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Abstract

We consider the Gaussian free field on Z<, d > 3, and prove that the critical density
for percolation of its level sets behaves like 1 /d”"(l) as d tends to infinity. Our
proof gives the principal asymptotic behavior of the corresponding critical level h.(d).
Moreover, it shows that a related parameter h..(d) > h.(d) introduced by Rodriguez
and Sznitman in [24] is in fact asymptotically equivalent to h.(d).
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0 Introduction

When studying the statistical mechanics of random interfaces which typically arise
between coexisting phases of a (d + 1-dimensional) physical system in equilibrium, one
often considers so-called effective models, which aim at describing the d-dimensional
surface itself, free from its surroundings. Arguably the most notorious example in this
class is the massless harmonic crystal, or Gaussian free field (precise definitions will
follow, see (0.1) below). A natural approach in trying to gain some insight into the
geometry of this field is to inquire about its level sets, say, above a given height i € R.
In case the underlying space is the cubic lattice Z?, with d > 3, and due to the presence
of strong correlations (the susceptibility is infinite), this gives rise to an interesting
percolation model, which was originally introduced by Lebowitz and Saleur in [16], and
has since then been investigated in [6], [8], [9], [19], [22] and [24], see also [3], [21] for
related results.

Only recently has it been shown in [24] that the associated phase transition is non-
trivial in all dimensions d > 3 (partial results were already obtained in [6] and [9]). Our
main focus in the present work is to examine the limiting behavior of certain critical
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High-dimensional asymptotics for percolation of Gaussian free field level sets

parameters associated to this transition in high dimension. Of fundamental importance
in this context is the heuristic principle by which this percolation model ought to fall
in the “domain of attraction” of a corresponding model on the (2d)-regular tree. Our
results indicate that this is indeed the case, and in fact, this paradigm permeates more
or less explicitly many of the proofs below. Ideally, we would also like to compare these
results with corresponding ones in the tree-case directly. We hope to return to this point
elsewhere.

A first step in the direction of high-dimensional asymptotics is given by Theorem
3.3 of [24], which asserts that the critical height h.(d) for percolation of Gaussian free
field level sets, defined in (0.3) below, is strictly positive when d is sufficiently large. In
fact, a careful inspection of the proof of this theorem yields that h.(d) — oo as d — oo,
which amounts to saying that the critical density for this percolation model converges to
0 as d tends to infinity. We will considerably refine this result by providing the leading
asymptotic behavior of the critical density, as well as principal asymptotics for h.(d)
and a related critical parameter h..(d) (see (0.4) below) as d becomes large. Our proof
follows in its broad lines the general strategy underlying similar results in Bernoulli
(see [11] and [4], Section 4) and interlacement (see [31] and [32]) percolation. However,
the implementation of this program highly depends on the specific nature of the model,
as it crucially relies on a precise understanding of its dependence structure in high
dimension. In particular, in the present context, the random walk representation of the
Gaussian free field, which will lead us to its “perturbative” expansion around a suitable
independent field, will play a pivotal role in allowing for a precise understanding of the
local connectivity of the level set (we will explain this in greater detail below, see the
discussion around (0.12)). Moreover, a severe technical obstruction is the absence of
a BK-type inequality (companion to the long-range dependence). In the independent
case, this inequality underlies the successful deployment of such elaborate tools as the
lace expansion, see [12] and [25], Chapter 9. In our set-up, as a partial substitute, we
develop suitable decoupling inequalities, much in the spirit of [23], [24], with the notable
difference that they will need to work “uniformly well” for all sufficiently large d. These
inequalities will typically allow for a certain kind of (static) renormalization procedure,
to which the dimension d will be inextricably tied.

We now describe our results and refer to Section 1 for details. We consider the lat-
tice Z?, d > 3, endowed with the usual nearest-neighbor graph structure, and investigate
the Gaussian free field on Z¢, with canonical law P on Q = RZ (equipped with the
product o-algebra) such that,

under P, the canonical field ¢ = (¢, ),cz« is a centered Gaussian ©0.1)
field with covariance E[p,¢,] = g(z,y), for all z,y € Z<, ‘

where g(-, -) denotes the Green function of simple random walk on Z?, see (1.3). Note that,
for fixed d, this model exhibits rather strong correlations, (in particular, the susceptibility
is infinite for all d > 3, cf. (1.4) below). However, as d grows, ¢ “approaches” an
independent field, in a sense to be made precise below.

For any level h € R, we introduce the random subset of Z¢

Egh ={z e 7% @, > h}, (0.2)

often referred to as the excursion set (or level set) of the field ¢ above height h. In order

to study its percolative properties, we set n(h) = P[0 EUR oo], the probability that the
origin lies in an infinite cluster (i.e. connected component) of EZ". The function 7(-)
being decreasing, we define the critical parameter for level-set percolation as

ho(d) = inf{h € R; n(h) = 0} (0.3)
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(with the convention inf ) = oo). Following (0.6) of [24], we also introduce a second
critical point

heo(d) = inf {h € R; lim P[B(0,L) &4 5(0,21)) = 0}, (0.4)

where the event {B(0, L) =N S(0,2L)} refers to the existence of a nearest-neighbor
path in Egh’ connecting B(0, L), the ball of radius L around 0 in the ¢*°-norm, to S(0,2L),
the ¢>°-sphere of radius 2L around 0 (in fact (0.4) does not exactly coincide with (0.6)
in [24], which requires the relevant probability to decay at least polynomially in L; the
two are in fact equivalent, and (0.4) can be further weakened, see [22], Theorem 2.1).
The definitions (0.3) and (0.4) immediately yield that h.(d) < h..(d) for all d > 3. It is
presently known that

0 < hy(d) and h..(d) < oo, forall d > 3, (0.5)

which implies that percolation of E%h exhibits a non-trivial phase transition (see [6],
Corollary 2 for the former and [24], Theorem 2.6 for the latter result in (0.5); see also
Theorem 3 in [6] for a proof of /. (3) < cc). In particular, for all & > h., EZ" only contains
finite clusters, and a (unique, see [24], Remark 1.6) infinite cluster for all i < h,. The
parameter h,. is an important quantity because it characterizes a strongly subcritical

regime. For all h > h,, and d > 3, the probability P[0 LN (0, L)] decays exponentially
in L as L — oo (with logarithmic corrections when d = 3), as follows from Theorem 2.1.
in [22]. Moreover, as mentioned in the expository paragraph (see [24], Theorem 3.3),

h.«(d) is strictly positive when d is large enough. (0.6)

Our main goal in this paper is to prove the following asymptotic result concerning the
critical density of this percolation model.

Theorem 0.1.

~ Jlto(l)’

In fact, Theorem 0.1 will be an easy consequence of the following two results regarding
the principal asymptotics of the critical parameters h, and h., in high dimension. For

future reference, we let
has(d) = 1/2g(0) log d, (0.8)

where ¢(0) refers to the Green function at the origin, cf. (1.3) below. We will show the
following.

Theorem 0.2. (Upper bound)

lim sup hi (d) /has(d) < 1. (0.9)

d—o0

Theorem 0.3. (Lower bound)

lim inf A, (d) /has(d) > 1. (0.10)
d— o0

Moreover, for all e > 0, there exists a finite positive constant c(¢) such that for all
d>c(e),
IP[Egh“(l’S) N (H + Z?) contains an infinite cluster] = 1, (0.11)

where H ° {0, 1}¢ and Z? is viewed as the subset Z2 x {0}?~2 of Z.
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(N.B.: the presence of the factor 1/¢(0) in the definition of has(d) is for esthetic purposes
only, since ¢g(0) — 1 as d — oo, cf. (1.12) below).

Before describing our methods, we make a few remarks concerning these results
and the heuristics lurking behind them. As alluded to above, a recurrent theme in the
proofs below will be that, in high dimensions, the free field at small scales (at which the
geometry felt by the random walk is roughly tree-like) can be viewed as a perturbation
of an independent Gaussian field, and a considerable effort will go into understanding
the precise effect of this perturbation on the connectivity of the level sets around the
asymptotic value hys (see the comments below, and the proofs of Theorems 2.5 and 3.4).
This perturbative behavior was already hinted at in the proof of (0.6) in [24], which
was based on a decomposition of the covariance g(z,y) for x,y belonging to a (lower-
dimensional) subspace Z< , with d’ < d, into the sum of a dominant diagonal part with
entries close to 1 (thus inducing a field of independent Gaussians) and a “small noise” (cf.
Lemma 3.1. of [24] for a precise statement). Admitting this (local) resemblance of ¢ to
an independent field, it is reasonable to compare (0.7) to pzite(Zd), the critical parameter
for Bernoulli site percolation on Z?, which is known to be asymptotically equal to 1 /2d
asd — oo, see [4], [7], [11], [13].

Regarding Theorems 0.2 and 0.3, using h, < h., (0.9) and (0.10) imply that

he(d) ~ s (d) (~ has(d)), as d — oo

(we write f(z) ~ g(x) as ¢ — a if lim,,, f(x)/g(x) = 1). It is at present an impor-
tant unresolved question whether both critical parameters are actually equal (in any
dimension).

We now comment on the proofs. The proof of the upper bound follows a strategy
inspired by that used in [24] to prove finiteness of h..(d), for arbitrary, but fixed dimen-
sion d (see also [23], [27], [29], [30], [32] for similar ideas in the context of random
interlacements). In particular, we use a variant of the renormalization scheme developed
therein. However, the present task requires a scheme which works “uniformly in d”
as d becomes large. Using careful estimates on the behavior of the Green function of
simple random walk on a high-dimensional lattice developed in [31, 32], we obtain a
“decoupling inequality,” which enables us to propagate bounds on the relevant crossing
events in Egh (cf. the definition (0.4) of h..), where h = has(1 + ¢) for some € > 0, at
small scale (the so-called seed estimates) to controls of such crossing probabilities at
arbitrarily large scale in EZ"*< (this is in fact much more than we need). A significant
part of the problem is to produce sufficiently sharp seed estimates, in order to initiate
the renormalization, see Remark 2.3, 2) below (note that, in contrast to the proof of
the finiteness of h..(d) in [24], which allowed one to look for a corresponding regime at
arbitrary large h, we are now constrained to remain in the vicinity of ha).

