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Abstract

Explicitly sufficient conditions on the hypercontractivity are presented for two classes
of functional stochastic partial differential equations driven by, respectively, non-
degenerate and degenerate Gaussian noises. Consequently, these conditions imply
that the associated Markov semigroup is L?-compact and exponentially convergent
to the stationary distribution in entropy, variance and total variational norm. As the
log-Sobolev inequality is invalid under the present framework, we apply a criterion
presented in the recent paper [15] using Harnack inequality, coupling property and
Gaussian concentration property of the stationary distribution. To verify the concen-
tration property, we prove a Fernique type inequality for infinite-dimensional Gaussian
processes which might be interesting by itself.
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1 Introduction

The hypercontractivity was introduced in 1973 by Nelson [10] for the Ornstein-
Ulenbeck semigroup. As applications, it implies the exponential convergence of the
Markov semigroup in entropy (and hence, also in variance) to the associated stationary
distribution, and it also implies the L?-compactness of the semigroup subject to the exis-
tence of a density with respect to the stationary distribution, see [15] for more details. In
the setting of symmetric Markov processes, Gross [9] proved that the hypercontractivity
of the semigroup is equivalent to the log-Sobolev inequality for the associated Dirichlet
form. This leads to an extensive study of the log-Sobolev inequality.

However, as explained in [3] the log-Sobolev inequality does not hold for the segment
solution to a stochastic delay differential equation (SDDE). As the segment solution
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Hypercontractivity for FSPDEs

is a process on a functional space, the equation is also called a functional stochastic
differential equation (FSDE). In this case, an efficient tool to prove the hypercontractivity
is the dimension-free Harnack inequality introduced in [11], where diffusion semigroups
on Riemannian manifolds are concerned. By using the coupling by change of measures,
this type Harnack inequality has been established for various stochastic equations, see
the recent monograph [14] and references within. The aim of the present paper is
to prove the hypercontractivity for functional stochastic partial differential equations
(FSPDESs) in Hilbert spaces. We will consider non-degenerate noise and degenerate
noise, respectively, so that the corresponding results derived in [3] for finite-dimensional
FSDEs as well as in [15] for degenerate SPDEs are extended.

In the recent paper [15], the second named author developed a general criterion on
the hypercontractivity by using the Harnack inequality of the semigroup, the concen-
tration property of the underlying probability measure, and the coupling property. In
general, let P; be a Markov semigroup on L?(y) for a probability space (E,.#, 1) such
that p is P-invariant. By definition, P; is hypercontractive if || P;||2—4 = 1 holds for
large enough ¢ > 0, where | - ||2_4 is the operator norm from L?(u) to L*(u). For any
(z,y) € E x E, aprocess (X;,Y;) on E x E is called a coupling for the Markov semigroup
with initial point (z, y) if

Pff(x) = Ef(Xt)v Ptf(y) = Ef(}/t)a t>0,f¢€ ‘@b(E)v

where %, (F) stands for the set of all bounded measurable functions defined on E.
The general criterion due to Wang [15] is stated as follows.

Theorem 1.1 ([14]). Assume that the following three conditions hold for some measur-
able functions p : E x E +— (0,00) and ¢ : [0, 00) — (0, 00) such that lim;_,o ¢(t) =0 :

(i) (Harnack Inequality) There exist constants g, ¢y > 0 such that
(P (€)% < (P f2(n)e? & f e B(B), &1 € E;

(ii) (Coupling Property) For any (£,7) € E x E, there exists a coupling (X, Y;) for
the Markov semigroup P, such that

(iii) (Concentration Property) There exists ¢ > 0 such that (u x p)(efp("')2) < 00.

Then P; is hypercontractive and compact in L?(u) for large enough ¢ > 0, and

w((Pef)log Pif) < ce*'u(flog f), t>0,f>0,u(f)=1;

1P = pll2 = sup u((Pf — p(f)?) <ce ™, t>0 (1.1)
r(f?2)<1

hold for some constants ¢, « > 0.

We will apply the previous criterion to non-degenerate and degenerate FSPDEs,
respectively. To state our main results, we first introduce some notation.

For two separable Hilbert spaces Hy, Hy, let Z(H;, Hy) (respectively, Zys(Hq, Hs))
be the set of all bounded (respectively, Hilbert-Schmidt) linear operators from H; to Hs.
We will use |- | and (-, -) to denote the norm and the inner product on a Hilbert space,
and let || - || and || - || s stand for the operator norm and the Hilbert-Schmidt norm for a
linear operator. Below we introduce our main results for non-degenerate FSPDEs and
degenerate FSPDESs, respectively.
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1.1 Non-Degenerate FSPDEs

Let H be a separable Hilbert space. For a fixed constant ry > 0, let ¥ = C([—r, 0]; H)
be equipped with the uniform norm ||f|l := sup_, <y<o|f(f)]. Fort¢ > 0 and h €
C([—ro,00); H), let hy € € be such that h¢(0) = h(t + 6),0 € [—10,0].

