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ARITHMETIC FUNCTIONS AND THEIR COPRIMALITY
JEAN-MARIE DE KONINCK, IMRE KATAI

Abstract: Let D > 3 be an odd integer and ¢ > —1 be a non zero integer such that ged(¢, D) = 1.
Let f, g : N — N be multiplicative functions such that f(p) = D and g(p) = p+¥ for each prime p.
We estimate the number of positive integers n < x such that ged(f(n),g(n)) = 1. If D is a prime
larger than 3, we also examine the size of the number of positive integers n < z for which

ged(g(n), f(n—1)) = 1.
Keywords: Arithmetic functions, number of divisors, sum of divisors, shifted primes.

1. Introduction

Given an arithmetical function f and a large number x, examining the number of
positive integers n < x for which ged(n, f(n)) = 1, has been the focus of several
papers. For instance, Paul Erdds [4] established that

e Tx

#{n <w:ged(n, p(n)) =1} = (1+o(1)) (z — o0),

logloglog x
where ¢ is the Euler function and ~ is the Euler constant. A similar result can
be obtained if one replaces ¢(n) by o(n), the sum of the divisors of n. Similarly,
letting ©(n) stand for the number of prime factors of n counting their multiplicity,
Alladi [1] proved that the probability that n and Q(n) are relatively prime is equal
to 6/m% by examining the size of {n < z : ged(n,Q(n)) = 1}. Let K(x) stand for
the number of positive integers n < x such that ged(nr(n),o(n)) = 1, where 7(n)
stands for the number of divisors of n. Some fifty years ago, Kanold [5] showed
that there exist positive constants ¢; < ¢o and a positive number xg such that

a < K(x)/v/z/logx < co (x > x9).
In 2007, the authors [2] proved that there exists a positive constant ¢z such that

K(z) = c3(1+ o(1)), | —

log = (& = o).
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The analogue problem for counting the number of positive integers n for which

ged(nt(n),¢(n)) =1 (1.1)

is trivial. Clearly (1.1) holds for n = 1,2. But these are the only solutions.
Indeed, assume that (1.1) holds for some n > 3. Then n is squarefree and it must
therefore have an odd prime divisor p, in which case 2|p(n) and 2|7(n), implying
that ged(n7(n), ¢(n)) > 1, thereby proving our claim.

More recently, we obtained (see [3]) asymptotic estimates for the counting
functions

R(z) := #H{n <z : ged(p(n), 7(n)) = ged(o(n), (n)) = 1}

and
N(z):=#{n <z :l(n) =1},

where ¢(n) := ged(7(n), 7(n 4+ 1)). In fact, we proved that, as z — oo,

xT

R(z) = (cs + 0(1)) and  N(x) = (c5 + o(1))Vz,

log x
where ¢4 and c¢5 are positive constants.

Let D > 3 be an odd integer and let / > —1 be a non zero integer such that
ged(¢,D) = 1. Let f,g : N — N be multiplicative functions such that f(p) = D
and g(p) = p+ £ for each prime p. In this paper, we estimate the number F(z) of
positive integers n < z such that

ged(f(n),g(n)) = 1. (1.2)

Our general result will apply in particular to the case g(n) = ¢(n) (or o(n)) and
f(n) = 1(n) with k odd, k > 3, where 71(n) stands for the number of ways one
can write n as the product of k positive integers taking into account the order in
which they are written. Another valid choice is f(n) = k*() with k odd, k > 3,
where w(n) stands for the number of distinct prime factors of n with w(1) = 0.

Moreover, in the case where D > 3 is a prime, we shall also examine the size
of the number S(z) of positive integers n < = for which

Z(n) := ged(g(n), f(n —1)) = 1.
From here on, ged(a,b) will be written simply as (a,b). In what follows, we
T odt
shall denote the logarithmic integral of = by li(x), that is li(z) := / Togt’ while
2

I" stands for the Gamma function. We say that a positive integer n is squarefull
if p?|n for all prime divisors p of n; we will denote by F the set of squarefull
numbers. Moreover, the letters ¢ and C' will stand for positive constants, while
the letters p and ¢ will always stand for prime numbers. Finally, given any set of
positive integers B, the expression N (B) stands for the multiplicative semi-group
generated by B.

Finally, given D and ¢ as above, we let t1,to, ..., t7 be all those reduced residue
classes mod D for which (t; +¢,D) =1 for j =1,2,...,T.
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2. Main results

Theorem 2.1. There exists a positive constant cg such that

E(x) = (cg + o(1))z log” * z (x — 00), (2.1)
where T =T /(D).
Theorem 2.2. There exists a positive constant c; such that

S(z) = (c7 +o(1))z log” (x — 00), (2.2)
where, in this case, T —1=—1/(D —1).

