γz))), (4.9)

which is a Hilbert modular form belonging to Mλ(Γ) (cf. [3]). We now set

PQP
λ,ν (z,X) =

∑
γ∈Γ∞\Γ

∑
06ρ6µ

∑
06β6µ−ρ

∑
06α6β

(−1)|β−α|(2πi)|α|να

ρ!β!(λ− 2ρ− β − 1)!

×
(
λ− 2ρ− β − 1

β − α

)
K(γ, z)β−α

J(γ, z)λ−2ρ−2β+2α
exp(2πiT (ν(γz)))Xρ,

which is a polynomial in Fµ(X).
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Proposition 4.5. The polynomial PQP
λ,ν (z,X) is a Hilbert quasimodular polyno-

mial belonging to QPµλ (Γ).

Proof. Since the function Pλ,ν : Hn → C given by (4.9) belongs to Mλ(Γ), we
see that the polynomial

Φ(z,X) =
∑

06ρ6µ

Pλ−2µ+2ρ,ν(z)Xρ

is a Hilbert modular polynomial belonging toMPµλ−2µ(Γ). Thus, appying the map
Ξµλ in (3.13), we obtain

ΞµλΦ(z,X) =
∑

06ρ6µ

ψρ(z)X
ρ ∈ QPµλ (Γ),

where

ψρ =
1

ρ!

∑
06β6µ−ρ

1

β!(λ− 2ρ− β − 1)!
∂βPλ−2µ−2β,ν

for 0 6 ρ 6 µ. If we set

ην(z) = exp(2πiTr(ν(z)))

for all z ∈ Hn, we have

∂βPλ−2µ−2β,ν(z) =
∑

γ∈Γ∞\Γ

∂β(ην |λ−2ρ−2β γ)(z)

=
∑

γ∈Γ∞\Γ

∑
06α6β

(−1)|β−α|
(
λ− 2ρ− β − 1

β − α

)

× K(γ, z)β−α

J(γ, z)λ−2ρ−2β+2α
(∂αην)(γz)

=
∑

γ∈Γ∞\Γ

∑
06α6β

(−1)|β−α|(2πi)|α|να
(
λ− 2ρ− β − 1

β − α

)

× K(γ, z)β−α

J(γ, z)λ−2ρ−2β+2α
exp(2πiTr(ν(γz))).

Thus we see that

ΞµλΦ(z,X) = PQP
λ,ν (z,X);

hence the proposition follows. �
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From Proposition 4.5 it follows that the function PQM
λ,ν ∈ F given by

PQM
λ,ν (z) =

∑
γ∈Γ∞\Γ

∑
06β6µ

∑
06α6β

(−1)|β−α|(2πi)|α|να

β!(λ− β − 1)!

×
(
λ− β − 1

β − α

)
K(γ, z)β−α

J(γ, z)λ−2β+2α
exp(2πiT (ν(γz)))

for all z ∈ Hn belongs to QMν
λ (Γ), an such series may be regarded as Poincaré

series for Hilbert quasimodular forms.
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