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Abstract: The Nyman-Beurling criterion states that the Riemann hypothesis is equivalent to
the density in L2(0,4o00;t~2dt) of a certain space. We introduce an orthonormal family in
L2(0, +o0;t—2dt), study the space generated by this family and reformulate the Nyman-Beurling
criterion using this orthonormal basis. We then study three approximations that could lead to a
proof of this criterion.
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1. Introduction

Let 3 denote the Hilbert space L?(0,+o0;t~2dt), endowed with the scalar pro-
duct

t2

+oo
(f.9) = / FHa

It contains the functions p,(t) = {t/a}, a > 0. The Nyman-Beurling [5,7] criterion
states that the Riemann hypothesis is equivalent to the density in L?(1, +o00;t~2dt)
of the space spanned by the functions ap, — p1, a > 1. As a matter of fact, the
condition may be replaced by the following one: the characteristic function of
the interval [1,+oo[ is the limit in K of linear combinations of the p,, a > 1.
Béez-Duarte [2] even proved that one may assume a € N in this last statement.

In this paper, we introduce an orthonormal family (E,),en< in H, and study
approximations properties with respect to this family. In Section 2 we describe the
space HP spanned by this family: the functions in HP are those of H that enjoy
two simple symmetry properties. This Hilbert space is smaller than JH, and its
explicit orthonormal basis makes it easy to manipulate.

In Section 3, we relate the Hilbert space HP to the Riemann hypothesis:
the Riemann hypothesis is true if and only E; is the limit (in HP) of a finite
linear combination of the functions e,(t) = {qt} — {t}, ¢ € N. In Section 4 we
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compute the coordinates of the functions e, in the orthonormal basis (E,)nen-
and present other useful computational lemmas.
The last three sections are devoted to the study of explicit approximations.

In section 5, we find a linear combination of the n functions (es,...,e,+1) whose
first n coordinates in the basis (E,)nen+ are precisely (1,0,...,0). The coeffi-
cients of (ez,...,e,—1) do not depend on n. It is therefore natural to consider the

approximation given by these coefficients, and we study it in Section 6. Finally,
we slightly modify the natural approximation by introducing a smoothing factor.
For each approximation, we compute the coordinates of the linear combination in
the orthonormal basis (E,)nen+, and we prove that each of these coordinates has
the requested limit when n goes to infinity. By Lebesgue’s dominated convergence
theorem, it is enough to find uniform bounds whose series of squares converges,
for the coordinates of a subsequence, in order to get a convergent subsequence. We
also show how to reduce the computation of these uniform bounds. These three
approximations lead to three weaker criterions for the Riemann hypothesis.

2. Orthonormality

For n,t € R, let us define the function E,, of H by

sin(27nt) — sin(27(n — 1)t)

E, (t) =
We shall need the following lemma to compute scalar products involving these
functions.

Lemma 1. For p,q > 0, we have

400 - .
sin(27px) sin(2mqx) 9 .
/0 - dz = 7° min(p, q) .

Proof. We get

/+oo sin(2mpz) sin(27qx) d /+°° cos(2m(p — q)x) — cos(2m(p + q)x) d
T = x
0 .'172 0 2372
_ /+°° —2m(p — q)sin(27(p — q)x) + 27 (p + ¢) sin(27(p + q)x) da
0 2x
2
T
=5 ra=lp—d),
since oo sin(2r)
o0 sin(27ra) Jo T dv=m/2 }f r>0,
———dxr =<0 _ if r=0,
0 v creo sin(2m) gy — /2 i r < 0.
The lemma easily follows. [ |

The next proposition motivates the introduction of the functions F,, .
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Proposition 1. The family (Ey,)nen- Is an orthonormal family of 3.
Proof. For n,m € N*, n > m, we use Lemma 1 to obtain
(En, Ep) = min(n,m) + min(n — 1,m — 1) — min(n,m — 1) — min(n — 1, m)

. 1 ifn=m,
:m—mm(n—l,m):{o if n > m.

This proves the result, using the symmetry in m and n. [ |

However this orthonormal family is not an orthonormal basis of H, and one
can ask for a description of the space spanned by the FE,,’s. The answer to this
question will be given by the next theorem.

Let HP denote the subspace of H whose elements are the functions f that
satisfy to the following two conditions:

i) f(z) = f(z+1) for almost all z > 0,

ii) f(z) = —f(1—x) for almost all z €]0, 1[.

The functions E, clearly belong to HP for every positive integer n. As a
matter of fact, we even have the following fundamental result.

