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THE PHRAGMEN LINDELOF CONDITION FOR EVOLUTION
FOR QUADRATIC FORMS
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Dedicated to the memory of our friend
and colleague Susanne Dierolf.

Abstract: Let P € C[r,(1,...,¢(n] be a quadratic polynomial for which the 7-variable is non-
characteristic. We characterize when the zero-variety V(P) of P satisfies the Phragmén-Lindelof
condition PL(w) or equivalently when the pair (RZ, R, x R%) is of evolution in the class &, for
the partial differential operator P(D) with symbol P.
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of evolution

1. Introduction

Let w : CF x C* — [0,00[ be a weight function like w(7,¢) := |7]|* + [¢|*2 for
0 < ai,as < 1. We say that an algebraic variety V in C* x C" satisfies the
Phragmén-Lindelof condition PL(w) of evolution if there exists A > 0 such that
each plurisubharmonic function v on V' which satisfies the estimates

u(r,¢)
(7, ()

[ Tm 7] + [ Im ¢] + w(7, ¢)
O(|Tm (| + w(7, () + 1)

N IN

on V already satisfies
w(r, Q) < A(Im(l+w(r,Q)+1),  (1,() €V

The significance of PL(w) for linear partial differential operators was shown by
Boiti and Nacinovich in [4] and [5] and we refer to our paper [3] for a detailed
discussion. The algebraic curves in C; x C# which satisfy PL(w) were characterized
in [2] in terms of their Puiseux series expansion.

The main aim of the present paper is to characterize the algebraic hypersur-
faces V(P) := {(1,{) € Cx C" : P(r,¢) = 0} in C; x C¢ that satisfy PL(w)
for quadratic polynomials P for which the 7-variable is non-characteristic. To
achieve this characterization we first show that for a homogeneous non-constant
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polynomial P € Cl[r,(,...,(,] for which the 7-variable is non-characteristic, its
zero-variety V (P) satisfies PL(w) if and only if P is hyperbolic for N = (1,0, ...,0).
Moreover, we show that for P € C[r,(1,...,(,] for which the T-variable is non-
characteristic, V(P) satisfies PL(w) only if for the principal part P, of P the
variety V(P,,) satisfies PL(w). The latter condition implies that, up to a complex
constant factor, P,, has real coefficients. If P as above has degree 2 and satisfies
PL(w) then it is therefore no restriction to assume that its principal part P, has
real coefficients. This means that P has the form

P(1,¢) =72 +271(¢) + Q(¢) + 2a7 + L(¢) + C,

where [ is a real linear form, @ is a real quadratic form, L is a complex linear form,
and a,C are complex numbers. Using arguments from the proof of Meise, Taylor,
and Vogt [9], Lemma 3, we then show in Lemma 14 that there exist a real linear
form A, 0 < m < n, a complex linear form Ay(z) = Z;l:mﬂ ljz;, Cyp € C and, if
m # 0, a quadratic form D(z) := 2721 d;z3 with d; # 0 for 1 < j < m, such that
for
Py(1,2) := (T + A\2))* + D(2) + Ao(2) + C

the variety V (P) satisfies PL(w) if and only if V(FPy) satisfies PL(w). The desired
characterization is therefore contained in the following theorem.

Main Theorem 1. Assume that Py is defined as above and let w(T, () := oa, (|7|)+
Oay([C]) be a given weight function (see Definition 2 for o,). Then the following
assertions are equivalent:

(1) V(Py) satisfies PL(w).
(2) V(Py) is hyperbolic for w.
(3) D is negative semidefinite and one of the following conditions holds:

(3&) Ao =0.
(3.b) Ay £ 0, there exists £ € {0} x R"™™ guch that Ag(§) # 0 and A\(&) =0,
and ag > 1/2.

(3.c) Ag £ 0, for each & € {0} x R"™™ we have that A(§) # 0 whenever
Ao(€) #0, and max{ay,as} > 1/2.

2. Proof of the Main Theorem
Definition 2. For 0 < « < 1, the weight function o, : R — [0, +00[ is defined by

Ua(t)_{|t|a if 0<a<l1

log(1+[t[) if a=0. (1)

We split RN ~ RF x R?, set § = (1,{) € CF x C" for the dual coordinates of
z = (t,z) € R* x R", and denote by w the plurisubharmonic function

UJ(T, C) = WI(T) +w2(C) = Uoz1(|TD + o'az(‘d) fO’l" (T7<) € (Ck x C", (2)

where a; € [0,1] for j =1,2. Also w will be called a weight function. Here and in
the following we shall assume that as = 0 implies oy = 0.
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Definition 3. For a weight function w as in (2) we define £,(RY) as ERY) if
a; =ag =0, as
ELRN):={fcERN): VK cCRY Ve >0VB € Nf 3c > 0Vy € Nj
sup | D D} f(t, )] < el ()12}

if a1 =0 and ag # 0, and as

ELRY) :={fecERN): VK CCRY Ve >03c>0V3e Nk, v e NI
sup DD} f(t, @) < el HI(g1)1 o (1)1 /o)

if a7 > 0 and ag > 0. Endowed with their natural locally convex topologies, these
spaces are nuclear Fréchet spaces.