Let W(t) be a cylindrical Wiener process on H under a complete filtered probability
space (Q,.7,{% }i1>0,P); that is,

W(t)=>_ Bi(t)ei, t>0
=1

for an orthonormal basis {e;};>1 on H and a sequence of independent one-dimensional
Wiener processes {B;(t)}i>1 on (Q,.%,{Z }1>0, P).
Consider the following FSPDE on H:

dX(t) = {AX(t) + b(X)}dt + odW(t), t>0, Xo=¢€C, (1.2)

where (A4, 2(A)) is a densely defined closed operator on H generating a Cy-semigroup
e'4, b: ¢ — H is measurable, (o, Z(c)) is a densely defined linear operator on H. We
assume that A, b and o satisfy the following conditions.

(A1) (—A,2(A)) is self-adjoint with discrete spectrum 0 < A\; < Ay < --- counting
multiplicities such that A; T co. Moreover, there exists a constant § € (0,1) such
that, for every ¢t > 0, e t(=4""" 5 extends to a unique Hilbert-Schmidt operator on
H which is denoted again by e~*(—4)'°5 and satisfies

1
/ et A" 5|2, gdt < 0. (1.3)
0

(A2) There exists a constant L > 0 such that |[b(§) — b(n)| < L€ — ||, &,n € F.
(A3) o is invertible, i.e., there exists 0=! € Z(H,H) such that c™'H C %(0) and
oo~ = I, the identity operator.

We first observe that assumptions (A1) and (A2) imply the existence and uniqueness
of continuous mild solutions to (1.2); that is, for any .%#;-measurable random variable
Xo = ¢ € €, there exists a unique continuous adapted process {X (t)};>r, on H such that
P-a.s. , .

X(t) = e"¢(0) + / el=94p(X,)ds + / el=94dW (s), t> 0. (1.4)
0 0
To this end, it suffices to show that (1.3) implies

1
/ leto]25 ) dt < oo (1.5)
0

for some ¢ > 0, see, for instance, [14, Theorem 4.1.3]. To prove (1.5), we reformulate
condition (1.3) using the eigenbasis {e;};>1 of A4, i.e., {e;};>1 is an orthonormal basis of
H such that Ae; = —\;e;,7 > 1. By noting that

oo oo
olts = (e N o) Fs = D17 o) ey = D0 6T oy 2,
j=1

j=1

He A)l )

(1.3) is equivalent to

jo"es | _
Z v L < . (1.6)
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This implies that p; := “1#'(] > 1) gives rise to a finite measure on N, so that by
J

Holder’s inequality,

! 2(1 e 1+e
[ 1eols = [F (e o) e
0 0

Jj=1
1 oo Aty1-s)'te 1, o L X
:/ (Zﬂjeﬂ jt)\j_ ) dt < C/ ( 1A e—2(1+2) ft)dt
0 N4 ) E
- p

|o*e; ] 0
<C < < —,
>l <o e rly

where C = (Zi=1 1;)¢. Thus, (1.3) implies (1.5) for e € (0, 1%6].

To emphasize the initial datum X, = £ € ¥, we denote the solution and the segment
solution by {X¢(¢)};>_,, and {X*},>0, respectively. Then the Markov semigroup for the
segment solution is defined as

P.f(€) =Ef(X5), f € By(6), E€C, t > 0. (1.7)

We are ready to state the main result in this part.

Theorem 1.2. Let (A1)-(A3) hold. If X := sup,¢ (g 5,1 (s — Le™) > 0, then the following
assertions hold.

(1) P; has a unique invariant probability measure u such that M(es”'”ic) < oo for some
e >0.

(2) P, is hypercontractive and compact in L?(u) for large enough ¢ > 0, and (1.1) holds
for some constants ¢, a > 0.

(3) For any to > 1o, there exists a constant ¢ > 0 such that

14 — i} var < cll€ —nlle™, t > to,

where || - |lvar is the total variational norm and 4§ stands for the law of X¢ for
(t,€) € [0,00) X €.

