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UNITS IN REAL CYCLIC FIELDS
ROMAN MARSZALEK

Abstract: Let N/Q be a real cyclic and tame extension of prime degree | with ' = Zal(N/Q).
We give the Hom description of the class of the torsion-free part of the group of units in N in
the class group of the order ZF/(Z—yeF v). This representation depends only on the structure of
the ideal class group of N and determines the Galois module structure of the torsion-free part
of the group of units in IV as an ideal of the lth cyclotomic field. Using this approach we derive
necessary and sufficient conditions for all real and tame cyclic fields of prime degree to have
Minkowski units. We extend also the class of known cyclic real fields with Minkowski units.
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1. Introduction

In this paper we consider the Galois module structure of the group of units of
real cyclic and tame fields of prime degree. Let N be such a field with the prime
I =[N : Q] and the Galois group I = %al(N/Q). Let Ex be the group of units of
N and denote by Ey the torsion-free part of Ey, i.e. Ex = En/{%1}. Moreover
hy is the class-number of N. The group Ey in natural way admits the structure
of &/-module where by &/ we denote the factor ring ZI'/(3_ < 7)-

The main purpose of this paper is to describe the class of Ex in the locally
free class group of & denoted by Cl(«/). In [5] the so-called Hom description
of the class of Ey in Cl(«/) is given by means of a representing homomorphism
on the group of characters of 9al(N/Q). This representing homomorphism (see
Theorem 5.6. in [5]) involves Gauss sums, Galois Gauss sums, values of Dirichlet
and p-adic L-functions at 1. Using the approach introduced in [5], we provide
another representing homomorphism of the class of F which depends only on the
structure of the class group of N (see Theorem 2.2). Since a class equality in C1(27)
implies an isomorphism of «7- modules (& is commutative), this representation
gives a simple and complete classification of E as «/-module for real tame and
cyclic fields of prime degree over Q.

The order .« is isomorphic to the ring of integers of the [th cyclotomic field,
so the locally free class group of o is the class group of that field and Ey is
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isomorphic to an ideal of Z[¢(;]. This observation and Theorem 2.2 enable us to
derive an even more explicit and natural classification of .&7-modules En. In
Theorem 2.3 we shall prove that E is isomorphic to a product of powers of prime
ideals of Z[(;] lying above prime divisors of hy. The exponents of these prime
ideals in this product depend only on the Q,I'-structure of the class group of NV
for any prime p dividing hy.

Note that up till now there are no results giving a global Galois module classifi-
cation of Ey for large classes of real Abelian fields as those obtained in Theorem 2.2
and 2.3.

In Section 3 (Theorem 3.1) we shall prove that conditions given in [5] (Theorem
6.1) are also necessary and sufficient conditions for fields to have Minkowski units
in the whole class of real cyclic and tame fields of prime degree (the degree [N : Q]
need not to be a regular prime as it is assumed in Theorem 6.1 in [5]). Note
also that the above criterion is the first one where the sufficient and necessary
conditions for the existence of Minkowski units are given for such large class of
real Abelian fields.

Finally in Corollaries 3.2 and 3.3 , by applying Theorem 3.1 , we shall extend
the class of the fields with Minkowski units given in [5](see Corollaries 6.2, 6.3).

We shall adopt most notations and definitions from [5] and [7].

2. The Hom description of the class (En) .

In order to formulate the result we shall use in this section we need some notation.
First we put

0 iffy=g,=1,1]p-1,
sp =12 if fo=1orge =1,
1 otherwise,
where f, and g, are the residue class degree of p in N and the number of prime

ideals in O above p respectively.
We put

dp = Vp(Lp(1,x4)) — Vp(h;;)/éxyp(l) for odd primes p ,

2 = v2(La(1,xx)) — 1 — v2(h3) /Py 2(1),
where @, ,, is a Qp-irreducible character of I' with x as its summand, hy is the
order of the @, ,-component of the class group for N and x, is the primitive

character corresponding to x.
We also put

le(N)> )
m; =y +1, where n; is the absolute norm of t(0).
(\/ dnny tlelz 0

The following theorem is fundamental for our study of Ex as a module over
Zr/(T) (For a proof see [5]).
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Theorem 2.1. Let N be a tame real cyclic field of prime degree I > 2 and let 7y
generate I'. For any prime p # 1 put

Wpy = plrxtse, wiy = Dety (1 —79)™!! and Woo,y = L.
Then the map

)/p = ) Ol

x — 7(N/Q, X)(K X (p wm(a) with & € T,,S,
4,p

is a representative of (En)e in
Homg(Rr, 7 (F)))/[Homa(Rp, F*)Det(4(4))],
where T(N/Q, x) is the Galois Gauss sum and T(x«) is the Gauss sum.