Obtaining the desired bounds at small scales involves controlling the probability to
see a crossing in Egh from a given point z to the boundary of the ¢!-ball centered at
x of radius R = ¢(e)d, see (2.4) and Theorem 2.5 below (we emphasize that the use of
the (*-norm is essential here, as this distance controls the short-range behavior of g(-)
in high dimensions, where the tree-like nature of the lattice manifests itself, cf. (1.14)).
This is the first instance where the aforementioned (local) perturbative expansion comes
into play. In rough terms, the domain Markov property for the free field ¢ allows us
to “discover” it along any given path (in the present case, one joining = to Si(z, R))
“dynamically,” starting from a suitable independent Gaussian field 1, and introducing the
required dependence at each step. Specifically, if K = {x;,...,2,} C Z? n > 1, denotes
the trace of the path in question, we represent

“__n

Oy, “=" Yz, +error(Yy,, ... s, ), foralll <k <mn, (0.12)
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where the error term is a suitable linear combination of v¢,,,...,%,, ,, cf. Lemma
1.3 below for a precise statement. This procedure enables us to “pass” from ¢ to the
independent field ¢, provided we carefully keep track of the error we make in each step.

For the lower bound, Theorem 0.3, our method mimics in its broad lines the approach
of [11] and [4], Section 4, to the corresponding problem in Bernoulli (bond and site)
percolation on Z¢, involving ideas of [2] from hypercube percolation (see also [13] for
a completely different solution, and [31] for a corresponding result in interlacement
percolation, following a similar spirit). The proof essentially comprises two parts, which
we briefly detail.

In the first part, we show the following finite-size criterion. Suppose we partition the
set Il + Z? into translates of the hypercube. Roughly speaking, we show in Theorem 3.1
below that if EZ", with h = has(d)(1 —€), € > 0,

i) contains a “giant” connected component in each of the sets H and its four neigh-
boring translates, and

ii) all these components are connected in E%h within the union of H and its four
neighboring translates,

with sufficiently high probability, then E%hfﬁ percolates (the “additive” sprinkling in A is
more than enough for the sake of proving (0.10)). Due to the long-range dependence,
this reduction step does not follow from standard stochastic domination arguments
(see for example [17]), and Theorem 3.1 is established by means of a (two-dimensional)
renormalization argument.

In the second (and more difficult) part of the proof of Theorem 0.3, we show that this
criterion actually holds. In the independent setting of [11] and [4], the validity of such a
criterion is essentially guaranteed by the analysis in [2] of (independent) percolation in
the hypercube. Our procedure essentially comprises two steps. First, drawing inspiration
from [2], cf. in particular Lemma 1 therein, we grow substantial connected components
in Egh NH (with h = has(d)(1 — €)), which have cardinality growing polynomially in
d. To achieve this, we embed into H a deterministic r(e, d)-regular tree T, rooted at 0,
with r(e, d) comparable to d for every € > 0, of depth depending on ¢ only. Here again,
the “perturbative representation” of (0.12) crucially enters in allowing us to compare
th“(d)(l_g) N T to a certain (supercritical) Galton-Watson process on the same tree
in order to derive a meaningful lower bound for the probability to see a substantial
component at the origin. The precise statement is the object of Theorem 3.4, and an
easy consequence is that most vertices in I are in fact either neighboring or contained
in such a substantial component, see Corollary 3.7.

The second step then consists of gluing all substantial components within the hyper-
cube to a giant one (i.e. a connected component whose closure in H contains at least
(1 — d=%)2¢ points), and subsequently connecting neighboring giant components, which
is achieved in Theorem 3.8 by two successive sprinkling operations. Quantifying that it
is highly unlikely for the substantial components not to merge after sprinkling requires
isoperimetric considerations in H (as were used in the proofs of [2], Theorem 1 and [31],
Theorem 4.2). However, the (wealth of) edges which are hereby deduced to be pivotal
for a giant component to emerge or not, are not necessarily “well spread-out” within H
and might therefore influence each other rather strongly. A slightly careful bookkeeping
of this mutual influence is required in order to show that it is too costly for many pivotal
sites to remain “closed” (cf. the proof of Lemma 3.9). This then completes the proof of
the lower bound (0.10).

Let us now describe the organization of this article. In Section 1, we introduce
some notation and review a few known results concerning simple random walk on a
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high-dimensional lattice and the Gaussian free field. Section 2 is devoted to the proof of
Theorem 0.2. Subsection 2.1 introduces the renormalization scheme. Its main result is
Proposition 2.1, which entails the induction step (one-step renormalization). Subsection
2.2 contains the local estimates on the connectivity of th’“(lﬂ), e > 0. The main
result, Theorem 2.5, is of independent interest, but it is needed crucially to establish
the required seed estimate which enables us to trigger the renormalization scheme.
Finally, in Subsection 2.3, we put these two ingredients together to complete the proof of
(0.9). The proof of the lower bound (0.10) is the object of Section 3. First, we show the
abovementioned finite-size criterion, which requires another (simpler) renormalization
scheme. The main result is Theorem 3.1, which can be found in Subsection 3.1. Having
established this reduction step, we prove that most points in the hypercube are either
contained or neighboring a substantial component in the level set of interest. This
is done in Subsection 3.2, see in particular Theorem 3.4 and Corollary 3.7 therein.
Finally, Theorem 3.8 in Subsection 3.3 connects these substantial components, thereby
completing the proof of the criterion. The lower bound (0.10) then follows readily by
collecting the pieces, and Subsection 3.3 also contains the proof of Theorem 0.1, which
follows straightforwardly from (0.9) and (0.10).

We conclude this introduction with a remark concerning our convention regarding
constants: we denote by ¢, ¢/, ... positive constants with values changing from place to
place. Numbered constants ¢y, c1,... and ¢, ¢}, ... are defined at the place they first
occur within the text and remain fixed from then on until the end of the article. All
constants are numerical, and their dependence on any additional parameter, including,
most importantly, the dimension d, will always appear in the notation. The only exceptions
to this rule are the last two Sections 3.2 and 3.3, in which constants may implicitly depend
on a parameter € > 0. The Reader will be reminded of this exception in due time.

1 Notation and useful results

In this section, we introduce some notation to be used in the sequel, collect some
important estimates related to simple random walk on a high-dimensional lattice, and
review a few useful facts concerning the Gaussian free field.

We denote by N = {0, 1,2,...} the set of natural numbers, and by Z the set of integers.
We write R for the set of real numbers, abbreviate 2 Ay = min{z, y} and Vy = max{x, y}
for any two numbers z,y € R, denote by |z] = max{n € IN; n < z} the integer part of z,
for any z > 0, and let [z] = min{n € IN n > x}. We consider the lattice Z¢, and tacitly
assume that d > 3. Given a subset K of Z¢, K¢ = 74 \ K stands for the complement of
K in Z%, and | K| for the cardinality of K. Moreover, in writing K CC Z<, we mean that
K is a finite subset of Z<. Finally, we denote by K + K' = {z +y; 2 € K,y € K'} the
Minkowski sum of arbitrary sets K, K’ C Z?.

On Z%, we respectively denote by | - |1, | - |2 and | - |« the ¢!, Euclidean and /*°-norms.
The three norms are equivalent, and satisfy the relations

o< |- <Vl |2, and |- | < |- |2 < Vd| - |uc, forall d (> 1). (1.1)

For any z € Z%, r > 0, and p = 1,2,00, we let B,(z,7) = {y € Z% |y — z|, < r} and
Sy(z,7) = {y € Z% |y — x|, = r} stand for the the (closed) ¢F-ball and ¢P-sphere of radius
r centered at z. We also note for later purposes the following bound on the cardinality of
a d-dimensional ¢!-sphere,

151(0,n)] < e™*? foralln >0, d> 3, (1.2)

which is easily computed by considering the generating function of |S;(0,n)|, see for
example [32], Lemma 3.2 (i) for a proof. Given two arbitrary sets K, K’ C Z¢, we
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define their ¢(P-distance as d, (K, K’') = inf{|x —y|,; 2 € K, y € K'}, for p=1,2, 00, and
simply write d,(z, K’) when K = {z} is a singleton. Moreover, we denote the interior
(¢*-)boundary of K as K = {x € K; 3y € K¢, |y — z|; = 1}, the outer boundary of K

as 0K = O (K°¢), and write K = K U 9o K for the (¢!-)closure of K and K =KnK'
for the relative closure of K in K'.

We now introduce the discrete-time simple random walk on Z?. We endow the lattice
7 with the usual nearest-neighbor graph structure, and we will frequently use = ~ y
instead of |x — y|; = 1 to denote two neighboring vertices x,y € Z¢. Moreover, z,y € Z%
will be called *-nearest neighbors if |z — y|o = 1. A Z4-valued nearest-neighbor path is
a (finite or infinite) sequence (z,), of vertices in Z- satisfying z,,4+1 ~ x,, foralln > 0.
We define its length as the number of edges it traverses. When its length is infinite, we
will often use the term trajectory instead of path. A x-path is defined accordingly. Let
W denote the space of nearest-neighbor trajectories, and let W, (X,,),>0 and (6,,)n>0,
stand for the canonical o-algebra, the canonical process and the canonical shifts on W,
respectively. We write P, for the canonical law of the walk starting at « € Z¢ and E,, for
the corresponding expectation. We denote by g(-, ) the Green function of the walk, i.e.