3. Preliminary results

To prove our results we shall need the following results.

Theorem A (Wirsing). Let f be a non negative multiplicative function for which
there exist two positive constants a1 and as < 2 such that f(p*) < a1a§ for each
integer a > 2. Assume also that there exists a positive constant C such that

Zf(p)=(0+0(1))logx (x — o0).
Then
_(e” x fp) [
it = (g o) gz L+ 22+ 52 ) oo

Theorem B (Levin and Feinleib). Let f be a complex valued multiplicative
function satisfying the three conditions

510 =(C ol (o)
S 110)=0 (1)

f(p") = O((2p)*"),

where C and ¢y are positive constants with the additional restriction ¢y < 1/2.
Then,
—CT 2
e T
I1 1+—f(p)+f(]’2)+...
[(C) logz - p p

S ) =

n<x
log x

p<T

Proofs. The results of Theorems A and B can be found in Chapter 4 of the book
of Postnikov [6]. |
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4. The proof of Theorem 2.1

Let g;p be the set of primes p for which p = t; (mod D) for j = 1,...,T.
Furthermore, let H = {p : p|D} and set
©eD,H = 9e,p U H.
It is well known that
#{n<z:neF}=0Wx) (x — o0). (4.1)

Hence, given a non squarefull integer n < z, let us write it as n = Km, where
K € F and m > 1 is squarefree with (K, m) = 1, so that condition (1.2) can be
written as

(PR (m), g(K)glm) = 1. (42)
So, for each K € F, let us set
Ex(z):=#{n=Km < x:m>1 and (4.2) holds},
so that, in light of (4.1),
= Y Ex(z) + O(Va). (4.3)
KeF

By using the Brun-Selberg Sieve, we obtain that for 1 < K < +/z,

Ex(z) < B (7) <= H (1 - > < %(bg:ﬂ)ﬂ, (4.4)
P€m D

1
while we trivially have that Ex(z) < z/K if /x < K < z. Since Z i is

KeF
convergent, it follows from (4.3) and (4.4) that

Z Ex(z (z(logz)™ 1) (z — 00), (4.5)

KcF
K<Yy

where Y, is an arbitrary function tending to infinity as  — oo, which we can also
assume to satisfy max, <y, f(n) < logloglog x, say.
Observe that a necessary condition for (4.2) to hold is that

(9(K), f(K)D) = 1. (4.6)

Now let K be the set of those K € F for which (4.6) holds. Note that the set
K is non empty, since 1 € K. Moreover, define

Ko={K € K:p|f(K)=p|D}.
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We shall prove that, for every fixed K € F, as ¢ — oo,

EK(.TJ) = O(El(x)) if K e F\’CO, (47)
_ 1N\ ' Ei(z) .

Ex(z) = (14 0(1)) }l‘l[{ (1 + p) }{ if K e Ko, (4.8)

Ei(z) =(c+o0(1))x log™ 'x, (4.9)

where ¢ is a positive constant. Combining these three estimates with (4.4) and
(4.5), Theorem 2.1 will follow immediately.
For a given K € Ky, letting

E(y,K) := #{m € [2,y] : m squarefree and (m, K) = 1},
it is clear that the number of positive integers n = Km < x, with m > 1, for
which (4.2) holds is equal to F(z/K, K).

Consider the multiplicative function hy defined on prime powers by hx (p*) =
0if &« > 2 or if p| K, and by

1 ifp fK and p € pop 1,
h = ”
x(p) { 0 otherwise.

With this definition of hx, we have that
Bly, K) = 3 hic(n). (4.10)
To estimate this last sum, we shall consider the Dirichlet series

=\ hx(n) B hx(p) | hx(p?)
> _H(1+p ++...>

— ns . p2
1\ 1
1) ()
p|K PEWYe, D, H
PEWYe, D, H
In light of the fact that
D h(®) = (+o)m (@ 00),

p<zT

we may use Theorem A and obtain that, as x — oo,

N\ oz
Ex(x)=(1+0(1)) 1;[{ (1 + p> log 7 exp{7loglogz + Cp + o(1)},
pegZ,D,H
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where Cp is a suitable constant depending only on D. Estimates (4.8) and (4.9)
are thus established. It remains to prove (4.7). So, let K € F\ Ky be fixed. Then,
there exists a prime divisor g of f(K) such that (¢, D) = 1. If (4.2) holds, then the
fact that p|m implies that (p +¢,¢D) = 1. Hence, from the Brun-Selberg Sieve, it
follows that

Ex(z) < % 11 (1—1>

P p
(p+£,9gD)>1

T 1 1

<geel- X 1o Y

K < p < p
P PxT
(p+¢€,D)>1 (p+¢,D)=1

qlp+£

< < e p{ (1 I >loglogx a L loglogx}
Zexpd—(1—- — -
K o(D) ¢(D)q—1

< = log" 'z - exp <—T loglog :c)
K p(D)(g—1) ’

thereby implying that (4.7) holds and thus completing the proof of Theorem 2.1.