Theorem 1. The family (E,)nen+ Is an orthonormal basis of HP.

Proof. By Proposition 1, it is enough to show that the family (E,),cn+ spans a
vector space which is dense in HP. We shall prove this by getting back to a known
space.

Let f,g € HP. We set

nz
so that . _ )
V(@) + 91— 2) = 7% (z +n)? - (sin(mv)) '
We then find

“+oc0o T 1
o= [ F@a@) 5 = [ s@a @

=1/‘u<><>+fu—xma—w»wwa

{/f 2)3(x) (' (z) + ¥ (1 — 2)) da

(i)
- [ () o
/ fam)g (sm@m)) dr-

‘Q|
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Let us introduce the function f defined by

~ m

f(z) = mf(2$)~

We then have f € L?(0,1;dt) and (f,g) = fol f(H)g(t)dt. Let us expand f in
Fourier series. From conditions i) and ii), we get f(1 —2) = f(z) for almost all
z €]0,1[, and f(z) = —f(1/2 + x) for almost all = €]0,1/2[. We deduce that

1 1
/ f () sin(2mnt)dt = / f(t) cos(4mnt)dt =0
0 0

for every integer n. This in turn implies that

2

12 = / RS / F(t)V2 cos(2n(2n — )t)at

One easily checks that E,(t) = v/2cos(27(2n — 1)t), from which we get the equ-

alities
oo 1 2 0o
1917 =3 | [ FOE.0d| =S 1(.E)P.
n=1 0 n=1
and the proof of the theorem is complete. [ |

This proof even gives more information. Let HP denote the function space

_ _ ffl=-z)= f(x) for almost every z €]0,1],
ap= {f € L*(0, 1;dt) - {f(m) =—f(1/2+z) for almost every z €]0, 1/2[.}

The application from HP to HP that maps f to f is an isomorphism between
Hilbert spaces; the image of the basis (FE,)nen+ is the usual canonical basis
(V2 cos(2m(2n — 1)t))nen- -

3. Density results and the Riemann hypothesis

Let D, denote the dilatation defined on H by D, f(z) = f(ax). Let Hy be the
vector space spanned by {D,E; : a > 0}. We have the following density result.
Proposition 2. 3, = 7.

Proof. It is enough to prove that continuous function f with compact support in
H is the limit of a sequence of elements in Hy. Let M be an upper bound of f and
T be a real number such that supp(f) C [0,7]. Let us define gy : 10, +o0[— R
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by gr(t) = f(2T{z}) — f(2T{—=z}). By construction, we know that gr satisfies
to the conditions i) and ii) that occur in the definition of HP. Moreover we have

+oo

Feo x Feo T T
| @S- @erehrera) G- [ reren
0 0

x2 o

:/0 f2(2Tx) (Z (erln)2> dz

nez

1
Z 7@ n n)2> dx

neZ

1
Z(:r—i—n)2> dz

neN

- [ pera (

<" e

1/2
<2+02) [ Per0S

= 4(1+7%/6)T| f]?,

which shows that gr € HP. By Theorem 1, this implies that gr belongs to the
space spanned by {E, : n € N*}. Since £, = D,,Ey — D, _1F;, we already know
that gr € Hy and thus D,gr € Hy for a > 0. The property

[ o () ) = [T () S [T A

shows that || f — Dy 2rgr|l tends to zero as T' goes to infinity. The result follows.
|

We can also deduce this proposition from a more general result of Wiener [8]:
the space spanned by {D,E : a > 0} is dense in H if and only if the Mellin
transform of the function E only vanishes on a set of zero measure. Since the
Mellin transform of the function E; is (27) 7~ !sin(rs/2)I'(s), this condition
is fulfilled. However the proof given for Proposition 2 describes a sequence of
approximations and the rate of convergence.

Let us put eq(t) = {qt} — {t} for ¢ € N* and ¢t € R. One easily checks that
the function e, belongs to HP. The link to the Riemann hypothesis is given by
the following theorem.

Theorem 2. The following two propositions are equivalent.
i) Ey is the limit (in HP ) of a finite linear combination of the e;’s.
ii) The Riemann hypothesis is true.