To illustrate the above result, we present below an example, where H = L?(D;dz)
for a bounded domain in R,

Example 1.1. For a bounded domain D C R%, let H = L?(D;dr) and A = —(—A)%,
where A is the Dirichlet Laplacian on D and o > 4 is a constant. Let o = I be the identity
operator on H, and b(§) = L f &(r)v(dr) for a 51gned measure v on [—rg, 0] with total
variation 1; or b(§) = supre[ r0,0] (f( ) g(r)) for some measurable g : [-rg,0] — H with
llgllooc < L. Then assertions in Theorem 1.2 hold provided

A= sup (s — Le’™) > 0,
s€(0,(dw?2)*R(D)~2)

where R(D) is the diameter of D.

Proof. Since A = —(—A)?, it is well known that the eigenvalues {);};>1 of A satisfy
A > cizTu(z' > 1) for some constant ¢ > 0. So, for a > g assumptions (A1)-(A3) hold for
the above choices of H, A,0 and b. By Theorem 1.2, it remains to prove A\; > é‘ég));.
Lettmg )\1 be the first eigenvalue of —A, by the definition of A this is equivalent to

A > R( D) . As D is covered by a cube of edge length R(D), by the domain-monotonicity
and the shift-invariance of the first Dirichlet eigenvalue of —A, ); is bounded below by

the first Dirichlet eigenvalue of —A on the cube [0, R(D)]%, which is equal to Rd%;)Q with
eigenfunction u(z) := [[7_, sin (1= 7(py)- Then the proof is finished. O
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1.2 Degenerate FSPDEs

Let H = H; x Hy for two separable Hilbert spaces H; and H,, and let ¥ =
C([-r0,0]; H) as in Subsection 1.1. Consider the following degenerate FSPDE on H:

{dX(t) = {A1X(t) + BY (t)}dt, (1.8)

AY (t) = {AY (£) + (X, Vi) }dt + odW (1),

where (4;, 2(A4;)) is a densely defined closed linear operator on H; generating a Cp-
semigroup e‘ (i = 1,2), B € £(Hy,H,), b : € — H, is measurable, (0, 2(0)) is a
densely defined closed operator on H,, and W (t) is the cylindrical Wiener process on
H,. Corresponding to (A1)-(A3) in the non-degenerate case, we make the following
assumptions (see [15] for the case without delay, i.e., b(X;,Y;) depends only on X (¢) and
Y (t)).

(B1) (—As, Z(A,)) is self-adjoint with discrete spectrum 0 < A\ < A2 < --- counting
multiplicities such that \; 1 oo, o is invertible, and

1
/ le=* 42" 512 gdt < oo
0

holds for some constant J, € (0,1).
(B2) There exist constants K, Ko > 0 such that

1b(&1,m) — b(&2,m2)] < K1ll€1 — Mlloo + K2ll€2 — m2llcos (&1,m1), (§2,72) € F.

(B3) A; < 6 — A\ for some constant § > 0; i.e., (Ajz,2) < (6§ — A\1)|z|? holds for all
T € _@(Al)
(B4) There exists Ay € .Z(IH;,H;) such that Be?4? = e!41e?4° B holds for t > 0, and

t
Q. ::/ e* BB*eAds, t>0
0

is invertible on H;.

Obviously, when H; = Hy,0 = B = I and A; = A, with discrete spectrum {—X\;};>1 such
that "7, ﬁ < oo holds for some constant ¢ € (0, 1), then assumptions (B1), (B3) and
(B4) hold. See [15] for more examples, where H, might be a subspace of H;.

Similarly to the case without delay considered in [15], assumptions (B3) and (B4)
will be used to prove the Harnack inequality. Moreover, as explained in Subsection 1.1
for the non-degenerate case, from [14, Theorem 4.1.3] we conclude that assumptions
(B1) and (B2) imply the existence, uniqueness and non-explosion of the continuous mild
solution (X&7(t), Y7 (t)) for any initial point (¢,7) € €. Let P, be the Markov semigroup
generated by the segment solution. We have

Pf(&,n) =B[f(XF"YSN)], feBy(€), (&n) €€, t>0.

Theorem 1.3. Assume (B1)-(B4). If

1 .
Noi= = (5 + Ky + /(K2 —0)2 + 4K1||B||) < sup se~*, (1.9)
2 s€(0,A1]

then all assertions in Theorem 1.1 hold with A := sup ¢y, (s — €"°N).
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Examples 1.2. Let H; = H, = L?(D;dz)and 0 = B=I,A; = Ay = —(—A)® for some
a > g as in Example 1.1. Then assumptions (B1), (B3) and (B4) hold. See [15] for more
examples, where H; might be a subspace of H;. To verify (B2) we take, for instances,

0
) =K [ ek [ g
—To —T0
for some signed measures vy, v, on [—rg, 0] with total variations not larger than 1; or
simply b(¢,n) = || K1€ + K21/, where interactions exist between ¢ and 7.