Definition 4. Let V be an algebraic variety in CN. A function u: V — [—oc, 00|
is called plurisubharmonic if it is locally bounded above, plurisubharmonic in the
usual sense on Vieg, the set of all reqular points of V, and satisfies

u(z) = limsup u(()
CEVrequ_’Z

at the singular points of V.. By PSH(V') we denote the set of all functions that are
plurisubharmonic on V.

Definition 5. Let V be an algebraic variety in CF x (C’CL and let w be a weight
function. We say that V' satisfies PL(w) if there exists A > 0 such that for each
u € PSH(V') which for some oy, > 1 satisfies

(@) w(r,Q) < [Im 7|+ [Im (| + wi(7) + wa(Q), (1,¢) €V

(8) w(r,¢) < au([Im (| + wi(7) +w2(C) +1), (1,¢) €V
also satisfies

(7) u(r, Q) < A(|Im (| + wi(7) + w2(¢) +1), (1,¢) € V.

Definition 6. For V and w as in Definition 5 we say that V' is hyperbolic for w
if there exists C' > 0 such that

[Im7| < C([Im (] +wi(r) +w2(C) +1),  (1,¢) eV

Remark 7. If an algebraic variety V in CF x C’CL is hyperbolic for some weight
function w then V satisfies PL(w). Note that the converse implication does not
hold as Example 8 below shows.

Example 8. Let

V={(r,¢)eC®: > =}
Since ¢ = 72/3 we are in case (2) (iii) of Theorem 2 of [3] with p = 2, ¢ = 3, and
G4 = 1. Therefore, V satisfies PL(w) for w(7,¢) = 04, (|7|) + 0a,(|¢]) if and only
if 0y > 2/3.
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However, V is not hyperbolic for any weight function w. Indeed, from 7 = ¢3/2
we get, for (g = —R:

[T 7 (Cr)| = | m /— 3| = RY/2.
If we assume that V' is hyperbolic for w then there exists C' > 0 such that
R*? = |Im 7(Cr)| < C(|Tm (x| +wi(7(Cr)) +w2(Cr) +1) = C(R2™ + R° + 1),
which gives a contradiction for large R since 0 < a3, as < 1 and proves our claim.

Definition 9. Let P € C[z,...,2,] be of degree m > 1 and let P, be its principal
part.

(a) P is said to be hyperbolic with respect to N € R™\ {0} if P, (N) # 0 and if
there exists 19 € R such that

P+iTN)#0ifE eR” and T < Tp.

(b) P is said to be oq-hyperbolic with respect to N € R™\ {0} for 0<ax<1
if P(N) # 0 and if the differential operator P(D) := P(; Fagrc 2 52 n)

admits a fundamental solution E € D;, (R™) that has its support in the
closed half space {x € R™ : (x, N) > 0}.

Note that by well-known results og-hyperbolicity is equivalent to hyperbolicity.

Proposition 10. Let P € C[r,(1,. .., (] be homogeneous of degree m > 1 with
P(1,0,...,0) #0. Then for

V:i={(r,{) eCxC": P(r,{) =0}

the following are equivalent:

(a) V satisfies PL(w) for some/all weight functions w.

(b) For each £ € R™ the polynomial 7 +— P(T1,€) has only real roots.
(¢) There exists ¢ > 0 such that |Im 7| < ¢|Im (]| for all (1,{) € V.
(d) P is hyperbolic with respect to N = (1,0,...,0).

Proof. (a) = (b): Assume that V satisfies PL(w) for w(7, () = 04, (|7]) + 04, ([<])-
If we assume that (b) does not hold, then there exists (79,£%) € VN (C x R") with
Im7Y # 0. Take (g = REY. By homogeneity g = R(7°,£°%) = (R79,(r) € V
Then fix g with max{ai,as} < p < 1, let Wg denote the connected component
of VN (C x B((r, R")), and define u: V — R by

R ¢—Cr

u(r,¢) = max{2+R“H< )|I <|} (1,¢) € Wr, ¢~ Crl < R

| Im | otherwise,
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where H(0) := (] Im 6|2 —|Re 6]?)/2 is a harmonic function on C" whose properties
are described in Lemma 2.9 of [8]. Next we claim that there exist § > 0 and Ry > 1
such that for each (7,() € Wg we have

R*

To prove this claim, note first that there is a homogeneous algebraic variety B
in C™ such that the map 7 : (7,¢) — ¢ on V is unbranched over C" \ B. Since
R™ \ B is open and dense in R, we may assume that we have chosen (7°,£°) in
such a way that it is a regular point of V' and that there is a holomorphic map
¢ : B(£° €) — Csuch that {(¢(¢),¢) : ¢ € B(£Y, €)} parametrizes a neighborhood
of (79,£%). Moreoever, we may choose € > 0 so small that |Im ¢(¢)| > [Im7°|/2
for ¢ € B(€9,¢).
Now note that for (7,() € Wg we have ( = (g + h, |h] < R* and