Proof. From the work of Nyman [6] and Beurling [5], we know that the Riemann
hypothesis is true if the characteristic function of the interval [1,+o0[ is a limit of
linear combinations of the functions {1/(qt)}, ¢ € N, in the space L?(0,+o0;dt).
Recently Béez-Duarte [2] showed that this condition is indeed necessary. More-
over, Bdez-Duarte, Balazard, Landreau and Saias [1,3] studied an isometry of
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L?(0,+00;dt) which maps the characteristic function of the interval [1,+oc[ on
the function F;(¢)/t, and the functions {1/(qt)} on the functions {qt}/(qt). The-
refore the Riemann hypothesis is true if and only if the function F;(t)/t is a limit
of linear combinations of the functions {qt}/(qt) in L?(0,+o0;dt). Equivalently,
the Riemann hypothesis is true if and only if the function Fj(t) is a limit of linear
combinations of the functions {qt} in . Since a finite linear combination of the
eq’s is also a finite linear combination of the functions {gt}, we still have to show
that By is the limit of a finite linear combination of the e,’s (in HP) as soon as
E; is the limit of a finite linear combination of the {gt}’s (in H).

Assume that the functions R, (t) = E1(t) — 30, <,<, Conigt} tend to zero in
3. Noticing that R (t) + Ro(1 —t) = =30 < <, ¢qn for t € R\ Q, we find

2

3 2/3 o dt
| 2 ) <) Ro+Ra-02F

1<q<n /3
_ 2/2/3 (Rn(t)2 N Rn(1 —t)2> &
= 12 12
1/3
2B (R,(t)?  Ra(1—1)?
<2/1/3 ( R (o )dt
2/3 2
- 10/ R”(;) dt < 10| R, |12
13 1

Put R}, (t) = Ra(t) + D1 <qcn Camlth = E1(t) — Docycn Can€q(t). We obtain

IR < IRl + | 32 canf 13 < (14 VOBICH) IRl

1<g<n

which proves that R/, also tends to zero in H. This shows that E} is also the limit
of a finite linear combination of the e,’s (in HP) and the proof of the theorem is
complete. m

4. Computational lemmas
Let us first compute the coordinates of the function e, in the orthonormal basis
given in Theorem 1.

Lemma 2. For p,q € N*, we have

1
(Ep,eq) =logq — Z 7

p/q<k<p
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Proof. We find

400 400 0 (k+1)/q
dx dx dx
sin(2mpx)iqr}— = q/ sin(2mpx) — — k/ sin(27mpx) —
| sinmmanSs = o [ sinmm) S S f o stmn
o0 400

mq / . dzx

=— - E sin(2mpx) —

2 =k a?

_7q 01 [t dz
=5 g k:/ sin(2mpkx) -
k=1 1/q

_7q _/+°° isin(Zﬂ'pkx) dz
2 1/(] k {E2

k=1

—+oo —+oo
_ 1 dz _ dz
=er [ T(Gmtm) S=r [ T

We deduce that
1 dz 1 dz
Ene = [ o) —{lp= 1) 57 =toma+ [ (0= 1)~ o) 37
k/(p=1) qp
=logq — Z /]C d—Qzlogq— Z 1/k.

x
p/a<k<p’*/P p/q<k<p

One can also compute scalar products of the e,’s.

Lemma 3. For p,q € N*,| we have

(1—11
(0]

7% (V <gcd€9p, q)’ gcdfp, q)> v (gcd(qp, q)’ gcd(qp, q)) v V(l’q)) ’

where V(p, q) denotes Vassiounine’s sum:

V<p,q>—§jl{’“;’}cot“.

k=1 q

-1
(ep,eq) = b 5 log g +

Proof. The result easily follows from the following form [4, Proposition 5] of
Vassiounine’s result [9]:

oo dr  p+gq P—q, D
; {prﬂ}{qﬂc}x2 5 (log(2m) —7) 5 log

- g (V <gcd?p, q)’ gcd(qn q)) v (gcd(qp, q)’ gcd(qp, q) )) "
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By Theorem 2, we look after linear combinations of the e,’s which converge
to F;.In order to use Lebesgue’s dominated convergence theorem, we seek linear
combinations of the e;’s, whose coordinates are uniformly bounded by terms of
a convergent series and converge to those of E7. There are several candidates to
provide good approximations, and we shall study them in the following subsections.
For these approximations, we shall show the convergence of the coordinates and
upper bound the coordinates of large index with terms of a convergent series.

Let n > 2 be an integer. We shall extensively use the notations

n

Sn =

n—1
~ pu(q) wg)
—= and g logq.
1 4

=]
I

‘We shall also need to estimate these sums.

Lemma 4. For any A > 0, we have
S, =0 ((logn)™) and S, =-1+0 ((logn)™*) .
Proof. It is well-known that

> ulg) =0 (z(logz)™*)

1<gse

for any A > 0 (see [6, formula (2.48)] for instance). Since the prime number
theorem implies the evaluations

o0 q o]

S AR =13 Pog =0,

q=1 q q=1 q

the lemma follows from partial summation. [ |
Finally define the harmonic sum

he= > 1/k.