=Y Pu[X, =y, forz,y € Z°, (1.3)
n>0

which is finite (since d > 3) and symmetric. Moreover, g(x,y) = g(x — y,0) et gz —vy)
due to translation invariance. We further recall that (see for example [15], Theorem
1.5.4)

g(z) ~ c(d)|z|37%, as |z|; — oo, forall d > 3. (1.4)

Given K C 7%, we denote the entrance time in K by Hx = inf{n > 0;X,, € K} and
the hitting time of K by Hyx = inf{n > 1; X,, € K}. This allows us to define the Green
function gk (-, -) killed outside K as

€ y):ZPm[Xn:ya n < Hgel, forz,yGZd, (1.5)
n>0

which is symmetric and vanishes if 2 ¢ K or y ¢ K. The relation between g and gx for
any K C Zis given by the following formula, the proof of which is a mere application of
the strong Markov property (at time Hg-),

9(2,y) = gr(x,y) + Ex[Hxe < 00, (X, y)], for z,y € 7. (1.6)

We now turn to a few aspects of potential theory associated to simple random walk. For
any finite subset K of Z?, we write

ex(z) = Py]Hx = 0|, 2 € K, (1.7)
for the equilibrium measure (or escape probability) of K, and

cap(K) = Y ex(x) (1.8)

zeK

for its capacity. It immediately follows from the definitions (1.7) and (1.8) that the
capacity is subadditive, i.e.

cap(K U K') < cap(K) + cap(K’), for all K, K’ cC Z, (1.9)
and one also easily infers that it is monotonous, i.e. that

cap(K) < cap(K'), forall K C K’ cc 7. (1.10)
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The latter follows e.g. by observing that cap(K) = limy,_, Zyesg(o,L) P, [I;'K < ﬁ52(07L)},
which follows from (1.8) by a straightforward reversibility argument (see for example
[15], Proposition 2.2.1 (a) for more details). Moreover, the entrance probability in K
may be expressed in terms of ex (+) as

Py[Hi < o0l =Y g(x,y) - ex(y), (1.11)
yeK

which is a mere consequence of the simple Markov property (see for example [26],
Theorem 25.1, p. 300). We collect some useful estimates on these quantities in high
dimension, which will be used repeatedly in the sequel. We remind the Reader of our
convention regarding constants at the end of the previous section.

Lemma 1.1. (d > 3)

1
g(O)zl—I—ﬁ—i—o(d_l), as d — oo. (1.12)
cnd \ /272
g(z) < <|:C°|) , ford > 5 and z € Z% \ {0}. (1.13)
1
=~ c(k)
sup P.[Hp, o,k < o0] < il for k > 0. (1.14)
|z[1=k
7\ 42
g(z) < ({) , for |z]s > d. (1.15)
2
oL\ 42
cap(Bs(0, 1)) < | == . for L > d. (1.16)
p(5200,1)) < ()
Proof. For (1.12), see [20], pp. 246-247; for (1.13) and (1.14), see [31], Lemma 1.2; for
(1.15) and (1.16), see [32], Lemma 1.1 and (1.22), respectively. O

We now turn to the Gaussian free field on Z¢, d > 3, as defined in (0.1), and introduce
certain crossing events involving paths of high level. On the space {0, 1}Zd endowed with
its canonical c-algebra A, let {K +— K’} (€ A), for K, K’ C Z%, denote the event that
there exists a nearest-neighbor path connecting K and K’ along which the configuration
has value 1. Letting ®;, : RZ" — {0,1}2°, ¢ — (1{¢s > h})4ezq, for h € R, we introduce

(K &5 K’} = &7 ({K +— K'}), for K, K’ C 7¢ (1.17)

(part of IRZd). In words, this is the event that K and K’ are connected by a nearest-
neighbor path of vertices in the level set Egh, cf. (0.2). Note that this event is increasing

upon introducing on RZ" the usual partial order (i.e. f < f’ if and only if f, < f. for all

x € Z%). Moreover, the probability P[K LN K'] is a decreasing function of h € R. In
general, we will use the notation

Al §-1(A), forall A€ Aand h € R. (1.18)

We will also need the notion of flipping events. Let Y,, = € Z?, denote the canonical
coordinates on {0,1}%". One defines the inversion map : : {0,1}%" — {0,1}%" such that
Y,o01=1-Y,, forall z € Z?. Given some event A C {0,1}%", let A = ,=1(A) = (A),
which will be referred to as flipped event. Note that A is decreasing whenever A is
increasing. Moreover, observing that (—,),cz« has the same law as (¢,),cz« under P,
we obtain, forall A € Aand h € R,

P[A"] = P[(H{ps 2 h})seza € Al = P(1{~ps 2 h})peza € 4]

_ o (1.19)
— P[(1{¢s > —h})peze € A = P[A"].
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Next, we collect some classical results concerning the maximum of the Gaussian free
field in a finite set. Let () # K CC Z?. First, note that for all d > 3,

E[max, _, ¢.] < v/29(0)log|K], (1.20)

see for example [33], Proposition 1.1.3 (see also Theorem 1.3.3 in [1] for a much more
general result). Moreover, setting

c1 = (sup29(0))'/2, (1.21)
d>3

which is finite due to (1.12), the Borell-Tsirelson-Ibragimov-Sudakov (BTIS) inequality
(see for example [1], Theorem 2.1.1), together with (1.20), yields the tail estimate, for
all d > 3,

P[max, . > c1a] < e (@ VIEIKD® if o > o [K]. (1.22)

We also recall the following elementary tail estimate of the normal distribution. For
& ~ N(0,0?) (see for example [1], Ch. 2, p. 49),

(% - %)e—hgﬂ <V2r- Pt > 0h] < %e—’”/?, for all h > 0. (1.23)

We proceed with a classical fact concerning conditional distributions for the Gaussian
free field on Z<, the proof of which can be found in [24] (see Lemma 1.2 therein).

Lemma 1.2. (d >3, # K cC Z%)

Let
pE, = Po[Hix <00, Xp, =y|, forz € 2%, y € K, (1.24)
and
pi = Ey[Hg < 00,0x, 1= > pk, @y, forzeZ?, (1.25)
yeK

which is o(p,; * € K)-measurable, and define (pX),cza by
0r = K 4y, forz e 7% (1.26)
Then, under PP,

(pK),cza is a centered Gaussian field, independent from 1.27)
o(ps; © € K), with covariances E[&f(ﬁf} = gke(z,y). '

(In particular, ng =0, IP-a.s. wheneverxz € K).

Lemma 1.2 yields the following choice of regular conditional distributions for (. ), cza
conditioned on the variables (. ).cx, which will prove very useful in several instances
below. Namely, P-a.s.,

P[(90)uezi € - |(00)oer] = P(PE + pl) peza € - 1. (1.28)

where pX, z € 74, is given by (1.25), and ($X),cza is a centered Gaussian field under P
with covariance structure gk« (-,-), independent of p,, z € K.

The following is an immediate corollary of Lemma 1.2, which provides a way to
construct (¢;)zex inductively from a family of independent Gaussian variables.
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Lemma 1.3. (d >3, ) # K CC Z9)

Let x1,72,...,7| x| be an enumeration of the elements of K, and K,, = {x;; 1 <i < n},
for 1 < n < |K]| (in particular, K; = 0). Let v¢,, x € K, be an independent family of
Gaussian random variables, with

Vg, ~ N(0,9xe (T, xy)), forl <n < |K], (1.29)

and define recursively (with a slight abuse of notation)

1 — %:
Yo L (1.30)
Oy = Vu, +ppr, forl <n < | K.
Then (. )zcx has the law of Gaussian free field restricted to K.
Proof. We proceed by induction over n. For n = 1, (1.29) implies that ¢,, is in-
deed a centered Gaussian variable with E[p? | = E[¢2 ] = ¢(0). Suppose now that
(Paysv s a,_y) = (¢z)zek, has the law of Gaussian free field restricted to K,, for

some 1 < n < |K|. In particular, by (1.30), (¢z)zck, is a (linear) map of (¢y)zek,,, it
is therefore independent of v,,,. Thus, Lemma 1.2 (with K = K,,) readily yields that
((pz)zeK, s Pz, ), With ¢, as defined in (1.30), has the desired law. O

2 Upper bound

In this section, we show Theorem 0.2. As explained in the Introduction, this includes
setting up an appropriate renormalization scheme, which is done in Subsection 2.1, and
deducing suitable recursive bounds for the probability of the relevant crossing events
at different scales. Proposition 2.1 entails the induction step, which is then propagated
inductively in Proposition 2.2 along any increasing sequence of levels (h,,),>¢ satisfying
a mild growth condition (cf. Remark 2.8), provided a suitable bound for the probability of
crossing events at the lowest scale holds. Obtaining the desired seed estimate requires
a substantial amount of work (see also Remark 2.3, 2) below, which details this difficulty
more quantitatively) and is the object of Subsection 2.2. The main result is Theorem
2.5 therein. Finally, Subsection 2.3 brings together the two ingredients to complete the
proof of the upper bound (0.9).

2.1 Renormalization scheme

We start by developing a renormalization scheme, which, in its broad lines, is adapted
from the one described in Section 2 of [24]. We start by introducing an integer parameter
N > 1 and a geometrically increasing sequence of length scales

L, =13 Ly, forall n >0, satisfying Lo > d, Iy > 20(\/ﬁ+ N), (2.1)
and corresponding renormalized lattices
L, = L,Z%, sothat L, CIL, C---C Ly (C Z%), for all n > 0. (2.2)

We are interested in the crossing events (cf. (1.17) for notation)

Al = {Bu(@, Ln) €% 0iBn,}, forn >0,z € L, and h € R, (2.3)
where
Boo(z,3Ly), ifn>1
Bn,z = (x ) nn y (2.4)
Boo<.’1,‘,L0)+Bl(O,NLO), ifn=0
EJP 20 (2015), paper 47. ejp.ejpecp.org
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for all x € IL,,. The case n = 0 requires special treatment due to the following competing
interests. On the one hand, the seed estimate we will need to establish forces By ,,
x € Iy, to be not too small (this is the reason for introducing the additional parameter V).
On the other hand, By, should remain sufficiently “invisible” to a simple random walk
started at ¢°°-distance of order L,,, for some n > 1, from x (see the proof of Proposition
2.1 below).