The remainder of this paper is organized as follows. In Section 2 we present a
Fernique type inequality for infinite-dimensional Gaussian processes, which will be used
to prove the concentration condition required in Theorem 1.1(3). Theorems 1.2 and 1.3
are proved in Sections 3 and 4, respectively.

2 Infinite-dimensional Fernique’s inequality

In [8], Fernique introduced an inequality for the distribution of the maximum of
Gaussian processes. To prove the exponential integrability of || X;||- for FSPDEs, one
needs an infinite-dimensional version of this inequality. However, as the dimension
goes to infinity, existing Fernique’s inequality for multi-dimensional Gaussian processes
becomes invalid. So, we modify the inequality so that it holds also in infinite-dimensions.
To this end, we first recall the inequality for one-dimensional Gaussian processes (see,
e.d., [4, page 49] for the multi-dimensional case).

Lemma 2.1 (Fernique’s inequality). Let {(t)}.c[0,1] be a continuous Gaussian process
on R with zero mean and I' = sup,¢g (Ev(t)?)2 < co. Let

6= sup  (Bl(s) =02, re01].
s,t€[0,1],|s—t|<r

If 0 := [ ¢p(e~*")ds < oo, then

o0
IP( max |y(t)| > (T + (2+ \@)9)) < 5—6/ e 2%ds, r> 5.
te[0,1] 2 /.

Now, we call a process {7(t)}:c[0,1] on the Hilbert space I a cylindrical continuous
Gaussian process, if, for an orthonormal basis {e; };>1, every one-dimensional process
~i(t) := (y(¢), e;) is a continuous Gaussian process. For a cylindrical continuous Gaussian
process 7y(t) with zero mean, let

[N

(bi(T) = sup (El'yi(t) - 72(8)‘2) y TE [07 1])

s,t€[0,1],|s—t|<r

F,j = Ssup (E’y,(f)Z)%, 51 = Fz + (2 + \/5) / ¢i(eis2)d5, 1 > 1.
t€0,1] 1

Theorem 2.2. Let «(t) be a cylindrical continuous Gaussian process on H with zero
mean such that

oo
0:=> 6 log(e+5; ") < 0. (2.1)
i=1
-1
Then, for any positive constant A < min;>1 %7 there exists a constant ¢ > 0 such
that
2
IP( max |y(t)| > 7") <ce N, r>0. (2.2)
te[0,1]
EJP 20 (2015), paper 93. ejp.ejpecp.org
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Proof. Let A\ = min;>, M . Obviously, (2.1) implies lim;_,, §; = 0 so that \ > 0. For

any X € (0, X), it suffices to prove (2.2) for some constant ¢ > 0 and large enough r > 0.
Below, we assume that

e > . (2.3)

In this case,

W=

B (rzlog(e—i—é;l)) >

r; = )

so that Lemma 2.1 implies

5e o0 1.2 1,.2
]P( i > 74(2) < 7/ -39 d < _7Ti7 > ]_
tren[g%h(”fr <5/ e 2% ds<cle 2 7>

for some constant ¢; > 0. Then

(o]
IP( > ><]P( (D)2 > 2)
tgl[g>§]|v()|_r < Htgl[g>§]\7()\ =T

< Z]P( max |y;(t)]? > i log( ) ZIP( max_|v;(¢)| > ri(Si) (2.4)

te[0,1] te[0,1]
1,2 32 > log(e + 6 )
< 3T < AT |: 2 (71 o )\):| .
_01;(3 < C1€e ;exp T 2
Since, by (2.3) and the definition of X, we have

-1 2 -1
(Bl 0] ) o s H0) (Y 5 g g7,

260 260 A
it follows from (2.1) that
= log(e 4+ 6; 1) S
2 7
Zexp {—r (T —)\)} < Zéf < 00.
i=1 i=1
Combining this with (2.4), we finish the proof. O

3 Proof of Theorem 1.2

We will verify conditions (i)-(iii) in Theorem 1.1. Firstly, according to [14, Theorem
4.2.4], assumptions (A1)-(A3) implies that, for any tg > r, there exists a constant ¢y > 0
such that the following Harnack inequality holds:

(Poof())? < (P f2©)))e@ N ¢ e %, f € B,(%). (3.1)

That is, condition (i) holds for p(&, 1) := ||£ — 7||co-

To verify (ii) and (iii), we will need the condition that A := sup,¢ gz, (s — Le®™) > 0.
Without loss of generality, we may and do assume that the maximum is attained at the
point \;; otherwise, in the following it suffices to replace A; by | € (0, A\;] which attains
the maximum. By (A1), (A2), and (1.4), one has

t
MIXE() ~ X7(0)] < J60) ~n(O)]+ L [ oM — X7
0
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Then, we obtain that

MY XF — Xl <M sup (MU XE(t 4+ 0) — XT(t +0)))

—rp<6<0
t (3.2)
<o (lg = nlla+ L [ €XE - X ocds).
0
Thus, by Gronwall’s inequality we derive that
I1X5 = X' loo < €70 M€ = plloc, 20, EnEE. (3.3)

That is, condition (ii) holds.
To show condition (iii) in Theorem 1.1, we need to prove the exponential integrability
of the segment solution.

