n b
Electr® 8biljty

Electron. J. Probab. 20 (2015), no. 75, 1-36.
ISSN: 1083-6489 DOI: 10.1214/EJP.v20-3812

On the scaling limits of Galton-Watson processes
in varying environments

Vincent Bansaye* Florian Simatos'

Abstract

We establish a general sufficient condition for a sequence of Galton-Watson branching
processes in varying environments to converge weakly. This condition extends previ-
ous results by allowing offspring distributions to have infinite variance.

Our assumptions are stated in terms of pointwise convergence of a triplet of two real-
valued functions and a measure. The limiting process is characterized by a backwards
integro-differential equation satisfied by its Laplace exponent, which generalizes
the branching equation satisfied by continuous state branching processes. Several
examples are discussed, namely branching processes in random environment, Feller
diffusion in varying environments and branching processes with catastrophes.

Keywords: Galton-Watson branching processes ; scaling limits ; varying environments.
AMS MSC 2010: 60J80; 60F17; 60K37.

Submitted to EJP on September 19, 2014, final version accepted on July 1, 2015.
Supersedes arXiv:1112.2547.

1 Introduction

For each n > 1, consider a sequence of offspring distributions (¢; »,7 > 0), the
environments, and the corresponding Galton-Watson process Z,, = (Z; ,,t > 0) where
individuals of the i-th generation reproduce according to ¢;,. We are interested in
the weak convergence of the sequence (X,,,n > 1) of scaled processes of the form
X,(t) = nle%(t)m for some sequence of time-changes -,,.

In the Galton-Watson case where ¢; ,, = qo », this problem has been first considered by
Feller [19] and Kolmogorov [33] and later by Lindvall [39] and Lamperti [37, 38]. It was
exhaustively solved by Grimvall [24] who provided a necessary and sufficient condition
for the convergence of the scaled processes (X,,,n > 1) in terms of the sequence of
offspring distributions (go,,n > 1). Our approach is inspired by these works and relies
on the convergence of the Laplace transform.

In the Galton-Watson case, the possible limit processes are called continuous state
branching processes (CSBP) and were first considered by Jifina [29]. This class of
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Scaling limits of Galton-Watson processes in varying environments

processes is well understood thanks to a random time-change transformation exhib-
ited by Lamperti [36]. This transformation also allows for an elegant and conceptual
proof of Grimvall’s result, see for instance Ethier and Kurtz [18, Chapter 9] or, in the
continuous-time setting, Helland [26], but this approach breaks down in the case of
varying environment.

In this case, no such exhaustive result is available. Kurtz [35] and Borovkov [13]
proved general results in the finite variance case, to which our main result will be
compared in details in Section 2.4. The two main points are that: (1) on the upside, we
extend these results to the case of offspring distributions with (possibly) infinite variance;
(2) on the downside, we assume that a certain function has locally finite variation: as
will be seen, this finite variation assumption is intrinsic to our approach.

When offspring distributions vary but have finite variance, the authors in [13, 35]
express their limit process as a simple transformation of Feller diffusion, the only CSBP
with continuous sample paths. Kurtz [35] for instance uses semigroup techniques
developed in [34]. However, these techniques become significantly more demanding
in the infinite variance case considered here, where one needs to consider diffusion
processes with jumps.

For this reason, we use in this paper a variation of the approach developed in [19,
33, 37, 38, 39]: namely, our main object of investigation is the Laplace exponent u,,
of X,,, defined by u,(s,t,\) = —logE(exp(—AX,(t)) | Xn(s) = 1) for 0 < s < ¢ and
A > 0. We identify a triplet (ay,, 85, vn) with «,, and 8, two real-valued cadlag functions,
respectively of bounded variation and non-decreasing, and v,, a o-finite measure on
(0,00)2, such that informal calculation suggests the approximation

Un (8, t, ) ~ )\—l—/

(s.4]

ot Vo) = | (a0t 0760 )

+/ h(z, un(y,t, \))vn(de dy) (1.1)
(0,00) X (s,t]

with h(z,\) =1 — e — % + 2((%);) (see Section 3.2). Motivated by this observation,
we identify a mild notion of convergence (ay, S, vn) — (o, 8,v) (see Assumption 2.1
below) under which (X,,) converges weakly. Its weak limit is then characterized by its
Laplace exponent, which is shown to be the unique solution to the integro-differential
equation obtained by letting n — oo in (1.1). As alluded to above, in order for this
equation to make sense in the limit, we need to assume that a has finite variation:
otherwise, it is not clear how to make sense of the integral with respect to o in (1.1).
Finally, note that this equation generalizes the branching equation for the Laplace
exponent of CSBP obtained by Silverstein [41], see also Caballero et al. [14] for a recent
and complete treatment.

In this paper, we assume the convergence («y, 8, vn) — (o, 8,v), where the mea-
sure v is allowed to be non-zero and satisfies classical 1 A 2 finite moment. In the
Galton-Watson case, our assumption is equivalent to Grimvall’s necessary and sufficient
condition [24]. But when environments are allowed to vary over time, we need to avoid
times where the process goes to zero instantaneously and almost surely, which will be
called bottleneck. Indeed, in the case of varying environments one must in general allow
for non-critical distributions, and in particular subcritical ones which may cause such
bottlenecks. Within our approach, we cannot determine in general the behavior of the
process at the time of a bottleneck for reasons discussed in details in Section 2.3, where
an example of indetermination oo x 0 is exhibited. Consequently, our main result studies
the process (X,,) on some time interval [p(t), ] where 0 < p(¢) < ¢ intuitively corresponds
to the last bottleneck before time . Moreover, we show in Section 2.3 that, within our
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assumption (v, Bn, V) — (o, B,v), a bottleneck can only occur if there is an offspring
distribution with mean close to 0: otherwise, we have p(t) = 0, see Proposition 2.3.
Finally, we study in Proposition 2.4 the behavior of the process at the time of a bottleneck
in the non-explosive case, where an indetermination oo x 0 is proscribed.

Let us now mention some closely related results. Galton-Watson processes in random
environment were first introduced and studied in Smith and Wilkinson [42] in the case
where the sequence (¢; ,¢ > 0) is i.i.d., and in Athreya and Karlin [4, 3] when this
sequence is stationary. These models have recently attracted considerable interest
in the literature, see for instance [1, 2, 5, 10, 11, 12, 21, 25] for results on the long-
time behavior in the critical and subcritical regimes and on large deviation. Scaling
limits in the finite variance case were conjectured by Keiding [31] who introduced
Feller diffusion in random environment. This conjecture was proved by Kurtz [35] and
Helland [27]. In the same way, our results describe the weak convergence of scaled
processes conditionally on the environments (quenched results), when the offspring
distributions may have infinite variance. We describe the probabilistic structure of this
process in Section 2.5.1 and we shed light on the correct scaling of such processes.

Our results are also related to some results on superprocesses. More precisely,
our limit processes are closely related to the mass of superprocesses considered in El
Karoui and Roelly [17]. These superprocesses are obtained in Dynkin [15, 16] as the
limit of suitable branching particle systems, under some additional assumptions, e.g.
finite first moment (conservative case) and no drift. In these works the emphasis is on
the limiting superprocesses themselves. As such, Dynkin [15, 16] considers branching
particle systems evolving in continuous time, which, in order to establish limit theorems,
are technically more convenient than the discrete time setting, which is our motivation
here.

Organization of the paper

Theorem 2.2 is the main result of the paper, and is presented in Section 2.2. We
compare it with earlier results in Section 2.4 and discuss some applications in Section 2.5,
namely to Galton-Watson processes in random environment, to Feller diffusion in varying
environments and to CSBP with catastrophes. Section 3 introduces notation, as well
as some preliminary results. Theorem 2.2 is proved in Section 4, with some technical
proofs deferred to Appendices B and C. Further results that complement Theorem 2.2
are proved in Section 5, and Appendix A is devoted to checking that the assumptions of
Theorem 2.2 are necessary and sufficient in the Galton-Watson case.

2 Notation and results

2.1 General notation

In the rest of the paper, if a function g defined on [0,c0) is cadlag, we write
Ag(t) = g(t) — g(t—) for the value of the jump of g at time ¢. If g is in addition of
locally finite variation, we write ||g||(¢) for the total variation of g on [0,¢] and [ fdg for
the Lebesgue-Stieltjes integral of a measurable function f; note that | [ fdg| < [|f|d||g]|.
Moreover, we say that a function f is increasing if f(z) > f(y) for every x > y.

For each n > 1, we consider a Galton-Watson process in varying environments
Zy, = (Z;n,i>0). We denote by ¢; ,, the offspring distribution in generation ¢ and ¢; ,, a
random variable distributed according to ¢; ,,, so that we can construct Z,, according to
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the following recursion:
ZZ n
Zixin = Z&,n(/f), i >0,
k=1

where the random variables (§; ,(k),%,k > 0) are independent and &; ,, (k) is equal in
distribution to &; ,,. In order to find an interesting scaling of the sequence of processes
(Z,,n > 1), the space scale is equal to n while the time scale is allowed to vary over
time. More precisely, for n > 1, we consider an increasing, cadlag and onto function
Yn @ [0,00) — IN (here and elsewhere, N = {0,1,...} denotes the set of non-negative
integers) and we define the scaled process (X, (¢),t > 0) as follows:

1
Xn(t) = EZ'Yn(t)v'r“ t Z 0

For ¢ > 0 and n > 1, we define ¢ = inf{t > 0 : v, (t) = i} so that v, (t}") = ¢ and
t;ln(t) <t< t:n(t)ﬂ. Since Z,, satisfies the branching property, i.e., Z,, started from
Zo,n = # is stochastically equivalent to the sum of z i.i.d. processes distributed according
to Z,, started from Z; , = 1, we obtain after scaling

E[exp (=AX, () | Xn(s) = z] = exp(—zun(s,t,A)) (2.1)

for all \,z,s,t > 0 with s < ¢t and z € IN/n and u,(s,t,A) > 0 called the Laplace
exponent. We will characterize the convergence of X,, through the convergence of u,,.
Our assumptions are relying on the convergence of the triplet (., 8, V), where «,, and
By are real-valued functions and v, is a measure on R x [0, c0). This triplet is defined in
terms of the normalized random variables

_ 1 .
gi,nzﬁ(gi,n_1)7 ZZO,’I’LZl,

in the following way. We introduce the numbers

and the measures
I/im([‘r7 OO)) = nIP(gz,n Z ZL'),

so that the triplet can now be defined for ¢t > 0 by

Yn(t)—1 Tn(t)—1 2

x 1 T
an(t) = ; Qi :/myi’n(dx% Bn(t) = ; Bin = i/m%n(dx)

and
Yn (t) -1

va(lz,00) x (0,4]) = Y~ vin(lz,00)) (2 20).

=0

Each time, we understand a sum of the form ), ! to be equal to 0, so that a,(0) =

Pn(0) =0.

2.2 Main result

Before stating our main result, we first precisely state the assumption («;,, Bn, Vn) —
(a, B,v) alluded to in the introduction. We also give a definition of p(¢), to be thought of
the last bottleneck before time ¢ (see the introduction).
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Assumption 2.1. There exist a cadlag function of locally finite variation «, an increasing
cadlag function 3, and a positive measure v on (0,00)?, such that the two following
conditions hold:

(Al) For everyt > 0 and every x > 0 such that v({z} x (0,¢]) =0,

an(t) — a(t), lanll(t) — all(t), Bult) — B(t)

and v, ([z,00) x (0,t]) — v([z,00) x (0,t]).

n—roo

(A2) For every t such that Aa(t) # 0, AB(t) # 0 or v((0,00) x {t}) # 0 and for every
x > 0 such that v({z} x {t}) =0,

Ay, (t),n njgo Aa(t)7 B"/n(t),n n:; Aﬁ(t) and Vﬁm(t);n([:ca OO)) n:; V([Jj, OO) X {t})

The following definition of p(t) is the most technically convenient and general at this
point:

e—=0 n—oo s<y<

p(t) = sup {s <t:limliminf inf tIP (Xn(t) > e | Xaly) =1) = 0} (2.2)

with the convention sup () = 0. A more intuitive definition will be given in Lemma 3.4,
while a sufficient condition for p(¢) = 0 under Assumption 2.1 is given in Proposition 2.3.