Similarly to the approach taken in Section 2 of [24], instead of looking directly at
the whole crossing path above level h needed for A?w to occur, we will consider its
projection onto 2" small and “well-separated” sets at scale n = 0 (translates of By ).
These sets will be indexed by the leaves of a binary tree of depth n. We now describe
this “graphical cantor set” construction more precisely. We write 7*) = {1,2}* for all
k > 0 (with the convention {1,2}° = (), and T}, = Jy<., T*) for the canonical dyadic
tree of depth n. For arbitrary n > 0, we call amap 7 : T,, — Z“ a proper embedding of
T, in Z.¢ with root at « € L,, if

D TO) =a

i) forall 0 < k < n: if my, mo € T**Y are the two descendants
of m € T, then T(my) € Ly,_x—1 N S (T (M), Ln_1), and
T(ms) € L1 N Soc(T(m), 2Ln_)-

(2.5)

We denote by A, , the set of proper embeddings of 7}, in Z¢ with root at z € L,,, for
n > 0. One easily infers that

Al < ((e2lo)®)2 - ((ealo)™ M -+ ((ealo) )" < (ealg)?@=1", (2.6)

for some constant c; > 1. Moreover, on account of (2.1), (2.4) and (2.5), if T € A,
for some n > 1 and z € L,, and if m € T for some 0 < k < n with descendants
mi, Mo € T(k—H), then

Bn—k‘—l,T(mi) - Bn—k,T(’m)a fori = 13 2. (2.7)

By elementary geometric considerations, and using (2.7), one then deduces that for all
n>1,zel,and h € R,

h h '
Ana C U An 17y N An_1 72
TEMA

see Figure 1 below, and inductively that

Ar < |J A%, where Ay = () Abg. forn>0,zcl,andheR.  (2.8)
TGAn,;,; meT(n)

Accordingly, we introduce the quantity

pn(h) = sup IP[AhT‘], forn >0, h eR, (2.9)
TEAn

which does not depend on x € IL,, due to translation invariance, and is a decreasing
function of h € R. We will later apply a union bound in (2.8) in order to bound IP[AZ@].
Thus, estimates for p,,(h) will have to be strong enough to overcome the combinatorial
complexity |A,, ;| coming from the number of trees one can choose. To begin with, the
following proposition provides recursive bounds for p,(h,), n > 0, along a suitable
non-decreasing sequence (hy,)n>0.
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Ly 1 T
Bn1,4, T(0) =0
-7 ;‘ (n>1) ! N -7
0 ) /\X\
° N PRGN SN T(2) = a2
\\ II \ ) ’/ \\
Bn—lﬂcl [ > I\ ) ¥ T .
(n=1) Lo /
! S ) T() =z
: Bn—l,acg
Ln ' See(0,2L,,) See(0,3Ly,)

Figure 1: Any nearest-neighbor path in Egh (represented by the dashed line) connecting
B+ (0,L,) to Sx(0,3L,), for some n > 1, must cross a box B,_1 5, for some z; €
Se(0,L,) NL,_1, as well as B,,_1 ,, for some z3 € So(0,2L,) N L,_1, thus giving rise

; h h
to the simultaneous occurrence of A;_, , and A;_, ..

Proposition 2.1. (d{ >3, N> 1, Lo >d, lp > 20(\/a+ N))

There exists a constant cs such that, defining

ma(d, Lo, N) = /log(22 (N +1)3Lo)%), (2.10)
given any positive sequence (o, ), >0 satisfying
ay > my(d, Lo, N), foralln >0, (2.11)
and any increasing, real-valued sequence (h,,),>o satisfying
hi1 > B+ an (es(Vd+ N)) T2 (2152 for alln > 0, (2.12)
one has

Prs1(hng1) < po(hn)? + e @n=mn(dLo.ND? " for gl p > 0. (2.13)

The proof of Proposition 2.1 is similar to that of Proposition 2.2 in [24] (see also
Lemma 2.6 in [8] and Proposition 4.1 in [23]), with certain modifications. In particular,
note that the constants appearing in these references all implicitly depend on d. In the
present situation however, it is imperative to have a good control over the “sprinkling”
condition for the sequence (h,,),>0, cf. (2.12), in terms of d as d grows to infinity.

Proof. Let T be a proper embedding in A, 11,0, for some n > 0. For ¢ = 1,2, we denote
by 7; € A, 7(;) the proper embedding of depth n with root at 7(i) “induced” by T,
i.e. determined by 7;(m) = T (im), for all m € T, (where im € T,; stands for the
concatenation of {i} € T(*) and m), and define the sets

Ki = U BO,T-;(M)) forz' = 1,2 (214)
meT(n)

On account of (2.3) and (2.8), we see that A% € o(ps; x € K;), fori = 1,2. We introduce
a parameter a > 0, set o’ = cja (cf. (1.21) for the definition of ¢;), and write, abbreviating
max, ¢ = max, ., @y,

P[A%] = P[A%; N A% ]
< P[A% N A% N {max, ¢ <o}]+ Plmax, ¢ > d] (2.15)
= E[lA’;;l ! 1{maxKltp <a'} " IP[A% | (‘px)xelﬁﬂ + P[maxzq(p > O/]'
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By (1.28), the conditional probability appearing in the last line of (2.15) can be rewritten
as

PIAL | (po)oer) = PIOES + 450 2 W))yezo € Ap], Pras,  (216)

with pf* = E,[Hp, <o0,¢x, |and where A7, € A, the canonical o-algebra on {0, 132,
1
is such that A% = CIJ,:l(ATz) (recall (1.18)). In particular, A, is measurable with respect
to the canonical coordinates in K5. We will now estimate the random shift ufl, for
x € K5, which will involve the bounds (1.15), (1.16). To this end, we first note that, by
construction,
do(K1,K3) > Lpy1/2 (> d). 2.17)
Indeed,

(2.5),2.7)

infJyr—gele = [T -T@)- Y suwp |y-T()

i €K;,i=1,2 i=1,2Y€Bn, 7))
(1.1),(2.4)
Lypt1 —2((Vd+ N)Lo v Vd3L,)
(2.1)

> (ZO - Z(ﬂ + N))Ln A (ZO - 6\/;13))Ln

(in particular, we have used that By, C Bs(z, (\/E + N)Lg) for all z € Ly in the second
line), which, together with the constraints Ly > d and [y > 20(\/& + N), immediately
yields (2.17). Thus, for arbitrary x € K, and « > 0, on the event {maxK1 p<da'},

N
[

Nfl < o - Py[Hp, < o]
(1.11)

A=

o -cap(Ky)- sup  g(x,y)
z€Ko2, yeK1
(1.9),(1.10)
< a2"-cap(Ba(0,(Vd+ N)Lo)) - sup  g(z,y) (2.18)
z€Ko2, yeK1

/2" (c(Vd + N)Lo/Va)i=2 - (Va1 Lo)
< a2(es(V+ NI (g )Ty,

(1.15),(1.16)
<

where (1.15) applies due to (2.17) and (1.16) because (v/d + N)Lo > d by assumption,
and where the last line in (2.18) defines the constant c3 appearing in the statement of
Proposition 2.1 above. In particular, on the event {maxK1 ¢ < o'} and for any z € K, the
inequality @&t + 1 > h implies
(2.18)
Y

Hence, on the event {maxK1 » < o'}, since A7, is increasing, (2.16) yields

IP[A% ‘ (‘pz)zGKJ < IP

I
=

(1 { K= > h =y} )geze € Ay
(=5 — i > h =} peze € AT,
(1{<pK1 + st < = h})peza € A7)
(H¢K1+u11>7—4ﬁhgzd€An]
AT2 | (%)zeKlL

P

128 p

[
B[
P
[
[A

where ZTQ denotes the flipped event (recall the notation from above (1.19)), and wllere
we have used in the second line that oK1 and —3%' have the same law under P, cf.
(1.27), and that IP does not act on ,uKl. Inserting this bound into (2.15), we obtain

P[A%] < P[AL N AL "] + Plmax, ¢ > o]

. (2.19)
< PIA%] - P[AL 7] + P[max, ¢ > o],
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and the second step is due to (1.19) and the FKG-inequality for the free field (see for
example [10], Ch. 4), which applies and yields an upper bound, because the event A% is

increasing and Z;—z_h is decreasing, cf. (2.3), (2.8).

It remains to bound the error term. Since By g C Boo(0, (N +1)Lg), we have by (2.14)
that [ K| < 2"|Buo (0, (N + 1)Lo)| < 2%(3(N + 1)Lo)%, and (1.22), (2.10) imply that (recall
that o/ = cia)

]P[maxklap >a'] < e_(“_m”(d’LO’N))z, for all « satisfying (2.11).