Lemma 3.1. Assume (A1) and (A2). If A > 0, then there exists an r > 0 such that

supBeIXi % < 0o, €€ @, (3.4)

t>0

Proof. (a) We first use Theorem 2.2 to prove

sup EeclZll% < oo (3.5)
>0
for some ¢ > 0, where
(t+0)T
Z(0) == / et H0=)A4W (s), t >0, 6 € [—ro,0]. (3.6)
0

To this end, for fixed ¢, > 0 let

(t()ft’l"())+
(1) = / et —tro=A5q1i(s), t € [0, 1].
0

Then, (3.6) implies

12|12 = sup |y(8)[>. (3.7)
t€(0,1]

Letting {e; };>1 be the eigenbasis of A, we have

(to*tT())-F
ilt) = (y(t), i) = / e Mot (g%, AW (s)), tE[0,1].  (3.8)
0
Obviously,
r (Br(1)?)* <o |</me_2ktgds)2 ‘\aﬁ*ei‘ 121 (3.9)
i 1= Ssup Vi < |o7e; o = s > 1. .
te[0,1] 0 2\

Moreover, note that, for any r € (0,1), there exists a constant ¢(r) > 0 such that
le~*—e~t| < ¢(r)|s—t|" holds for all s,¢ > 0. Then, (3.8), implies that forany 0 < ' <t <1,

Elvi(t) — % (t)]?

(to—tro) ™ N o (to—t'ro)™ ,
— ‘0'*61"2 (/ e—2>\i(t0—tm—s) (1 _ e—/\i(t—t )m) ds + / e—2/\i(t0—t ro—s)d5>
0 (

to—tro)t

3 3
o Bt =0 | e(§)i2ro(t — )}
< lo"eil — n e
2 2\, 2
t—t)3|o%e; |2
= cl( 1)_2!0' ez‘ 7 2217
P
EJP 20 (2015), paper 93. b eeenong
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where the constant ¢; > 0 is independent of ¢, ¢, ¢y and . So, by the definition of ¢;,

1/2 6, .
¢/ “rilo*e;
jud S L2} |5 Z|, r € [0,1].

(bl(’l“) < 1_
AZTE

Combining this with (3.9), we deduce from the definition of §; that

calo*e;]

0; <

)\%_g ’ 7:21
@

holds for some constant ¢, > 0 independent of ¢;. This and (1.6) lead to (2.1). Therefore,
according to Theorem 2.2 and (3.7), we prove (3.5) for some constant € € (0,1).

(b) Next, we prove (3.4) for small » > 0. By (3.3), it suffices to prove for £ = 0. We
simply denote X (t) = X(¢). It follows from (A1), (A2), and (1.4) that

t t
eM!|X (1) < / e {co + L|| Xs||oo ds + eM? / e =45dW (s)|, t>0
0 0

holds for some constant ¢y > 0. This implies

Xl < €M7 sup (M TILX(E+)])
—rosvs

t
< 1M (1 + (| Zl|oo) + Lem/ M| X[ ods
0
for some constant ¢; > 0, where Z; is defined in (3.6). So, by Gronwall’s formula,

t
||Xt||oo <Cl(1+HZt”OO)_’_ClLeMme—)qt/ {ekls+e/\1s”ZSHOO}eLeMm(t—S)dS
0

t
< 211 1 Zilloo) + 2 / [PARSRXERET
0

holds for some constant c; > 0, where A = A\; — Le*"™ > ( as assumed above. Thus,
using Holder’s inequality and applying Jensen’s inequality for the probability measure

v(ds) := %(f;)ds on [0,t], we obtain
- 1 1 _a—At t 2 %
Eell Xl < g (IEeCBT”ZtHiO) 2 (]E exp [037’<(§)/ |Zs||ooV(dS)) })
0

s (pecsrlzzn i [ car : 3.10
< e (Becs 17l ) (/0 E exp [}\2||ng0] u(ds)) (3.10)
< e%sup Eexp [ car 1 Zs|12 } t>0,7r>0
= 20 1/\)\2 oo | = Y

for some constant cs > 0. Thus, when r > 0 is small enough, (3.4) follows from (3.5). O

Now, we are in position check condition (iii) in theorem 1.1.

