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VARIATIONS OF THE RAMANUJAN POLYNOMIALS
AND REMARKS ON ¢((2j +1)/m2%i+1

MaTIiLDE N. LALIN, MATHEW D. ROGERS

Abstract: We observe that five polynomial families have all of their roots on the unit circle.
We prove the statements explicitly for four of the polynomial families. The polynomials have
coefficients which involve Bernoulli numbers, Euler numbers, and the odd values of the Riemann
zeta function. These polynomials are closely related to the Ramanujan polynomials, which were
recently introduced by Murty, Smyth and Wang [MSW]. Our proofs rely upon theorems of
Schinzel [S], and Lakatos and Losonczi [LL| and some generalizations.
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1. Introduction

In a recent paper, Murty, Smyth and Wang considered the Ramanujan polynomials
[MSW]. They were defined by Gun, Murty and Rath [GMR] using

Baan(s) = Y. B (L)
e = (2))12k +2 - 21" 7 '

where Bj; is the jth Bernoulli number. Among other fascinating results, Murty,
Smyth and Wang showed that Rary1(2z) has all of its non-real roots on the unit
circle. The purpose of this paper is to study some variants of Rogy1(z), which also
have many roots on the unit circle.

Conjecture 1.1. Let B; denote the Bernoulli numbers, and let E; denote the
Euler numbers. Suppose that k > 2. The following polynomials have all of their
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non-zero roots on the unit circle:

R VI (2R 2
o) = i S BB ()

+¢(2k = 1) (27 + (=1)*2)
Qi(2) == (22" +1) Pi(2) — 2% Py, (2/2) — Py(22),
Yi(2) == o (Qu(iv/2) + Qu(=iv/2))
Wi(z) :== (2% +2) Py(z) — 2°% Py (2/2) — Pu(22),

Sk(z2) == Xk:EQngk_zj @f) 2. (1.2)

=0

We will offer a general proof of Conjecture 1.1 for Qx(z), Yi(z), Wi(2), and
Sk(2). It seems that Pj(z) is more difficult to handle. In Section 4 we offer several
partial results concerning Py(z).

An important secondary goal of this work, is to highlight a connection with
the odd values of the Riemann zeta function ((s). While it is a classical fact
that ¢(27)/7% is rational when j > 1, very little is known about the arithmetic
nature of ((2j+1). The only theorems in this direction are celebrated irrationality
results. For instance, Apéry showed that ((3) is irrational [A, P], Ball and Rivoal
proved that infinitely many odd zeta values are irrational [BR, R| (generalized by
Hessami Pilerud and Hessami Pilerud [HH]), and Zudilin established that at least
one element of the set {{(5),¢(7),¢(9),¢(11)} is also irrational [Z].

Therefore, let us briefly consider the identity which gave birth to the Ramanu-
jan polynomials [B, p. 276]. The formula can be written as

lP = 1 z2k—1 1)k+ — 1 z 1.3
5 k(z) - _nz::l n2k=1 g27n/z _ 1 + (_ ) nz::l n2k—1 m ( ' )

This identity holds whenever z € iQ !. The restriction is necessary to ensure
that both infinite series converge. Not surprinsigly, this formula is also mentioned
in [P] while dealing with the irrationality of ((3). Notice that Gun, Murty and
Rath used (1.3) to express odd zeta values in terms of Eichler integrals [GMR].
Now consider the case when k = 2. A brief numerical calculation shows that the
polynomial obtained from the left-hand side

z4+522+17%§3)(23+z):0, (1.4)

has all of its roots on the unit circle. Notice that if we truncate the right-hand

1This identity is often presented in the literature as valid for z € R positive, but it is not hard
to see that it extends by analytic continuation to the largest domain where the infinite series
converge, i.e., z & iQ
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side of (1.3), then we can obtain an approximation for {(3):

244522+ 1\ 7
@~ () 5 (15)

234z

where L
z 2=

e2n/z _ 1 + e2mz _ 1"
This approximation gives six decimal places of numerical accuracy. The accuracy
can be increased by including higher order terms in the truncation. It would
be extremely interesting if this idea could be used to say something about the
irrationality of ¢(3)/m3. In this paper, we will settle for the more modest goal of
studying the polynomial families listed in Conjecture 1.1.

Before proceeding, it is important to note that all of our polynomials are nat-
urally occurring objects. The following identities are corollaries to (1.3):

0=

ok N e O | z
2 Qk(z) = Z n2k—1 gmn/z +1 + (_1) Z n2k—1 emnz 4 1’
nngdld nno:dld
1 21 > tanh ( ) r = tanh (73%)
_}Yk(_ Z n2k A LD k=1
nodd nnozdld
(oo}
1-2k L2k—1 " esch () k (=1)" esch(mnz)
—27 Wil Z n2k R A DD n2k—1 :
n=1

Proofs follow from the fact that Qg(z), W (2), and Yj(z) are all linear combina-
tions of Pg(z)’s. Ramanujan also discovered a similar formula for Si(z). We have
stated that identity in (2.7).