1<k<z

5. The triangular approximation

It is natural to seek a linear combination of the n functions (es,...,e,4+1) whose
first » coordinates in the basis (E1, E9,...) are precisely (1,0,...,0). This linear
combination is given in the next proposition and requires further notations. Put

# for 1<g<n—1,
_ 14+S) — Sy log(n+1) _
Aq,n = W for q=n,
,175;,+Sn logn for g=n + 1.

log(1+1/n)
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Proposition 3. We have the expansion

n+1 )
Z Agn€q + E1 = Z T plp,
q=2 p=n+1
with
= nlg) n
Tn,p = Z g (hp/q — hpm —log q) + g1 (log (14 1/n) = hyppn + hyj(ni1))
qg=1
forp>n+1.

Proof. By Theorem 1 and Lemma 2, we get

n+1

oo
E Agn€q = E Tnpbyp
q=2 p=1

with
n+1 1
Tnp = Z Agn | logq — Z T
q=2 p/q<k<p

For p =1 we find
Tna = S) + Anlogn+ Apj1,log(n+1).

For 2 < p < n, we first notice that

We thus obtain

n—1
q 1
xn,p = Z M 1qu - Z % + )\n,n<Ep7 en> + An—i—l,n<£§lpv en+1>

p/q<k<p

1
1(q) logg— Y = |+ Ann(logn = hp) 4+ A (log(n + 1) — hy)

p/q<k<p
n—1 ( )
=1+Y %(logq — hp) + Anm(logn — hy) + Ans1n(log(n + 1) — hy)

=145, + Anlogn+ Ant1nlog(n+1) — (S + A + Atin) by -
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The pair (Apn, Ant1.) is a solution of the system

148, + Apnlogn+ App1,log(n+1) =0,
Sn + )\n,n + >\n+l,n = Oa
which implies that

(-1 it
Tnp =0 if

For p > n, we notice that
n+1

Top =D Agn (108G = hp + hyyq)
q=1
n+1 n
= Z Ag.n (hp/q — hpn —log q> + (Sn 4 Ann + Antin) (B — hy +logn)
q=1

n—1
(g n
=> E] ) (hp/q — hy/n —log q> + Angin (log (1+1/n) = hypn + hyjns))
g=1

and the formula is proved. [ |

By construction, it is obvious that lim, . %, , = 0. In order to use Lebes-
gue’s dominated convergence theorem, we seek an upper bound |z, ;| < u,, where
uy, is the general term of a convergent series. In the next proposition, we explicit
u, for p > n?.

Proposition 4. When n and p goes to infinity, we have

2
xn,p0< " > )
plogn

and therefore |z, ,| < 1/(\/plogp) for p > n*.

Proof. Euler-Maclaurin formula ensures that

1
> p-leeieo(1).
p/q<k<p/n q p

We get this way

n—1 n—1

e ( n) (n> (nlogn)
S = (hyg =y —log= | =>"0(—] =0 .
= q p/a " "e/ & qap p

q=1

Similarly we have log (14 1/n) — hy/m + hpjns1) = O(n/p) and Lemma 4
implies An41, = O(n/logn). Finally we obtain

nlogn n? n?
e ( p plogn) <p10gn>

The second estimate is an easy consequence of this one. [ |

We deduce from these two propositions a sufficient condition for the Riemann
hypothesis to be true.
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Criterion 1. If there exists a sequence (up) with 3 u? < oo such that
4
Vpen+1n], |onpl <up

for infinitely many n’s, then the Riemann hypothesis is true.

6. The natural approximation

From the last subsection, it is natural to consider the linear combination
n

Z &eq = ZynypEp,

q

q=1 p=1
which enjoy the following properties.
Proposition 5. We have
. -1 if p=1
1 —{ .
s I 0 otherwise

Morover y,,, = O(n/p) and therefore |y, ,| < 1/(y/plogp) for p = n*logn.
Proof. By Lemma 2, we get

Yn,p = Z # IOg q— Z %
q=1

p/q<k<p
1 ulg) 1
:S’:LJrl SnJrl Z E‘FZT %
1Sk<p q=1 1<k<p/q
Note that
=~ u(q) 1 1 (o if p=1,
2 q PT2 w  M)= 1 if n+lzp>2.
g=1 1<k<p/q 1<m<p q|lm

1<qgsn
By Lemma 4, this implies that

{—lifpzl

lim = .
Ynp 0 otherwise

As in the proof of Proposition 4, we get (eq, E,) = O(g/p), from which the
estimate y, , = O(n/p) easily follows. The second estimate is a straightforward
consequence of the first one. [ |
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‘We can also state another criterion.