Lemma 3.2. Assume (A1) and (A2). If A > 0, then P; admits a unique invariant measure
2
u. Moreover, pu(efl'l=) < oo for some € > 0.

Proof. The proof is similar to that of [3, Lemma 2.4]. Let ,uf be the law of Xf. Note that
if uf converges weakly to a probability measure ¢ as t — oo, then ¢ is an invariant
probability measure of P; (see, e.g., [6, Theorem 3.1.1]. Let £(%) be the set of all
probability measures on ¢. Consider the L!-Wasserstein distance W induced by p(¢, ) :=
LAE = nlloo, L€,

Wip, p2) = inf  7w(p), pi,p2 € P(¥),
TEEC (p1,12)
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where € (111, 112) is the set of all couplings for p; and pso. It is well known that &(%) is
a complete metric space with respect to the distance W (see, e.g., [5, Lemma 5.3 and
Lemma 5.4]), and the topology induced by W coincides with the weak topology (see, e.g.,
[5, Theorem 5.6]). So, to show existence of an invariant measure, it is sufficient to prove
that uf is a W-Cauchy sequence as t — o, i.e.,

lim W (s, p5,) = 0. (3.11)

t1,ta—00

For any t2 > t; > 0, consider the following SPDEs
dX(t) = {AX(t) + b(X¢)}dt + odW (t), t € [0,12], Xo =&,

and
dY (t) = {AY (¢) + b(Yy) }dt + cdW (¢), t € [ta — t1,t2], Yi,—t, = &.

Then, the laws of X,,(¢) and Y, (§) are ,ui and ,ufl, respectively. Also, following an
argument leading to derive (3.2), we obtain

t
eME| X, — Vi||A < aB|| X, _t, — &% + Let / e M E|| X, — Y| /A ds, t € [ta —t1,12]

ta—t1

for some constant ¢; > 0. By Gronwall’s inequality and A = A\; — Le*" > 0 as assumed
above, this implies

E||X; = Vi3 < cre M= E|X, o, — €)%, tE [ta — tr, o).
Combining this with (3.4) yields
B[ X;, — Vi, |2 < cie™™"

so that
t]

by
W(:uglalu‘fg) S EHth - w}/t2||c>c S \/aeiT-

Therefore, (3.11) holds, and, by the completeness of W, there exists u¢ € #(%) such
that
Jlim W (s, ué) = 0. (3.12)

To prove the uniqueness, it suffices to show that ¢ is independent of ¢ € €. This
follows since, by the triangle inequality, (3.3) and (3.12),

W (i, ") < lim {W (i, 1) + W (pl 1") + W (ug, 1)} =0, Ene.
Finally, since ;) — p weakly as t — oo, by (3.4) we have

u(eTH'HiO) = lim u(N/\eTH'HiC) = lim lim E(N A eT“X?”i) < 0.

N—oc0 N—o00 t—00

Thus, the proof is finished. O
With the above preparations, we present below a proof of Theorem 1.2.

Proof of Theorem 1.2. According to Theorem 1.1, the first two assertions follow from
(3.1), (3.2) and Lemma 3.2. It remains to prove the last assertion. According to [13,
Proposition 2.2], the Harnack inequality (3.1) implies the log-Harnack inequality

Pylog f(€) <log Py f(n) + D€ —nll%e, 0< f € B(%), Enes.
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By [2, Proposition 2.3], this implies

|Pt0f(§) - Ptof(n)|2 < CO||£ - T]”io”f“io) f € <%17((5)7 5777 €C.

Combining this with the Markov property, we obtain

5y se = iy ellvar <2 sup  E|Py, f(X7) = P f(X])] < 2V E| X = X[ |oc, ¢ 20,

| £llee <

Therefore, the last assertion follows from (3.3). O

4 Proof of Theorem 1.3

According to what we have done in the last section for the proof of Theorem 1.2, it
suffices to verify the existence and uniqueness of the invariant probability measure, as
well as conditions (i)-(iii) in Theorem 1.1. In the present setting we have to pay more
attention on the degenerate part. In particular, the known Harnack inequality (see [14,
Corollary 4.4.4]) does not meet our requirement as the exponential term in the upper
bound is not integrable with respect to the invariant probability measure. So, we first
establish the following Harnack inequality which extends the corresponding one in [15]
for the case without delay. The proof is modified from [15] using the coupling by change
measures. This method was introduced in [1] on manifolds and further developed in [12]
for SPDEs and in [7] for SDDESs, see [14] for a self-contained account on coupling by
change of measures and applications.