0=P(r,Cp +h) = RmP(%,éo + %)

Because of u < 1 there exists Ry > 1 such that R¥/R < € for R > Ry and

hence £° + h/R € B(£°,¢€). This implies 7/R = ¢(£° + h/R) and consequently

|Im7/R| > |Im7°|/2. Thus we proved the estimate (4) with ¢ := | Im 7°|/2.
Therefore, u satisfies («) and (3) of PL(w) and hence from () at 0g:

I < () < Alwr (RT) + wa(RE) + 1)
)

2
(R |7°* 4 R*2|€°]°2 4-1)

which gives a contradiction for large R since p > max{aj, as}.
(b) = (¢): Apply the classical Phragmén-Lindel6f theorem for C™ to

u(¢) :=max{|Im7|: (1,{) e V}.

(¢) = (a): Obvious.
(d) < (b): This holds by Hérmander [6], Theorem 5.5.3. |

The following corollary is an immediate consequence of Proposition 10 and
Hormander [6], Corollary 5.5.1.

Corollary 11. Let P € C[r,(1,...,Cs] be homogeneous of degree m > 1 and
assume that P(1,0,...,0) € R\ {0}. If V(P) satisfies PL(w) for some weight
function w, then P has real coefficients.

Proposition 12. Let P € C[r,(1,...,(s] be of degree m > 1, denote by P, its
principal part and assume that P,,(1,0,...,0) # 0. If V(P) satisfies PL(w) for
some weight function w then also V(Py,) satisfies PL(w).
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Proof. To argue by contradiction, we assume that P satisfies PL(w) for the weight
function w(7, () = 04, (|T])+0as (|¢]) and that V(P,,) does not satisfy PL(w). Then
Proposition 10 implies the existence of £ € R™ such that not all the zeros of the
polynomial 7 — P,,(7,&) are real. As we indicated in the proof of Proposition 10
we can therefore assume the existence of a regular point (79, &) in V(B,,) with
§o € R™ and 79 ¢ R. Next let I'(§,0) := U;nqt(&o + B(0,6)). Since Py, is
homogeneous and satisfies P,,,(1,0,...,0) # 0 by hypothesis, we can choose ¢ > 0
and a holomorphic function ¢ : I'(¢p,d) — C such that {(¢(¢),¢) : ¢ € I'(&p,9)} is
the connected component of V' (P,,,) N{(7,¢) : ¢ € I'(§o, 0)} which contains (79, o).
Since Im 79 # 0, we can choose ¢ so small that

[Tmp(&o + h)| = [Tme(&)|/2 = [Tm7o|/2,  h e B(0,9).

Then fix u < 1 satisfying u > max{aq, as}. We claim that there exists Ry > 1, and
0<e< |1H411770| such that for R > Ry and h € C™ with |h| < R* the polynomials

qr,h 1 T — Py (1, RE + h) and PRy T — P(1,R + h)

have the same number of zeros in the disk B! (p(R& + h), €R).
To prove this claim, using the Theorem of Rouché, we note first that because of
1 < 1 there exists Ry > 1 such that R§y+h € T'(&y,d) for R > Ry and each h € C™
satisfying |h| < R*. Next note that P,,(1,0,...,0) # 0 implies the existence of
C > 0 such that
7 <Clel for (7,C) € V(). (5)

From this estimate it follows that we can choose Ry even so large that for C; :=
2R(C + 1)|&| we have

(R0 + h), Réo+h)| = Rl(p(E0+ ), &+ )| < RC+ D)o + | < O (6

Next let P(7,¢) = Z;‘n:() P;(t,(), where P; is either homogeneous of degree j or
P; = 0. Hence there exists M > 1 such that for (7,() with |(7,({)| > Ry we have

[

m—

|P(7,¢) = Pu(m, )1 < D |Pi(7, Q)] < M|(7, Q)™

j=
Now fix 0 < € < 1 and A € C with |A\| = eR and note that this estimate together
with (6) implies

PrA(P(RE +h) +X) = arn(p(Réo +h) + X)| < M(Cr+ "' R™L (1)
To derive an estimate for gg (¢ (RE& + h) + A) from below, note that for (7,() €
V(Py,,) we have the expansion

m

Pu(r+X0) =)

j=1

1P,
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Because of m > 1, there exists k with 1 < k& < m such that

&P, . orp,
W(To,fo):()v 0<j<k and W(To,fohéo

Since aéf}" is homogeneous of degree m — j, this implies that for ¢ > 0, small

enough, there exists 07 = 1 (o) such that

0 Py, . .
’ 87‘3 (T7<)‘ < U|(T7 <)|m ]? (Ta C) € F((TO7£O)a51)7 0 g.] < k.

Next let n := ‘ e (10,&0) ’ /2. Then we can choose d; > 0 such that

ok
] P <T¢>]>n|<|m-’a (7.€) € (70, £0),62).