Theorem 2.2 (Behavior on [p(¢),t]). Assume that Assumption 2.1 holds, and let o, § and
v the functions and measure defined there. Then, the following properties hold.

I. For everyt > 0, we have A«(t) > —1 and f(o 00) % (0 t](l A z?)v(dx dy) < co. Moreover,
the following function E is continuous and increasing:

2

g(t)zﬁ(f)—/(o : (Ot]ﬁu(dxdy), t>0.

II. Foreveryt,A >0 and s € [p(t),t], there exists u(s,t,\) € (0,00) such that for every
S0 >0,
lim sup |un(s,t,A) —u(s,t,A)] =0.
n—oo 0<s<sq

Moreover, the function u;  : s € [p(t),t] — u(s,t,\) is the unique cadlag function
that satisfies inf <,<; w2 (y) > 0 for every p(t) < s <t and

ua(s) = )\—l—/

» u x (y)a(dy) — / ut7,\(y)23(dy)

(s,t]

+ /(0 o <1 _emTueay) _ xf:j‘i?) v(drdy) (2.3)
,00) X (s,t

for every p(t) < s <.

III. Fixt >0, s € [p(t),t] and x > 0. Then for every sequence of initial states (x,,) with
xn, —>x, every I e N — {0}, every s <1 < --- <ty <tandevery \i,...,A\; >0,

lim Elexp (—MXn(t1) — - — ArXn(tr)) | Xn(s) = zy]

n—oo

= exp ( — xu(s,tl,)\l + u(tl,tg,)\g +u(-ulty_1,tr, M) - )))) (2.4)
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IV. Fixt >0, s € [p(t),t] and x > 0. Then for every sequence of initial states (z,,) with
x, — x, the sequence of processes (X, (y),s < y < t) under P(- | X,,(s) = z,) is
tight on the space D(]s,t],[0,0]) of cadlag functions f : [s,t] — [0,00] endowed
with the J, topology, where the space [0, ] is equipped with the metric d(z,y) =
|e=* — e~¥Y|. In particular, weak convergence holds in view of (2.4).

In claim IV we consider X,, as a process with range [0, co]. Although X, for fixed n
cannot explode, for technical reasons we need to specify its behavior started at co: in
the sequel we assume that oo is an absorbing state, so that if X,,(s) = oo for some s, then
X, (t) = oo for all t > s. The proof of claim IV will actually show that (X, (y),s <y <)
under P(- | X,,(s) = x,) is tight for any 0 < s < ¢, not only p(t) < s < .

2.3 Around the bottleneck

We now discuss in more details the notion of bottleneck that we have introduced. As
a first guess, we could expect that the process goes to 0 when going through the time
of a bottleneck, which would mean that u,(s,t,\) — 0 if s < p(t). We now consider an
example which illustrates several things that can go wrong and justify our framework, in
particular the definition of the bottleneck p(¢) and the fact that Theorem 2.1 is stated on
[(t), 1]

Consider a critical offspring distribution ¢ and Y,, = (Y}, ¢ > 0) the Galton-Watson
process with offspring distribution ¢, started from n individuals. Assume that ¢ and
I',, are such that the sequence (}Afn) with Y, (t) = Y|r,¢],n/n converges weakly to a non-
conservative CSBP Y. For each n > 1, we define Z,, by Z ,, = n and (), denotes the unit
mass at k € IN):

g if0<i<T,,

s if T, <i<2l,,
T =N (1= p)o + puds if i = 2T,
q ifi> T,

for some vanishing sequence p, € [0, 1]. Defining v,(t) = |I',t] and recalling X, (t) =
Z..(t)n/M, We see that X,, coincides (in distribution) with Y;, on [0, 1), stays constant
on [1,2), undergoes a highly subcritical offspring distribution with mean p,, at time 2,
referred to as catastrophe, and then resumes evolving according to ¢ after time 2. The
catastrophe at time 2 is meant to correspond to a bottleneck, and indeed one can check
that p(t) = 0if ¢t < 2 and p(¢t) = 2 if t > 2. Moreover, since X,, shifted at time 2 is a
rescaled Galton-Watson process, the discussion on Galton-Watson processes in the next
section will show that Assumption 2.1 is satisfied.

Fix some ¢ > 2, and let us now discuss the asymptotic behavior of u,(s,¢,\) for
s < p(t) = 2. First of all, although p,, — 0 suggests that the process gets extinct at
time 2, u,(s,t,\) may actually not converge to 0. Indeed, since )A’,,L converges weakly
to Y and Y is not conservative, there exist p > 0 and a sequence y,, — oo such that
IP(}A’R(Q—) > yn) > p. In particular, just before the catastrophe X,, is, with probability
at least p, at least of the order of y,,. In this event, the catastrophe brings X,, to level
Pnyn by the law of large numbers, which diverges if p,, > 1/y,, i.e., if p,, vanishes slowly
enough. This argument could be made rigorous to show that u,(s,t, A\) does not go to 0
for s < 1. Secondly, even if u,(s,t, \) converges the limit may depend on s: for s < 1 we
have seen that the limit was > 0, while for 1 < s < 2 the limit is = 0. Finally, u,(s,t,\)
may even fail to converge: to see this, one may for instance consider two sequences
p;” and pf) with ynpﬁf) — oo and ynpg) — 0, Xr(ll) and Xff) the two processes obtained
by the above construction using p$}> and p,(f) instead of p,, respectively, and finally
intertwine them by considering X,,, = X,(Ll) and Xo,+1 = X,(f).
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This example therefore shows that a wide variety of behavior can happen before the
bottleneck. We now give a sufficient condition that ensures p(¢) = 0, i.e., that there is no
bottleneck before time ¢. Intuitively, the following assumption ensures that ¢; ,, is not too
close to 0, which avoids the almost sure absorption in one generation. For instance, it
prevents the catastrophe of the previous example at time 2.

Proposition 2.3 (No bottleneck). Lett > 0. If for every C > 0

lim inf ( inf  E(&n:&n < Cn)) >0, (2.5)
n—o0 \0<i<n(t)
then p(t) = 0.

The proof of this proposition and of the next one are deferred to Section 5. We
conclude this discussion by giving a condition under which w,(s,t,\) — 0 along a
subsequence, for all s < p(t) and A > 0. Then the process started at the bottleneck goes
as expected to zero (along a subsequence) when going through the bottleneck. Note
that the example given at the beginning of this section shows that this is not always the
case. Roughly speaking, this condition means that the limiting process is conservative.

Proposition 2.4 (No explosion). Fix some t > 0. If the two sequences (||a,]|(t),n > 1)
and (B,(t),n > 1) are bounded and

lim sup P(X,(y) >A| Xn(s)=1)=0, (2.6)

A=00 p>1,0<s<y<t

then there exists an increasing sequence of integers n(k) such that for all s < p(t) and
A >0, Up(ry(s,t,A) = 0 as k — oc.

Moreover, these assumptions are satisfied, i.e., (||a,||(t),n > 1) and (8,(t),n > 1) are
bounded and (2.6) holds, if the following first moment condition is satisfied:

Tn (t) -1

sup [ n Z E([&;,.]) | < oo (2.7)
i=0

n>1

2.4 Comparison with earlier work

In the Galton-Watson case where ~,(t) = |I',t| for some integer-valued sequence
(T'y,) and ¢; , = go,n for every ¢ > 0, necessary and sufficient conditions for the finite-
dimensional and weak convergence of (X,,,n > 1) are known since Grimvall [24], where
weak convergence in the space D([0, ), [0, 00)) is considered. The main condition there
is the weak convergence of the sequence (S,,n > 1) where S,, is distributed as the
sum of nI',, independent copies of EO,n‘ Indeed, Theorem 1.4 in Ethier and Kurtz [18]
shows that the weak convergence of (S,) implies the weak convergence of (X,,) in
D(]0,0),[0,00]), and Grimvall [24] proved the converse provided (X,,) converges to a
non-explosive process (and thus in D([0, c0), [0, 00)); Helland [26] proved similar results
for continuous-time branching processes. The following result, proved in the Appendix A,
therefore shows that our Assumption 2.1 is sharp in the Galton-Watson case. Note in
particular that in the Galton-Watson case, gy, must be near-critical which implies in
view of Proposition 2.3 that p(¢) = 0.

Lemma 2.5. In the Galton-Watson case, Assumption 2.1 is equivalent to the weak
convergence of (Sy,).

In the case of Galton-Watson processes in varying environments, Kurtz [35] used
semigroup techniques to study the case where offspring distributions have uniformly
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bounded third moments, which was later weakened by Borovkov [13] to a 2 + § moment
condition. There are three main differences between the assumptions made in [13, 35]
and our Assumption 2.1.

First, we do not need to assume uniformly bounded second moments, which make ap-
pear new phenomena such as possible indetermination form at the bottleneck (discussed
in Section 2.3) and issues related to the correct time scale of Galton—-Watson processes
in random environment (discussed in Section 2.5.1).

Second, as we already mentioned in the introduction, the function that in [13, 35]
essentially plays the role of our «, is not assumed to have finite variation in [13, 35].
This finite variation assumption is natural in our approach: otherwise it is not clear what
meaning should be given to the term f(s’ g U, A(y)a(dy) in (2.3). An enticing approach
would be to consider a with finite quadratic variations, which would for instance make it
possible to use a pathwise construction of It0’s integral such as in Follmer [20], see also
Wong and Zakai [44].

Finally, the functions that in [13, 35] essentially play the role of our «, and (3,
are assumed in [13, 35] to converge in the J; topology, whereas here we only assume
pointwise convergence.

2.5 Applications

We discuss in this section new results that stem from Theorem 2.2. We keep the
discussion at a high level and reserve rigorous results for future work (with the exception
of Proposition 2.7).

2.5.1 Scaling limits of Galton-Watson processes in random (i.i.d.) environ-
ment

Consider for each n > 1 a random probability measure @,, and a sequence (g; ,,% > 0)
of i.i.d. random variables distributed as @Q,,. Then the sequence ((a; n,Bin,Vin),% > 0)
is an i.i.d. sequence of R x [0, 00) x M-valued random variables, with M the space of
locally finite measures on R endowed with the vague topology. Because of the law of
large numbers, it is natural to choose ~,, linear in ¢, i.e., v, (t) = |I',t] for some sequence
I",, = oo. We now discuss conditions under which Assumption 2.1 holds.

We are interested in the convergence of the process Y,,(t) = (an(t), Bn(t), Mp(t)),
where M, (t) = 20§i<%(t) v; n defines a measure-valued process. Note that the process
Y, hasi.i.d. increments, and so we can use classical results on measure-valued processes
and random walks, such as [28, Theorem VII.2.35] and [30, Theorem A2.4], to get an
explicit condition for its convergence. Namely, a function h : R? — R3 is called truncation
function if it is continuous, bounded and satisfies A(z) = z in a neighborhood of 0 (in the
sequel, vectors are considered to be columns and v’ denotes the transposition). Let C;Q
be the set of non-negative continuous functions with compact support equipped with
the uniform norm, and C C C;g be a dense subset closed under addition. For ¢ € C, let

y;f = (O‘O,nvﬂO.,nyf@dVO,n)
Condition 2.6. There exist a truncation function h, F¥ a measure on R? integrating
LA |z[* and b¥ € R?, ¢ > 0 such that for every ¢ € C,

CLE(W(yE) — 02, T {B[hi(yf)h; ()] — B(hi (i) E(hy (yl)) ) — ¢

n— oo n—oo

and T,E(o(s%)) 3, [ o@)F?(do). 28)
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In the above, the second convergence holds for all i, 5 = 1,2,3 and the last conver-
gence holds for all bounded, continuous functions g that are equal to 0 in a neighborhood
of 0.

