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COINCIDENCE POINT RESULTS IN NONCONVEX DOMAINS
OF q -NORMED SPACES
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Abstract: Coincidence points results for families of four relatively nonexpansive mappings on
nonconvex domains in q-normed spaces have been obtained in the present work. As applications,
best approximation results have been given. These results extend and generalize previously
known results to a more general class of non commuting relatively nonexpansive mappings in
a space which is not necessarily locally convex.
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1. Introduction

The concept of relatively nonexpansive maps for pair of maps was given by
Park [14]. It was extended by Jungck [8] for families of four self maps (non-
continuous). By using this concept he proved the coincidence and fixed points
results for starshaped domain and generalized the results of Dotson [2].

Fixed point theorems have been applied in the field of invariant approximation
theory for last four decades and several interesting and valuable results have been
studied.

Meinardus [10] was the first to employ a fixed-point theorem of Schauder to
establish the existence of an invariant approximation. Further, Brosowski [1] ob-
tained a celebrated result and generalized the Meinardus’s result. Later, several
results [5, 15] have been proved in the direction of Brosowski [1]. In the year 1988,
Sahab et al. [13] extended the result of Hicks and Humpheries [5] and Singh [15]
by considering one linear and the other nonexpansive mappings.

In this context, it may be mentioned that Dotson [2] proved the existence of
fixed point for nonexpansive mapping. He further extended his result without
starshapedness under non-convex condition [3]. Mukherjee and Som [11] used it
to prove existence of fixed point and further applied it for proving existence of best
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approximant. This result was an extension of Singh [15] without starshapedness
condition.

In this paper, coincidence point results of four relatively nonexpansive self map-
pings on nonconvex domains in q-normed spaces have been obtained. These results
extend and improve the results of Jungck [8]. As applications, best approximation
results have also been established. These results extend and generalize various
existing known results in the literature to a more general class of non commuting
relatively nonexpansive mappings in a space which is not necessarily locally convex
space

2. Preliminaries

Let X be a linear space. A q-norm on X is a real-valued function ‖.‖q on X with
0 < q 6 1, satisfying the following conditions:
(a) ‖x‖q > 0 and ‖x‖q = 0 iff x = 0,
(b) ‖λx‖q = | λ |q‖x‖q,
(c) ‖x + y‖q 6 ‖x‖q + ‖y‖q,

for all x, y ∈ X and all scalars λ. The pair (X , ‖.‖q) is called a q-normed spaces.
It is a metric space with dq(x, y) = ‖x−y‖q for all x, y ∈ X , defining a translation
invariant metric dq on X . If q = 1, we obtain the concept of a normed linear space.
It is well-known that the topology of every Hausdorff locally bounded topological
linear space is given by some q-norm, 0 < q 6 1. The spaces lq and Lq[0, 1],
0 < q 6 1 are q-normed spaces. A q-normed space is not necessarily a locally con-
vex space. Recall that, if X is a topological linear space, then its continuous dual
space X ∗ is said to separate the points of X , if for each x 6= 0 in X , there exists
an I ∈ X ∗ such that Ix 6= 0. In this case the weak topology on X is well-defined.
We mention that, if X is not locally convex, then X ∗ need not separate the points
of X . For example, if X = Lq[0, 1], 0 < q < 1, then X ∗ = {0} [12, pp. 36–37].
However, there are some non-locally convex spaces (such as the q-normed space
lq, 0 < q < 1) whose dual separates the points [6].

Let X be a metric space and let C be a nonempty subset of X . Let x ∈ X . An
element y ∈ C is called a best C-approximant to x ∈ X if

d(x, y) = dist(x, C) = inf{d(x, z) : z ∈ C}.
The set of best C-approximants to x is denoted by PC(x0) and is defined as
PC(x0) = {y ∈ C : d(x, y) = dist(x, C)}. Let I, T : C → C be two mappings.
A mapping A : C → C is called an (I, T )-contraction if there exists 0 6 k < 1 such
that d(Ax,Ay) 6 kd(Ix, T y) for any x, y ∈ C. If k = 1, then A is called (I, T )-
nonexpansive. Also if T = I, we say that A is called I-nonexpansive. Let A,B, I
and T be self maps of C. Mappings A and B are nonexpansive relatively [8] to I
and T iff d(Ax,By) 6 d(Ix, T y) for all x, y ∈ C. If B = A and T = I, we say that
A is I-nonexpansive. A point x ∈ C is a common fixed point(coincidence point) of
I and T if x = Ix = T x(Ix = T x). The set of coincidence points of I and T is
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denoted by Υ(I, T ). The pair (I, T ) is called (1) commuting if IT x = T Ix for all
x ∈ C; (2) compatible [7, 8] if limn d(T Ixn, IT xn) = 0 when {xn} is a sequence
such that limn T xn = limn Ixn = t for some t in C. Every commuting pair of
mappings is compatible but the converse is not true in general [7, 8]. The set of
fixed points of T (resp. I) is denoted by F(T ) (resp. F(I)). A subset C of a linear
space X is said to be starshaped, if there exists at least one point p ∈ C such
that λx + (1 − λ)p ∈ C, for all x ∈ C and 0 6 λ 6 1. In this case p is called the
starcenter of C. Each convex set is starshaped with respect to each of its points,
but not conversely.