Lemma 4.1. Assume (B1)-(B4). Then, for any ¢ty > ro, there exists a constant ¢ > 0
such that

(P f(E,))? < eUsEtn=mZ) By f2(e ), (&,m), EW) €, | € By(F).  (4.1)

Proof. Let (X(t),Y(t)) = (X&7(t),Y$"(t)) for t > 0, and let (X (t), Y (t)) solve the follow-
ing equation for (X, Y) = (§,7):

Lo

where

H‘H»

1 X (t) + BY (t)}dt,
WY (1) + b(X,, V) + o=l ® gtda ) — 75(0)) + e“‘%’(t)}dt FodW (),

to—ro

h(t) == t(to —ro — t) Y B*e e, € [0,t0] (4.2)

for Ay in (B4) and some e € H; to be determined. Obviously,

?(t) _ Y(t) — etAg{ (ﬁ(O) — 77(?0))_(75207 To — t)+ + h(t)}, te [0, to]_ (4.3)

In particular, we have Y, = Y;,. Next, the equations of X (¢) and X (¢) yield

X (1) - X(t) = "1 (E(0) - £(0)) + / eI B(Y(s) - ¥ (s))ds. (4.4)

Substituting (4.3) into (4.4), we find that

1)~ X(0) = e E0) ~6(0) + [ o001 oot { LI 4 e

to — 1o
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By virtue of (B4) and the definition of A, this implies

X(t)— X(t)

— e E0) o) + [ et hertgntp{ T IO 1o Ty,
—ot (&0 - <0+ [ oo (MO 1ON 10 =97 o) fas )

= e (f0 -+ [ emp{ OO0 2] )

(4.5)

for any t € [ty — ro, to]. Moreover, (B4) implies that
. to—ro .
Qto—ry = / s(tg — 1o — s)e* BB*e*Mods
0

is invertible on H;. In (4.2), in particular, take

e=-GiL (50 e+ [T

0 to — 1o eSAOB(ﬁ(O) - U(O))ds}

Then, inserting h(-) back into (4.5) leads to X (t) = X (¢) for arbitrary ¢ € [ty — 7o, to], i.e.,
X+, = Xi,. Therefore, we arrive at (X;,,Y:,) = (X4, Yi,)-

Let .
W(t)=W(t)+ /0 o(s)ds, te0,to],

where

o(t) i= o (b(Xt, Yi) — b(X,. Y1) + WA (n(0) — 7(0)) + etAzh%t)).

By (4.3) and (4.5), for some constant C' > 0 we have
1X: — Xel2 + 1V: = Yol < CUlE = €l% + 1 —7l%), t € [0,to]. (4.6)

Thus, by the Girsanov theorem (see, e.g., [6, Theorem 10.14]), {W(S)}te[g_j“] is a cylindri-
cal Wiener process under the weighted probability measure dQ := RdIP with

Re=exp( - / " (o(s). aw(s)) - : / ! 6(s)ds).

Now, we reformulate the equation for (X (¢),Y (t)) as

dX(t) = {A; X (t) + BY (t)}dt,
AY (1) = {AY (t) + b(X,, Vi) }dt + odW (1), t € [0, ).

Then, invoking the weak uniqueness of the equation and using (X¢,,Y+,) = (Xty, Yz, ),
we derive that

(P f (€)% = {Eqf (X1, Vi) } = {E(Rf (X4, Yi) )
< (ER*)Ef*(Xy,,Ys,) = (BER?) Py, f2(€,m).

Combining this with (4.6) and the definitions of R and ¢, we prove (4.1) for some constant
c>0. O

EJP 20 (2015), paper 93. ejp.ejpecp.org
Page 12/15


http://dx.doi.org/10.1214/EJP.v20-4108
http://ejp.ejpecp.org/

Hypercontractivity for FSPDEs

Next, the following lemma verifies condition (ii) in Theorem 1.1. As explained in
Section 3 that we may and do assume A\ = A\; — Me " > (; otherwise in the sequel it
suffices to replace A\; by A} € (0, A\1] which attains the maximum in the definition of A.
Lemma 4.2. Assume (B1)-(B3) and let (1.9) hold. Then there exists ¢ > 0 such that for
A 1= 8UPge(o 1 (8 — AN'€e°0) >0,

15657 = XF oo + V57 = Yoo < (1€ = Elloe + [l =Tl oc)e™ @7

for any t > 0, (¢,7), (£,7) € €.