Assuming that this condition holds, it can be proved that Y,, converges to the process
Y(t) = («aft), B(t), M(t)) such that for every ¢ continuous with compact support, the
process Y¢ = (a, 3, M?) with M?¥ = ([ ¢(z)M(t)(dz),t > 0) is the Lévy process with
Lévy exponent

1 .
¥ (v) = w'b? — iv’c“"v + / (e"* — 1 —iv'h(z)) F¥(dz), v € R,

Further, using Skorohod’s embedding theorem, we can assume that the convergence
Y,, — Y holds almost surely. By definition, there exists a sequence of increasing bijections
(An,n > 1) from [0, 00) to [0,00) such that supy<,<;|An(s) — s| — 0 for every ¢t > 0, and
such that assumptions (A1) (except for the convergence of |a,,||) and (A2) are satisfied
for 4/, = v, o A, (see, e.g., Proposition VI.2.1 in Jacod and Shiryaev [28]).

Assuming now that « is of finite variation, « being a Lévy process must be of the form
a(t) =dat + S (t) — S_(t) where d,, € R and S; and S_ are two independent pure-jump
subordinators (see, e.g., Bertoin [8]). With this special structure, it is possible to prove
that ||ay,||(t) — [|«||(t) so that Assumption 2.1 is fully satisfied and all the conclusions of
Theorem 2.2 hold. It would be interesting to delve deeper into the probabilistic structure
of the process («, 3,v), and to understand how it relates to the properties of the limiting
process X such as the extinction probability or the speed of extinction. In the literature,
only the case of Feller diffusion in random environment where v = 0 and « is a Brownian
motion has begun to be looked at, see, e.g., Boinghoff and Hutzenthaler [12].

We conclude this section by commenting on a question that actually motivated us in

the first place: given a sequence of Galton-Watson processes in random environment,
how can we find the right scaling in time, i.e., the right sequence (T',,)?
Let us focus on the simplest possible case where in each generation we choose at
random among one of two possible offspring distributions, i.e., we can write @, =
pgll)éq(l) + pg)&q(z) where pY) € (0,1), p 4+ pP =1 and ¢V, ¢® are two offspring
distributions. In this discussion, we will call a CSBP with characteristic (b, ¢, F) the CSBP
whose branching mechanism is given by

P(\) = \b — %Cv - /(e*“ — 1= Azly,<yy)F(dz).

For each j = 1,2 let 79 = (Z,(Lj)(i),i > 0) be a Galton-Watson process with offspring
distribution ¢¥) and consider (rﬁﬂ )) a sequence such that (Xr(Lj ) on > 1) converges weakly
to the CSBP with characteristic (b, (), F()), where X\ (t) = n=2 2 (|IT{¢)).

If both ¢(*) and ¢(® have finite variance, then it is well-known that in order to scale the
Galton-Watson process with offspring distribution ¢(¥) when the space scale is n, one
needs to speed up time with n also, i.e., 1"%1) = 1"%2) = n. Thus when “mixing” these two
processes, it is natural to speed up the resulting process by the common time scale
and thus take I';, = n. To our knowledge, only such cases have been considered in
the literature so far. When offspring distributions have infinite variance however, the
situation becomes more delicate. Indeed, if for instance ¢! ([z,00)) ~ 7% as © — oo

for some a € (1,2), then one needs to consider r;“ = n% 1, Thus there are now two

“natural” time scales, namely 1",(11) =n"!and Fgf) =n.

Note that D(f ) is the number of generations needed so that the variation of Z,(lj ) may
be of the order of n. Over I',, generations, the law of large numbers implies that ¢(/)
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has been used pﬁlj )I‘n times. Thus, if pﬁf )I‘n < F%j ), the offspring distribution ¢¥) has not
been picked sufficiently often in order to have any effect (on the space scale n). This
suggests that the correct time scale is I'), = minj(F%j ) /p£5 )) and indeed, the following

result can be proved using Theorem 2.2:

e if F%l)/pgll) < Fg)/pf) and I',, = F%l)/pgll), then X,, converges toward the CSBP
with branching mechanism (b, ¢, F(D);

e if rﬁf)/pf) < F;l)/pgll) and I',, = Fg)/pf), then X,, converges toward the CSBP
with branching mechanism (b?), ¢(?), F));

e if F%l)pg)/(ﬂf)pg)) — € (0,00)and T, = rﬁl”/p;”, then X,, converges toward the
CSBP with characteristic (b(") + 62, (M) 4 () F) 4 ¢p2)),

This discussion can be easily extended to the case of a finite number of offspring
distributions that also vary with n, and it would be very interesting to understand the
implications of Theorem 2.2 in more general settings, e.g., when we can choose among
uncountably many offspring distributions.

2.5.2 Feller diffusion

Going back to the case of varying environments, the finite variance case is of particular
interest. This is the only one that has been studied so far, see in particular [13, 35]. In
this case, our approach via the generalized branching equation (2.3) makes it possible
to derive an expression of the extinction probability. This extends results already known
for linear birth and death branching processes in varying environments from [32] and
for particular classes of CSBP in random environment from [6, 12].

Proposition 2.7. Assume that Assumption 2.1 holds with v = 0. Then [ is continuous
and for all t > 0, we have

exp(—a(s))

u(s,t,\) = A Texp(—a(t)) + f(&t] exp(—a(y))B(dy)

, 0<s<t,A>0, (2.9)

where a(t) = a(t) + > < <[log(l + Aa(s)) — Aa(s)]. In particular, if p(t) = 0 for every
t > 0 (for instance, if (2.5) holds), then for any s > 0 and x > 0

Jim P(X(1) = 0] X(s) = 2) = exp <— T ;Zf((__oﬁ)))) o dy)> (2.10)

where X is the weak limit of the sequence of processes (X, (y),y > s) given by proper-
ties III and IV of Theorem 2.2.

Proof. Since Assumption 2.1 holds, all the conclusions of Theorem 2.2 hold. In particular,
E is continuous and since v = 0 by assumption, g = B and (3 itself is continuous.

Let us now prove (2.9). Fix t,A > 0: according to Theorem 2.2, it is enough to
check that G(s) = H(s), where G(s) is equal to the right-hand side of (2.9) and H(s) =
A+ f(&t] Gda — f(sﬂ G2dp. Observe that G and H may only jump when « does. We first
compare the jumps: since g is continuous, s — f(s’t] exp(—a(y))dB(y) is continuous and
SO

L em(al) —ep(al) (o swe
AG) = Soropoa() + Ty (s ~ © (1 ).

Since by definition Aa(s) = log(1 + Aa(s)) we obtain AG(s) = —G(s)Aa(s) which
coincides with AH (s) (since s — f(s 1 G?dp is continuous). Let us now compare the
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continuous parts of G and H, resp. denoted by G¢ and H°. Starting from the right-hand
side of (2.9), the chain rule for functions of bounded variations gives

o —a(ds) exp(—a(s))
dGe(s) = AT exp(—a(t)) +f(87t] exp(—a(y))B(dy)

exp(—2a(s))A(ds)
()rl exp(=a(t)) + [, eXp(—@(y))ﬂ(dy))

i.e., dG°(s) = —G(s)a(ds) + G(s)?B(ds) = dH(s). This proves (2.9) from which (2.10)
follows from the facts that P(X(t) = 0 | X(s) = ) = limy oo E(e " ® | X(s) = z) and
that E(e *X®) | X(s) = 2) = exp(—2u(s,t,\)). O

+

2.5.3 Remarks on CSBP with catastrophes

Theorem 2.2 makes it possible to study Galton-Watson processes where only few off-
spring distributions are not near-critical. The simplest example is given by taking
Yn(t) = [Tnt] and ¢; n, = qo.n, in such a way that the corresponding sequence of scaled
Galton-Watson processes converges to a CSBP. Then, for some ¢y > 0, one can change
v, (t,),» @nd take its mean equal to 1 + a. Thus (X,,) converges to a process X which is a
CSBP on [0, %) and on [tg, c0) and such that X (tg) = (1 + a) X (to—).

Such processes with catastrophes have been studied in [6] with motivations for cell divi-
sion models. More precisely, CSBP’s are multiplied at a constant rate by some random
number which yields the impact of the catastrophe. The successive times of catastrophes
and their impact follow a Poisson point process with intensity rditlP(F € df), whose
associated Lévy process has finite variation. Theorem 2.2 thus yields an alternative way
to construct the process and characterize its Laplace exponent, whereas [6] uses results
on stochastic differential equations with jumps.

Another way to create a discontinuity at a fixed time is to take ¢, (;,),, = (1 —
1/n)do + (1/n)d, as in the example considered in the beginning of Section 2.3. Again,
(X,) converges to a process X which is a CSBP on [0,%y) and on [ty,o0) and such
that X (tg) = S(X(to—)) with (S(z),z > 0) a Poisson process. Theorem 2.2 allows
accumulation of such fixed jumps; note that in both cases these jumps may be negative,
whereas CSBP’s only have positive jumps.

Building on these two simple examples, we expect in general that if X is a time-
inhomogeneous Markov process satisfying the branching property, then for each fixed
time of discontinuity ¢, there should exist a subordinator S; = (S;(x),z > 0) such that
X(t) = Se(X(t-)).

3 Additional notation and preliminary results

In this section we gather some notation used throughout the rest of the paper. Of
particular importance are the constants and functions defined in Section 3.3, which will
be used repeatedly in the proofs.

3.1 Additional notation

From now on we identify any cadlag function of locally finite variation f with its
corresponding signed measure, see for instance Chapter 3 in Kallenberg [30]. For
instance, we will write indifferently f((s,t]), f(s,t] or f(t) — f(s) for 0 < s < t, as well as
Af(t) or f{t}. Let g and h be defined as follows:

2
and h(z,\) = g(a, \) + ) cRAs0. GO

— 1 _ —)\.’C _
9(w, A) € 21 + 22)

x
1+ 22
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For n > 1 let in the sequel u,, = ||a,|| + Bn, i-e.,
pin(t) = [lom [|(£) + B (t), £ =0, (3.2)

and for: > 0and n > 1, let
1
Yin(A) = un(ti, ti 1, A) = A = —nlog (1 - — / (1- ef’\w) Vi,n(dl')) , A >0, (3.3)
n

where log stands for the natural logarithm and the second equality is derived from
the definition of u,, as Laplace exponent of X,,. In order to use the approximation
Yin(A) =~ [(1 — e **)y; ,(dz), we introduce the function e, ,, such that

Yin(\) = (1+ ei,n(,\))/(l — e v, o (da), (3.4)
with €;,(A) = 0 when [(1 — e **)y; ,(dz) = 0.

For every n > 1 and every measurable positive function f : [0,00) — (0,00), define

the two measures ¥(f) and ¥, (f) as follows:
~ [ swatdn - / FOPSn) + [ (e f@)v(dedy). A€,
A (0,00)x A
with B the Borel subsets of R, and
\Ijn ZI]-{WEA}QZ)Z 1n(f( )) Aeb.
i>1

With a slight abuse of notation, we will also consider ¥(f) and ¥, (f) for functions f
only defined on a subset of [0, o), typically [p(¢),t]. Then we will only consider ¥(f)(A)
or ¥,,(f)(A) for Borel sets A which are subset of the domain of definition of f.