2. Sk(2), Yx(2) and the theorems of Schinzel, Lakatos and Losonczi

In this section we prove that Si(z) and Yy (z) have all of their non-zero roots
on the unit circle. Our proofs follow from applying the theorems of Schinzel [9],
Lakatos and Losonczi [LL], and Lakatos [L]. Lakatos proved that any reciprocal
polynomial Z?:o A;z7, with real-valued coefficients, which satisfies

k
Akl =D 1A — Axl, (2.1)
j=0

must have all of its roots on the unit circle. If the inequality is strict then the
polynomial has only simple roots. Equation (2.1) is a very strong restriction. There
have been a number of recent improvements to (2.1) with a similar flavor (see [S]
and [LL]). Schinzel proved that any self-inversive polynomial which satisfies

|| > inf Z |cA; (2.2)

\d\ 1J =0
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must have all of its roots on the unit circle [S]. Self-inversive polynomials have

complex-valued coefficients which satisfy A; = eAj;_;, for some fixed || = 1.
Notice that the class of self-inversive polynomials includes both reciprocal (e = 1)
and anti-reciprocal (¢ = —1) polynomials. In Theorems 2.1 and 2.2 we apply

Schinzel’s theorem with d = 1.

Theorem 2.1. Suppose that k > 1. Then all of the roots of the polynomial given
by (1.2) lie on the unit circle. Furthermore, they are all simple.

Proof. With (2.2) in mind, let us begin by setting

2k
Aj = EQ'E2k2'( )
j j i\ 2;

The sign of Ey, is (—1)™. This implies that all of the coefficients of Si(z) have
sign (—1)*. As Ey = 1, we have Ay = Fy.

Our proof consists of three main steps. First we remove the absolute values
from the sum in (2.2). This is easily accomplished by showing that (—1)k(cA; —

Ag_2) > 0 for ¢ = #_1_%). Next we evaluate Z?:o A; explicitly, and finally

(1+
we deduce the desired upper bound.

In order to remove the absolute value signs from (2.2), we need to demonstrate
that (—1)*(cA; — Ax_2) > 0. Using the following bound for Euler numbers [AS,

p. 805]:

4F+1(2k)! 4FH1(2F)!
2R | Ea| > m2RAL(] 4 312k (2:3)
leads to
4(1 +3—1—2k 4(1 +3—1—2k
QMIJ = %ME%EM
4k+2(2k)!
a2k t2
2k
> |E2jE2k—2j|<2j) = [4].

The absolute values can be removed because both Ay and A; have sign (—1)*:

(—1)F4(143717%)

s

A > (—l)kAj > 0.

If we take
s

4(1 + 3-1-2k)’
then the previous inequality implies (—1)* Ay — c¢(=1)kA; > 0.

Let E, (z) denote the classical Euler polynomials, and recall a standard convo-
lution identity [Dil:

3 (”) Ej(0)En_j(w) = 2(1 — w — 0) By (v + w) + 2By 11 (v + w).

i=o
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1

Set v = w = 3, and then use FE,, = 2"E, (%), to obtain an expression for Sy (1).

We have
22k+1(22k+2 _ 1)‘B2k+2‘

k+1
The evaluation of Fai41(1) follows from [AS, p. 805|. Thus

Zch — Al = (=1)"

= (k+1)(—1)*Ap — c(—1)*Sk(1)

= (k+ 1)[Ag| — c[Sk(1)]

71_22k—1(22k+2 _ 1)|BQk:+2|
(F+1)(1+37172F)

To finish the verification of (2.2), we need to show that the last expression is
bounded above by |A|. This is equivalent to showing that

[Sk(1)] = [2257 Barya (1)] =

M;r

Ak — CAj)

(=)

= (k+ 1) Ax| -

71_22k71(22k+2 _ 1)|B2k+2|
(k+1)(1+3 1-2%) |Ak] = K| B | (2.4)

We will resort to an inequality for Bernoulli numbers [AS, p. 805]:

2(2n)! 2(2n)!
(271_) |BQH‘ < (27.‘.)271(1 _ 21—2n)' (2'5)
Thus we find
7T22k—1(22k+2 _ 1)|B2k+2| . 7r22k—1(22k+2 _ 1) 2(2k + 2)!
(k+1)(1+37172) (k+1)(1+37172%) (2m)2h+2
2k+1(] _ 9—2-2k 1!
_ 22 (k) (2.6)

(1 +37172k) 2k+1

On the other hand, we have already used the fact that Euler numbers are bounded
by (2.3). Substituting (2.6) and (2.3) into (2.4) reduces the inequality to

2k+1 1 + 37172k

2k 1 —2-2-2k"
This final inequality is easily verified with elementary calculus for £ > 1. Since
the inequality is strict, we conclude immediately that Si(z) has only simple roots
which all lie on the unit circle. |

We have proved that Si(z) has all of its roots on the unit circle. Perhaps it is
interesting to note that Sy (z) satisfies

M _2?) 2k2 X-a(n)sech (7n/2z)
2(2k)! Sil n2k+1
(2.7)

X—a(n)sech (mnz/2)
ey Al /),
n=1
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where x_4(n) is the non-principal character mod 4. This formula appears in
Ramanujan’s notebooks [B, p. 276]. As a result it is easy to approximate the
roots of Sk(z) by the roots of exponential polynomials. It remains to be seen
whether or not there are any interesting applications for this observation.