5. The proof of Theorem 2.2

First observe that the number of those integers n < x for which n or n — 1 is
a squarefull number is O(\/x).

Let us write n = Km and n — 1 = Rr, where K and R are squarefull, while
m and v are squarefree, with (K,m) = 1 and (R,v) = 1. Then, for each pair of
coprime squarefull numbers K and R, define

Skr(x)=#{n<z:n=Km,n—1=Rv, m>1,v>1, Z(n)=1}.

With these notations and the above observation, it is clear that

S = 3 Sinlr)+OW). (5.1)
K,ReF
(K,R)=1
Since in this case, H = D, it follows that if n = Km, n—1 = Rv, m > 1,
v >1and Z(n) =1, then v € g, p. p. Consequently, by using the Brun-Selberg
Sieve, we obtain that, for each squarefull number R,

z T—1 if <
S Skr(x) < {R g’ w MRSV, (5.2)

= z if Vi <R<u.

Fixing K € F, we shall estimate the number of integers n < x such that K|n
and for which n — 1 = Rv with R € F and v € N(p¢,p.p).
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Similarly as in (5.2), we have

Z Sk.r(r) <

ReF

T—1 :
{;’élog z if K </, (5.3)

£ if Vx < K <.
It follows from (5.2) and (5.3) that for an arbitrary function Y, — oo,

Z Sk,r(z) =0 (z log”* ) (x — 00). (5.4)
max(K,R)>Y;

So, let us assume that max(K, R) <Y, and define
Ro={ReF:q|f(R)=¢q=D} and R;=F\Ro.

Fix R € R and let ¢|f(R) with ¢ # D. Then, n = Km implies that Rv +1 =0
(mod K), while Z(n) = 1 implies that (g(m), Dg) = 1. Thus, by using the Brun-
Selberg Sieve, we have that

> Sinle) —o(Slora) (o= o0)

KeF

so that
Z Z Sk.r(z) =0 (zlog" ' z) (z — 00). (5.5)
RER1 KEF
We will say that K, R is an admissible pairif (9(K), Df(R)) = 1. Observe that
it is clear that Sk gr(x) =0 if K, R is not an admissible pair, and also that in the
case R € Ry, (9(K),Df(R)) =1 is equivalent to (¢(X), D) = 1. Finally, observe
that K =1, R =1 is an admissible pair.
From (5.4), (5.5) and (5.1), it therefore follows that

S(x) = E Sk r(x) + o(xlog” ' x). (5.6)
RERy
K,R admissible pair
max(K,R)<Y,

Let F' be the multiplicative function defined by

1 ifp+£¢#£0 (mod D),
Flp) = p jé ( )
0 otherwise

and
Fp*)=0if a > 2,

F
and define the function m(z) = H (1 + 1(9p)>

pPsT

—ZE% — 1‘ — 0 as

It is clear that if 0 < &, — 0 as x — oo, then max,1-c. ¢y<y
x — 00.
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Given an integer B > 2, let xp be a character mod B and assume that
xB(n;) = 1 for the H distinct residue classes n; (mod B). It is clear that if
H > ¢(B)/2, then xp = Xg) is the principal character mod B.

We now define the functions u and V' as follows.

Set u(n) = X(Ig)(n)F(n), n=Km,n—1= Ry, so that u(m) = 1 if and only if
(m,K) = 1, m is squarefree and p|m implies that p + £ Z 0 (mod D). Let V be
the multiplicative function defined by

Vip) = {0 if (p,R) =1,

1 ifp|R,
V( 2) _ -1 if (p7 R) = 1,
P7=Y0 iR

and V(p*) =0 if a > 3.
Observe that if V(§) # 0, then we may write § = 6,02 with §;|R and (62, R) = 1,
so that V(§) = p(d1)p(d2), where p stands for the Moebius function. Therefore,

0 otherwise.

V) = {u(él)u(éz) if (51, R) = 1 and 6,|R,

It follows from this definition that

ZV(‘S) _J1 if (v, R) =1, v squarefree,
sl ~ 10 otherwise.

Now, let myg, vg be the smallest non negative squarefree integers such that
Kmo - RVO = 1, (57)

so that all integer solutions of K'm — Ry = 1 are given by m = mg + tR and
v=1y+tK fort € Z.
With the above definitions, we have

Skr(@)= > V(o) > u(mg +tR). (5.8)
o<z/R t<(x—mo)/KR
vo+tK=0 (mod §)

If (§, K) > 1, then (6, K) = (6%, K) and 62 and K are both squarefull. It follows
that if p|(0%, K), then p?|67 and p?|K, so that p?|vy and consequently p?|vy + tK
for each t € Z, implying that there each number vy + tK is squarefull. Hence it
follows that in this case, Sk r(z) = 0. Therefore, we can from now on assume
that (0, K) = 1 (which holds if and only if (§;, K) = 1).