Now we prove the main result of this paper. We shall construct the representing
homomorphism of the isomorphism class of En which depends only on the Q,I'-
structure of the class group of N.

Theorem 2.2. Let N be a tame real cyclic field of prime degree | > 2. For any
prime p £ 1,00 and x € T\ {1r} put

apx = —Vp(hy) /Py p(1) and ALy = Goo = 0.
Then the map % defined by
X — (PP )50 with 6 € T,
is a representative of (En)e in
Homg(Rr, 7 (F))/[Homg(Rp, F*)Det(8U())].

Proof. Note that, by Remark 3.2 of [5], we may always assume that the compo-
nents at oo of representing maps of any class in .27 are equal to 1 e.i. as, = 0.
Let ¢ be the conductor of the field N, so ¢ is the least integer such that
N C Q({y)- As N is tame, ¢ is also square-free.
From now on we choose F' to be the cyclotomic field Q((;4) so F' contains N
and the values of characters from I'. Thus Q = al(F/Q) = Zal(Q((q)/Q) and
by putting H = al(F/N), we have

O/H = Gal(N/Q) =T (2.1)

so we can identify I' with Q/H.

By (2.1) any character of I' can be treated as a suitable character of @ which
is trivial on H.

For any v € T let 4 denote an automorphism of Q(Qq) such that ¥H corre-
sponds to « via the isomorphism in (2.1). Thus for any x € T, there is yo €  such
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that x(v) = x(¥H) = xo(¥) for any v € I'. Using the isomorphism Q 2= (Z/lqZ)*
we assign to each 4 € Q an integer 4. mod lq satisfying

7<Clq) = Cl;{q*

Since we identify the group Q with (Z/lgZ)*, we can regard the character yg
as a Dirichlet character modulo lq. Subsequently we assign to this character the
primitive character x, with the conductor q._

Thus x — X« is a correspondence from I' to the group of primitive Dirichlet
characters associated with the field V.

We also have

X(7) = x0(7) = x0(F«) = X+ (1),

where 7, is defined by v, = %* mod gq.
Assume that ¢, = Czlq- Then 5(¢,) = ’V(Cllq) = () = (], whence

F(¢q) = G-

For any 7 € Q (each element of ) has the form 7 for some v € T') and any x # 1r
we compute

q q
=Y @ = X1 = ZX*
a=1 b=1

where 7! is the inverse of 7, mod ¢. Thus we get

Y(r(x+)) = X1 D7) = X (v HT(D). (2.2)

Now we apply Theorem 20B.(ii) of [4] (p.119) in the case K = Q. Then the co-
transfer v q is trivial and considering 7y € (2 as the restriction of an automorphism
(which we also denote by 7) of the algebraic closure of Q we obtain

(", N/Q)) = 7(x, N/Q)det, (3),

where det, is a character of the group %al(Q/Q) defined via the surjection
4al(Q/Q) — I'. Hence det, (¥) = x(7) and so by replacing x by x7 we get

(O N/Q) = (7, N/Q)X (7). (2.3)
Now it follows from (2.2) and (2.3) that
w(T(6 N/Q)7(x+)) = T(X*, N/Q)T(xY))
for any w € Q. Thus the map defined by
X — (T, N/Q)r(x2))s,, with 6 € T,

is an element of Homgq (R}, F*).
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Consequently if %, denotes the representing map defined in Theorem 2.1 ,
then the map

) _
00 = BoIrOE NJQr ()5~ = ((X(’”Mw)é

LP(17 Xi)

is a representative of (Ex ).

. Ly(1,x . _
After putting V,, = % we can write Z(x) = (wnx‘s/vpvx)[s,p for any
X # 1.
Next we shall prove that for any o € Zal(Q,((1q)/Qp)
o(Vox) = Voo (2.4)

To this end we apply Theorem 3.5 of [5] and obtain

q
Vo = T(ij*) % (@) log, (1 - &2).
a=1

Then using (2.2) for o € Gal(Q,((1q)/Qp) (We treat such o as an extension of a
suitable element of Q) we get

o\ 4
_ 70 >R (b)log, (1= C8) = Vyxe

where o, is an integer defined by o((;) = Cqr and o I denotes the inverse of o,
mod q.