To illustrate our method a second time, we prove that the polynomial Yy (2)
has all of its non-zero roots on the unit circle. Notice that Y} (z) is a close analogue
of Si(z), except that it involves Bernoulli numbers rather than Euler numbers.

Theorem 2.2. Suppose that k > 2. The polynomial

Yi(2) = g5 (Qu(iv2) + Qu(-i2))

n?k : 2j 2k—2j 2k\
= — BoiBop_2:(277 —1)(2°"7% — 1 J
(%)!; 25 Bak—2;( ) )(2j>27

has all of its non-zero roots on the unit circle. Furthermore, all of the roots are
simple.

Proof. Observe that Y;(z) has degree k — 1, since the coefficients of z* and 2°
are identically zero. We prove that Y} (z)/z satisfies the hypothesis of Schinzel’s
theorem [S]. If we eliminate the trivial factor of z, then we obtain a polynomial of
the form

z

= AjZJ,
7=0

where

e

= 1—272727)(1 — 227242\ By . 5 Bot_9:_o.
OTAT 2j+2>( )( )B2j12Bok—2j -2

Notice that Yj(z)/z is reciprocal, since Ay_o_; = A;. By elementary properties
of Bernoulli numbers, the sign of 4; is (—1)* for all j.
Schinzel’s theorem can be applied if the following inequality holds:

k—2
[Ap—a| 2> |eA; — Ap_s, (2.8)
3=0
for some ¢ € C. We prove that (2.8) holds when ¢ = %. Our proof follows
the same three steps as in the case of Si(2).

In order to remove the absolute value signs from (2.8), we need to demonstrate
that (—1)¥(cA; — Ap_2) > 0. We demonstrate this by comparing an upper bound
on (—1)*A;_5, with a lower bound on (—1)¥A;. The lower bound on |A;] is
a consequence of an inequality from [Dal:

|Bgn| >
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In particular we find
(—1)*4; = 4] > 4. (2.9)
By (2.5), we find an upper bound for |Ax_z|:

71'2 1— 22—2k

Comparing (2.10) and (2.9), allows us to easily conclude
(=1)*(cAj — Ax_2) >0, (2.11)

whenever k > 2.
Since we have proved (2.11), Schinzel’s sum immediately reduces to

k—2 k—2
Z |CAj - Ak,2| = —(k — 1)(—1)kAk,2 + (—1)kCZA]‘. (212)
j=0 j=0

Now we simplify the remaining sum. Let Bj(z) denote the usual Bernoulli poly-
nomials. By standard evaluations of Bernoulli polynomials [AS, p. 805], we have

‘%‘igj@ﬁ¥>@%”<D_Bﬁdm>

X (BQk_Qj_2 (;) — B2k—2j—2(0)> :

Next we use a well known convolution identity for Bernoulli polynomials [Di:

Z (n) B;(v)Bp—j(w) =n(w+v—1)B,_1(v+w) — (n—1)B,(v+w). (2.13)

=0 \J

Considering all of the cases where (v,w) € {(3,3),(0,3),(%,0),(0,0)}, leads to
k—2
_(2m)%k (2 —1) 1
2=z (Pelg) PO
_ (2m)2* _ _ o—2k
=) (2k — 1)(1 — 27%") By (2.14)

Substituting (2.14) into (2.8), leads to a closed form expression for the sum we are
interested in:

27T)2k
(2k)!

k—2
D led; = Ap_g| = —(k = 1)(—1)* A5 — (—1)’%( (2k — 1)(1 — 272%) Byy.
j=0

The proof can be completed by showing that this last expression is bounded from
above by |Aj_s| or

71.2(1 _ 22—2k) (271_)2k’
8(1 —23-2F) (2k)!
It is elementary to show that this inequality holds for & > 1 by applying (2.5). H

(2k —1)(1 — 272%)| Bog| < k|Ap_a|.
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3. Generalizing the criteria to other families

Conditions such as (2.2) appear to be too restrictive to apply to polynomial families
such as Py(z), Wi(z) and Qk(z). In this section we prove that Q(z) and Wi(z)
have all their roots on the unit circle, by extending the theorems used in the
previous section. Let us briefly recall how to derive results such as (2.1) and (2.2).
For a real-valued reciprocal polynomial Vj(z) = Z?:o A;z7, the condition

k
Ak > " leA; — Agl, (3.1)

=0

immediately implies that

1> S Vi(2) — va(2)

i , (3.2)

2l g

where vi(z) = . Notice that if vi(2) is expanded in a geometric series, then
(3.2) can be derived from (3.1) as a simple consequence of the triangle inequality.
Despite the fact that (3.2) does not imply (3.1), it turns out that (3.2) is easily
strong enough to conclude that Vi (z) has all of its roots on the unit circle. To
demonstrate this, first restrict z to the unit circle, and write z = € with 6 €
(0,27), and
sin (@)
01(0) = 2~ FTD 2y (2) = —
sin (%)

If j < 2k + 2 is a positive odd integer, then it is easy to show that v (lg—jl) has

sign (—1)U=Y/2 and ’ﬁk (%)‘ > 1. This implies that ©4(0) has at least k + 1
interlacing positive and negative values in the interval (0,27), and it has absolute
value > 1 at each of those points. By (3.2) we can write Aikz_(k“'l)/z‘/k(z) =
U, (0) + ET, where the error term ET has absolute value less than 1. It follows
that Aikz*(kﬂ)/QVk(z) changes sign at least k times for # € (0,27). By the
intermediate value theorem we conclude that Vj(z) has at least k roots on the
unit circle. Since the polynomial has at most k roots, all of its roots must lie on
the unit circle.