Then there exists D > 1, Cs > 0, and R; > Ry such that for R > R;:

lar,n(@(R& + h) + A)| = |Pr(@(RE + h) + A, R§ + h)|

1 |0FP,
1| (PR +h) + A, Réo + h)A*
U P ,
- 3 5|5 me )+ A R+ 1)
i=tj#k 7
1
> iRE + h[™ ke R
k—1
— Z —a (C1R)™ e/ RI — DR™FH
j= 1
> R™ (2k||§ Im kek —0Cy — D6k+1).

; n m—k |Im 7o n m—k k
Now we choose 0 < € < min (m|§0| ;) and o < gl |€o|™ e, Then

the estimate above implies that, if we choose R; large enough, we get that for
R>2 Ry

larn(P(RE + h) + N)| > || ™ Fe ™ > M(Cy + 1) R™

4k!

From this estimate and (7) it follows that we can apply the Theorem of Rouché,
to see that our claim is true.

Next choose d3 > 0 so small that for ¢ € I'(£,d3) we have (¢(¢€),() €
I'((70,&0), min(d1 (o), 02)). After enlarging R if necessary, we now get that for
R > Ry and h € C™ with |h| < R* each point (7(R&y + h), R¢o + h) in V(P) which
is close to V(Pp,)N{(¢(€),¢) : ¢ € T'(&, 03)} satisfies |7(REy+h)—p(REy+h)| < €R,
provided that we have chosen € > 0 so small that each zero (7,¢) of P, which
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satisfies ¢ € T'(&o, d3) and 7 # ({) already satisfies |7 — ¢({)| = 8¢[¢|. Then our
choice of € implies for R > R; and |h| < RM:

MTm 7(RE + h)| > [Im p(RE + h)| — Im(7(RE + h) — p(REo + h))|
|Tm 7| |Im7'0|R.

Using this estimate we can now argue as in the proof of Proposition 10 to see that
V(P) does not satisty PL(w). [ |

Remark 13. From now on we will concentrate on quadratic polynomials P €
Clr,¢1,--.,¢y]. If the 7-variable is non-characteristic for such a polynomial, i.e.,
if P»(1,0,...,0) # 0 holds for the principal part P, of P, then there exist complex
linear forms [ and L in {, a quadratic form @ in ¢, and complex numbers a, C' such
that, up to a complex constant factor, P has the following form

P(r,¢) =12 +271(¢) + Q(¢) + ar + L(¢) + C. (8)

If V(P) satisfies PL(w) then V(P,) satisfies PL(w) by Proposition 12, where

Py(1,¢) = 72 4+ 271(¢) + Q(C)

has real coefficients by Proposition 10 and Corollary 11. To characterize those P for
which V' (P) satisfies PL(w) we can therefore restrict our attention to polynomials
P of the form (8) for which [ is a real linear form and @Q is a real quadratic form.

Note also that by Proposition 10 for each £ € R the polynomial ps : 7 —
P5(1,€) has only real zeros. It is easy to check that pe has the zeros 74+ = —I(§) £
(1(€)® — Q(&))Y/2. Since I and Q are real for real £, this implies that the quadratic
form Q; : ¢ — 1(¢)? — Q(C) is positive semidefinite.

Lemma 14. Let P € C[r,(1,..., (] be of the form
P(7,¢) = 72 +271(¢) + Q(C) + 2a7 + L(¢) + C,

where | is a real linear form, Q a real quadratic form, L a complex linear form,
and a,C are complex numbers. Then there exist a real linear form A, 0 < m < n, a
complex linear form Ao(z) = Z?:m_H lizj, Co € C and, if m # 0, a real quadratic
form D(z) = ZTZl djz?- with d; # 0 for 1 < j < 'm, such that for

Po(T,2) := (T + X(2))? + D(2) + Ao(2) + Co

the following holds: V(P) satisfies PL(w) for a weight function w if and only if
V(Py) satisfies PL(w).

Proof. If we let Q;(¢) := Q(¢) — 1(¢)?, Li(¢) := L(¢) — 2al(¢) and Cy := C — a?

then we have

P(1,¢) = (T +1(¢) + a)* + Qu(¢) + Li(¢) + Ch.
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If the quadratic form @; = 0 then we let D := 0, m := 0 and A := idgn. Otherwise
we can choose A € GL(R™) and D as in the statement such that

Qi(¢) = D(AQ).

Note that m is the number of non-zero eigenvalues of the real symmetric matrix
which defines Q;. Next define \(z) := I[(A712), A1(2) := L;(A~12) and

Py(7,2) == (T + A(2) + a)® + D(2) + A1 (2) + C1.
Then we have
P(1,¢) = (7 4+ MACQ) + a)? + D(AC) 4+ A1 (AC) + C1 = Py(1, AC).