Proof. By (B1)-(B3), we have
M XET(t) — XET(1)] — [€(0) — E(0))]

< [ M BIXE(s) ~ XET)] 4 B - [YE(s) - YET()] e,
0

o _ (4.8)
MY E(t) — YEI(t)| — [n(0) —75(0)]
t _ _
= / MK X5 — X5 oo + KoV — V|| oo Hds.
0
Next, let
60— K Ky, —0)2+4K,||B
0= I + /(I — 87 + 4K B o)
2| B
It is easy to see that a > 0 and, for \' > 0 defined in (1.9), we have
ad+ Ky =Na, oB||+Ky=\. (4.10)

Combining (4.8), (4.9) with (4.10), we derive

eAlt(aHXfan _ Xf’ﬁ ‘Oo + Hytém _ Yt&ﬁ Ioo)

<&Mo {ale = Elloe + Il — 7llse

+ / e ((da+ K1) XET = XET|oo + (al| B + K2) [VE" = YET|oo)ds |
0
< e“ﬂ{alls = &lloo + 17 = 7lloc
t _ = _
T x/ (| X5 — X5 |oo + [V — Yf’”lloo)ds}-
0

Therefore, we complete the proof by using Gronwall’s inequality and A = A\; — Xe*" > 0
as assumed above. O

Moreover, corresponding to Lemma 3.1 for the non-degenerate case, we have the
following result on the exponential integrability of the segment solution.

Lemma 4.3. Assume (B1)-(B3) and let (1.9) hold. Then there exists a constant ¢ > 0
such that

sup EesIXEILHIYEI) < o0 (¢,n) € €.

t>0

Proof. By Lemma 4.2, it suffices to prove for (¢,n) = (0,0). Simply denote (X;,Y;) =
(X0, v"?). We have

t
X(t) = / eM1=9=9) (5X (s) + BY (s))ds, t>0.
0
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Then, (B3) yields
t
MIX (1)] < /0 (|| B |V (s)] + 6] X (s)|}ds. (4.11)
Next, according to (B1) and (B2), it follows that

t
/ e2(=)odW (s)| (4.12)
0

t
MY (t)| < / e {co + K[| Xs[loo + Kal|Ys oo }ds + ™!
0
holds for ¢y := |b(0,0)|. Obviously, using (Hs, A5) to replace (H, A), we see that (3.5)
holds for
(t+0)*
Z(0) == / e2(=9)5dW (s), 0 € [—ro,0].

0
Combining (4.10), (4.11) with (4.12), for the present Z; we have

M (]| X(1)[loo + 1Y (£)]loo)

ge’\”“(a sup  (eMTD|X(t+6))) + sup (e’\l(t+0)|Y(t+9)|)>
—1rp<0<0 —ro<0<0

t
<o ([ oM e + (@84 KXo + (Bl + KV }ds + e Zuc)
0

t
< 1@ (14 || Zfloc) + Vet / e (al| Xl + (1Yl )ds
0

for some constant ¢; > 0. By Gronwall’s inequality and A = A\; — \'e*1"0 > 0 as assumed
above, this yields

t
a”XtHoo + HYt”oo <a (1 + ||Zt||00) + Cl)‘/e)\lm/ (1 + ||Z8||00)e_)\ (t=)ds
0

t
< c2<1 1zl + [ 176 <”>ds)
0

for some constant ¢, > 0. Hence, by using Holder’s and Jensen'’s inequalities as in (3.10)
and applying (3.5) for the present Z;, we finish the proof. O

Finally, the following lemma ensures the existence and uniqueness of invariant
probability measure and verifies condition (iii) in Theorem 1.1, so that the proof of
Theorem 1.3 is finished.

Lemma 4.4. Assume (B1)- (B3) and (1.9). Then P, has a unique invariant measure u.
2
Moreover, u(e°l'l>) < oo holds for some constant £ > 0.

Proof. Let ;5" be the distribution of (X", Y;>"") and let

p((&:m), (&) = LA (IIE = Ellos + 17 = Tlloo)-

Making using of Lemmas 4.2 and 4.3 and carrying out an argument of Lemma 3.2, we
only need to prove that {uf’"}tio is W-Cauchy as t — oo.

For any ¢, > t; > 0, let (X(t),Y (t)) solve equation (1.8) for t € [ty — t1,t,] with
(X4y—1,,Ye,—1,) = (£,7m). Then, the laws of (X,,,Y,) is ufl’". So,

W (s, 15") < B(IXS" = Xealloo + 1V = Vuloo)- (4.13)

Next, repeating the proof of Lemma 4.2 for ¢ € [to — t1,t2] and ()?t,f/t) in place of
(X5 Y5T), we obtain

IX5" = Xialloo + V" = Yaulloo < €(ll€ = X4, lloo + I = Y57, lloo)e ™
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for some constant ¢ > 0 independent of ¢; and ¢,. Combining this with (4.13) and using
Lemma 4.3, we prove limg, +, 500 W(Mff’, Mf;") =0. O
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