Since the values of the characters of I are Ith roots of unity, then (2.4) , applied
for o € Gal(Qp(C1q)/Qp(&1)), gives

Voxe € Qu(G)- (2.5)
By the definition of w,, ,, for p # [ one has
va(wa,x/Va,x) = 2+ 12(Xx(2) = 2) = v2(h3)/Py2(1) — 1
and for p # 2
Vp(Wpx/Vox) = sp + vp(x«(p) = P) = vp(h) /Py p(1) — 1.

Observe that v,(x«(p) —p) = 0 for pt ¢ and v,(x«(p) —p) =1 for p | g. Hence, as
21 ¢, we obtain

Vp(Wpx/ Vo) = {SP B (2.6)

sp = Vp(hX) /Py p(1) for p|qorp=2.
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In order to evaluate v;(w; y/Vi,y) we apply Leopoldt’s class number formula (see
Theorem 5.24 in [7])

2 ThnRy(N) M\
\/CE —Xl*:!1<1 I ) Ll(l’X*)

and we obtain
2 hyRy(N)Vdy = ] Vi (2.7)
X#1r
Since all nontrivial characters of T" are conjugate over Qy, it follows from (2.4)

that all V, , are also conjugate over ;. Hence for any nontrivial p, x we have
(Vi) = vi(Vi,y) and so by (2.7)

u(Viy) = v (27 hy Ri(N) v/ dw).

-1

As N/Q is tame and | # 2 we get

(Vi) = (i (V).

Now we calculate

Vi(wix/Vix) = vi(Dety (1 —70)""1) — (Vi)
=v((1 =)™ —uViy) =1 —wulhn))/(—1)

and we have

1—y(h
nwi/Viod = ——1 l(lN). (2.8)
Observe that by (2.5) we may write
Z(x) = (l@p(X(S))pﬁ € Homq(Ryp, 7 (F)) with & € Tpsp
where Zp(X) = tp D™, tpx € Lp|G)* and 1y, € Z for p # [, and
Z1(X) = tix (1= x(70))"x
where tl,x S ZZ[Q]*, Ti,x € 7.
Since Z(x) = (wnx‘s/vzmx‘s)apv by virtue of (2.6) and (2.8) we have
Sp — Vp(hi;()/@xyp(l) —1 forpfgq
_ ) sp = vp(h) /Py p(1) forp|q
Tpy = v B (2.9)
so — Vp(hy)/Py2(1) =2 for p=2

1—y(hy) for p =1.
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Now we put

Fp(x) = pirx where ap , = fup(hi)‘)/(ﬁx,p(l) for p#1land a;, =0,

psp L for ptq
p°r forp|q
y - )
»(0 25272 forp=2

(1= x(0)) 7 N) - for p =1
%(X) =1px € Zp[Cl]*

and

Zo(0) = (F(X)s: T =(LH0)s, Tp(xX) = (Z(X)s

with § running over 7,,S,. Note that .Z,(x),.-%»(X), Zp(X) € Fy.
Finally we define

F0) = (Fo(XDp, L0 = (T T = (T

and by (2.9) we can write
KH=FST.

The proof of our theorem will be completed if we show that
<, 7 € Homgq(Rp, F*)Det(U(=))

ie.
S, Ty € Homq(Rp, F*)Det (7)) for any prime p.
We recall that we treat F' as embedded into F}, by i, and then into # (F).

Since for almost all primes p we have s, = 1 and Vp(hg) = 0, then
F, € Hom(Ry, # (F)). Note that for any o € Ap,

o(Z(00)=F () and  o(S())=HK),  xeT\{lr}

Consequently by Remark 2.1 in [5] we infer that .7, .}, € Homq(Ry, F;). Hence
Z and ¥ € Homg(Rp, Z(F)) and so by I = F1L971% we get
J € Homgq(Ry, 7 (F)). Since, for any p any x # 1r, Z,(x) = tpy € Zp[G]*,
one has

p

Ty € HomQ(R},HZp[Q]*) C Homgq(Ry, F}))
t

where t runs over the set T}, o(¢,) of representatives for the cosets of the decompo-
sition group of p in Q({;).

We shall prove that .7 € Det(8l(«)) i.e. T, € Det(«7) for any prime p.