Criterion 2. If there exists a sequence (u,) with Zp uf, < oo such that
Vp € [1an2 logn] I |yn7p| < U

for infinitely many n’s, then the Riemann hypothesis is true.

The range [1,n2 log n[ is smaller than the range from the previous subsection,
namely [n+ 1,n*[. However the sum of the y7 ,’s over the range [1,7+1[ can be
quite large, as shown by the next proposition.

Proposition 6. We have

Y Vi

2<p<n+1

n+1

2
(hn+2 — 1) Sn+1> -+ (n — Th2+1 + hn+1> SEH—l .

Proof. From the proof of the proposition 5, we know that y, , = 14+S5}, 1 —hpSn41
for 2 <p <n+ 1. We compute

S o= Y %: 3 %Hz(n—&—l)(hmrz—l)

2<p<n+1 1<k<p<n+1 1<k<n+1
and k)
1 n+ 1 — max
h2 = S ’
o= > o =
2<p<n+1 1<k, I<p<n+1 1<k,I<n
l k
<k<I< 1<k<n
= (n+1hi — ( —1) = hpqr.
This gives
Yo wn,=n(1+S8,1)7 = 2n+1) (hnya — 1) (14 8),41)Sn1
2<p<n+1
+ ((n+1)h2 4 +2n — (2n+ Dhyi1) 244
2
=n (1 + S — (L4 1/n) (hnso — 1) Sn+1) + 5n5121+1 )
with

5 = (n+1)R2, +2n— 20+ Dhpr — (0 +1)2/n (hpyr —n/(n +1))°
=n—(1+1/n)h2 1 + hpt1. ]
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It follows from this proposition and Criterion 2 that we can restrict our
study to sequences of integers n for which there exists an absolute constant C
such that we simultaneously have [S, 1| < C/y/n and [14 S, | — Syhi1logn| <
C/+/n. These two conditions are quite restrictive, and it seems difficult to find
infinite sequences for which they hold together. Indeed, it is well-known [8] that

Zlgqgn w(g) = Q(vn).
7. Smooth approximations

Let us slightly modify the natural approximation by introducing a smoothing

factor:
1+e €q Z Yn, p

Proposition 7. Assume €, > 2loglog n/ logn and €, = o(1). Then we have

{ -1 if p=1,
0 otherwise.

q= 1

lim y, ,(€,) =
n—oo

Moreover y, ,(e,) = O(n/p) and therefore |y, ,(e,)| < 1/(y/plogp) for
p = n2logn.

Proof. We proceed as in the proof of Proposition 5:

MY e oy LTI

1<k<p/q 1<M<p lg\q'gn 1<m<p plm

~ [o(1) if p=1,
Tl 1+40(1) fn+l=p>=2

q=1

Therefore we get

1(g)log g
Ynp(en) = —(BLEp) +1+ ) e > 4 1+en o(1)

1<g<n 1<q<n

= (B, Ep) + 1= (1/¢) (1 + en) — (1/C)(1+6n)

Z wlg logq
giten p 1+€n

q>n q>n
(g logq 1(q)
—(En E Z g + hp e, T o).
qa>n q>n

We now use direct estimates for n > 4

1(q)logq log q * logx enlogn + 1 1
< de=—7F—=0| ———
Z 1+€n Z q1+€n /7; x1+€n z G%nfn log log n

gq>n q>n
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and

w(q)
q1+en

> = /oo dr=—— < :
— x =
S e S piten ennn - 2lognloglogn

q>n q>n

to complete the proof of first part the proposition. The second part is a straight-
forward generalisation of Proposition 5. [ |

We still have another criterion.

Criterion 3. Assume there exists a sequence (€, )nen, with €, > 2loglogn/logn
and €, = o(1), and a sequence (up,) with u? < oo such that

Vp € [1,712 logn], |ynplen)| < up

for infinitely many n’s, then the Riemann hypothesis is true.

This criterion is quite efficient. Indeed, Balazard [2, Proposition 3.1] proved
that, under the Riemann hypothesis, the criterion is fulfilled with €, = ¢/loglogn,
for some positive constant c; he even upper bounded the distance between this
approximation and its limit.

Acknowledgements. The author warmly thanks the anonymous referee for va-
luable suggestions.
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