3.2 Heuristic derivation of (2.3)

We first note that (2.3) can be rewritten as
w(s, 6, A) = X+ U(u(-,t,N)((s,1]). (3.5)

To see that u,, satisfies a similar dynamics, note that from the definition of u,, and the
Markov property of X,,, we get the following composition rule:

Un(t1,t3, A) = up(t1, ta, un(ta, t3, A)), 0<t; <tg <t3, A>0. (3.6)
Lemma 3.1. Foranyn > 1, A > 0 and 0 < s < t, it holds that
Yn (1)
Un (S, 6, A) = A+ Z Vicin(Un (2,8, ) = X+ Uy (un (-, 8, X)) ((s,1]). 3.7)
i=yn(s)+1
Proof. The second equality follows readily from the definition of V¥,,, while the first one
can be derived as follows:
n(t)—1
Un (8,8, ) = un(t2 b, A) = A+ D (un (7,1, 2) — un (1,1, N))
i=yn(s)
n(t)—1
9 A+ Z (un(t?v t?Jrlﬂ un(tzn+17 tv )‘)) - un(t?Jrl» tv )‘))
i=yn(s)
@ n(t)—1
= A+ Z wi,n(un(t?Jrl?t? )‘))7

'L:’)’n(s)
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where (i) comes from the composition rule (3.6) and (ii) comes from the first equality
in (3.3). O

From (3.7) we can now let (3.5) (i.e., (2.3)) appear. Indeed, in view of the second
equality in (3.3) and of the approximation log(1 — x) ~ —u, it is reasonable to expect

Yin(A) &~ / (1= e ) v n(da) = Aatin — NBin + / h(z, N)v; n (dz)
(0,00)

(recall the definition (3.1) of & for the last equality) and so summing overi =0,...,7v,(t)—
1 yields through (3.7) the approximation

Un (S, t,A) & /\+/

(s,t]

(£, Narn (dy) — / (tn (1, X)) B ()

(s:t]

+ B tn 1, 1 A) (0 ).
(0,00) % (s,t]

Since (a,, Bn, Vs) is assumed to converge toward (a, 8,v), this last approximation
suggests that any limit u(s, ¢, \) of the sequence (u,(s,t, \)) should indeed satisfy (3.5).

3.3 Key constants and functions
Foranyn>1,t,A\,C>0,s<t, N>1,0<n<T,let:

2|g(x, M)|(1 + 2?)

c1(C) =C + ¢ (C) with c’l(C’)sup{ :le,ng\SC}, (3.8)

x
h(ﬂ?, y) B h(xa y/)
co(n, T) = sup and cs(n,T) =1+ T + c2(n, T), (3.9)
n<y,y' <T (y - y/)x2/(1 + xQ)
0<z, y#y'
G, 1(C) =sup{lein(N)] : 0 < i < 1, (1),0 <A< CF, (3.10)
¢y =sup{un(s,t,\) :n > 1,0 <s <t} (3.11)
i = (1 +sup {c;,t(ct“,x)}> c1(cin), (3.12)
coia(N) =inf {un(y,t,\) : s <y <t,n> N}, (3.13)
and Ny, =inf {N >1: et a(N) > 0}. When N, , is finite, we also define
Coix = Cor A(Nst0), (3.14)

in which case ¢, , > 0. We defer the proofs that these constants and numbers are finite
to Appendix B, and we now show how to use them to prove key results. Of particular
importance are Lemma 3.3, which controls fluctuations of u, (s, ¢, A) in s, and Lemma 3.4
which allows to rewrite the time of last bottleneck p(¢) in a more convenient form.

Lemma 3.2. ForanyC > 0,n>1andi >0,

/ (1 - e*M) Vi n(dx)
Proof. By definition (3.1) of g, we have
/ (1- e_)‘””) Vin(dr) = Ao + /g(x, AV (dx)

so that | [(1 — e )y, (dx)| < M|evin| + [lg(z, A)|vin(dz). Since
2

sup
0<ALC

< e (O)un(ty, 6] (3.15)

X
M| < (C)———
‘g(.’l), )| = cl( )2(1+l'2)
for all z > —1 and 0 < A\ < C by definition of ¢} (C), we get (3.15). O
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Lemma 3.3. Foranyn > 1, \,t >0and 0 < s <s <t
un(s,t,A) = un(s',t, N)] < A \pin(s, s']. (3.16)

Proof. Lemma 3.1 and the definition of ¢; ,, give

‘Un(87t, )\) - un(s/at7 >\)|

’Yn(sl)

< Z (1 + |€i717n(un(t?7t7 )‘))D ‘/(1 - e_xun(t?’tw\))yifl,n(dm) .

i=vyn(s)+1

Since 0 <t < t for any 0 < i < 7,(t), we have u, (7, t,\) < ¢}, and in particular
lei—1.n(un(t},t,N)] < ¢, ,(cy) for all v,(s) < i < 7,(s"). Using in addition (3.15) with
C = E}i \» we obtain

’)’n(sl)
‘un(svt7)‘) - un(s/ﬂt7>‘)| S Z (1 +E;,t(6g)\)) cl(Ez/\)/‘n(t?flvt?] = Ag)\:un(&s/]
i:’Yn(S)"Fl

which gives (3.16). O

In the next lemma we provide an alternative expression for p(t), defined so far as
sup S(t) with

S(t) = {s <t:limliminf inf P(X,(t)>¢e| X,(y)=1) = 0}.

e—=0 n—oo s<y<t

More precisely, we show that p(t) = sup S(¢, \) where for each A > 0,

S(t,\) = {s <t:liminf inf w,(y,t,\) = ()} .

n—oo s<y<t

In particular, we deduce that u,, past p(¢) is uniformly bounded away from 0 (i.e.,
Nyt is finite and ¢y, \ > 0 for s > p(¢)), which is in line with the intuition behind p(t)
being the last bottleneck before time ¢.

Lemma 3.4. Fixt > 0 and assume that the sequences (||a,||(t),n > 1) and (5,(t),n > 1)
are bounded. Then p(t) = supS(t,\) for every A > 0 and N, ) is finite for every

s € (p(t), 1.
In particular, if (||, ||(t),n > 1) and (8, (t),n > 1) are bounded for every t > 0, then
the function t — (t) is increasing.

Proof. Fix in the rest of the proof ¢, A > 0 and let s < ¢: the following statements are
equivalent, which proves that S(t) = S(¢, \) and implies p(t) = sup S(t, \):

(i) Uminf, oo infs<y<t un(y,t,A) = 0;
(ii) there exist sequences (n(k)) and (yx) such that y; € [s, ] for each k¥ > 1 and

lim n(k) =oco and lim wyy)(yk,t, A) = 0;
k—o0 k—ro0

(iii) there exist sequences (n(k)) and (yi) such that y;, € [s,t] for each k > 1 and

lim n(k) = o and for every v > 0, lim B (™" ®®) | X, (ye) = 1) = 1
—00

k—oc0
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(iv) there exist sequences (n(k)) and (yx) such that y; € [s,t] for each k > 1 and for any
>0,
kl;rrgo n(k) = oo and leI&P (Xn(k) (t) > e| Xnw)(yr) = 1) =0;

(V) lim. 0 liminf, o infocy<; P (X, () > £ | X, (y) = 1) = 0.

The equivalence between (iii) and (iv) relies on the fact that both conditions are
equivalent to the following one: the sequence of random variables (X, (t),k > 1)
under P(- | X,,(x)(yx) = 1) converges in distribution to 0. Let us also explain the last
equivalence. The condition (iv) implies that

hgggéfsér;t;tIP(Xn(t) >e| X,(y)=1)=0
for every € > 0, which is stronger than (v). Now, assuming that (v) holds, one can find
sequences (¢i), (n(k)) and (yx) such that yx € [s,t] and
lim g, =0, hm n(k) =oo0 and lim P (X, (t) > ep | Xpa(ye) = 1) =0.
k—o0

k—o0

Then the sequences (n(k)) and (y) satisfy (iv) since for any € > 0,

P (X (t) > € | Xpy(ye) = 1) < P (X (£) > € | Xy () = 1)

for k large enough, since ¢;, — 0. This proves p(t) = sup S(t, A), which implies that Ny, x
is finite when p(t) < s < ¢ since from the definition (3.13) of g}ji,A(N),
W CrealN) =Bl B un(5:1,2).

We now assume that (||, ||(¢)) and (8, (t)) are bounded for every ¢ > 0, and prove
that p(-) is an increasing function. Let ¢’ > ¢: we will show that S(¢,¢ ) C S(¥', ),
which proves that p(t) < p(t'). So consider s € S(t,¢; ), i.e., s <t with

hnnl)g(l,f génf un(y,t,¢p ) = 0.

Then s < ¢/, and the composition rule (3.6) together with the monotonicity of u,, in A

give forany s <y <t

Un(y, 1, A) = un(y,t, un(t, t',N) < un(y, t,T) 5)

which entails
liminf inf w,(y,t’,\) <liminf inf un(y,t Cir )

n—oo s<y<t’ n—oo s<y<

Since this last quantity is equal to 0 this proves that s € S(¢',\) and gives the
result. m

4 Proof of Theorem 2.2

In this section, we assume that Assumption 2.1 holds and we consider the measures
«, § and v given there. Recall that p,, = ||y, || + 3., and define analogously p = ||a|| + 3,
in particular we have

HILH;O tn (t) = p(t). 4.1)
Define also the measure i by
(4) = n(4) L dzdy). A€ B
wA)=p +/ ——v(dzdy), AeB.
(0,00)xA 1+ 22

We prove the four claims I-IV in Sections 4.1 to 4.4.
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4.1 Proof of claim I

That Aa(t) > —1 is a direct consequence of (A2) since ;. > —1 for every ¢ > 0 and
n > 1. Moreover, note that

2

X

/(0 bt 201+ (Ao dy) < Bllsn), 0 < s <ty @
o0o)X1Ts ¢

where I, ; = (s,t] or I, = (s,t). Indeed, for I, ; = (s,1]

a? @) x
/(o,oo)x(s,t]2(1+$2) v(de dy) = /(o,oo)(—&-x?) v([x,00) X (s,t])dzx

g/ 0,00) ﬁhmmfwnaw) x (s,t])dz

n—oo

n— oo

@) x
< hmmf/( ) mun([x,oo) X (s,t])dx
2

(iv) x

=i f ——v,(dxd
lnnilog /(0,oo)><(s,t] 2(1+x2)y ( ! y)

)

using Fubini’s theorem for (i) and (iv), the assumption (A1) for (ii) (using also that the set
{z : v({z} x (s,t]) > 0} has zero Lebesgue measure), Fatou’s lemma for (iii) and finally
the definition of v, and 3, for (v). To get the result for I, ; = (s,t) apply (4.2) to (s, t'] and
let ¢’ 1 ¢. The inequality (4.2) has two direct consequences: f(o )X (0, t](l A 2?)v(dx dy) is
finite and the function ﬂ is increasing. Thus to conclude the proof of claim I, it remains
to show that 3 is continuous, i.e., AB(t) = 0. B

First, by letting s 1 ¢ in (4.2) with I, ; = (s,t] we see that AZ(¢t) = 0 when AS(t) =0,
so we only have to consider the case where Aj5(¢) > 0. In this case, the assumption (A2)
implies that 3, ), — AB(t) and that v, (), ([z,00)) = v([z,00) x {t}) for every 2 > 0
such that v({z} x {t}) = 0. Then for any d > 0 with v({d} x {t}) = 0, we get by weak
convergence of probability measures (since all the measures restricted to [d, co) have
finite mass) and the dominated convergence theorem

x? 22
f 2(1 + 22) dx) = ————v(dz dy). 4.3
noe (d,00) 2(1"'%2)1/%“)’”( g /(d,oo)X{t} 2(1—1—3&2)”( = dy) @3)

On the other hand, we have

/ T oynlda) < <d+ ) / _al (dz)
[—1/n,d] 1+ 22 Pt [—1/n,d] 14 2?2 Y (8

and from the definition of a,, (1), we see that

dx) = = L (d 1
/[ 1/n,d] 1 +3;2 Yy (t),m (dx) C1/md] 1+ 22 Vo (), (dz) + (1/ )2 Vo (), {-1/n}

2n?

S a'yn(t)an + 1 + n2

using that v, ) n{—1/n} < v, (4).n(R) = n for the last inequality. Since |«
llan || (t) and ||an||(t) — ||| (t), we obtain from the two last displays

()l <

2
T
lim lims d
flmee [ Trtonl) =

EJP 20 (2015), paper 75. ejp.ejpecp.org
Page 16/36


http://dx.doi.org/10.1214/EJP.v20-3812
http://ejp.ejpecp.org/

Scaling limits of Galton-Watson processes in varying environments

Combined with (4.3), this gives

2 2

T
li e dx) = li ——v(dx d
nl)ngo 2(1+l‘2)l/’yn(t)’n( x) dgr(l) (d,OO)X{t} 2(1"‘.732)1/( v y)
22
= ———v(dx dy).
/(o,oo)x{t} 2(1 +a?)