For any prime p # [ define 7, € Homq (Rr, [], Z,[¢]*) to be Z,(x) = Z,(x)
for x # 1r and %(h) = 1. Since p {1 = |T'|, then Z,I' is a maximal order in
QpI' and by Proposition 2.2 in [4] we get Homg (Rr, [[, Zp[G]*) = Det((Z,T)*).
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Consequently 9; € Det((Z,I)*) and so .7, € Det (/) because the image (under
v+ 7) of any unit of Z,I' is a unit of <7, and they have the same Det,,.

For p =l let x # 1r and let y9 be a generator of I' such that x(v) = (.
Put Fi(y) = Yi—ga;¢] € Zi[¢]*. Since the mapping Z;;}) w0’ = Yyl
é-;%) a;%’ € < and note that
Detx(zz;lo a;%’) = (Z(x%)s , 6 € TpSp. Let p be any nontrivial character
of I. Since, in this case, all nontrivial characters of I' are conjugate over Q ;, then
w = x” for some p € Gal(Q ;(¢;)/Q ). Observe that any such p is a restriction
of an element of the decomposition group Ag; so, by Remark 2.1 in [5], one has
p(T(X°) = Tix").

Then we compute

is a ring isomorphism &} = Z;[(;], then >

-1 -1
Det, (Y _a70’) = | D_aix” () | = (0(Ji(x"))s
§=0 §=0 s
= (7)) = (Ti(1°))s = Ta(n)

which shows that 7, € Det(*). Thus we proved that 7 € Det(8(<)).
Observe that #,(x) = 1 for almost all primes p so we can put S'(x) =

[, #»(x) € F* for any x # 1r and define the map S x — (S'(X7))p.o. It is clear
that .7 € Homgq (R, F*). As .7,(x) is a power of p for p # [ and .7;() is a power
of 1 — ¢; times a unit of Z[¢;] we deduce that 5’/5/’76 Homg (R}, I 1L Z,,[Q]*)

where ¢ runs over Tgy(,),,- Then after proceeding as for 7 we obtain .%/ /ﬁ/ €
Det($4(27)), whence

S = PSS € Homa(Rp, F*)Det(4(<7)).

Thus the homomorphism .% is a representative of the class (EN) - Since isomor-
phism classes in Cl(<7) do not depend on the choice of the sets T, used in the
construction of the representing homomomorphism, our theorem follows. |

Now we present the first application of the Hom description of the class of
En given in Theorem 2.2. Since & = Z[(;] and rankz(«/) = | — 1, then Ey is
isomorphic to an ideal of Z[(;]. In the following theorem we give such an ideal
explicitly as a product of powers of prime ideals. These prime ideals and their
exponents depend only on the structure of the ideal class group of N.

Theorem 2.3. Let N be a real cyclic and tame field of odd prime degree | and
a nontrivial character of its Galois group. For any prime p diwiding hy, let &,
be a prime ideal above p in Z[(;] and R, be a set of representatives of cosets with
respect to the the decomposition group of &,. Then

v [] I] np)rew
plhn PERp

as & -modules.



Units in real cyclic fields 147

Proof. For any prime p let P, be the maximal ideal in C, and &, be a nontrivial
Ith root of unity in C,,. Let B, = P, NQ(&,) and let ¢ = (; € C denote a nontrivial
lth root of unity.

Without loss of generality we may assume that p(yo) = ¢, where g is a gen-
erator of T'.

Let Ry = {pp1 = id,pp2,...,ppr,} be a set of representatives of cosets with
respect to the the decomposition group D,, of p in Z[¢]. For any j =1,...,k, we
define an integer s, ; mod (I — 1) by

Pp.i(C) = ¢

Note that by definition s, 1 = 1. We also define field isomorphisms
Bpi Q) — Q&) by By (¢) = &pro
where u, j = s —1

»; mod (l—1)for j=1,...,k, Observe that by replacing £, by
its power, if necessary, we may assume that 3, 1(%p) = B,.

For any j = 1,...,k, put &, ; = ﬁ;;(‘ﬁp) and note that 2,1 = 2.
By 5;,]1- = pp; © ﬁ;% we have Z,; = pp;i(Pp) for j = 1,...,k, and so
Pp1, Ppas- -, Py, are all distinct prime ideals of Z[(] extending the ideal pZ.