Substituting this into (2.19) yields, for all «,, def. a fulfilling (2.11) and all A’ > h,

P[AY] < P[A%] < P[AN] - PIAS Y] 4 e (@nmmnldiLoN)*,

The claim (2.13) now readily follows upon taking suprema over all 7 € A, 119 on

both sides, letting h, def. h —~ € R (h was arbitrary), h,4+1 det. k', so that requiring

hni1 = R > h = hy, + v, by virtue of (2.18), is precisely the condition (2.12). This
concludes the proof of Proposition 2.1. O

We will now propagate the bounds (2.13) inductively along a suitable sequence
(hn)n>0, and select to this end

= my(d, Lo, N) +20D/2 (12 L 13/ for n > 0, (2.20)

for some parameter ky, > 0 to be specified later, and with m,,(d, Lo, N) as defined in
(2.10). In particular, note that (2.20) satisfies the condition (2.11) for every choice of
ko > 0.

Proposition 2.2. (d >3, N > 1, Ly > d, I > 20(v/d + N))

Assume ho € R and ko > (1 — e~ 1)~ " b are such that

po(ho) < e, (2.21)
and let the sequence (hy, ), >0 satisfy (2.12) with (a,)n>0 as defined in (2.20). Then,
pr(hy) < e”ko=02" " for allp > 0. (2.22)

On account of Proposition 2.1 and the choice of a,,,, n > 0, in (2.20), (compare this to
Proposition 2.2 and (2.51) in [24], respectively), the proof of Proposition 2.2 is completely
analogous to that of Proposition 2.4 in [24]. We therefore omit it.

Remark 2.3. 1) Even though we will not need this below, note that the conclusions of
Propositions 2.1 and 2.2 continue to hold for arbitrary increasing (seed) events Ay , C
{0, I}Zd, for x € Ly, which are measurable with respect to the canonical coordinates
in By, as defined in (2.4), upon letting A(}iz = <I>,;1(A0}z), for all x € ILo and h € R,
defining events A%, with 7 € A, , for arbitrary n > 0 and =z € L,, as in (2.8), and
taking an additional supremum over z € IL,, in the definition (2.9) of p,, (h) (no translation
invariance required). Moreover, by symmetry, if instead all events Ay ,, * € Ly, are
decreasing, under the assumptions of Proposition 2.1, the conclusion (2.13) holds for
the sequence (—h,,),>0 in place of (h,)n>0.

2) The condition (2.21) is quite strong. Indeed, by (2.8) and (2.9), we have, for all h € R,
n>0andz € L,

P[A" ] = P[Boo(w, Ln) €% OintBno] < [Ana| - pu(h).
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If the bound (2.22) were to hold for some value of ky > b, it would yield, together with the
estimate (2.6) on the combinatorial complexity |A,,, [Ah ] < (chg(dfl)/e’“O"’)Q".
Thus kg will have to satisfy the requirement eko > clg(d_l) for a certain constant ¢ > 0 in
order for this bound to be of any use. Substituting this into (2.21) yields the condition
po(ho) = IP[AS?O] < c’loﬂ(d*l). For the purpose of proving Theorem 0.2, hy will be at
most has(1 + ), for some € > 0. We will therefore essentially have to prove that the
crossing event Ah“(HE) decays roughly like exp(—cdlogd) for all d > ¢(¢) (recall that [,
is required to grow at least like v/d, cf. (2.1)). O

2.2 The local picture

In this subsection, we provide an estimate regarding the local connectivity properties
of the level set E>has(1+€) for arbitrary € > 0, in high dimension. Here, “local” means
that we only investigate connectivity within an ¢!-ball having a radius of order at most
d around a given point on the lattice. Specifically, we will consider the probability of a
nearest-neighbor path in E>h“(1+€) connecting the center of such a ball to its boundary.
The resulting bound, cf. Theorem 2.5, is of independent interest, but it will be crucial in
establishing the seed estimate (2.21), thus enabling us to launch the renormalization.
We begin with the following simple lemma, which will be useful in several instances
below.

Lemma 2.4. (d > 3)

There exists a constant ¢ > 0 such that, for all ¢ > 0, x € Z%, all sets K,U satisfying
UCKccZ\{z}and|U| </d, and alle > 0,

2

P{%pgygoy > shas} < exp { ew n 1)dlog d} (2.23)

with pﬁy as defined in (1.24).

Proof. Let £ > 0, x € Z% ¢ > 0, and the sets K,U be fixed as to satisfy the above
assumptions. We abbreviate (, = ZyeU pﬁygoy, which is a centered Gaussian variable.
We compute, for arbitrary A > 0,

Var(/\Cx) — [ ACz - )‘2 Z pr ypT z ?JCIOZ]

y,zeU
(2.24)
= A2{g(0) SEE)+ DD pE K gy - z)}-
yeu y,z€U
yF#z
Observe that forall y € U and d > 3,
pX, "2V Py [Hy < 00, Xpr,e = y) < Pu[H, < 0] < ¢/d, (2.25)

where the last step follows from an elementary application of the strong Markov property
at time Hg, (1) (recall that = ¢ U) and (1.14). Moreover, for all z € 74 \ {0} and d > 3,
by the strong Markov property at time H,,

(1.12),(2.25)
g(z) = Po[H, < 0] - g(0) < c/d. (2.26)

Inserting the bounds (2.25), (2.26) into (2.24) and using again that g(0) = O(1) as d — oo
(cf. (1.12)) gives

Var(A\,) < eX*(d72|U| 4+ d3|UJ?) < eX?d™ 10+ £2),
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where the second step follows because |U| < ¢d by assumption. Thus, by Markov’s
inequality, we obtain, for all A > 0 and d > 3,

1

P[C, Bl < e~ Achas | Var(Aa)/2 < {_
[Co > chas] < e e <P i 1)

d(ehes)?},

where the last step follows by optimizing over A\, which occurs for the choice A =
edhas/cl(f + 1) (with ¢ the constant appearing in the bound for Var(\({,) above). On
account of (0.8), and since ¢(0) > 1, this implies (2.23), and thus completes the proof of
Lemma 2.4. O

We proceed to the main result of this section. For convenience, we introduce the
shorthand

B2 = has(1 4 ¢), fore > 0. (2.27)
Theorem 2.5. (¢ > 0)

There exist constants c4(g) > 1 and ¢5 > 0 such that for all N > ¢4(¢) and d > ¢(e, N),

(e)
P[0 2% S,(0, Nd)] < exp{—c5 f(e, N) - dlog d}, (2.28)

where f(e,N) =&3\/N/(1 +¢).

We briefly outline the proof of Theorem 2.5, which essentially comprises three steps.
First, instead of considering the whole path connecting the origin to S;(0, Nd) directly,
we look at the “local traces” it leaves after first visiting each of Ny = ¢N (for suitable
c € (0,1)) concentric ¢*-annuli around the origin having a width of order d (similarly to
what was done in [32] in the context of interlacement percolation). We are led to consider

the probability that Ny “well-separated” paths in thg) of length |¢d]| each, for some
0 < ¢ <1, all occur simultaneously (which competes against a suitable combinatorial
complexity). The parameter ¢ will have to be carefully chosen a posteriori. In a second
step, we discover the field along a fixed collection of paths “dynamically,” using Lemma
1.3, as alluded to in the Introduction. Finally, Lemma 2.4 will provide good controls on
the error terms that arise.

Proof. We define
c6 =2([co| +1), (see (1.13) for the definition of ¢). (2.29)

Let £ > 0 be fixed and assume N > cg (stronger conditions on N will follow). Instead of
working with NV directly, it will be convenient to use

No=|N/cs] (= 1). (2.30)
We also introduce a parameter
0<l=4(e,Ny) <1 (2.31)

to be specified later. Given a vertex = € Z¢, we denote by II,(z) the set of all self-avoiding
nearest-neighbor paths of length [¢d] starting in = (by convention, if [¢d| = 0, the set
consists only of the vertex x itself). By construction, any path connecting the origin to
S1(0, Nd) intersects all spheres S1(0,n cgd), for 0 < n < Ny. Moreover, any self-avoiding
path 7 € II,(z), with z € S1(0,nced) for some 0 < n < Ny and 0 < ¢ < 1, satisfies
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range(m) C B1(0, Nd). Thus,

(e)
P[0 2% S, (0, Nd)]

< IP[ U U {th*(‘? Drange(m,),0 <n < No}}

2, €S1(0,nced) m, €I, (xy)
0<n<No  0<n<No (2.32)

< Z Z ]P[Egh‘g:) D range(m,),0 < n < Ny,
Tn €S1(0,nced) m, €I (xy)
0<n<Np 0<n< Ny
for all Ny > 1 (i.e. N > ¢g) and 0 < £ < 1 (see also Figure 2 below). For later reference,
we note that given two paths 7, € IIy(z,) and m, € IIy(z,,) for some 0 < ¢ < 1, with
0<n<m< Ny, z, € 51(0,nced) and x,, € S1(0, mcgd),

(2.29)
Ay (T, Tm) = T — @)1 — 20d > cgd — 2d > 2cod. (2.33)

(P

$1(0, cgd) $1(0, 2¢6d) $1(0, (No — 1)cgd) S1(0, Nd)

Figure 2: The collection (m,,)o<n<n, Of “local traces” left by a self-avoiding path in thgg )
connecting the origin to S1(0, Nd), obtained by considering the first |¢d] steps after first
hitting each of the spheres S;(0, ncgd), for 0 < n < Ny (when viewed as starting from 0).
The paths 7,, 0 < n < Ny, are in fact “well-separated,” as captured by (2.33).