We can easily extend this idea by selecting a different vy (2).2 This typically
entails constructing vg(z) to approximate specific polynomial families.

Definition 3.1. Let f : (a,b) = R be a continuous function. We call f(0) a kth
order alternating function on (a,b), if it assumes alternating positive and negative

(or negative and positive) values at points p;, where a < p; < -+ < pgpr1 <b. We
say that f(0) has oscillation distance d, if | f(pi)| > d for each i € {1,...,k + 1}.

2This principle was inspired by a careful study of the proof in [MSW]|
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Lemma 3.2. Suppose that f(0) is a kth order alternating function on (a,b), with
oscillation distance d. Let F : (a,b) — R be a continuous function such that
|F'(8) — f(0)] < d for all 8. Then F(0) has at least k roots.

Proof. This lemma is essentially a restatement of the intermediate value theo-
rem. The proof follows immediately from the method described in the previous
discussion. |

3.1. The roots of Wy(z) lie on the unit circle
The main result of this subsection is the following theorem:
Theorem 3.3. Suppose that k > 2. The polynomial
Wi(z) = (2271 + 29)Py(2) — 22 Py(2/2) — Po(22)
(2)2k—192k k

. , 2k ;
_ _ ] (1 9l=2 _ o91—2k+42 2
S L Bl (=20 2 ()

has all of its roots on the unit circle. Furthermore, they are all simple.

In order to prove Theorem 3.3 we first need to establish that a certain trigono-
metric polynomial possesses the alternating property with oscillation distance 0.3.

Lemma 3.4. Suppose that k > 10. The function

2 sin((k —
wi(0) := 2 cos(kB) + 3 cos((k —2)0) + (1— 221—%) ((S]jn 93)9)

is an alternating function of order 2k on (—m, ), with oscillation distance 0.3.

Proof. We need to demonstrate that |wg(6)| > 0.3 for 2k+1 values of 0 € (—m, 7).
We must also show that the sign of wy () alternates over successive points in this
set. Since wy(#) is even with respect to 6, and since wy(0) > 3, we only need to
demonstrate that there are an additional k& such points in (0, 7). Suppose that
k > 10, let a be defined by

™

3

1 0.3
= — arccos (ﬂg 2) =042..., (3.3)

and let
jo=1[(k—1)a] +1. (3.4)
We claim that wy(0) satisfies the necessary conditions on the following set of

points:

g {1:1 (j(i)c_?ﬂ}u{(jok_l/12)ﬂv“v (kg]':_11/2)7r}

u{(k_j‘))7T (k_Q)Tr}u{(k_(l_e))ﬂ},

k-1 7777 k-1 k-1
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where € > 0 is sufficiently small. First expand wy(6) using trigonometric identities

wi(60) = cos((k — 1)6) cos(0) (7; to- 1;‘12k>

71.2

4 2

Notice that S (essentially) arises from cases where either cos((k — 1)0) = 0, or
sin((k — 1)) = 0. |
Begin by considering the cases where § = ;25 and j € {1,...,k —2}. Then

Wy (k”1> (—1) cos (ﬂ) (7;2 +2- 1;‘1%) . (3.5)

In order to have |wy (%) | > 0.3, we need to restrict j so that

COS(jW >‘> 0.3
k-1 T +2—

In other words we must have

where

1 0.3
Q, = — arccos )
m %2 +2- P;ﬁ

Since k > 10 we have (k — 1)(ax — o) < 1. Therefore it is sufficient that
J
1—
g (e1-a),
where « is defined in (3.3). This implies that j € {1,2,...,j0 — 1} U{k — jo,. ..,
k — 2}, with jo defined in (3.4). If j € {1,2,...,jo — 1}, then by (3.5) wy, (%)
has sign (—1)7. If j € {k — jo,...,k — 2} then the cosine in (3.5) contributes an

extra minus sign, and wy % has sign (—1)/F1.
Now consider the case where § = % and j € {jo,...,k—Jo}. By elemen-

tary properties of trigonometric functions, wy(#) reduces to

w (GE225) - (ap ((7; e ) (U 22)

b e <<J‘ - i/l‘zwr)) | (3.6)
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In order to place a lower bound on this expression, first choose an interval (3, 1—/),
kfi“:llm}. This can be

which contains the set of rational numbers {j°k7_11/ 2, ..
accomplished by selecting

)

+ +
[\")M—t [ I

ﬁ:{a if jo > a(k —1)

a—ﬁ if jo < a(k —1)