To any complex character x of I' we assign the p—adic character x, = 3,10
and we also write I = {x, : x € I'}.

Let % be a homomorphlsm representing the class (Ey ). defined in Theo-
rem 2.2. Observe that a,, < 0 for any p and x # 1r, so the ideal in the assertion
of the theorem may not be integral . Therefore it will be convenient to consider
the representing map .# ~! instead of .%. Then we have fp’l(x) = p~%rx.

For any prime p # [ put

ap= D PNy, €QE)T/(T)  and  a =1, (2.10)

X#1r

where €, = ﬁ > er xp(7~1)7 is an idempotent in (@p(fp)l“/(f). Now we shall
prove that o, € Aj. Note that if we write a;, = Z'yél" b,7, then there exists

w € Qp(&p) such that by =1 D1 P xp(y ) +w for each y € T

For p # | we identify D, with %al((@p(gp)/(@p) As # is an Q-homomorphism
it follows from Remark 2. 1 in [5] that ap o = ap, for any prime p, x # 1r and
o € Ap,. Since each element of D, is the restriction of a suitable automorphism
from Ap, we also have a, s = ap  for § € D,. Note also that for any nontrivial

character x we have {XZ‘s pER,GED,} = fp \ {1r}. Therefore we obtain

Zzpapxpa pé Zpapxpzx

peR seD, pER seD,

Since clearly Zaer x§6(7_1) € Qp , we get b, —w € Q, for each v which shows
that o, € A,. Consequently a;, € A% because p~?»x # 0 in the formula (2.10).
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Observe that
Dety (éy,) = (1)s, and Dety(é,,) = (0)s for v # x.
This with (2.10) gives
Dety (ap) = (p~ *»x*)s, d€ TpSp for any prime p and x # 1p.
Thus by the definition of .% we obtain

ﬁ(X)_l = (?1,()());1 = (Dety (ap))p- (2.11)

Note that a,, = 0 for p { hx and for each x # 1r, whence, by (2.10), a,, = 1 for
almost all p. Consequently , € </ for almost all p i.e. (ap), € #(A), where
F(A) = {(zp)p € [], 4, : 2 € & for almost all p} is the idele group of the
algebra A. Put a = (ayp)p.
It turns out that the idele a determines the locally free /- module M, by the
formula
My = An{[\#hap}  (see (49.5) p. 219 in [2]). (2.12)
P

Since « satisfies (2.11) it follows from Corollary (52.12) in [2] that M, is </-
isomorphic to any locally free module in the class represented by .% ~!. Therefore
we have the equality

(Ex)ar = (M) (2.13)
in the classgroup Cl(<).
Now we define a Q,-algebra homomorphism

kyp
Op: Ap — H@p(fp)

Jj=1

by putting l l
-1 -1
Oy <Z ai'}701> = (Z aif;i;up’j>
i=1 i=1

where a; € Q, and - generates I'. Observe that ©, is an isomorphism as the
superposition of the following isomorphisms

-1 kp kp
Ay = Q,fal/ (Z ) = [ @iel/ () = [[ @)

where f; are Qp,—irreducible factors of the polynomial Zi;é x' such that
w

fi(&"") =0. _
It turns out that the restriction ©, of ©, to <7, establishes an isomorphism

1<5<ky

Ep
61) Dy — HZp[fp]'

Jj=1

To prove this it suffices to show that ©, is surjective.
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In the case p =1 one has k; = 1 and @l is a ring isomorphism &7 = Z;[¢;].
Assume that p ;é l and let (y;); € H Zpl&p). Since ©, is surjective, there

-1 Uy,

exists © = 22:1 aio’ with a; € Q, such that Op(x) = (y;);ie. yj = ._] aip
for 1 <j<gp Putw=37 ; A&, where A, € Q,(&). Since x € Ay, then

) 1 )
A= axp(r)  and ai=7 Y Aoe()te,  (219)
2 X#1r

for any x # 1r, j =1,...,kp, and where v € Q,. As p,(v0) = £, we may write

-1 -1
=Y apyri(vh)  andso  8(y;) =Y @i (1)
1=0 =0

for any j=1,...,k, and 6 € D,. Since {ugu‘”‘j :1<j<ky, €Dy} = fp \{1r}
and y; € Zy[¢,] we get Zi;(l) aixp(V8) € Zy[&y) for any y # 1r, whence by the
first part of (2.14) we have A, € Z,[¢,]. Then the second part of (2.14) gives
a; —v € Zp[&,] (p # 1) and because of a;, v € Q, we obtain a; — v € Z, for any
1 < j < gp. This proves that z € &7, and the surjectivity of ©, follows.