Further, definition providing the notion of contractive jointly continuous family
introduced by Dotson [3] may be written as:

Let C be a subset of metric space X and Γ = {fα}α∈C a family of functions
from [0, 1] into C such that fα(1) = α for each α ∈ C.
The family Γ is said to be contractive, if there exists a function φ : (0, 1) → (0, 1)
such that for all α, β ∈ C and all t ∈ (0, 1), we have

d(fα(t), fβ(t)) 6 φ(t)d(α, β).

The family Γ is said to be jointly continuous if t → t0 in [0, 1] and α → α0 in C,
then fα(t) → fα0(t0).

Remark 2.1. In the light of the comment given by Dotson [3] and Khan et al. [9]
that if X is a q-normed space, C ⊆ X is p−starshaped and fα(t) = (1− t)p + tα,
(α ∈ C, t ∈ [0, 1]), then {fα}α∈C is a contractive jointly continuous family with
φ(t) = tq. Thus, the class of subsets of C with the property of contractiveness
and jointly continuity contains the class of starshaped sets which in turns contains
the class of convex sets. If C is a subset of X , there exists a contractive jointly
continuous family Γ = {fα}α∈C such that C has the property of contractiveness
and joint continuity.

To prove our results, we also use the following result due to Jungck [8]:

Theorem 2.2 ([8]). Let A, B, I and T be self maps of a complete metric space
(X , d), and suppose that I and T are surjective. If there exists r ∈ (0, 1) such that
for x, y ∈ X ;

d(Ax,By) 6 rd(Ix, T y),

then there exist z, t ∈ X such that At = It = Bz = T z. If moreover, the pairs
(A, I) and (B, T ) are each compatible, then A, B, I and T have a unique common
fixed point.

3. Main results

One may now prove the following coincidence point theorem for nonconvex domain
in a q-normed space.
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Theorem 3.1. Let C be a nonempty compact subset of a q-normed space X which
has a contractive jointly continuous family Γ = {fx}x∈C. Let A, B, I and T be
self mappings of C. If I and T are surjective and if for all x, y ∈ C;

‖Ax− By‖q 6 ‖Ix− T y‖q,

then Υ(A,B) ∩ Υ(I, T ) 6= ∅. If, in addition, the pairs (A, I) and (B, T ) are
compatible, then F(A) ∩ F(B) ∩ F(I) ∩ F(T ) 6= ∅.
Proof. Choose kn ∈ (0, 1) such that {kn} → 1. Then define sequences {An} and
{Bn} as

An(x) = fAx(kn), Bn(x) = fBx(kn),

for all x ∈ C and for each n. {An} and {Bn} are well-defined maps from C into C
for each n. Also, for each n, and for all x, y ∈ C, we have

‖An(x)− Bn(y)‖q = ‖fAx(kn)− fBy(kn)‖q

6 [φ(kn)]q‖Ax− By‖q

6 [φ(kn)]q‖Ix− T y‖q

i.e.,
‖An(x)− Bn(y)‖q 6 [φ(kn)]q‖Ix− T y‖q

for all x, y ∈ C.
Also, C = I(C) = T (C) is compact and therefore complete. It follows from Theo-
rem 2.2, there exist xn, yn, pn ∈ C such that

Anxn = Ixn = pn = Bnyn = T yn, for all n.

Also, since C is compact, there exists a subsequence of {xn}, denoted by {xm},
such that {Axm} converging to a point p ∈ C. Then by jointly continuity of Γ,
{fAxm(km)} tends to p, too. Moreover,

‖Axm − Ixm‖q = ‖Axm −Amxm‖q = ‖Axm − fAxm(km)‖q

so Ixm → p as m →∞.
Now, since C = T (C), T z = p for some z ∈ C. We also have

‖Bz − p‖q 6 ‖Bz −Axm‖q + ‖Axm − p‖q 6 ‖T z − Ixm‖q + ‖Axm − p‖q.

It follows that p = Bz = T z. By a similar argument there exists t ∈ C such
that At = It = p. Hence Υ(A, I) ∩Υ(B, T ) 6= φ.

If moreover, A and I are compatible, At = It = p implies that IAt = AIt;
i.e., Ip = Ap. In the same fashion, if B and T are compatible, T p = Bp. Hence
F(A) ∩ F(B) ∩ F(I) ∩ F(T ) 6= φ. This completes the proof.

¥

If B = A in the Theorem 3.1 and A is also injective, then Bz = At implies
that t = z, and we have Az = Iz = T z. Thus, as a consequence one obtains the
following:
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Corollary 3.2. Let C be a nonempty compact subset of a q-normed space X which
has a contractive jointly continuous family Γ = {fx}x∈C. Let A, I and T be a self
mappings of C. If I and T are surjective and if for all x, y ∈ C;

‖Ax−Ay‖q 6 ‖Ix− T y‖q,

then Υ(A, I, T ) 6= ∅ provided one of the following conditions hold:
(i) A is one-to-one;
(ii) (A, I) and (A, T ) are compatible pairs.