Since 28,, ()0 = [ 1ff_%z/%(tm(das) and f3,, +),,» — ApB(t) this concludes the proof of
claim I.

4.2 Proof of claim II

First of all, note that under Assumption 2.1, we have the convergence u,, — u in the
J1 topology, see for instance [28, Section VI.2]. In view of (3.3) and the Arzela-Ascoli
theorem, for each ¢, A > 0 this implies that the sequence of functions (u,(-,%,A),n > 1)
on [0, t] is relatively compact. Thus in order to prove claim 4.2, we only have to prove
the pointwise convergence u,(s,t, \) — u(s,t, A).

In order to do so, the (classical) idea is to use a Lipschitz property satisfied by
W, combined with Gronwall’s lemma. The Lipschitz property of ¥ takes the following
form, where we use the space F of measurable and positive functions f such that
0 < inf f < sup f < oo and we remember the constant c¢; defined in (3.9). For any
functions f, fo € F and any A € BB, we have

(W (f1)(A) = ¥(f2)(A)] <3 <i£11ff1 A if}‘fo,sup fi +sup fz) / |f1 — fa|dp. (4.4)
A A A

Indeed, let n =inf4 f1 Ainfa fo and T = sup,4 f1 + supy fo: then by definition of ¥ we
have

Wm%@—%m@ﬂﬁAm—hWM+AU3ﬁﬂw
+/ (. f1(4)) — bz, fa(y))| v(de dy).
(0,00)x A

Using |f2 — f2| = |f1 — f2|(f1 + f=) and plugging in the constant c,, we obtain

wmm&—MMMMsAM—ﬁww+fAM—mw
2

+Mmﬂ/ @) — f2(v)]

——v(dxd < ’T _ d~,
(0,00)x A 1+x2y( zdy) < c3(n) )/A|f1 faldp

which establishes (4.4). We will invoke this property using the following backwards
version of Gronwall’s lemma. The proof is standard and omitted.
Lemma 4.1. Let u and R be non-negative, cadlag functions and let m be a locally finite
and positive measure. If
u(s) < R(s) +/ u(x)m(dx)
(S7t]
holds for all 0 < s <t, then for all 0 < s <t we have

u(s) < R(s) + ™1 /( ) R(z)7(dz).

The claim II of Theorem 2.2 follows readily from Lemma 4.3 below. The proof of this
lemma uses the following result, whose long proof is postponed to Appendix C.
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Lemma 4.2. Fix t,\ > 0 and consider any sequence (¢,,) with ¢,, — \. Forn > 1, let R,
be the function

Rn(s) = |\I'n(un( : ,t,ﬁn))((s,t}) - \I/(un( ) 7ta€n))((57ﬂ)| , 0<s <t

Then R, (s) — 0 for any p(t) < s <t and sup {R,(s) : 0 < s < t,n > 1} is finite.
Lemma 4.3. Fixt,\ > 0 and a sequence (¢,,) with ¢,, — A\. Then for any s € [p(t),t], the
sequence (uy,(s,t,¢,),n > 1) converges and the function

u:s € [pt),t]— ILm Un (S, t,0n)

is the unique function satisfying the following properties:
1. u(s) = A+ U(u)((s,t]) forall p(t) < s <t;
2. u is cadlag;
3. inff, yu >0 for any p(t) < s < t.
In particular, u(s,t,\) does not depend on the sequence /,,.

Proof. In the rest of the proof fix ¢, \ > 0 and (¢,,) a sequence converging to . Let
¢ =inf,>; ¢, and L = sup,,», ¢, and assume without loss of generality, since ¢,, = A > 0,
that ¢ > 0. To ease the notation, we write in the rest of the proof p = p(t) and
Un(8) = un(s,t,f,) for 0 < s < t. We decompose the proof in four steps: first we prove
that the sequence (u,(s),n > 1) is Cauchy for any s € (g, ¢], then that it is Cauchy for
s = p, then that u satisfies the claimed properties and finally that it is the only such
function.

Before beginning, note that everything is trivial if p = ¢, because then u,(s) = ¢,, and
U(u)((s,t]) =0 for any s € [p, t]. Hence in the sequel we assume that p < t.

First step: (un,(s)) is Cauchy for s € (p,t]. In the rest of this step fix s € (p, t] and for
s <y <t we define as in Lemma 4.2 R,(y) = |V, (un)((y,t]) — ¥(u,)((y,t])|.- Then the
second equality in (3.7) gives for any s < y <t and any m,n > 1
un(y) = tum(y)] < Rn(y) + Rn(y) + ¥ (un)((y, 1]) = ¥ (um)((y, ])] -
We get from (4.4)

00 (0 ) = () ()] < s (308 w0 A i st + 510 ) [ = ]
(y,t] (y,t] (y,t] (y,t] (y:t]

Since the function u, (s, ¢, A) is increasing in A, we have for any y € [s,t] and n > Ny ;¢
(recall that N, , is defined in (3.13) and is finite by Lemma 3.4)

U’n(y) = un(y7t7£n) 2 un(y,t,f) 2 lIlf un(y/7t’£) Z Q’zt L > 0
s<y’'<t ”

Similar monotonicity arguments lead to u,(y) < ¢ for any y < ¢ and n > 1, so that
monotonicity properties of c3(n, T) in n and T give for n,m > Ny »

0 1) (5 ]) — ©(aam) (9 ]| < 5 (€2 0. 228, /( i
Y,
We finally get the bound

|un(y) - Um(y)‘ <R,(y) +Rn(y) +C ] ‘“n - um‘ dp
y,t

EJP 20 (2015), paper 75. ejp.ejpecp.org
Page 18/36


http://dx.doi.org/10.1214/EJP.v20-3812
http://ejp.ejpecp.org/

Scaling limits of Galton-Watson processes in varying environments

withC =Cs 01 = 63(Q:,t,27 ZE;‘L), which holds forall s <y < tandall n,m > Ny ;.. Thus
Lemma 4.1 implies for those n,m

[tn () — tm ()| < Rp(s) + Ryn(s) + CeCRH / (Ry + Ry dfi
(s,t]
so that for any ng > N ¢,

SUp  [tn(s) — um(s)| < 2 sup (Rn(s)) + 2CeCA1 sup (/ Rndﬁ> .
n,m>ngo n>ng n>ng (s,t]

Lemma 4.2 combined with the dominated convergence theorem shows that the right
hand side of the above inequality goes to 0 as ng — oo which proves that the sequence
(un(s),n > 1) is Cauchy and completes the proof of this first step.

Second step: (u,(p)) is Cauchy. For any p < s’ <, (3.16) entails

() — um (9)| < |un(p) = un ()] 4 [um (9) — wum ()] + |un(s") — um(s')|
<208, (9, 8]+ [un(s') — um(s')|
<207 L pin (9, 8'] + |un(s") — wm ()]

using for the last inequality that ¢, < L and that A}, is increasing in y, as can be seen
directly from its definition (3.12). Hence for any ng > 1,

sup  |un(p) — um(p)| < 2AZL Sup fin (9, 8’1+ sup |un(s") — um(s')].

m,n>ng n>ngo m,n>ng

By (4.1) and the fact that (u,(s’)) is Cauchy by the first step since p < s’ < ¢, the
right hand side of the above inequality goes to 2A} ; 1u(p, s’ as ng goes to infinity. Since
w(p,s'] — 0as s’ | g, letting then s’ | p shows that (u,(gp)) is Cauchy.

Third step: properties of u. Let from now on u denote the function of the statement and
consider s € [p, t]. First note that the second property follows from the first one, so we
only have to prove the first and third ones. Assume first that s > p. We have seen in the
first step that forany s <y <tandn > Ny,

0<ciip < un(y) < ¢ < oo.

Since u,(y) — u(y) for s <y <t by definition of u, u also satisfies ¢, \ <u(y) <¢',
for s <y < t. In particular the third property inf, ; u > 0 is satisfied. Let us now show
the first property, still in the case s > p. Plugging in (3.7), we get

u(s) = A = W(w)((s,t])] < [u(s) = un(s) |+ [Wn(un)((s,2]) = U(un)((s,t])]
+ [ (un) (s, 2]) = W (u)((s, 2] -

Since both u,, and u are bounded uniformly on [s,?] by c{, , and ¢}';, we get with
similar arguments as in the first step

[ (un ) ((5,1]) — W(w) (s, 8])] < es (&0, 267 1) / |un — uldp

(s,t]

and finally, we have forn > N, ;¢
u(s) = A=W (u)((s,t])| < uls) = vun(s)[+ [Wn(un)((s,2]) = ¥(un)((s,1])]

+c3 (CZ,t,Mc;iL)/( ]|un — uldfi.
s,t
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Let now n go to infinity. The first term of the above upper bound goes to 0 by definition
of u(s); the second term goes to 0 by Lemma 4.2. Finally, the last term also goes to 0
using the dominated convergence theorem. Thus u satisfies the first property for s > .

To extend this for s = p, we proceed as in the second step and consider any
p < s < t: then |un(p) — un(s')|< A ppn(p, s'] and taking the limit n — oo gives
lu(p) — u(s")|< AY pu(p, s']. Letting s | p shows that u(s") — u(p). On the other hand,
it is plain that A + ¥ (u)((s',t]) = A+ ¥(u)((p,t]) as s’ | p and so u satisfies the first
property for all s € [p, t]. It remains to show uniqueness in order to complete the proof.

Fourth step: uniqueness. Let u be a function with the same properties than «. Then (4.4)
gives

u(s) —u(s)| = [W(u)((s,t]) — W(@)((s,t])]

<eg|espoNinfu, ¢y +supa / |u — uldp
B LR ' [5,t] (s,t]

and we conclude that © = u using Lemma 4.1. O

4.3 Proof of claim III

Fix in the rest of the proof ¢ > 0, s € [p(t),t], z, = € [0,00), I > 1, A1,..., A1 >0
and s <t; < --- <ty <t. Consider first the case I = 2, so that we must show that

lim E (e‘AlX”(tl)_AQX"(tQ) | Xn(s) = a:n> = exp (—zu(s,t1, A1 + u(t1,t2, A2))). (4.5)

n— oo

Using the Markov property of X,, and the definition (2.1) of u,,, we get

E(efxlxr,mn)azm(tz) | X(s) = xn)
_E [eﬂlxn(tl)E (ef)\an(m) | Xn(tl)) | Xo(s) = xn]
= B [ M X 0120) | X, () = ]
and so
E (e—MXn“l)—*zX'n(tz) | X,(s) = xn) = exp (—Tntn(s,t1, A1 + un(t1,t2,A2))) . (4.6)

Since g is an increasing function by Lemma 3.4 and p(t) < s < t; < t5 < ¢, it holds
that p(t2) < ¢1 < ty and so Lemma 4.3 implies that u, (t1,t2, A2) — wu(t1,t2, A2). Also,
p(t1) < s <t; so Lemma 4.3 implies that

lim wp(s,t1, A1+ un(ts, t2, A2)) = u(s, t1, A + u(ty, t2, A2))

n—oo
which proves (4.5) using (4.6). The general case I > 3 follows in a similar way by
induction.

4.4 Proof of claim IV

Fixt > s > 0, z > 0 and z,, — z: the goal is to show that the sequence (X,,(y),s <y <
t) under P(- | X,,(s) = x,) is tight, and in order to do so we use Theorem 1’ in Bansaye
and Simatos [7]. There are two assumptions, A1 and A2’, to check.