For any prime p let z, be a Q-algebra monomorphism

kp
QG) — [[QE)  defined by 2y(x) = (B,5(2));, = € QG-

j=1

By © we denote the isomorphism A 2 Q({;) where © (ZZ 0 aﬁo) = Zi;é ai&,
a; € Q. Then we may write

©p=2,00 on AC A,. (2.15)

Now we shall prove that © restricted to M, establishes an 27-isomorphism

Nz ﬁZ[§p]@p(ap) : (2.16)

Since O is injective it suffices to show that the second module in (2.16) is the
image of M, under O. First observe that

= GP(Z by7) = Oy Z% Z p_ap'XXp(’Y_l);V

yer vel'  x#lr

Z > p (1) Z > p (g g

i= 0X751r* = 0)(#11"

Z > T (0 e (36)

1=0 x#1p
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and then using the orthogonality relation for characters we get
Op(ap) = (p*7);, where ap; = —a, v, §=1,... kp. (2.17)

Thus . k
(H ZP[SP}) Op(ap) = H (Zp[&plp™7) -

Let x € M, and for any prime p put x = z,0, for some =, € 47, This gives
O,(z) = O,(zp)Op(ap) and so by (2.15) we obtain z,(0(x)) = O,(z,)Op(ap) €

H?il (ZpEp]p™»7). Hence O(z) € 2, (H?il (z, [§p]p“1’ﬂ')) proving the inclusion
kp
O(Ma) € Q(¢) N ﬂzp_l H Zp[&p)Op(ap)
p j=1

Conversely suppose that y € Q(¢{) N {ﬂp z! (H?il Z, [fp]@p(ozp))} and put y =
Zi;g ¢iC?, ¢; € Q. Note that for any prime p

-2 kp
zp(y) = (Z Ci@i)up‘j> € H Zp[&p1Op(ap).

i=0

Thus by (2.17) we can write

-2
Skt = a, pi, wp € LylE]  and  j=1,... Ky
1=0

Let w = Zi;g c7% and observe that ©(w) = y. Indeed, since z,(0(w)) = 2,(y),
then by (2.15) ©,(w) = 2z,(y) = (zp  p);. Consequently by (2.17) we have
1

w = 0, ((xp,;);0, ' (p*7) € oy because O, ((xy,;); € . This completes

the proof of (2.16)
Our next step is to prove the following equality

e N (TIzEoe | = N N2 e

plhn j=1

First we put
kT—’
Jp=Q(()N Zp_l H Zp[&p)Op(ap)
j=1

and suppose that € J,. Then x € Q(¢) and by (2.17) z,(z) = (Bp;(x)); €
T, (Zy&pp*»), whence B,;(z) € Q(&,) N Zyl&plp®» for j = 1,...,k,. Thus
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there exist ¢, d € Z[¢,] such that 3, ,(x) = ¢/d and ¢ € Per? \ Peri T d ¢ B,,.
Subsequently let ¢/ = ﬁ;} (c), d = ﬂ;}(d) € Z[¢] and then ¢ € 32% 7\ 9;3*-7+1,
d ¢ P,;forj=1,... kp, where &, ; were defined as 617’] (Bp)-

Let Z[¢] 2, ; denote the localization of Z[(] at the prime ideal &2, ; and let

2, be its prlme ideal. Thus z = ¢//d’ € @a’” for j=1,...,k,, whence

kp
ﬂ P, (2.19)

Conversely let z € ﬂ?il %‘;’}J Then there exist r, s € Z[(] such that z = r/s,
where r € 9;‘;11 \ ,@Z”;’ﬁ , s € L[\ Pp,j and j = 1,...,k,. This is equivalent to

Bp,i(r) € Bp,i (P ) \ Bp,i(Z ap ]+1) and Bp,j(s) € ZICI\ By, (Pp,5)

and since 3, ;(Z ) B, we obtain 3, ;(x) € Zpy[&p|p* for j =1,...,k,. Hence
zp(z) =12, Z [Ep]p »i and so x € J, which shows the inverse inclusion to that
of (2.19). Thus we get for any prime p

kP
Jpy= 2,5
j=1
whence by the definition of J,
kyp kp
ﬂ 21;1 H Zp|&p)Op(arp) = m 9;3].-
P J=1 p j=1