Since |y (x)| < (2d)Y foralld > 3,0 < ¢ < 1 and z € Z¢%, and using the estimate
(1.2) on the cardinality of ¢!-spheres, the number of terms appearing in the double sum
of (2.32) is bounded by

No—1 No—1
[T 15100, nc0d)| - (2d)\“) < exp { No¢d]log(2d) +d Y (neg +2)}
n=0 n=0

= exp {No (Léd] log(2d) + M + 2d)}
<exp{(1+¢e)No|ld]logd}
E Cale, No, 0)

forall Ng >1,0< ¢ <1andd > c(e, Ny, £). Returning to (2.32), this yields

>h{
P[0 == 51(0, Nd)]
()
< Cale,No,0)-  sup  P[EZ"™ D range(m,),0 <n < Nol, (2.34)
zn €5S1(0,nced)
ﬂ'nené(xn)
0<n< Ny
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forall Ng > 1,0 < ¢ <1andd > c(e, Nog,¢). We now focus on the probability appearing
on the right-hand side of (2.34). Thus, we fix N self-avoiding paths

Tn = (xn,k)ogkgﬂdj S H@(l‘n,o), with Tno € 51(0, ncﬁd) forall 0 < n < Ny,
and define
No—1
K= U range(m, ), so that |K| = Ny[{4d]. (2.35)
n=0

For notational convenience, we introduce the set of labels
I:{O,...,Nofl} X {0,,L€dJ} 4= (il,ig)

(where i, kK = 1,2, denote the coordinates of i, with values in {0,..., Ny — 1} and
{0,...,|¢d]}, respectively), so that range(m,,) = {z;; i € I,i; = n} for all 0 < n < Ny and
K = {x;; i € I'}. We further denote by < the lexicographic order on I. This induces an
ordering of the points in K. Finally, we also set

Ki={z;; j<i} (CK), forieI. (2.36)
The event ©
{EZ" D range(m,),0 <n < No} = ﬂ{@m > hid} (2.37)
iel

is measurable with respect to the o-algebra generated by ¢,, z € K, and we will now
construct the field (¢,).cx using Lemma 1.3, by adding one variable at a time, according
to the ordering < (thus, K; as defined in (2.36) denotes the set of points at which the
field has been discovered “before time i”). Specifically, we proceed as follows. Let v;,
1 € I, be an independent family of Gaussian random variables, with

Vi ~ N (0, gxe (i, 2:)), foralli e T (2.38)

(see (1.5) for the definition of the killed Green function), and recall from (1.24) that
pf‘;j = Py[Hk, < 00,Xp, =yl forallz,y e 7. We define recursively

Yz, =, fori = (0,0),
Yo =i+ > K gy, forie I\ {(0,0)}. (2:39)
yekK;

By Lemma 1.3, the law of (¢.,):c; as defined above is precisely that of the Gaussian
free field restricted to K. By (2.33), the main contribution to the sum on the right-hand
side of (2.39) will come from the points which belong to the same path as z; (i.e. to m;,).
Accordingly, we introduce the sets

def.

U, = {xj;j—<iandj1:z'1} (C Kl), fOI‘iEI, (2.40)
and obtain the decomposition,
Pr, =i + G+ Y. pRLey, with = > pii o, foralliel, (2.41)
yeK;\U; yeU;

where the above sums are understood to vanish identically whenever the summation
is over the empty set. Now, observe that for all i € I, on the event {p,, > hgi)} N{G <

€has/4},

(2.41)
has(1+€) =hid < wi+G+ Y. piig,

(1.24) e ’
< i+ Zhas + 106,50y P [Hi\v, < o]+ sup ¢,
yeK;\U;
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In order to bound the hitting probability P,,[Hk,\y, < oc], we note that, by construction,
cf. (2.33) and (2.40),

dl(xi,Ki \ Ul) > 2cod, forall i € I with iy > 0. (2.43)

Thus, we can find ¢ > 0 such that

(1.11)
P, [Hg v, <oo] < cap(K;\U;)- sup g(y— i)
YER\U: (2.44)
(1.1

3)
< |Kz \ Uz| . 2—d/2—2 < G_Cd,
forall i € I with iy > 0 and all d > ¢/(e, Ny, ¢), where (1.13) applies because of (2.43),
and we have bounded |K; \ U;| < |K| = Ny[4d] using (1.7), (1.8) and (2.35). Inserting

(2.44) into (2.42) yields that there exists a suitable constant ¢; > 0 such that forall¢ € T
and d > ¢(e, Ny, £), on the event {¢,, > hgi)} N{¢G < ehas/4},

€ € € _
has(1 +¢) = hs) < O, Ui+ —has+ —has- e~ sup ¢,

(with the convention sup () = 0, which occurs if K; \ U; = 0), i.e. i; = 0). Thus, for alli € I
and d > ¢(e, Ny, ),

({%i > WY N {G < ehas/4} N { sup @y, < ec7d}) C {y; > h?},
yeK;\U;

and therefore

fpa 2 WY C (i 2 BP0 sup gy > €T L UG > ches/4})
yeEK;\U;

c ({1/% > n/ U { sup @, > ec7d} U ¢ > 5has/4}>.
yekK jer

Going back to our initial event in (2.37), by a union bound, we obtain, for all Ny > 1,
0<?¢<landd > c(e, Ny,¥),
(=)
]P[thas D range(m,),0 < n < N

< HIP[%‘ > ha({i/g)] + IP[sup Py > ec7d} + 1] - sup P[¢; > ehas /4],
iel yeK icl

(2.45)

where we also used independence of the variables v;, i € I, see above (2.38). We consider
each of the three terms in (2.45) separately. Recall the definition of the combinatorial
complexity C; above (2.34).

Lemma 2.6.
[TPlw: > b)) < 7l (e, No, ) - ee=" Noltdlloed for Ny > 1,0 <0< 1,d > . (2.46)
el

IP[sup 0y > ed} < C2(e, Ny, 0), for Ng > 1,0 < £ <1, d > c(z, No, ). (2.47)
yeK

Moreover, for the choice of

0=10(e,No) = 1A cac” (2.48)
= £ = —_— .
o 41+ )Ny’
one has
11| - supP[(; > ehas/4] < C;%(e, No), forall Ny > 1 and d > c(e, Ny). (2.49)
iel
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Proof of Lemma 2.6. First, observe that

(1.6) (1.21)
E[v?] %2 gxe(wi,0) < 9(0) < &, forallie [andd > 3.

Hence, the elementary tail estimate (1.23) yields (note that |I| = |K| = Ny[4d], cf.
(2.35)),

HIP[Q/% > has(]- +5/2)] < (6167h§S(1+E/2)2/2g(0))NO le

el

forall Ny > 1,0 < ¢ < 1and d > ¢, which, upon expanding (1+¢/2)?, immediately implies
(2.46). The estimate (2.47) is also a direct consequence of (1.23) and a union bound (the
ease with which this is obtained merely reflects the fact that for any z;, i = (i1,i2) € I,
the shift produced by points lying on paths discovered “before” ;, (if any), has little
influence on ¢,,, cf. (2.41) and (2.44)).

It remains to show (2.49). Observe that, by definition of (;, see (2.41), Lemma 2.4
with K = K; and U = U; (which satisfies |U;| < 4d, cf. (2.40)), applies and yields (for a
suitable cg > 0; this defines the constant appearing in (2.48)),

1] PIG > chas/4] < exp{—csc2dlogd/E(t + 1)},

forallie I, Ny >1,0< ¢ <1andd > c(e, Ny, {). Selecting ¢ as defined in (2.48), which,
in particular, satisfies the requirements of (2.31), ensures that

cge?dlogd

@+ >2(1+¢)|d|Nologd (2.50)

(the last term should be read as twice the exponent appearing in the combinatorial
complexity Cg ), for all Ny > 1 and d > 3, and (2.49) follows. O

Substituting the bounds (2.46), (2.47) and (2.49) into (2.45), we see that for the value
of £ in (2.48), all Ny > 1 and d > ¢(e, Np),

(e) ’
P[EZ"= D range(m,),0 <n < No| < C;'(e, Np) - e~/ Notdlogd

(the contribution from (2.46) is dominating). Finally, inserting this into (2.34), noting
that ¢(e, Ng) < 1 whenever Ny > ¢o(e) for some constant cg(e) > 1, cf. (2.48), and on

account of (2.30), we readily obtain (2.28), with ¢4(¢) def. ¢6 - co(€), and for a suitable
value of ¢5 > 0. This completes the proof of Theorem 2.5. O

Remark 2.7. The only feature of the function f(e, N) which will be of importance below
is that limy_, f(g, N) = oo for every e > 0. For the sole purpose of proving Theorem 0.2,
any other function f(e, N) with this property would have sufficed. Moreover, while the
term (¢ 4 1) appearing in the bound (2.23) looks innocent when ¢ € (0, 1], it is crucially
used in (2.50) to ensure that the resulting function f(e,-) indeed grows at least like
a positive power of N (in fact one could even have obtained f(e,-) = ©(N?/?) from
(2.50)). (|

2.3 Dénouement

Finally, we complete the proof of Theorem 0.2. This will involve the renormalization
scheme introduced in Section 2.1. As noted in Remark 2.3, 2), the seed estimate (2.21)
needed to initiate the renormalization is rather strong, and Theorem 2.5 will be of crucial
use to establish it.
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Proof of Theorem 0.2. Let ¢ > 0 be fixed. In order to establish (0.9), we have to show
that
hax(d) < has(d)(1 +€), for all d > c(e). (2.51)

To begin with, we select the parameters Ly, |y and N in the renormalization scheme
from Section 2.1, cf. (2.1). We let

(2.52)

Lo=th=d, N =N = e v ZELIE]

(c5e?)?
(recall the statement of Theorem 2.5 for the definition of ¢4(¢), ¢5), so that the constraint

lg > 20(\/& + N(¢)) in (2.1) holds for all d > ¢(¢), and choose ky appearing in (2.20) as

(2.52)

ko = b+ log(2(calo)?4~Y) b+ log(2(cad)? 1) (2.53)

(see (2.6) for the definition of cy). Lastly, we define the increasing sequence (hn)nZO
recursively as

ho = has(1 +¢/2) (= ),

_ . (2.54)
hni1 = B+ an (es(Vd+ N)) 2 (215 72)" ™ forall n > 0,

with «,, given by (2.20). In particular, (h,),>0 satisfies the “sprinkling” condition (2.12).
To see that the choices in (2.52), (2.53) and (2.54) are judicious, we first check that

hoo = lim h, < has(1 +€), forall d > c(e). (2.55)

n—oo

Indeed, it follows from (2.20), using (2.10), (2.52) and (2.53), that for all d > ¢(e) and
n >0,

(log(2" (N + 1)3d)%)) "/ 4 20HD/2 (012 1 (b + log(2(ead)>@ 1)) V?)