Assumption Al is a compact containment condition, and since [0, co] endowed with
the metric d(x,y) = |e”* — e~ Y| is compact (in addition to being complete and separable),
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it is automatically satisfied. Thus we only have to check A2’, i.e., we have to show that
for each n > 1, each s < yg <y < t with p,(yo,y] < Aﬁ2/2 and each g € [0, 0],

E [d(z0, Xn (1)) | Xn(y0) = x0] < 2A¢ 510 (y0, ). (4.7)

Indeed, in this case assumption A2’ is satisfied with 79 = (Af,)?, F™ = 2A{,u,, and
F = 2AZ;2 . So let us now prove (4.7). Since oo is, by convention, an absorbing state, we
only need to prove this inequality for finite zy. Starting from the left-hand side of (4.7),
we get

B [d(20, Xn(1))? | Xn(y0) = 0]

= 7270 | o= T0un(¥0,9,2) _ 9p—To—Toun(yo,y,1)

— 270 [2 (1 _ 6950(1—%1(1/071/71))) _ (1 _ e$0(2—un(y07y:2))>:| ,
Since |1 — ¢*| < el*l =1 < 2(el*l — 1) for any 2 € R, we obtain further
B [d(z0, X0 (4))? | Xa(yo) = 20] < 272 [eroli=maonDl { crol=rnron2| _g].
Writing A as A = u,(y,y, ), (3.16) gives

B [d(a0, X (4)” | Xn(an) = o] < 2270 (e2oBhnnlvoal g grodiamnlinsl o)

< 4270 (ewoAﬁzun(ymy] _ 1)

using for the last inequality that y < ¢ and that both maps z — Ag’ s and A — Ag, \ are
increasing. Further, elementary analysis shows that forany 0 < ¢’ <1

’ 1 /I 1 ’
sup (efx (ez y 1)) — y/ (1 _ y/)l/y 1 < 7y/ey < y/.
z’' >0 e

Combining the two last displays with 2’ = 2z and y' = A} 54, (y0,y]/2 < 1, we finally
get (4.7) which achieves the proof of claim IV.

5 Proof of Propositions 2.3 and 2.4

5.1 Proof of Proposition 2.3

Fix some ¢ > 0 and assume that (||a,||(t),n > 1) and (5,,(¢),n > 1) are bounded, and
that (2.5) holds. In view of Lemma 3.4, in order to prove that p(t) = 0 it is enough to
prove that

llrlnl)gréfoér?}fétun(y, t,1) > 0.

The goal is to apply the following lemma to derive a lower bound on info<y<: un(y,t,1).

Lemma 5.1. Lete > 0, M > 0 and for eachi > 0, a;,b; > 0 such that a? — a;b;M > ¢. If
(w;,0 < i < I) satisfies wy > 0,0 < w; < M for0 < i < I and w; > wip1a; — wi,,b; for
0<i¢<I-1, then

-1 -1

) _

w; > <w7Ti,I—1 + E Wi,k—lbka;2> , 0549 <,

I .
k=1

where 7; ;1 = 1 and m; ; = [[}_, (1 + b3 M2 V)a;?) fori < j.
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Proof. In the rest of the proof let p, = b7 M? /e and

372

ri(z) = b —5———, x < M.
¢ Ya? —abix’

Note that a% —a;b; M > € by assumption, so a; > 0 and r; is well-defined and increasing.
In particular, r;(x) < r;(M) < bM?/e = p; so that writing

1+ ri(wit1) I bi)l

2
A;Wi41 — biwi+1 = a; ( w a
i+1 i

. . 2
we obtain, using w; > a;wi11 — bywy, q,

14p  bi\7"
Wi+1 Q;

This last inequality can be rewritten as w; < (1 + pi)a;16i+1 + ba; 2 withw; =1 Jw;.
It follows by induction that w; < wWrm; ;-1 + Zi;} m; k—1bg/a; which is exactly the desired
result. O

Let C = 1/(2¢};) and

n—oo 0<i<I,

1
5= 3 min <lim inf infl E (&n;&in <nC+1), 1) ,

so that § > 0 by (2.5). We want to apply the previous lemma for n large enough to
e =0%/16, M = ¢}y, win = un(t,t,1), I, = yu(t),

i =14+ (14 € n(Wit1,n)) / xv; p(dz)
[—1/n,C]

and

bim = (1+ Ei,n(wi+1,n))/ 22v; (dz).
[=1/n,C]

By Lemma B.3, M is finite and by definition, w;, , =1 > 0and 0 < w;, < M for
all0 < i< I,. Since 1 —e™* >z — 22 for z > —1 and their exists a finite ng such that
1+ € n(wit1,n) > 0forall n > ng and i < I,, (by Lemmas B.2 and B.3), we obtain for all
n > max(M,np) and ¢ < I,

(1 + €in(wit1,n)) / (1 - e_wm'"') Vin(dr) > wig1 n(ain —1) — wi2+17nbi7n-

Note that the left-hand side is by (3.4) equal to v; p(w;it1,), and that ©; ,(wit1.n)
is equal to w;, — w;41,, according to the first equality in (3.3) and the composition
rule (3.6). Thus we obtain

Wy > Wit1 nQin — wf+17nbi7n, n > max(M,ng),i < I,. (5.1)

In order to apply Lemma 5.1 it remains to control the sequences (a; ) and (b; ). By
definition of J, there exists a finite n; such that foralln > n; and i < 1I,

/ 2V (dz) = E(& n; & <nC+1) =P, <nC+1)>§—1.
[-1/n,C]

Letn > O such that 1+ (1—7)(6d —1) > 4/2, and, according to Lemma B.2, there exists
ng such that |€; ,(wi11,)| < n for all n > ny and ¢ < I,,. Then from the definition of a; ,
(and since ¢ < 1) it follows that

ain>14+(1—=n)(0—-1)>0/2, n>max(ni,na),i < I,. (5.2)
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We now proceed to controlling af’n — a;nbin M. First, we note that v; ,({-1/n}) <n
and

; -1 1
/ v (dr) = M —|—/ v, (dr) < =+ C Vi (dz)
[~1/n.C] n [0,C] n 0,C]

and so we get f[_l/n cl 22V 5 (dx) < 1/n+C + Cf[_ xv; n(dz). Then

1/n,C]
2
bi,n S g + C(l + Ei,n(wiJrl,n)) + C(ai,n - 1) S Kn + Cai,n

where r, = 2/n + C¢;, ,(M). In particular, there exists by Lemma B.2 a finite n3 such
that x, < /(8M) for n > ns, so that
5 5 1, ) 52
@i — GinbinM > a3, — a;n(6/(8M) + Ca; )M = 5%im ~ g“ivn > %
for n > max(n1,n2,ng) and ¢ < I,, thanks to (5.2). Thus for any n > max(M, ng, n1,n2,n3),
the assumptions of Lemma 5.1 are satisfied and we obtain

-1

In—1
_2 .
Wip > <7Ti71n—1,n + E Wi,k—l,nbk,nakﬁn> , 0<i < I,

k=i
where 7,1, =1and m ;, = [[j_; (14}, M2 1)a; ) for i < j. To end the proof it
remains to show that
In—1
limsup sup <7Ti7[n_17n + Z 7ri7k_17nbk,na,;i> < 00. (5.3)
n>1 0<i<I, P

Fix some n > max(M, ng,n1,n2,n3) and 0 < ¢ < j < I,,: we derive an upper bound on
T;,5,n, Which we write as

J

J
Ti jn = €Xp (— > log ak,n> < [T +63 M%) (5.4)
k=i

k=i

Let in the sequel C’ = sup 3, (t) + sup 3,,(t)® and the suprema are taken over n > 1
and note that

I'n_l In_l
S B Brnlis <1y + B #{k=0,....n—1:5,>1} <C".
k=0 k=0

Using convexity and 0 < by ,, < 2(1 + C?)B% ., we get

J J

[T @ +63, M%) <exp (Z bi’nM251> <exp (4(1 + C?*)2 M3~ 1C") (5.5)

k=i k=i

We now control the sum of the right-hand side of (5.4). Since n > max(M,ng) we

have by (5.2) that ay, > §/2 for k < I,,. In particular, if ¢ = inf(logz/(x — 1)) where
the infimum is taken over x > 6/2, ¢ € (0, 00) and we have logay , > ¢(ak,, —1)~, with
x~ = min(z, 0). Further,

1 T
() 2~ (LD + [ (o)
/[—1/n,c} n .y 1 +a?
1 x

=——r o ({—1/n}) + ap.n — — Vg n(de
sy o= [ )

Z *|ak,n| — (2071 + 1)6k,n
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Thus log ag,n > —2|ag | — 20(2C~1 + 1)k, and summing over k = i, ..., j, we obtain
that Efc:i log ay, ,, is bounded. Recalling (5.5) and (5.4), we get that =; ; ,, is bounded.
Adding that

I,-1 I,—1
< bkn 8(1+C?%) 8(1+C?)

CL2 S T E Bk,n S Tcl7
k=0 k.m k=0

the proof of (5.3) and thus of Proposition 2.3 is finally complete.

5.2 Proof of Proposition 2.4
Let in the rest of the proof v,, be the following increasing, cadlag function

n (t)—1

Palt) = /R ol =n > B

=0

Assume that (2.7) holds, i.e., sup,,>, Un(t) < co: we first show that it implies the two
other assumptions. That the sequences (||, ||(t),n > 1) and (8, (t),n > 1) are bounded
comes from (2.7) by summing from ¢ = 0 to ~,(¢) — 1 the two following inequalities:

‘gi,n
=2
1+§

i,n

—2
_ 1 in _
> <nlk (|€1,71D and 3;, = inE (i’g) < gE (|§zn|) .

i,n

|aim,| <nlE (

We now show that (2.6) also holds. By Lemma B.3 there exists a finite constant C;
such that u,(s,y,\) < Ci forall y € [s,t] and A < 1. Further, by Lemma B.2 there exists
n¢ such that |e; ,(v)| < 1foranyn > ny, v < Cyand i < v,(¢). Finally, invoking Lemma 3.1
and using 1 — exp(—Az) < Az| for z € R and A > 0, we get

Tn(t)

Un (8, t,A) <A +2 Z un(t?,t,)\)/|x|1/i_17n(dx) = )\—l—/ Un (Y, t, \) U (dy).

i=n(5)+1 (o]
Thus Lemma 4.1 implies that u,(s,t, \) < XA 4 A, (s, t]e”» (>, and consequently
sup  up(s,y,A) < A [1 + sup v, () exp (sup ﬂ,L(t))] . (5.6)
n>1,s<y<t n>1 n>1

Since sup,,>; Vn(t) is finite, letting A — 0 in (5.6) we see that supu,(s,y,A) — 0
as A — 0, where the supremum is taken over n > 1 and s < y < t. To see that this
implies (2.6), we only have to write for any A > 1

P (Xa(y) = A| Xu(s) = 1) =P (1= e @M > 1 -1/ | X,(5) = 1)
1 — g—un(s:9,1/A)
< - -
- 1-1/e
We now assume that (||a,]||(t),n > 1) and (8,(t),n > 1) are bounded and that (2.6)

holds: under these assumptions, we show that there exists n(k) — oo such that for every
5 < @(t), limy, o0 Un(x)(s,t, A) = 0. First, note that

lim ( sup un(s,y,)\)> =0. (5.7)
A—=0 \n>1,0<s<y<t
Indeed, for any 0 < s <y <t and A > 0, we can write
1—e ¥ = |1 - exp(—AX,(y)) | Xn(s) = 1]
S1-e M4 P(X,(y) > A| Xn(s) =1)
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which gives

owp (s < log (M- s POGG) 2 4] X0 = ).

n>1,0<s<y<t

ZLHLUSS XY >

Letting first A — 0 and then A — oo and using (2.6) gives (5.7). Further, Lemma 3.4
guarantees the existence of sequences (n(k)) and (yi) such that y, — @(t), n(k) — oo
and un(k)(yk, t,\) = 0 as k — oo. Then, the composition rule (3.6) shows that for every
k>1and s < yg,

Un (k) (57 t, )‘) = Un(k) (Sa Yk Un(k) (yk7 t, )\)) < sup Un (57 Y, Un(k) (yk7 t, A)) :
n>1,s<y<t
Since (k) (Yk, t, A) — 0 as k — oo, (5.7) implies that sup{u, ) (s,t,A) : s <yr} — 0
which achieves to prove that w,)(s,t,A\) — 0 for every s < p(t).