Now observe that (2.18) is a consequence of the above and the following sequence
of equalities

SO ) Ep
NN 25 =41 ﬂ«@’” ne N N2z,
p j=l1 plhn J=1 pthy j=1
InA7 bemg- 0 (@ nzg
10|th 1 plhn J=1
=N ﬂ Py
plhn j=1

Since yp,j = pp,j('@p)a M“p,j = /_]/’P«j and Apj = —Qp op.5 it follows from (216)

and (2.18) that
Mo = [T T1 o).

plhn PERp
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Hence by (2.13)

By = | T TT ol

plhn PERp of

Now the theorem follows because a class equality in Cl(«7) implies an 27-isomor-
phism of modules (see the arguments used in the proof of Theorem 6.1 in [5]). W

3. Minkowski units

Now we shall give sufficient and necessary conditions for a real tame and cyclic
field N of prime degree over Q to have a Minkowski unit i.e. Ey is /-free. The
following criterion is a generalization of Theorem 6.1 in [5] to all primes.

Theorem 3.1. Let N/Q be a real tame and cyclic extension of odd prime degree l.
Then N has a Minkowski unit if and only if

’/p(h;)@u,p(l) = Vp(hg)@x,p(l) (3.1)

for any x, p € r \ {1r}, and for any prime p # 1 dividing hy.

Proof. Similarly, as in the proof of Theorem 6.1 in [5], it is sufficient to examine
when the class of E is trivial in the group Cl(</).

Assume first that the conditions of the theorem are satisfied. Then, by Theo-
rem 2.2 , for any prime p and any o € Q, #,(x?) = 0(Z%,(x)) holds where .7 is
the representative homomorphism defined in Theorem 2.2. Since %, (x) is always
a power of p and equals 1 for almost all p, we can apply the same arguments as used
for the map . in the proof of Theorem 2.2 and get .% € Homq (R}, F*)Det(4())
which proves that E is 7-free.

Conversely suppose that Ey is o/-free. Then the representing function .# of
the class (Ey ). satisfies # € Homg (R}, F*)Det(U(<)). Subsequently proceed-
ing as in the final part of the proof of Theorem 6.1 in [5] we come to ap, = ap .
for any nontrivial characters of I' and any prime p # [ dividing hy. Hence the
conditions (3.1) hold. [ |

Now, as in [5], we can derive from the above theorem simple sufficient conditions
for the existence of Minkowski units.

Corollary 3.2. Let N/Q be a real tame and cyclic extension of prime degree | > 2.
Then N has a Minkowski unit in the following two cases:

(i) hy =1,
(if) any prime p dividing hyn is a primitive root mod [.

Proof. (i) is an immediate consequence of Theorem 2.3. To prove the sufficiency
of the condition (ii) we proceed as in the proof of Corollary 6.2 in [5] using Theo-
rem 3.1 instead of Theorem 6.1 in [5]. |
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Note that the sufficiency of the condition (i) was proved in [3] (3.3.Lemme)
and it is also a consequence of Theorem in [1].

Let Q(¢,)" denote the maximal real subfield of Q((,) and A its class number.
Finally using the same arguments as in the proof of Corollary 6.3 in [5] we can
extend the list of known cyclic fields having Minkowski units.

Corollary 3.3. Let l and q be odd prime numbers such that | > 23 and ¢ = 1
(mod 1). Let N be the unique real subfield of Q((,) such that (N : Q) = 1. Then
N has a Minkowski unit for the following pairs (1,q) :

(i) (41,83), (53,107) (ie. N = Q(G)", Q(Cior)?), (23,139), (37,149)
(tables in [7]) on the assumption that the generalized Riemann hypothe-
sis holds.

(i1) I | ¢ — 1 and q is a prime less than 10000 from Schoof’s table ([6]) such
that h;r = 1. There are 800 such pairs.

(i) I | ¢ =1 and q is a prime less than 10000 from of Schoof’s table ([6])
such that ht‘; > 1 and all prime factors of h(‘]“ (possible factors of hn) are
primitive roots mod l. There are 80 such pairs.

Similarly, as in Corollary 6.3 in [5], the correctness of the examples in (ii) and
(iii) of the above corollary depends on whether the entries in Schoof’s table are
equal to h; for suitable ¢’s.
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