Notice that one of these situations must occur, because (3.4) guarantees that
jo € (a(k—1),a(k — 1)+ 1). We obtain the following lower bound from (3.6):

- (52)

> i 7r2 2 1 in @ + 2 0
= min _— — — ——— | S1n — = CSC .
oe(xB,m(1-8)) | \ 3 1—21-2k 1 —21-2k

The right-hand side is minimized at the end points of the interval (78, 7(1 — 3)),
so it follows that

RC=E

Consider both choices of 5, and recall the assumption that k > 10. A few easy
calculations are sufficient to obtain

2 4 . 2
(3 —2— 1_212/(:) Slnﬂ'ﬁ‘F mcscﬂ'ﬁ

‘ <(j1/2)7r)‘ _JosT o> atk—1)+
w (V=127
A 034 ifjo<a(k—1)+

)
)

N N

for all values of j € {jo,...,k—2jo}. It is easy to deduce from (3.6) that the sign
of wy, (%) is (—1)7.

Finally consider the value of wy, (W) Notice that

2 2k — 6
wy(m) = (=1)* <3 +2+ 1_21_%) :

Since k > 10 it follows easily that |wg ()| > 19, and wy(7) has sign (—1)F. If €
is sufficiently small then wy (W%fm) also has sign (—1)*, and absolute value
much larger than 0.3.
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To briefly summarize the sign values of wy(6), we have the following table:

’ 0 \ Sign (wg(0)) ‘
0 (-1)°
= (-1t
f) (—1)?
j ;1 ™ - _
(J%_l) (—1)Jo—1
jo—1/2)m 1
(Jokf/l) (—1)%
k—j 7 2)m ' —j
( Zz_}/ ) (_1)k ‘JO
( k—iol)w (—1)k—dot1
k—.2 T . _
k( kfl) (_1)k 1
—(1—e¢))m
effoe |y
This table shows that wy(0) changes sign at least k times over the interval (0, 7).
|
Now we use Lemma 3.4 to prove our main result.
Proof of Theorem 3.3. Let us define A; using
k
L (2m)2hio 1-2j 1-2k+2j (2K 2)
Wi(iz) = W;B%B%_%(li2 )(1—2 ) 2)?
k ‘ =
= ZAJ'ZQJ.
§=0
By Lemma 3.2 it suffices to prove that %{’;(iz) - wk(z)‘ < 0.3, where
2 k—3 3—k
_ (K —k ™ k=2 2—k 2 z —Z
wi(2) = (2" + 2 )—|—E(z +2°7F) + (2% —1 (3.7)
and z = €. Thus we write
27FW(i2) A _ w2 _
e = [T S ) = T A
7=0
9 k=3 _ 3~k
C(1—212k) ot
A w2 E24 2
<2|— — — =2, 3.8
Ay 6 + Z Ay (1—21-2F) (3.8)

j=2

where the second step makes use of a geometric series and the triangle inequality.
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If we recall that By = —1/2, and use both inequalities from (2.5), then we find

Ay Ba;Baj—2j(1 —21727)(1 — 21*2k+2j)@§) 3 9
Ao —Bop(1 — 2172k) (1—21-2k)

Additionally we have, by ((2n) = %7

A1 772

A w2 (2k—2)
Ay 6

s\ev—2) ™
6 C(2k) 6

This second expression goes to zero as k — oo. For example, it is not hard to see
that the absolute value is less than 0.01 for k£ > 4.

Therefore we can remove the absolute value signs from (3.8). We find that

2 kW (i2)

A w2
— —w()| <2

22 _ T
AO 3 21 2k ZAO

A1 7T2
_2+4A7_?+ 21 2k ZAO

2 _ 2 _ _
L, 2 (Rk=2) w2k _3) %1

3 C(2k) 3 1—20-2%k  1_21-%
2= w5

Notice that we evaluated Zj A; using the same Bernoulli convolution identity
(2.13). In addition, we have used the inequality

1 1
o= <) < T

which are easy to deduce from the Euler product formula and the Dirichlet eta
function. As k — oo this final upper bound approaches a limit of %2 — 3~ .289.
It is easy to see that it becomes < 0.3 for k > 6.

In summary, we have proved the theorem for & > 10. The cases for k£ < 10 are
easily checked with the numerical method outlined in section 4. |

3.2. The roots of Qi (z) lie on the unit circle

Notice that the coefficients of Q(z) involve the odd values of the Riemann zeta
function. The primary goal of this subsection is to prove the following theorem:
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Theorem 3.5. Suppose that k > 2. The polynomial
Qr(z) = (22% + 1) Py(2) — 2°* P (2/2) — Py(22)

)2k—1 k 4 4 , 4
O S By By (22 - (2 ) (57
ppd
Ok - 1 S (-1t + 2,

has all of its non-zero roots on the unit circle. Furthermore, all of the roots are
simple.

As in the proof of Theorem 3.3, the first step is to construct a trigonometric
polynomial which approximates Q(z). Notice that Qx(z) has degree 2k — 1, and
that it has a trivial root at z = 0. Therefore we need to prove that it has 2k — 2
roots on the unit circle.