As in the proof of Meise, Taylor, and Vogt [9], Lemma 3, we can find b =
(b1,...,b,) with b; =0 for m+ 1 < j < n, such that

D(z+b) + Ai(z+b) + C1 = D(z) + Ao(2) + Co,
where Ag is defined as in the assertion of the Lemma. Hence we have

P(1,( 4+ A7) = (1 + MAC +b) + a)® + D(AC +b) + A1 (AC+b) + Cy
= (7 + MAQ) 4+ d)? + D(AC) + Ag(AC) + Cy.

If we now define Py as in the statement of the Lemma, then we have
P(r —d,(+ A7 (b)) = Py(r, AQ).

Next we note that PL(w) is invariant under real linear changes of variables and
also under complex shifts in the variables. Hence the result follows from the last
equality. |

Proposition 15. Assume that Py € C[r,(1, ..., (] is given by
Po(7,¢) = (1 + A(Q))* + D(¢) + Ao (¢) + Co,

where X is a real linear form, D({) = ZT:l de? for d; e R\ {0} for1<j<m
and 1 <m < n, Ag(Q) = Z?:mﬂ ;¢ is a complex linear form, and Cy € C.
(a) If Ag =0 then the following assertions are equivalent:
(1) V(Py) satisfies PL(w) for some/each weight function w.
(2) V(Py) is hyperbolic for some/each weight function w.
(3) D is negative semidefinite.
(b) If Ag # 0 then V(Py) satisfies PL(w) only if D is negative semidefinite and
if one of the following conditions is satisfied:
(1) ag = 1/2 if there exists & € {0} x R*™™ such that Ag(§) # 0 and
A(€) =0.
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(2) max{ay, a2} > 1/2 if for each £ € {0} x R*™™ we have \(&) # 0
whenever Ag(€) # 0.

Proof. (a) (1) = (3): If V(P,) satisfies PL(w) for some weight function w then
Proposition 12 shows that also V(P,) satisfies PL(w), where P is the principal
part of Py. Since Py(7,¢) = (7 + A(())? + D(¢) in this case, it follows from
Proposition 10 and Remark 13 that the quadratic form D is negative semidefinite.
This is equivalent to d; < 0 for 1 < j < m, because d; € R\ {0}.

(3) = (2): Since Ag = 0, we have (7,¢) € V(F) if and only if 7 = —A(() £
/—D({) — Cy. This implies the existence of C' > 0 such that

|Im 7| < 7] < C(|¢[+1), (7,¢) € V(F).
Next we define v : C* — R by
v(¢) :== max{|Im7|: (1,{) € V(F)}.

By Hoérmander [7], Lemma 4.4, v is in PSH(C™). Since A is a real linear form and
since D is negative semidefinite by hypothesis, there exists C; > 0 such that

v(€) < Cy, £eR".

Therefore, the function ¢ : C* — R, ¢(¢) := &(v(¢) — C1) satisfies the hypotheses
of the classical Phragmén-Lindel6f Theorem for C™. Hence ¢ satisfies

p(Q) <[Im¢|,  ¢eC™

By the definition of v, this implies
[Im 7| < C|Im (| + C, (1,¢) e V().

Hence (2) holds.

(2) = (1): This implication holds by Remark 7.

(b) The arguments in part (a) show that the negative semidefinitness of D is
necessary also in this case. To show that also the other condition is necessary, note
first that after a real linear change of variables in (2,41, ..., %,), We may assume
that ¢ in (1) is the canonical basis vector e,,+1, so that we have Ag(emt1) = lmt+1 #
0. For R > 1 we then let (g := pe,;,+1 where p = R or p = —R is chosen so that
Im(—l1p— Co)Y/? # 0. We also let Or := (—A(Cr) + (—lmi1p — Co)*/?,(r) and
we fix 0 < u < 1/2. Thenlet V := V(F,) and denote Wg the connected component
of VN (C x B(Cgr, R*)) which contains fr and define v : V' — R by formula (3).
If h € C™ satisfies |h| < R* and 7(Cr + h) satisfies P(7((g + h),(r + h) = 0, then
it follows easily that there exist § > 0 and Ry > 1 such that for R > Ry we have

|Im7(Cg + h) + Im A(Cr + h)| = 6RY/2.
Since Im A(Cg + h) = Im A\(h) and since |h| < RM, this estimate implies

R#

| Tm 7(Cr + h)| = TR R > Ry. 9)
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Since u is plurisubharmonic on V' and since the arguments that we used in the
proof of Proposition 10 show that u satisfies the conditions (a) and (3) of PL(w),
u also satisfies the condition () of PL(w). Hence there exist A, A’ > 0 such that

B ulOr) < A Cal + 01 ((CR)) + wa(Cr) + 1)

2
< A" (ITm Gl + [-MGr) + v/~ Ro(Cr) — Co|  + R +1), R> Ry,
(10)

If we are in case (1) then A\((g) = 0. Hence the inequality (10) implies the existence
of A1 > 0 such that

R*
2
Since 0 < p < 1/2 was chosen arbitrarily, it now follows that we must have
max{ay/2, a2} > 1/2. Since 0 < a1 < 1, this implies ap > 1/2.
If we are in case (2), then the inequality (10) implies that for each 0 < p < 1/2
there exist Ay > 0 and Ry > 1 such that

RH
<A2(Ra1 +Ra2), R > Ry

<A (RQI/Q n R“Q) . R>R,.