Since (d, K) = 1, it follows that the congruence vy + tK = 0 (mod ¢) has one
solution mod ¢, represented by vy + toK = 0 (mod J), say. This implies that all
solutions of the congruence vy + tK = 0 (mod ¢) are given by ¢t = to + ké, k € Z.
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In light of these observations, (5.8) can be written as

Skr(@)= Y V(S > u(mo + toR + 0Rk)
6<a/R <(e—(mo+toR))/6R
(6,K)=1
> V()M
6<z/R
(6,K)=1
S VEM@G) + > V(OM(S) =3 + T, (5.9)
5<U, §>U,
(5,K)=1 (5,K)=1

say, where U(x) is a function chosen so that U(xz) — oo as & — oo and U(z) =
O(logloglog z).
By the Brun-Selberg Sieve, we obtain that

<Y |V(5)|£ I1 <11>+ > %Iv(é)\

(6,K)=1 p<T p Vz<é<z/R
U,<6</T p={ (mod D)
T _ _ V(6 T V(6
cﬁ(log A Z % + = Z #5” (5.10)
§>U, Vz<s<a/R

Now, on the one hand,

|v m52>| 1 1y, VR
S R B (A

§>U, 52| R 51

while on the other hand,

> <y |V H<1+;) (\2)1/2. (5.12)

VZ<o<a/R o>VT p|R

Gathering (5.11) and (5.12) in (5.10), we obtain
Yy = o(z(log z) "/ (P~1) (x — 0). (5.13)
We now consider an estimate for Ms when § < U,. Recall that

Ms = Z u(mo + toR + O Rk).
mg+toR+6Rk<x/K

Let A =mo+toR and B = 0R. One can see that (A4, B) = 1. Indeed, first observe
that (A, R) = 1, since in light of (5.7), we have (mg,R) = 1. Now, it follows
from (5.7) that K(mg + toR) — R(vo + toK) = 1. But d6|yy + toK implies that
(mo + toR,d) = 1. Therefore, it follows from these observations that (A, B) = 1.
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Thus, with the above notations, M can be written as

My= Y u(A+Bk):%B) SR D x(n)u(n)

A+Bk<z/K x (mod B) n<z/K

=M+ M,

say. These last two expressions can be written as

m_ 1 (0)
W= Sy T .14
MP = — 5 3 it (5.15)

Let xp # Xg). Then u(p)xs(p) # u(p) holds for at least one prime p = p*.
But then u(p) = 1 for every prime p = p* (mod B) and therefore

1
li(x)

Y ul)xs®) » T =10 (@ 00),

pPsT

with Re(r, ) < 7y,. Hence, it follows from Theorem B that

MP =o (105; zm(x)) (z — 00). (5.16)

On the other hand,

w Oy = " o)
Z (n)xp (n) = I'(7) Klog(z/K) H <1+ p (5.17)

n<z/K p<z/K

vo{omia)

while, for 6 < U(x), we have log(xz/K) = (1 + o(1))logz as  — oc.
Now,

11 <1+LW%>:(1+0(1))H<1+1?](DP)> 11 (1+F;p)>l.

p<z/K P p<e p|K RS
(5.18)

Thus, in light of estimates (5.13) through (5.18), (5.9) becomes

—T

Sk.r(z) = GFTT)H(K, R)m(z) + o (lozxm(x)> , (5.19)
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where

(0,K)=1 p|RKS p
_ F(p)\ ' = uld) 1
- pll;IK <1 T > 7 % Ke(R) (5.20)
p(%2) Fp)\
X (52,§)—1 ©(62) p1|_5[2 <1 + ) >
. [L((sg) B @ an
Since (;%52 = d
p(d2) Fp)\ ™ _ R
“%sz;)—l 2 pll_[riz <1 T ) ml_R[K (1 pp—1) 1+ F;p)> ’

it follows that (5.20) can be written as

_ F®)\ N S
H(K,R)—KRPI;IK<1+ . ) ml};[}((l o= 1+F§f)>' (5.21)

Note that here we used the fact that

7‘/(6) @ - — as — 00
KZ;I Ro(9) pg@ (1 + ) H(K,R) U,

p

Since it is clear from (5.21) that

0< S H(KR) <+,
K,REF

where the star in the sum is there to indicate that we have rightfully ignored
those pairs K, R for which either R € Ry or K, R is a non admissible pair. The
statement of Theorem 2.2 then follows from relation (5.19).
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