Lemma 3.6. Suppose that k > 5. Then

8(1 — 2372%) sin((k — 3)0)
m2(1 — 22-2k) sin 6

qr(0) :=2cos((k — 2)0) + %Sin((k —1)0) +

is an alternating function of order 2k — 2 on (—m,m), with oscillation distance
0.03.

Proof. We need to demonstrate that |g;(0)| > 0.03 for 2k—1 values of § € (—m, 7).
We must also show that the sign of ¢;(6) alternates over successive points in this
subset. The proof is similar to the proof of Lemma 2, so we will be brief. Let o

be defined by

1 0.03
a = — arccos <271r§) =047..., (3.9
and let
jo=[(k—1)a] + 1. (3.10)

We claim that |g;(0)| > 0.03 on the following set of 2k + 1 points:

m (Jo — ) (Jo —1/2)m (k—jo—1/2)m
s= o s BT (ST LB

RTINS LTSS )

If we consider S\ { (j(’;i/f)ﬂ, (kfjgjp)ﬂ }, then we obtain a subset of 2k — 1 points
where the sign of ¢;(0) alternates over successive points.
In order to prove this claim, first expand gy (6) using trigonometric identities

_ 53-2k
g (0) = 2cos((k — 1)) cos(6) (1 - :2((11_222_2,3))

_ 932k _ 93—2k
+ sin((k — 1)0) (2 sin(6) <1 - 7T82((11_222_2]3)> 1 + 81-2 ) csc 0).

7 mw2(1—22-2k)



Variations of the Ramanujan polynomials and remarks on ¢(2j 4 1)/72/+1 105

Now consider the cases where § = 2=, with —(k —2) < j < (k—2) and j # 0.

We have
@ <kjf1) = 2(—1)7 cos (ICJ_”J (1 - m) . (3.11)

To ensure that |gg ( ) | > 0.03, we need to restrict j so that

[ gr 0.03
cos P > ) (1 T san )

Tr2(1_22—2k)

By similar reasoning to that in the proof of Lemma 3.4, it is sufficient that

o E-a)—a) Ul -a)

where « is defined in (3.9). This immediately implies that j € {£1,...,
+(jo—1)}U{£(k—jo),. .., £(k—2)}, where jo is defined in (3.10). A careful inspec-
tion of (3.11) reveals that the function has sign (—1)7 for j € {£1,...,+(jo— 1)},
and sign (—1)7t1 for j € {£(k — jo),..., (k- 2)}.

Next consider the cases where 6 = :I:(](fklf/lz))7T and j € {jo,...,(k—jo)}. We
obtain

o (2557 ) = (s (V) (- i)
i:2(<11_—2232—2§'3> (U@ i/12>)7T> " i) '

Now select 3 so that {jok—jl/Q . i‘L 1/2} (8,1 — ). Following Lemma 3.4,
this is accomplished by selecting

(3.12)

gl if jo > a(k—1)+ 3,
a—ﬁ if jo <a(k—1)+ 3.
Therefore we obtain
(j—1/2)m
LM AR
o ( 2(k—1)
. — 93-2k) — 93-2k) 4
>ee(w/§n;?1 ))‘2( B — 22-2k ) — 22— %)cscﬂzlzﬂ_‘
8(1 23 Zk) ( 23 2k) 4
> |2 <1 22 %) sinmf + 202 2k) CSCTrB:I:
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Checking both possible values of 3, and both possible signs of +, leads to a lower
bound which holds for k£ > 5:

% (i%)‘ > 0.08...

The final signs are summarized in the table below.

The only remaining cases are when j € {0} U {iw} These cases can
be easily dispensed with by elementary properties of trigonometric functions.

To briefly summarize the sign values of ¢x (), we have the following table:

! 0 | Sign (q(0)) | 0 | Sign (qx(0)) |
k—(1—e))m
_( k](cil ) (_1)k 0 (_1)0
—2)m — s
_ k—l) (—l)k 1 = (_1)1
: o= (-1)
k—jo)m - : .
_( ,kzol) (_1)k jo+1 B :
_(k—yz:iﬂ)ﬂ (_1>k—jo (J(;;ll)ﬂ —1)do—1
(jo;i/f)ﬂ (_1)j071
7(j0;i/12)77 (71 Jjo ) : .
jo—1)m o —Jo—1/2)w —Ga—
_(Jfljcfl) (=1)do 1 ( ]1271/) (_1)k jo—1
(k;fﬂ)ﬂ (71)k*j0+1
-2 (—1)2 : :
™ k—2)m _
— (71)1 k(k—l) (71)k 1
—(1—€))m
el | Coy

Notice that there are precisely 2k + 1 values of 6 in this table. If we exclude the
cases where 6 € {(JO ;i/f)ﬂ, (k= JO 1/2)”} then the sign of g, () alternates over the
remaining 2k — 1 values of 6. |

Next we use Lemma 3.6 to establish that Q(z) has all of its non-zero roots on
the unit circle for k > 2.