A Proof of Lemma 2.5

Assume that ¢; , = qo,, and that v, (t) = |I',t] for some sequence I';, — co. Define

gn = Go,n and &, = &, and for each n > 1 let (¢,,(k), k,> 1) be i.i.d. random variables
distributed as £,,: then we have

=2
L+&n 2 1+€,

and v, ([z,00) x (0,t]) = n|Txt|P(, > x). In this context Assumption 2.1 is therefore
equivalent to the following assumption.

Assumption A.l. There exist a € R, b > 0 and a positive, o-finite measure F with
support in (0, c0) such that

- =2
nl,E 5"72 — a, n[,E 5”72 — b and nI',P(¢, > z) — F([r,00)) (B1)
1+ gn n—»00 1+ fn n—00 n— 00

where the last convergence holds for every x > 0 such that F({z}) = 0.

Under this assumption we then have «(t) = at, 8(t) = bt and v(dz dt) = dtF(dz). Thus
to prove Lemma 2.5 we have to prove that (B1) is equivalent to the weak convergence of
the sum 117 €, (k).

Assume that (B1) holds. Then by III of Theorem 2.2, the sequence (X,,n > 1) con-
verges in the sense of finite-dimensional distributions. By Grimvall [24, Theorem 3.1],
this implies the weak convergence of Zzzl (k).

Assume now that ZZi’i &, (k) converges weakly. Then Theorem 1 of § 25 in Gnedenko

and Kolmogorov [22] immediately gives the existence of F with [(1Az?)F(dz) < oo such
that the last convergence in (B1) holds. Let us prove the two first convergences of (B1).
In the rest of the proof let G C (0,000) denote the set of continuity points of F, for x = 1
or 2 let m,(z) = |z|*/(1 + 2?) and fix some ~ € {1,2}.

Since nl',P(¢,, > z) — F((z,)) for z € G, it follows that

WL (me(€,): [Eal> €) — [ mi(a)F(da)

xr>e

for any € € G. This can for instance be seen by considering the weak convergence of the
random variables ¢, conditioned on |{,|> . Moreover, according to Corollary 15.16 in
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Kallenberg [30], there exists a finite number d, such that nI',,JE(¢%; €, |< &) — dy + L (g)
for any ¢ < 1in G, and where L,(¢) = — [._ _, #F(dz) and Ly(e) = [, x*F(dz). Note
in particular that B B

sup nl',, & (mg(gn)) < 00,
n>1

since

(note that £,, > ¢ < |€,,| > ¢ for n large enough, since £, > —1/n). We now write

E( %)-E( 5"2—52;|§n|9>+1a< 5"2;5n|>s>+m(§:;|an|Se)
1+8, 148, 148,

—K+2
= -F (fi il < ) + B (maE, )5 €l > €) + B (5 [El <)
to obtain
nl,,E ( 5272 ) —nl',,E (m,@(gn); 1€, > 5) —nl,E (Ef;, 1€, < E)
1+¢,

<e"nlyE (ma(E,)) < e supnlyE (m2(E,)) -

n>1

Letting first n — oo with € € G and then ¢ — 0, we thus obtain

lim lim sup =0.

e=0 nooo

Ez — m.\x X)) — — e
rnE<1+§i> / o(2)F(dz) — dy — Lu(e)

For k = 2 we have
/ me(x)F(dz) — dgs — La(e) — | mo(z)F(dx)
z>e e—0
which is finite, while for k = 1 we have by definition of I;

/ ma(2)F(dz) — dy — Ly (<) = / (ma(z) — 2) F(dz) — dy + / ma () F(dz).
r>€e e<z<l1l r>1

Since my(z) —z ~ —z*asz — 0, J.cp<1(mi(z) —x) F(dx) converges by the dominated
convergence theorem to [ _ (mi(z) — x)F(dx) as ¢ — 0, which is finite since [(1 A
2?)F(dz) < co. This completes the proof.

B Proof that the key constants and functions are finite

For z € R let
e"—1+4z
O(x) = — (B.1)

with ®(0) = 1/2. If ®3(x) = 1/2 — &(x), note that we can rewrite

2 2
9@, ) = 7 (1= = N0(a)) and (e, A) = 11— (1 ¢ + N8y(Ar)
(B.2)
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Lemma B.1 (Control of ¢1, ¢o and ¢3). For any C > 0 and 0 < n < T, the constants c¢;(C),
co(n,T) and c3(n,T) are finite.

Proof. Since lim, ., ®(z) = 0, ® is bounded on [—C,o0) for any C' > 0 and so the
constant ¢} (C) of (3.8) is finite in view of (B.2). In particular ¢;(C) is finite for every
C>0.Let0O<n<Tandn<y,y <T,and x > 0: ca(n,T) is finite because

h(z,y) — h(z,y") /
Wt )| S 2,

with H,(y) = h(x,y)(1 + 2?)/2?. One can compute

e — 142y
x

Hify) = ve ™ +
and prove that this function is bounded for > 0 and y € [, T, since

1
xe™ ™ < —sup(ve™")

n v>0
and for z <1,
e —1+4+uzy T 1
CEIE || < s sup ()],
€z Y 77 v>0
while for z > 1,
—ay _q
it 7 <suple™’ —1|+T.
X v>0
We get the finiteness of ¢o(n, T'), and hence of ¢5(n, T). O

Lemma B.2 (Control of ¢, ,(C')). Fixt > 0 and assume that the sequences (||a,||(t),n > 1)
and (f,(t),n > 1) are bounded. Then for any C' > 0, we have ¢, +(C) — 0 as n goes to
infinity.

Proof. Fixt and C > 0 and define

Ii.c =sup { ‘/ _M VWi n(dx)

Then (3.15) entails

:1<n,0<i<’yn(t)70<)\<C}.

Iic <ci1(C)sup {ﬂn(t?,t;ﬂrl] m>1,0<i< vn(t)}
'Yn(t)_l
< c1(C) sup Z pin (8 6] | = c1(C) sup pin (t).
n>1 i—0 n>1
Since p, (t) = ||an||(t)+ B, (t) the sequence (u,(t)) is bounded by assumption, showing
that I; ¢ is finite. It follows from the definitions (3.3) and (3.4) of %; ,, and ¢; ,, that for
any ¢ >0

“log (1= & (1= e () = (1)
Eis"()\) = = A
n f(l — e M)y (d)
and so )
_ 1—2)—
E.(0) < suwp —log(l —z) —z|
2| <It,c/n X
Letting n — oo achieves the proof of the result. O
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Lemma B.3 (Control of ¢} ). Fixt > 0 and assume that the two sequences (||a,||(t),n > 1)
and (f,(t),n > 1) are bounded. Then for any A\ > 0 the constant ¢}, is finite and moreover

sup{6g7/\:0§8§t,/\§1}<oo.

Proof. In the rest of the proof fix t and A > 0, define B; = 2sup,,~; in(t), which is finite
by assumption, and C; , = (A +2)(1+ Bt)eBt. Following Lemma B.2 choose ng, ) > 1 such
that ¢;, ,(Cyz) < 1foralln > ny . Since Z, ,, is finite for each i > 0 and n > 1, it follows
that supg<,<; un(s,t, A) is finite for each n > 1. Thus, to conclude, it is enough to get that

sup {un(s,6,A) :n>ny 5,0 <s <t} =sup {un(tz A0 e A) 1 =gy, 0 <0 < 'yn(t)}

is finite. To prove that, In the rest of the proof fix n > n, » and define a; = u, (¢} ,t’; ()’ JA).
We prove by backwards induction on i that a; < Cy 5 for all 0 <4 <+, (¢), and since the
bound does not depend on n or ¢ this will show the result. We have a,, ) = A < Ci.a SO
the initialization is satisfied. Now consider some 1 < i < v, (¢) and assume that a; < Cy »
forall i < k < +,(t): we prove that a;_1 < C} .

Fix some i < k < v, (t). By definition, we have

Yr—1,n(ar) = (1 + €x—1,n(ar)) (akak—l,n + /g(x,ak)l/k—l,n(dﬂf)> .

By induction hypothesis, it holds that a; < C; . Combined with E;’t(Ct, a) <1, this
gives 0 < 1+ €x_1.n(ax) < 2. Together with the inequality g(x,y) < 22/(1 + 2?) (note that
® > 0), we finally get

Yi—1n(ar) < (1 + ep—1n(an)) (arlak—1n] + 28k-1,n) < 2(ak + 2)pn(th_1, %]

Hence for any i — 1 < j < ~,(¢), this gives together with Lemma 3.1 for the first
equality

Y (8) ()
_)\-|— Z ’L/]k 1,n ak <)\+ Z ak+2ﬂn( Z*l’fr]ﬂ'
k=j+1 k=j+1

This can be rewritten a}; < A+ S; 11 if aj = ap +2, A=\ +2, d, =2, (t7_,, ;] and
Sk = draj, + -+ dy, a’, ). This gives for j =i —1

Then by induction one gets
@iy < (L+di) (L4 dy,@-1)(A+ Sy, ) Sexp(di+ - +dy 1) (At dy, @), 1)

Since a,y 0 = =A=X+2andd,, 4 <di+---+dy, ) = 2un(t) < By, this shows that
a;—1 < C x which achieves the proof of the induction and shows that ¢}, < Cy . This
gives the finiteness of ¢’ ,, and since C}  is increasing in both ¢ and A, for any s < ¢ and

A <1 we obtain ¢ , < C}; which gives the second part of the lemma. O

C Proof of Lemma 4.2

This appendix is devoted to the proof of Lemma 4.2. Recall the function u = ||a| + 8
defined at the beginning of Section 4. We will use the following simple result.

Lemma C.1. For any ¢ > 0 and 0 < s < t, there exists a partition of the interval (s,t] as

J K
_U (Uwz,bu)

k=1
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such that {b),,1 <k < K} = (s,t] N {v > 0: Ap(v) > e}, p(a;,b;] < e foreach1 < j<J
and p(a},, b)) <e/K foreachl <k < K.

In the rest of the proof fix t, A > 0, p(t) < s <'t, (¢,) a sequence converging to A and
let u, (y) = un(y,t, ¢,). With this notation, we have

Rn(y) = [Wn(un)((y,1]) = ¥(un)((y: )], 0 <y <.

Let ¢ = inf,,>1 ¢, and L = sup,,>; £, and assume without loss of generality, since ¢,, —
A > 0, that £ > 0. We first show that R, (s) — 0, the fact that sup{R,(y) : s <y <t,n > 1}
is finite is proved in Section C.3. From the definitions of ¥ and ¥,, one can write

W (un) ((5,1]) = ¥ (un) (s, 8])| < By + By + By, + By,

with
BS = / undan—/ updal, BP = / Uidﬁn—/ uldp|,
(s,t] (s,t] (s,t] (s,]
m=| e un@valdedy) = [ o)l dy)
[—1/n,00) X (s,t] (0,00) X (s,t]
and
’Yn(t)
By= Y |ei_17n(un(t?))|‘/(1—6_3”“"(“))ui_l,n(daz) .
7'.:’Yn(s)“"l

We will show that each sequence (B2), (Bf), (BY) and (B¢) goes to 0 as n goes to
infinity. By (3.15) and by definition of the constants ¢, ;,, ¢, and ¢;, one can derive
similarly as in the proof of (3.16)

By, <24 (@, )er (@, Jn(t) <, 4 (S L) (€ L) pn(t)

where the last inequality follows from the fact that ¢, < L and that the functions
¢,+(C) and ¢, are increasing in C' and y, respectively. From now on, we will use such
monotonicity properties without further comment. This last upper bound is seen to go
0, invoking (4.1) and Lemmas B.2 and B.3. Thus the sequence (B) goes to 0 and we
have to control the three other sequences (B%), (B?) and (B%). We control the two first

sequences in Section C.1 and the last one in Section C.2

C.1 Control of the sequences (B%) and (B?)