2
and hence max{a,as} > 1/2. |

Remark 16. Note that Proposition 15 is still valid if m = 0 and hence D = 0.

To show that the necessary conditions in Proposition 15 are in fact sufficient,
we need the following lemma.

Lemma 17. The following inequality holds for each (z1,22) € C?:
[Im /21 + 22| < |Im+/z1| + | Im /Z3]. (11)

Proof. Note first that the inequality (11) is a consequence of the following one:
|Im v/a2 + b2 < /|Imal? + [ Tm b2, (a,b) € C*. (12)
To prove (12), define

p: C2=C, v(a,b) ;== |Im v/ a? + b2|.

It is easy to check that ¢ is plurisubharmonic on C? and satisfies ¢(a,b) = 0 for
each (a,b) € R%
Moreover,

p(a,b) < Vlal? + [b]? = [(a, D).

Hence the classical Theorem of Phragmén-Lindeldf for C2 implies that

o(a,8) < |Tm(a, )] = /TTm a2 + [Tm BF,
which is the estimate (12). |
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Proposition 18. Let Py be as in Proposition 15, assume that the conditions in
Proposition 15 (b) (1) are fulfilled and let w(T,() := 00, (|7]) + 0a,(|C]). Then the
following conditions are equivalent:

(1) V(Py) satisfies PL(w).

(2) ag > 1/2.

(3) Py is 0u,-hyperbolic with respect to N = (1,0, ...,0) for g, (7,¢) = |(,)|*2,

(r,() e CxC".
(4) V(Py) is hyperbolic for w.

Proof. (1) = (2): This holds by Proposition 15 (b) (1).
(2) = (3): Since we can apply a real diagonal change of variables, it is no
restriction to assume that
D)=~ ¢

Jj=1

Then, for fixed (7,() € V(Fy), we have that
(T+A(Q)* =D ¢ = Ao(¢) = Co.
j=1

Applying Lemma 17 to z; = Z;nzl CJZ and zo = —Ag(¢) — Co:

1/2
[Tm(r + M) = |Im [ 3°¢ — A0(¢) — Co
j=1
<|m(3 )" +im-aO - cor2 )
j=1
Since
m 1/2
m(32¢2) | < jmel, cecm, (14)
j=1

since Ay is a linear form and since as > 1/2 there exists C3 > 0 such that we get
from (13)

< [ Im¢| + [Ao(C) + Co|*/?
< C3(|Im (] + [¢[V2 +1)
< Cs(|Im ] + 04, ([C]) +2).

[ Tm(7 + A(Q))]

Because A is a real linear form this estimate implies the existence of C4 > 0 such
that
[ Im 7| < Ca (| Im | + 04, (IC]) + 1) (15)

Since N = (1,0,...,0) is non-characteristic for Py, this estimate implies by Meise,
Taylor and Vogt [10], Propositions 2.7 and 2.9, that Py is 04,-hyperbolic with
respect to N.



The Phragmén Lindeldf condition for evolution for quadratic forms 123

(3) = (4): This holds by [1], Proposition 3.9.
(4) = (1): This holds by Remark 7. |

Remark 19. Note that in Proposition 18 the implications (2) = (3) = (4) = (1)
hold, whenever D is negative semidefinite (if D = 0 we have only case 1 in the
implication (2) = (3)).

Lemma 20. Let (A\y,...,\y) € R™\ {0}, set

5\4 _ )‘ja Zf/\J 7é 0 (16)
! 1, if)\=0

for1<j<m, A:=maxigjcm 5\3 and take 0 < e < 1/(mA). There exists then a
constant ¢ > 0 such that each { = ((1,...,(n) € C™ which satisfies

2

m m

G <e D oG!S (17)
j=1 j=1
also satisfies
DONG| < e MmAGl=e) Ayl [Iml. (18)
Jj=1 j=1 j=1

Proof. Let us first remark that if Im S\jcj =0forallj=1,...,m,ie (1,...,(m €
R, then by Cauchy-Schwarz inequality and (17) we have that

2

2
DG SN DG <mas Yo NG
j=1 j Jj=1

which gives Z;”:l ;¢ = 0 since emA < 1 by assumption. In this case (18) holds
trivially. ~

Let us then assume that Z;’;l |Im A;¢;| > 0. By homogeneity it is then suffi-
cient to prove that (17) implies the existence of ¢ > 0 such that

YomAGl=1= > NG| <e (19)
j=1 j=1

To argue by contradiction, assume that this does not hold. Then we can find
a sequence (((*))zen in C™ such that the inequality (17) holds for each ¢(*) while

Simi¢F =1,  and Jim. S| = . (20)
j=1 Jj=1



124  Chiara Boiti, Reinhold Meise

Next we choose a§k),b§k) € Rfor j € {1,...,m} and k € N such that :\jCj(k) =
agk) + ibgk). Then (20) implies