Proof of Theorem 3.5. Let us define A; using

k

(2m)% ! 2j 2k—2; 2K\ o)
Bo;Bojp_2;(2% — 1)(22F-% _1 i
k! ; 2j Bar—2;( ) o )?

(-1 = D - 1)z — 224

Qk<22> =

k
=" AP i(-1)R¢(2k — 1)( 2 — 1) (2 — 22,

7=0



Variations of the Ramanujan polynomials and remarks on ¢(2j 4 1)/72/+1 107

In order to simplify the following analysis, we have intentionally defined A; to only
involve the even coefficients of Q(iz). Notice that Ag = Ax =0, and that

(27)%71

(2k)!
= (—1)*¢(2k = 2)(2%* 7% - 1).

k(2k — 1)

Ay = 5

BQk72(22k72 o 1)

Suppose that £ > 5. Then by Lemma 3.2 it suffices to prove that

Zkgf(iz) —qx(2)] < 0.03
where
() = (A2 = Bt o SOTD5 o2 g
and z = €%,

Therefore let us begin by writing

_ Z A aon (L S@EZ DT D) e ey
=0

Al Al

—("2 2R + %(zk_l — 27k 8 (1—2%7%K) 3 3k

™ w2 (1—22-2k) o1
k—2
A; 8 (1—2372%F) C(2k —1)(22k-1 —1) 2
< et A S A —1)* -
\; A w2 (1-227%) +2‘( D A ™

The second step follows from substituting a geometric series, and then applying
the triangle inequality. We know from equation (2.11) (after noting the change in
definition of A;), that

A; S 8 (1 —2372F)
Ay T ow2 (1 —22-2k)°
In addition

C(2k —1)(22+-1 —1) 2
(=1)f A, i

2¢(2k —1)(1—212%) 2
7 C(2k —2)(1 —22-2k) x|’

This limit tends to zero. A simple calculation shows that the quantity is less than
0.001 for k& > 3.
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Therefore we can remove the absolute value signs from the inequality. We are
left with

[%3§“ﬁ—qﬂﬁ
. j_:ji e 3);8_32_22 v a(— 1) = 1)1(421%_1 1)
-—@kl%icéfTE;JEQiLj2(k3%§é:i;j%

4 42k —1)(1 — 2172k)

7 mC(2k—2)(1— 222

As usual, we have evaluated }_; A; using (2.13). The limit of the upper bound is

% — 2. It is easy to see that it becomes < 0.03 for & > 6. The cases for k < 6 are
easily proved with the numerical method described in Section 4. |

We conclude this section by deriving a second approximation for ¢(3)/73. If
we truncate the exponential series for Qx(z), we can obtain

3
z w
~ — .14
)~ T (314
where
1
0=——o +_= (3.15)

em/z+1  emr 41

Selecting the root given by z = 0.92 4 0.38i, yields 4 decimal places of numerical
accuracy. Notice that this approximation is slightly worse than (1.5).

4. Partial results on Py(z)

We have made a number of unsuccessful attempts to apply the theorems of Schinzel,
Lakatos and Losonczi, and their generalizations to the case of Py (2).> A piece of
evidence indicating that these methods may not work is given by the result in
[MSW] which shows that Rax+1(%) has four roots that do not lie in the unit circle
(by comparison Y (z) has all of its roots on the unit circle).

3The most general result that we can prove is that Pj(z) has at least k — 1 roots in half of
the unit circle, using the construction from [MSW]|.
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We will briefly describe one instance were Lakatos’s condition (2.1) fails, be-
cause it leads to an interesting formula. Let us define the A;’s as follows:

4k
> A = |P(iz)?
j=0
2

k
25 ek~ 2)2 |+ k- 1) (57— 2)”
7=0

Notice that |P;(iz)|> has all of its roots on the unit circle, if and only if Py(2)
also has all of its roots on the unit circle. Computational experiments helped us
to make the following observation:

Observation 4.1. Suppose that k& > 2, then
Ak (k — 1)|Ag| = Z |Aar — Ay (4.1)

Formula (4.1) can be proved with the identities for Bernoulli numbers that we
used in Theorem 2.2. This immediately rules out the possibility of applying (2.1)
(condition (2.2) can also be ruled out by slightly different methods). It is curious to
note that the right-hand side of (4.1) appears to involve odd zeta values, whereas
the left-hand side does not. It turns out that when (4.1) is explicitly calculated,
the odd zeta values drop out.

Theorem 4.2. Suppose that 2 < k < 1000. Then all of the roots of Py(z) lie on
the unit circle. Furthermore, all of the roots are simple.

While we have not been able to prove a general theorem concerning Py (z), we
have been able to prove Theorem 4.2 for k£ < 1000. The proof uses a standard
computational method based on the intermediate value theorem. Notice that the
map

24271 2u,

sends the unit circle to the real interval [—1,1]. Under this transformation, we
also have
2P 427 s 2Ty (),

where T (u) is the usual Chebyshev Polynomial. If we write (22* + (—1)*)Py(2) =
22k (Py(2) + Pi(1/2)) = 222 P} (u), then it follows that Py(z) has all of its roots
on the unit circle, if and only if

k

)2k—1 ‘
Pi(u): = (2(2)k,), Z(_l)]BﬁBQkaj @f) Tyj(u)

=0
+C(2k — 1) (Tak—1(u) + (=1)* T (u)) ,
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has all of its roots in the interval [—1,1]. It is easy to count real roots of real-
valued polynomials. The intermediate value theorem allows one to find roots by
detecting sign changes. Since Pj(u) has degree 2k, it is only necessary to detect
2k sign changes in [—1, 1] (fewer sign changes are required if roots lie at u = £1).
We have successfully carried out these calculations for & < 1000.