We treat in detail the convergence of (B) to 0. For (B), one essentially needs to
replace a by 3 and u,, by u2, we mention along the way what modifications need to be
done.

Fix ¢ > 0 and consider the partition ((a;,b;],1 < j < J) and ((a},b}],1 < k < K) of
(s,t] provided by Lemma C.1. Note that the partition depends on s, ¢ and ¢ but not on n.
We can write By < ijl By + ZkK:l(Bg,f + B:,‘j) with

/ undan—/ upda|, BO7 :/ Und|| o || —|—/ und| |
(a;,b;] (a1 7 () (ag,b%)

k7K
a,3 2 / a,l
and By}, = un(b) |y, b7 )0 — Aa(b})|. For B;"; we have

al _
B, =

By </(aj,bj] \un(y)—un(bj)lllanll(dyH/ |un(y) — un(b)| || (dy)

(“j?bj}

+ n (b5) |on(aj, bj] — afay, by]| .
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By (3.16), |un(y) —un(bj)| < A{pun(a;,bs] for all y € (aj;,b;] and so, using also
un(bj) < ¢y, we get

a,l u
B, < A Lun(aj,b ](Han”(aw i)+ llall(aj, b ]) +¢L |lan(aj, bj] — alay, byl
For B! one needs to use
un(y)? = wn(b5)%] = Jun(y) = wn(b5)] (un(y) +un(by)) < 26 LAY Ln(ag, byl
which leads to a similar upper bound. Since the partition does not depend on n, we have
an(aj,bj] = ala;,b;] and p,(aj,b;] = p(aj, bs] by (Al), so that summing over j =1,...,J,
letting n go to infinity and using ||«||(A) < p(A) gives

n— oo

J J
lim supz Bf:]l <2AY Z p(a;,b; < 2eAY (s, 1], (C.1)
j=1 j=1

using also y(aj,b;] < e, which holds by choice of the partition, to derive the second
inequality. To upper bound BZ‘; we write BZ‘; < (llonll(a, b)) + [lall(ay, b)) which
leads, using p(ay,, b)) < /K, to
K
hmsupZB <2¢p Zu (ay,by) < 2e¢i' ). (C.2)

For BS:; one can use Bff:i < (€' 1)? (Bu(ay, b)) + B(aj, b)) to obtain a similar upper
bound. Finally, for By, one has By} < ' 1|a,, ).n — Aa(by)| which goes to 0 by (A2).
One can similarly write Bfi < (E;"L)QWW(%)’H — AB(b),)| for Bf,i’ Since K does not
depend on n this gives Zszl Bf:,z' — 0 and so (C.1) and (C.2) give

limsup By < 2¢ (A} pu(s,t]+7¢)'p)-
n—oo

Since ¢ was arbitrary, letting £ — 0 gives the result.

C.2 Control of the sequence (B})
For T > 0 we define the constant

h(z,
C4(T)=sup{‘xg/((1_f)x2) :xZ—l,OgygT} (C.3)
which, starting from (B.2), can be seen to be finite. For d > 0 we write
BY < B" + B" + B" (C.4)
with
BY = / h(x, un(y))vn(de dy) — / h(z, un(y))v(de dy)| .
[d,00) X (s,1] [d,00) X (s,t]
B - [ e wng)lon(dody). Bi= [ b @)lodedy).
[=1/n,d)x (s,t] (0,d)x (s,1]

Note that E;{ depends on d but, similarly as ¢t or A\, we do not reflect this in the
notation because d will be fixed once and for all shortly. Bounding the two last terms
thanks to (C.3), we have

_ 23 |22
Bl < Bl 4+ c4(c} / ——v(dzdy —|—/ vp(dz dy) | -
i) ( (0.0)x (0, 1 + 7 (e -1/md)x(.4 L+ :
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Since f(opo)x(o,t](l/\xQ)z/(dx dy) is finite, we have f(O,d)x(O,t] sz v(dzdy) — 0asd — 0.
Moreover, proceeding similarly as for the proof of (4.3), we can show that

- il
lim lim sup/ vp(dz dy) = 0.
d=0 n—oo J[—1/n,d)x (0, 1+ 22

Thus letting first n — oo and then d — 0, we obtain

limsup B}, < hm lim sup B

n—00 -0 nooo

Hence to prove B; — 0 we only have to show that E; — 0 for every d > 0. So in the
rest of this step we fix an arbitrary d > 0 and show that E;; — 0. Fix € > 0 and consider
the partition ((a;,b;],1 < j < J) and ((a},b;),1 < k < K) of (5 t] given by Lemma C.1,
which does not depend on n. Then we can write BY < Z BV LY 1(BZ?C EZ?’C)
with

Bl = / (i () v (e dy) — / h(z, wn () (dz dy)|
[d,00) x (aj,bj] [d,00) % (a;,b;]
B~ | (0 ) + | (. () dy)
[d,00) X (ak,b},) [d,00) x (ak,b},)
and
Bt = / B, () 5 () — / B, un (B, (da dy) |
[d,00) [d,00)x{b }

Further we write EZ; < EZ? + EZ? with

But = / (s 1un (9)) — B 1 (b)) vz )
[d,00) x (aj,bj]

n / (s 1 (9)) — (s (b)) v(d dy)
[d,00) x (aj,bj]

and
B} = / h(z, up (b)) vn(de dy) — / oz, un (by))v(dz dy)| .
[d,00) x (a;,bj] [d,00) % (a;,b;]
We derive, in order, upper bounds on Bn o BZ:?, Zi and finally on B

To control EZi we introduce the constant

05(T):sup{m:0<y<T,x>0}

which can be seen to be finite, starting from instance from (B.2). Thus

_ .172 .’L‘2
BZ,2 < 05<Eu ) / yn(dxdy) +/ 7V(d$dy)
B S ap gy 122 (o) x o) 17
< 2¢5(2 1) (Bu(ai, bi) + Bla, b))

using (4.2) for the last inequality. Using ,(a},b,,) — B(a},b,) < p(a}, b)) < ¢/K (the
convergence f3,(a, b)) — B(a}, b)) comes from Assumptions (Al) and (A2) by writing
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Bn(a},, by,) = Bnlay, b,] — AB, (b)) and observing that b), is by construction an atom of ),
this leads to

hmsupZB < decs(C p)- (C.5)

n—roo

To derive an upper bound on Bn j» we use the constant c2(n, T) defined in (3.9). Since
0<ciip< Un(y) < ¢pp forn > N; ¢ and a; <y < bj, we have for such n

/ (s tn () — (2, 0 (5;)] v (e dy)
[4,00) % (a;.b;]
Serlehnts) | 1 9) — 0 (07)] g dy)
2 ot L [d,00) x (aj,b;] ! T a2 .

Since |uy(y) — un(bj)| < AY p pn(aj, bj] for a; <y < b; by (3.16), we obtain

/ (2 1 (9)) — (s 0 (b)) v diy)
[d,00) x (aj,bj]

2

<o (cf 00 Ct L) AiL Mn(aj7bj]/ vp (dx dy).

[d,00) % (a;,b;] 1+ 22
Since

2

x

/[;{ (@) b] mVn(dl‘ dy) < 25n(aj,bj] < Z/An((lj,bj}, (C.6)
,00) X (@05

we finally get
/[d oo (@, un(y)) — W@, un (b)) va(dz dy) < Cope,n(pn(ay, b])?
o0) X (lJ

with Cs ¢ 0.1 = 2¢a2(cy, 4, ')A} - The exact same reasoning with v instead of v, using
the inequality (4.2) instead of (C.6), leads to

BZ? < Cspor [(pnlaj, b)) + (u(ay, b))% .

Hence (4.1) gives

hmsupz:BV4 <2Cst0.L Z p(aj, bj 2 <2eCy 0. (5,1 (C.7)

n—oo
using p(a;, b;] < e to get the second inequality.

The arguments to control é;ﬁ; and EZ’E’- are very similar: we treat the case EZ:? in
detail and mention necessary changes needed for éflf,i. We need the constant cg

h($7 y) — h(x/a y)

c6(T) = sup (C.8)
0<y<T r—ua
0<x,z’
which is finite because
h( ) —ay 224y —1
T = ye
p) Y Y Y 1+ a2)2
andsoforz,z’ >0and 0 <y <T,
oh v+ To+1
-— <T+T —_ .
geen| <o (T
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Let 7, ; be the signed measure defined for A € B by
Tn,j(A) = vn(A X (a;,b5]) — V(A x (a5, b;]).

For B’: . one needs to consider the measure 7, ; defined similarly but with A x {} }
instead of A x (a;, b;]. With this notation we have

B”% < sup / h(z,y)m, ;(dx)|.
' 0<y<ey L |/ [d,o0)
Fix Y,n > 0 and consider a subdivision d = 74 < -+ < 7y < Tny41 = oo with the

following three properties: (1) 7o11 — 7w < npforall < ¢ < N; (2) 7v = Y; and
(3) v({re} x (a;,b5]) = 0foralll < ¢ < N. For B”k the third condition should be
v({me} x {b)}) =0forall1 </ < N. Then for any y > 0,

/ h(z,y)m, ;(dz)
d,o0)
N

+ /[Yyoo)h(a:,y) — (Y, y)||l7n 5l (dz) + ;”L(Tg,y” i ([0, Te41))] -

N—
-y [z y) — h(re. )7 | (d)
/=1

[Te,Te+1)

By choice of the partition (7,) and by definition (C.8) of cs, we have for any y < ¢}’

N—-1
3 / (2, y) — h(re, )|l | (d2) < co(ely Z / & — 7¢] |75 ()
1—1 Y [TesTeq1) [TesTet1)

< nCG(ct,L)HMjH(M 00)).
Thus introducing the constant
EZL =sup {|h(z,y)| :2>0,0<y <e'p}

which in view of (B.2) can be seen to be finite, one gets for any y < EzL,

|/[d )h(x,y)ﬁn,j(dff) < neo(@ )|l ([d, 00)) + 268 1| (Y, 00))

+e Z 7,5 ([7e, Te1))] -

Since no (7¢) is an atom of the measure | «(a;.b;] v(dz dy), it follows from (A1) that
V)
T, ([Te, Tex1)) — 0 as n goes to infinity for each ¢. Moreover, one has

7,5 (A)| < vn(A X (aj,b5]) + V(A X (az,b5])

and finally, for any 1 > 0 we have, using also the fact that limsup,,_, |7 ;|
2v([e, 0) x (aj,b;]) for any ¢ > 0,

([e,00)) <

limsup sup
n—oo 0<y<ey .

W, y)mn,j(dz) | < 2nee (e, )v([d, 00) X (a;,b;])

[d7oo)

+ 4} ([, 00) X (aj,bj]).
Thus letting » — 0 and Y — oo finally shows that B —> 0 foreach1 < j < J and
also BZ:; — 0 for each 1 < k < K. Hence combining (C.5) and (C.7) finally gives

limsup BY < ¢ les (@) ) +2Cs e (s, 1]

n—0o0

and since ¢ is arbitrary, letting £ — 0 achieves to prove that R,(s) — 0.
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C.3 Boundedness of (R, (y))

We now complete the proof of the lemma by showing that sup{R,,(y) : 0 <y < ¢,n > 1}
is finite. We have R, (y) < |W, (un)((y,t])| + |¥(un)((y,t])|, so that it is enough to prove
that

sup {| U, (un)((y, t)]: 0 <y <t,n>1} <0 (C.9)

and similarly with ¥ instead of ¥,,. Using (3.7) for the first equality and (3.16) for the
second inequality, we get forany 0 <y <t

[ (un) ()] = [un(y) = un (W] < Abz pnly: 1] < Adp SUP pn(t)

so that (C.9) holds. On the other hand, starting from the definition of ¥ we get

10, (5. 1])] < / Jualdfol] + / uda+ /( o G dy

(s,t] (s,

1‘2

<z flall(t) + @ 0)B(0) + s (@) / v(dz dy)

(0,00 % (0,4 1 + @

which ends the proof of the lemma, since this upper bound is finite (invoking (4.2) for
the finiteness of the integral term).
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