An = (2.56)
< (e)(dlogd)t/? 2+t
(the dependence on ¢ is due to N). Hence,
hee (2.55),(2.54) ho + ZOln(cfi(\/gJFN))d72(2l()_(d_2))n+l
n>0
(2.52),(2.56) n
ho + c(e) (dlogd)'/? - (' (e)d/?)~(4=2) Z (4a=(4=%) (2.57)
n>0
S hO + 6/27

for all d > ¢”(¢). This is more than enough to deduce (2.55) (we comment on this in
Remark 2.8 below).

In order to complete the proof of Theorem 0.2, we apply Proposition 2.2. Except
for the condition (2.21), all its requirements are clearly satisfied by our choices of
parameters in (2.52), (2.53) and (2.54), whenever d > ¢(¢). To deduce the necessary
seed estimate (2.21), we use the connectivity bound from Theorem 2.5. Observing
that the choice of N = N(¢) in (2.52) guarantees that ¢5 f(¢/2, N) > 6, for f and ¢5 as
appearing in (2.28), it follows that

(2.9), (2.3) >h
po(ho) = P[Bwo (0, Lo) & 0t Bo o]
(2.4),(2.54) >p(e/2)
2d(2Lo +1)471 - P[0 <= S;(0, NLg)]
(2.28), (2.52)
< edlog3d—6dlogd < d_4d,
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for all d > ¢/(£). On the other hand, (2.53) impies that e %0 > d=34 for all d > ¢, hence the
condition pg(hg) < e~*0 in (2.21) holds for alld > ¢/(¢). We may thus apply Proposition 2.2,
thereby obtaining

(2.22) n (2.53)
pn(hn) < e ~(ko—b)2 <

(2(cad)2@=D) ™" for all n > 0 and d > c(c), (2.58)
with (hy,),>0 as defined in (2.54). Hence, for alln > 1 and d > ¢(g), (N.B.: the first of
the following chain of inequalities is obtained by covering B (0, 2L,,) with essentially
disjoint ¢*°-boxes of radius L,,, and performing a union bound)

()

PBoc(0,2L0) 25 So(0,4L,)] < 29 P[Buc(0, L) 225 S0 (0,3L0)]
(e)_ (2.55) (2.8),(2.9)

(2.3):,(2.4) 2d ]P[Ah )] S d]P[AZ—?O] S 2d|An,O| pn(hn)

(2'6)%2'58) Qd((CQd) (dfl)) . ((202d)2(d71))*2n < 9-2(d-1)(2"~1) 12,

In particular, this implies that lim inf; o P[Boo (0, L) ﬁ> So(0,2L)] =0, for all d > c(e).
Recalling the definition (0.4) of the critical level h.., this yields (2.51), and thus completes
the proof of Theorem 0.2. O

Remark 2.8. Our renormalization scheme is somewhat asymmetrical. On the one hand,
the sprinkling condition (2.12) for the sequence (h,),>¢ turns out to be very mild, as
it only costs an “additive” ¢, cf. (2.57) (obtaining h., < ho(1 + ¢), for all d > ¢(e) would
have sufficed for the purpose of proving Theorem 0.2). On the other hand, the scheme
relies on the strong seed estimate (2.21), and establishing it is what prevents us from
obtaining a more precise result than (0.9). O

3 Lower bound

We proceed to show the lower bound, Theorem 0.3. As described in the Introduction,
the proof comprises two main steps. The first one, which is the subject of Subsection
3.1, reduces the problem of constructing an infinite cluster to a local statement. The
assertion is roughly the following (see Theorem 3.1 below): given § > 0, if the level A is
such that with high probability, the set Egh” possesses a ubiquitous component in each
of the d-dimensional hypercubes 2z + {0,1}%, for z € Z? (C Z¢) and |z|; < 1, which are
all connected, then E%h percolates whenever d is sufficiently large (depending on §).

In order to prove the lower bound (0.10), it then suffices to verify that this criterion
holds when h = has(1 — €), for arbitrary e > 0. This step is split again into two parts, to
which Subsections 3.2 and 3.3 are respectively devoted. First, we construct a wealth
of substantial components in the hypercube, with cardinality growing polynomially in
d, and show that most vertices in {0,1}¢ are either contained in or neighboring such a
component. The main result is entailed in Corollary 3.7 below. The second part consists
of patching together these substantial components to form a “giant” one, and to then
connect the latter to the ubiquitous components contained in the neighboring translates
of {0, 1}Zd. This is achieved in Theorem 3.8. All ingredients are put together at the end
of Subsection 3.3 to complete the proof of (0.10).

3.1 Local ubiquity and connectivity are sufficient

We begin by establishing the finite-size criterion that guarantees percolation, The-
orem 3.1 below. To cope with the long-range interactions, we use a renormalization
argument on Z2, which bears some resemblance to the one developed in Section 2.1
above, together with a standard duality argument.
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We view Z? as a subset of Z¢ by identifying = (21, 72) € Z* with (21,2,0,...,0) €
72, and write Béz)(x,r) = By(x,r) NZ? with z € Z?, r > 0, p = 1,2,00, for two-
dimensional balls. Similarly, we let S,(F)(a:, r) = 6mtB,()2)(x, r). Moreover, we denote the
d-dimensional hypercube and its translates in Z? by

H, = 2z + {0,1}%, forall = € Z2, (3.1)

and abbreviate H % Hy, so that H,, x € Z?, forms a partition of I + Z?2. The following
definition is essentially borrowed from [32], Section 2 (this will in particular enable us to
reinject certain isoperimetric controls which follow from the results in [5] (see Lemma
4.3 in [32]) directly at a later stage). For arbitrary h € R and z € Z?, we introduce the
(local) event

Gh={weQ; forallz’ € B (2,1), the set H, N EZ"(w) contains a connected

component C,, with the property that [C"'| > (1 — d~2)|H,/|, and the  (3.2)

2 .
sets Cy, 2’ € B (x,1), are connected within EZ"N Uz'er)(m) H, }

(recall that 6]:,””/ denotes the ¢!-closure of C,, in H,/). A vertex x € Z? will be called
h-good if G" occurs, for arbitrary h € R, and h-bad otherwise. Note that for all d > 3,
each of the sets C,. in (3.2) is necessarily unique in H,/: indeed, if C' C H satisfies
" > (1 — d~?)|H], then in fact |C| > [C" | — |0C N H| > (1 — d~2)|H| — d|C| (each vertex
has d neighbors in H), and solving for |C| yields |C| > (d — 1)d~?|H| > 2d~2|H|. But
any other set D C H not connected to C' must be contained in H \ C" and thus satisfy
|D| < d=2|H|, hence C is unique. Accordingly, we will henceforth refer to any set C,.
appearing in (3.2) as the giant component of H,» N Egh. It is then plain from (3.2) that
foralld >3 and h € R,

{0 <+ 0o in {y € Z%; yis h-good}} C {0 ++ oo in EZ" N (H + Z%)}, (3.3)

i.e. percolation of h-good sites in Z? implies percolation of Egh (in H + Z?). To see this,
observe that if two neighboring vertices z,x + e € Z? (with e a unit vector in Z?) are both
h-good, then the corresponding giant clusters C,, C H, N EZ" and Cy 12, C Hyyo. N EZ"
(cf. (3.1)) are connected to the same (by uniqueness) giant cluster in H, . N E%h, thus
C, and C, 2. belong to the same cluster of E%h. It then follows inductively that an
infinite nearest-neighbor path of h-good vertices in Z? implies the existence of an infinite
cluster in EZ" N (H + Z?).

We are now ready to proceed to the main result of this section, which has a similar
flavor as Theorem 2.2 of [31].

Theorem 3.1. (¢ > 0, a = 1/10)

Given any sequence (h(d))q>3 such that

lim sup d23¢ P[(GRDF)e] = 0, (3.4)
d— o0
one has
h.(d) > h(d), for all d > (). (3.5)

Proof. By (3.3) and the definition of A, in (0.3), in order to prove (3.5), it suffices to show
that

P[0 ++ oo in {y € Z?; y is h(d)-good}] > 0, for all d > c(e), (3.6)
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for this implies P[0 Fay oo] > 0 and hence h(d) < h.(d), for all d > c(¢). The proof

of (3.6) involves a renormalization scheme, which we now describe. We introduce the
integer parameter
Ly > 2, (3.7)

and define an increasing sequence of length scales (L,,),, > recursively as
Ly =1Ly, 1, =20[L}], forn >0 (3.8)

(this should not be confused with the geometric sequence of length scales appearing in
Section 2.1), together with corresponding renormalized lattices

L® = 1,72 (c Z%), forn > 0. (3.9)
We also introduce, for arbitrary n > 0 and z € IL%Q), the (bad) events

D!, ={B{?(x,L,) is connected to St (x,3L,)

) (3.10)
by a x-path of h-bad vertices (in Z*)}

(recall that y € Z? is called h-bad if (GZ)C occurs). By (3.2), the event DﬁT is decreasing
(in ). Moreover, by translation invariance, the function

an(h) =P[D! ], forn >0,z € L), h € R, (3.11)

is well-defined (i.e. independent of z) and non-decreasing in h, for every n > 0. The key
to establishing (3.6) will be to show that, if Lj is a suitable (increasing) function of d,
and (3.4) holds for some ¢ > 0, the probability ¢,(h(d)) decays sufficiently rapidly to 0
as n — oo, for all d > ¢(e), see (3.29) below. Together with a straightforward (planar)
duality argument, which will be detailed below (3.29), this will then yield (3.6).