1= Zm:|b‘§’“)\ = iumijg](’“ ium/\ ¢

J=1 Jj=1 Jj=1

and hence limy_, o, ZT:l | Re )\](](.k)| = oco. Consequently we get
k . k
ST =1 and k15302|a§ )| = co. (21)
j=1

Now fix ¢ = (C1,.-.,¢m) With A;¢; = a; +ib; and let A := minicjcm A2. Then
the Cauchy-Schwarz inequality implies

m m 1
3¢ = 30 55+ 2iagh, — )
j=1 j=17"9
1/2 1/2
Y ST S ) S L o
Z A a4 =X aj J b\ J
J=1 Jj=1 Jj=1 j=1
1/2 2
SO EE DI B DU ES Y DI
Jj=1 j=1 Jj=1 j=1
1/2
2 1

On the other side,

1/2

Z <Y ol + > bl < vm [ > a + 1.
j=1 =1 =1 =1

Since (%) satisfies the inequality (17), the two estimates above imply

2
1 m k 2 m k 1/2 1 m k 1/2
2@ ) =S X@ ] e[ [m @]+
J=1 j=1 =1
and hence
1/2

_ — A= <0.
(1 EmA; +25\F ; A(A—i—s)\O
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This is a contradiction for large k& € N, since 1 — emA > 0 and

m
: (k)y2 _
;}LH;O Z(aj )* = 0. |
Jj=1
Proposition 21. Let Py be as in Proposition 15, assume that the conditions in
Proposition 15 (b) (2) are fulfilled, and let w(T, () := 0o, (|T|) + 00y (|C]). Then the
following assertions are equivalent:
(1) V(Py) satisfies PL(w).
(2) max{ai,as} > 1/2.
(3) V() is hyperbolic for w.
Proof. (1) = (2): This holds by Proposition 15 (b) (2).
(2) = (3): As in the proof of Proposition 18 it is no restriction to assume that
D(¢) = —>_7L, ¢;. Since A is a real linear form, there exist A1, ..., A\, € R such

that A(¢) = Z?:1 A;¢;. Obviously, condition 15 (b) (2) implies that
ker()\|{0}an—m) - ker(A0|{0}XRn—m),

where we consider both restrictions as R-linear maps into the R-vector space C.
Since Ag # 0, it follows that A[joyxgn-—m Z 0. As A has real coefficients by
hypothesis, A[{oyxgrn-m is linear and A({0} x R"™™) = R C C. Consequently,
dimg (ker(A|{oyxgn-m)) = n —m — 1. This implies that the two kernels are in
fact equal and that dimg Ag({0} x R*™™) = 1. Because of the special form of
Ao this shows that we can find ji € C\ {0} such that Ag|go}xrn-—m = fido, Where
Ao = Ao @y, for m_p(¢) := (0,...,0,(mt1,---,Cn). Hence we can choose
w € C\ {0} and Cy € C such that (1,¢) € V(F) if and only if

(t+A(C T+Z)\ ¢)? ZCJ+'” Z G+ Co = Q(C) + o (¢) + Co.

Jj=m+1

Note that Ag # 0 implies (Ay41,...,An) € R"\ {0} and that Q(¢) = X7, (7.
If ap > 1/2 then Remark 19 shows that V(Fp) is hyperbolic for w. Hence it
suffices to show that this also holds if ay > 1/2. To do this consider A; as in (16),

set A := maxigjcm 5\3 and consider the following cases for (7,¢) € V(P):
Case (1): |5y M| < 2vmA1Q(Q).

Subcase (1.1): 1Q(C)| < 2|uro(¢€) + Col-
Then the hypothesis of the subcase gives

[T+ MO = 1Q(C) + 1Aa(€) + Col 2 < VB(|uho ()" +[Co[ /).
On the other side, the present hypotheses imply

7+ A = [M(O)] = ZA G| = Il = Q)] = 2VmAIQ(Q)|Y? — |7
= [Mo(O)] = 2\/27”1/\(|u/\o(0|1/2 +1Co[/?) = I7].
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Therefore,

IMo(O)] = (2v/2mAlu] + v/3ul) [Mo(O)? = 24/2mA[Co] — v/3]Co| — |7] <0

and hence

Mo(O)1V? < (2 2Tl + /3

+\/ @v2mAlu + 3|u|)2+8\/2mA|Co|+4\/3|CO|+4|T)

<2+ e

for ¢ = 21/2mA[u| + /3|u] + /8mA|Co| + /3|Co].

It thus follows that there exist A, A’ > 0 such that

[Tm 7| = ‘_ > Im(A¢) £ Im/Q(C) + pho(C) + co‘

j=1

n
< ‘Z Aj Im ¢
j=1

< A (|1l + VBl () + V3ICl)
<A ([T c|+ ]2+ 1)
<A1l + 00, (7)) +2)

1/2

+Q(¢) + 1o (¢) + Co

since \; € R and oy > 1/2.
Subcase (1.2): |Q(C)| = 2[uro(¢) + Col.