If I = T in the Corollary 3.2, one obtains the following:

Corollary 3.3. Let C be a nonempty compact subset of a q-normed space X which
has a contractive jointly continuous family Γ = {fx}x∈C. Let A and I be compatible
self mappings of C. If I is surjective and if for all x, y ∈ C;

‖Ax−Ay‖q 6 ‖Ix− Iy‖q,

then Υ(A, I) 6= ∅.
If A =Id in the Corollary 3.3, one obtains the following:

Corollary 3.4. Let C be a nonempty compact subset of a q-normed space X which
has a contractive jointly continuous family Γ = {fx}x∈C . If T and I be surjective
self mappings of C and for all x, y ∈ C;

‖x− y‖q 6 ‖Ix− T y‖q,

then C ∩ F(I) ∩ F(T ) 6= ∅.

As applications of Theorem 3.1, we have the following results in invariant
approximation:

Theorem 3.5. Let X be a q-normed space and A,B, T , I : X → X . Let C be a
subset of X such that T (∂C ∩ C) ⊂ C and x0 ∈ F(A) ∩ F(B) ∩ F(T ) ∩ F(I) for
some x0 ∈ X . Suppose that PC(x0) is compact, has a contractive jointly continuous
family Γ = {fα}α∈PC(x0), I(PC(x0)) = PC(x0) = T (PC(x0)) and the pair (T , I) is
surjective. If the pair (A, I) and (B, T ) satisfy, for all x, y ∈ PC(x0) ∪ {x0}

‖Ax− By‖q 6 ‖Ix− T y‖q, (3.1)

then PC(x0) ∩ Υ(A, I,B, T ) 6= ∅. If, in addition, the pairs (A, I) and (B, T ) are
compatible, then PC(x0) ∩ F(A) ∩ F(B) ∩ (I) ∩ F(T ) 6= ∅.
Proof. Let x ∈ PC(x0). Then, x ∈ PC(x0). Then ‖x − x0‖q = dist(x0, C). Note
that for any k ∈ (0, 1),

‖kx0 + (1− k)x− x0‖q = (1− k)q‖x− x0‖q < dist(x0, C).
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It follows that the line segment {kx0 + (1 − k)x : 0 < k < 1} and the set C are
disjoint. Thus x is not in the interior of C and so x ∈ ∂C ∩C. Since T (∂C ∩C) ⊂ C,
T x must be in C. Also since Ix ∈ PC(x0), x0 = T x0 = Ix0 and T and I
satisfy (3.1), we have

‖Ax− x0‖q = ‖Ax− Bx0‖q 6 ‖Ix− T x0‖q = ‖Ix− x0‖q = dist(x0, C).

Thus, Ax ∈ PC(x0). Consequently, A(PC(x0)) ⊂ PC(x0) = I(PC(x0)) =
T (PC(x0)). Similarly, we may show that B(PC(x0)) ⊂ PC(x0) = I(PC(x0)) =
T (PC(x0)). The result now follows from Theorem 3.1. ¥

If B = A and A is injective in the Theorem 3.5, one obtains the following:

Corollary 3.6. Let X be a q-normed space and A, T , I : X → X . Let C be
a subset of X such that T (∂C ∩ C) ⊂ C and x0 ∈ F(A) ∩ F(T ) ∩ F(I) for some
x0 ∈ X . Suppose that PC(x0) is compact, has a contractive jointly continuous
family Γ = {fα}α∈PC(x0), I(PC(x0)) = PC(x0) = T (PC(x0)) and the pair (T , I) is
surjective. If A, I and T satisfy, for all x, y ∈ PC(x0) ∪ {x0}

‖Ax−Ay‖q 6 ‖Ix− T y‖q, (3.2)

then PC(x0) ∩Υ(A, I, T ) 6= ∅ provided one of the following conditions hold:

(i) A is one-to-one;
(ii) A, I and A, T are compatible pairs.

If T = I in the Corollary 3.6, one obtains the following:

Corollary 3.7. Let X be a q-normed space and A, T : X → X . Let C be a subset
of X such that T (∂C ∩ C) ⊂ C and x0 ∈ F(A) for some x0 ∈ X . Suppose that
PC(x0) is compact, has a contractive jointly continuous family Γ = {fα}α∈PC(x0),
PC(x0) and I is surjective. If the pair (A, I) satisfies, for all x, y ∈ PC(x0)∪{x0}

‖Ax−Ay‖q 6 ‖Ix− Iy‖q, (3.3)

then PC(x0) ∩Υ(A, I) 6= ∅ provided one of the following conditions hold:

(i) A is one-to-one;
(ii) (A, I) is compatible pair.

Remark 3.8. From Remark 2.1, our results generalize the results of Jungck [8]
to q-normed space and consequently Dotson’s [2].
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