5. Conclusion

In conclusion, we have shown that Si(z), Yi(z), Wi(2), and Qi (z) have all of their
non-zero roots on the unit circle. These polynomials have a strong connection to
the Ramanujan polynomials. We were disappointed that we were unable to deduce
a similar theorem concerning Py (z) with our methods, however we are hopeful that
the approach outlined in Section 3 might eventually succeed in this case.

We remark that the theorem for Pj(z) is true as it has recently proved in [LS]
by different methods.

An additional avenue might involve studying the roots of a truncated version
of the right-hand side of (1.3). Notice that the roots of Py(z) are very well ap-
proximated by the roots of

k—1 1—k
oz kil 2

0= 627r/z_1 +(71) 62772_1'
Thus, it should be a worthwhile endeavor to study the roots of these auxiliary
functions.

Acknowledgements. The authors thank Wadim Zudilin and Chris Smyth for
the interesting discussions, encouragement and helpful comments, and M. Ram
Murty for calling our attention to [GMR]. The authors are also grateful to the
referee for the very careful and dedicated review and many useful suggestions that
improved the exposition of the paper. A portion of this research was carried out
while Mat Rogers was visiting the University of Georgia. He is grateful for their
hospitality.

References

[AS] M. Abramowitz and 1. A. Stegun, Handbook of mathematical functions
with formulas, graphs, and mathematical tables, National Bureau of Stan-
dards Applied Mathematics Series, Washington, D.C. 1964.

[A] R. Apéry, Irrationalité de ((2) et ((3), Astérique 61, (1979) 11-13.

[BR] K. Ball abd T. Rivoal, Irrationalité d’une infinité de valeurs de la fonction
zéta aux entiers impairs, Invent. Math. 146 (2001), no. 1, 193-207.

[B] B. C. Berndt, Ramanujan’s Notebooks, Part II, Springer-Verlag, New York,
1985.

[Da] C. D’Aniello, On some inequalities for the Bernoulli numbers, Rend. Circ.
Mat. Palermo 43 (1994), 329-332.



[Di]
[GMR]
[HH]
(L]
[LL]
[LS]
[MSW]

[P]

[R]

[S]

2]

Variations of the Ramanujan polynomials and remarks on ¢(2j 4 1)/72/+1 111

K. Dilcher, Sums of products of Bernoulli numbers, J. Number Theory 60
(1996), no. 1, 23-41.

S. Gun, M. R. Murty, P. Rath, Transcendental values of certain Eichler
integrals, Bull. Lond. Math. Soc. 43 (2011), no. 5, 939-952.

T. Hessami Pilerud, Kh. Hessami Pilerud On the irrationality of the sums
of zeta values, Math. Notes 79 (2006), no. 3-4, 561-571.

P. Lakatos, On zeros of reciprocal polynomials, Publ. Math. Debrecen 61
(2002), no. 3-4, 645-661.

P. Lakatos and L. Losonczi, Polynomials with all zeros on the unit circle,
Acta Math. Hungar. 125 (2009), no. 4, 341-356.

M. N. Lalin and C. J. Smyth, Unimodularity of zeros of self-inversive
polynomials, Acta Math. Hungar. 138 (2013), no. 1-2, 85-101.

M. R. Murty, C. J. Smyth and R. J. Wang, Zeros of Ramanujan polyno-
mials, J. of the Ramanujan Math. Soc. 26 (2011), no. 1, 107-125.

A. van der Poorten, A proof that Euler missed. ..Apéry’s proof of the irra-
tionality of ((3). An informal report, Math. Intelligencer 1 (1978/79), no.
4, 195-203.

T. Rivoal, La fonction zeta de Riemann prend une infinité de valeurs
irrationelles aux entiers impairs, C. R. Acad. Sci. Paris. Sér. I Math. 331
(2000), no. 4, 267-270.

A. Schinzel, Self-inversive polynomials with all zeros on the unit circle,
Ramanujan J. 9, (2005), 19-23.

W. Zudilin, Arithmetic of linear forms involving odd zeta values, J. Théor.
Nombres Bordeaux 16 (2004), no. 1, 251-291.

Addresses: Matilde N. Lalin: Département de mathématiques et de statistique, Université de
Montréal, CP 6128, succ. Centre-ville, Montreal, QC, H3C 3J7, Canada;
Mathew D. Rogers: Department of Mathematics, University of Illinois at Urbana-
-Champaign, 1409 W. Green St., Urbana, IL, 61801, USA.

E-mail:

mlalin@dms.umontreal.ca, mathewrogers@gmail.com

Received: 17 October 2011