In this case we can write

pAo(€) + Co = aQ(()

for some o € C with || < 1/2. Then

=26 = 200 £ (QUO) + mhol€) + Co)' 2

i C
== NG - %Q( + QO VT
j=1

and hence by the hypothesis in case (1):

%Q(C)¢Q(C)1/2¢1+a+7 < 2VmA QO + ‘(ff

:‘ Zm
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On the other side,

%Q(C) FQOVPVItatr

> |;‘Q<c>\ QO VT al -l

Therefore,

C
= _|T‘<07

fj@(o\ ~ (VA + VT aD Q)M -

which implies

QO < <2¢H+ VI +al

C
+\/(2va+\/|1+04|)2+4‘6220 +4 % ~|T> ~2||“a||,

ie.
[0Q(O 2] < (12 + 1)

for some ¢’ > 0. From these estimates and the identity

«
Vita-Vi= | — 4
Fa—v1 /0 N

we now get the existence of A, A’, A” > 0 such that the following estimates hold:

[Im7| ==Y Im(X;¢) £ Im(Q({) + pAo(¢) + Co)'/?

j=1
< Alm¢|+ |im (Q(Q)/2VTFa)|
< A[Tm |+ [Im Q2| |Re vTFal + [Re Q()?] - | Im(vTFa = V)|

1

<A/Iml|+ |14+« Im(—i—‘QCl/z sup | ———| - |«

VTl Q)] s | o

1

< A'|Im¢ +’aQC1/2 sup ————

[Tencl ©) 21<1/2 24/1 = [2]

2

< A+ L2+ 1)

< A"(JTm (| + 04, (7)) +1).

Case (2): \Q(C)\l/2 < 2\/;—/\ ’Z;n:l )‘jCj"
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Subcase (2.1): |Q(C)] < 2[uAo(C) + Col-

Subcase (2.1)(a): |Mo(C ‘Z] 1A CJ‘
Then

712 (O] = [ 32 A6 = 1Q(0) + 1rol€) + Col /2
j=1

> o(Q)] = 5 MalQ)] — V3Tl o(Q)1'"* ~ /3Gl

> 0 [Mo(Q)] = o'

for some 0,0’ > 0. Therefore,

[T ] < D2 A TG +1Q() + mhol€) + Co 2
j=1

<A (|Im<| + [Xo(O))? +1)

< A(|Tm |+ ||"? + 1)
< A(|Tm | + o4, (I7]) +2).
Subcase (2.1)(b): |No(C ‘zj NG

Then

[Tm 7| < ]il A Im G| + Q) + 1ho(€) + Col /2
=
<A (Il + Mo(Q? +1) < A(Im¢]+ 2] +2)
| Im ¢ +2‘§;)\g{j‘ +2) <A (|ImC| +§Im:\j<j| + 1)
<A”(|Im§|+1)j7 "

for some A, A, A” > 0, because of Lemma 20.

Subcase (2.2): |Q(C)| = 2|pMo(C) + Co.

In this case we can write

pAo(€) + Co = aQ(()
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for some o € C with || < 1/2. Then

[T < YA G| +1Q(C) + mro(€) + Col'/?

j=1
<Aumq+@«wﬂ¢u+w
A|ImC|+ ZAC] VIi+al

<A | [Tm¢[+ ) [TmA;¢l
j=1
< A" Im (]

for some A, A’; A” > 0, because of Lemma 20.
(3) = (1): This holds by Remark 7. |

Remark 22. Note that Proposition 21 holds also if D = 0 (i.e. @ = 0 in the
proof).

Proof of the Main Theorem 1. This proof follows from the Propositions 15,
18 and 21 and from the Remarks 16, 19 and 22. |

Let us now consider an example of an algebraic variety defined by a polynomial
of order m > 2:

Example 23. Let (ai,...,a,) € C"\ {0} and

V = {(T,C) S (C X Cn : T"L +ZajC;'n = 0}

Jj=1

We claim that V' satisfies PL(w) if and only if m =2 and a; <0 for 1 < j < n.
Indeed, if m > 3 then, taking (g = (R,0) € R x R"™ ! max{aj,as} < pu <1
and h € C™ with |h| < R, we have that

T = —ay1(R+ hy)™ Za]

Hence we can choose an m-th root of —a; R™ such that

RH
|ImT(CR+h)|>§R>7, R> 1.

For such a choice of the m-th root, taking 0r = (7(Cr),¢r) and u € PSH(V)

as in (3), we have that u satisfies () and (8) of PL(w) and hence, if V satisfies
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PL(w), from (v):

R <u(fr) < A(wi(7(Cr)) + w2(Cr) + 1)

< A'(R* + R +1)

for some A, A’ > 0, obtaining a contradiction for large R since 0 < a1, as < p.
The case m = 2, i.e.

= ()G,

j=1

follows from Proposition 15.

Acknowledgement. The authors thank the referee for improving the statement
of Lemma 17 and they thank B.A. Taylor for providing two proofs of it.
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