To obtain good estimates for ¢, (h(d)), n > 0, we first develop “recursive bounds”
relating the functions ¢,+1(+) and ¢, (+), for arbitrary n > 0 (similar in spirit to what was
done in Proposition 2.1 above, but simpler). To this end, we let n > 0 and = € ]Lfll be
fixed, and introduce the sets

S; =1L NS (x,iLyy1), fori=1,2. (3.12)

By geometric considerations similar to those leading to (2.8), see also Figure 1, and on
account of (3.8), we deduce that

anrl(h) S ]P|: U Dz,ml m ‘DZ,CU21| é CGZEL Sup ]P[DZ,Il m D’Z,d}2]7 (3'13)

for a suitable constant ¢, > 1 and all 4 € R. We consider the probability on the right-hand
side of (3.13), for fixed z; € S;, i = 1,2 and h € R. Abbreviating

K; = U U = (3.14)

yeB2 (:,3L,,) 2 B (y,1)

and observing that D _ ¢ o(py; y € K;), fori = 1,2, due to (3.2) and (3.10), we write

n,T;
IP[DZ,xl N Dz,m] < P[Dz,mlv Uien[£1 Py > 76“7 ]P[DZ,"Q | (@y)yEKlﬂ
) (3.15)
P[ inf < —fBn
+P[inf oy < —Fn]
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for some cut-off value /,, > 0 to be selected below. By (1.28),
P[D} ., | (¢y)yer,] = PI({FE + pf* > h})yeza € Dpay), P-ass.

(recall the notation from (1.18)), and we focus on bounding the random shift /,Lﬁfl, for
x € K. By construction, cf. (3.7), (3.8) and (3.14),

di(K1,K2) > doo (K1, K3) > Lyy1 — 6L, — 6 > ¢\ Lyy1,
for a suitable constant ¢; > 0. Hence, setting
Lo = [(co/c})d] (see (1.13) for the definition of co), (3.16)

we obtain, on the event {inf,cx, ¢, > —f,}, forallz € Ky and d > 5,

(1.25)

(1.11
— Uz < /BTpr[HK1<OO] <

)
B cap(K1) sup gy — )
vei (3.17)
(1.13)

< gl a3

cB, L2211, (/2= ;

cod \4/2-2 (3.16)
) TS
Can-i-l

where in the second line, we have used the crude estimate cap(K;) < |K;| (see (1.7),
(1.8)), the bound | K| < ¢L22%, which follows immediately from (3.14), and the fact that
Ly > 1,Lo > lpcod/c) for all n > 0, due to (3.8) and (3.16). We henceforth tacitly
assume that d > 5. By (3.17), on {inf,ck, ¢y > —fB,}, the inequality p&1 + pfr < h
implies that X1 — y&1+ < h 4§, for arbitrary = € K5, and therefore

IP[DZ,zQ | (@I)IGKJ < ﬁ[(l{(ﬁfl - :u’fl >h+ 6n})z€Zd € Dn,fm]
=P[(1{~F% — pf" > h+6,})seza € Disy) (3.18)

_ b5,

(‘Pm)wEth

on the event {inf,cx, ¢, > —f,}, where we have used that D,, ,, is decreasing in the
first line, and the symmetry of gEK ! in the second line (recall also (1.19)). Inserting (3.18)
into (3.15), applying the FKG-inequality and (1.19), we obtain

n,xry1 n,xra n,xry1 n,r

P[D" , nD!, |<P[D! ].1P[D’*+5n]+11>[ri€n}§1<p$<—5n].

Finally, substituting this into (3.13), taking suprema over z; € S;, for i = 1,2, and using
symmetry yields, in view of (3.11),

Gnt1(h) < cgli (qn(h +60)2 + en), with €, = P| su}g Oz > Bnl, (3.19)
reK;

forallm > 0, h € R and S, > 0. This yields the desired recursive bounds. In order to
propagate them inductively, we select

Bn = cl( log(2¢(I213 1) + /log |K1|)7 for all n > 0, (3.20)

with ¢; as defined in (1.22) and ¢ in (3.13). The key estimate comes in the following
result.

Lemma 3.2. (h € R, € > 0, and Lo, (I,)n>0, (Bn)n>0 as in (3.16), (3.8), (3.20), respectively)

There exists a constant cj(¢) > 3 such that, if

qo(h+e) <153, foralld > ch(e) (3.21)

holds, then
qn(h) <173, foralld > ch(¢) and n > 0. (3.22)
EJP 20 (2015), paper 47. ejp.ejpecp.org
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Proof of Lemma 3.2. By (3.7) and (3.8), we have (213, < cl2L3%, = c2™3°L3* <
/L2539 for all n > 0. Substituting this into (3.20) and using that |K;| < cL229, we
obtain the bound 3, < ¢((log L,,)*/? + d'/?), for all d > 3 and n > 0. Inserting this into
the definition of §,,, see (3.17), yields

> bn <2t L2 ((log L)' /2 + d'?)
n>0 n>0
< C/3d Z L;a(d/27273/a)

n>0

34 e
SC,WZ(LOaC )n
0 n>o0

(3.8) n
for all d > ¢, where we have used L,, > L(()Ha) > Lé*"“ in the last line. Due to the
choice of Ly in (3.16), given ¢ > 0, it follows that

> bn<e, (3.23)

for all d > c¢(e). Moreover (for reasons that will become clear shortly) we observe that
26143 < AL (1 L) < L0137 <1, forall n > 0, (3.24)

whenever d > ¢, due to the choice of L in (3.16) and a in Theorem 3.1 (this is why a
should not be chosen too large). Given ¢ > 0, we define ¢, (¢) appearing in the statement
of Lemma 3.2 in a way that (3.23) and (3.24) simultaneously hold whenever d > ¢ (e).

We now prove (3.22) by induction over n. Let h € R, ¢ > 0 and d > ¢, (¢) be fixed. In
view of (3.23), and because the function ¢, (-) is non-decreasing for all n > 0, it suffices
to show that

n—1

in <h+ e Za) <=3, foralln >0 (3.25)

=0

(with the convention that the sum equals 0 when n = 0). By assumption, cf. (3.21), we
have that (3.25) holds for n = 0. Assume now it holds for some n > 0. By (3.19), we have

Gni1 <h—|—5— iéz) < cgli(qn(h—i—s—niléi)Z +en). (3.26)
i=0 =0

We bound each of the two terms appearing on the right-hand side separately. By the
BTIS-inequality (1.22) and the choice of 3,, in (3.20),

chlZen, < (202,)7" (3.27)
Moreover,
n=l o Rypetees (3.24)
ypothesis .
12 gn (h +e-Y 61») < it L (23,,) (3.28)
i=0

Substituting (3.27) and (3.28) into (3.26) yields g, 11(h+¢&— . (i) < l;fl, as desired.
This completes the proof of (3.25), and thus of Lemma 3.2. O

We now complete the proof of Theorem 3.1. Let ¢ > 0 and (h(d))4>3 be a sequence of
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levels such that (3.4) holds. The latter implies that
3.11) -
1§ qo(h(d) + ) “=" 13 P[Dg ]

(3.10)
< zglP[ U {yis (h(d) +2)-bad}
yesg)(oio)

E s J(CHUS NS

for all d > c(e), where the last step follows from the choice of Ly in (3.16) and the
assumption (3.4). By Lemma 3.2, we thus obtain

qn(h(d)) <13, foralln > 0 and d > c(¢). (3.29)

With this estimate at hand, we now prove the assertion (3.6) by a standard planar duality
argument. Let us call a x-circuit around 0 any closed *-path v in Z? such that the origin
is contained in a finite connected component of Z¢ \ range(7y). Denoting by e; the unit
vector in the first coordinate, we have, recalling the definition of the events D,L o 1
(3.10),

{0 lies in a finite cluster of {y € Z?; y is h(d)-good} }

C {0 is h(d)-bad} U {3 *-circuit of h(d)-bad vertices around 0 intersecting B (0,3L)}

U U {3 *-circuit of h(d)-bad vertices around 0 intersecting (3Ly,3Ly1]e1 N Z}
n>0

[ U @y U oo

ze€B$)(0,3Lo) n20 WL ® (3L, ,3Ln41ler
By the choice of scales in (3.8) and (3.16), this yields, for all d > ¢(¢),

P[0 lies in a finite cluster of {y € Z?; y is h(d)-good}]

< cLEP[(G D)+ Bl - gulh

n>0

(3.29)

< PG +3> 12
n>0

S C/dQ]PKGh(d)JFE + Z //d 2a(1+a)”
n>0

(3.4)

< 1,

where we have also used in the penultimate step that G{)L is decreasing (in ¢) and

that [,, > L% > LS(H“)n for all n > 0. This completes the proof of (3.6), hence of
Theorem 3.1. O

Remark 3.3. By a more careful analysis, the condition (3.4) in Theorem 3.1 can be
somewhat relaxed. Indeed, (3.5) continues to hold under the weaker assumption that

lim sup d2HP[(GADF¥)] = 0, for some § > 0
d—oo
(using a choice of a in (3.7) depending on §). However, this will not be of importance,
as our proof will show that for the relevant choice of h(d) = has(d)(1 — 8¢), with e > 0
arbitrary (the factor of 8 is just for convenience), the above probability decays to 0 as
d — oo faster than any polynomial, see Theorem 3.8 below. (]
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3.2 Constructing substantial components

With Theorem 3.1 at hand, in order to prove the lower bound (0.10), we will check
that condition (3.4) holds at level h(d) = has(d)(1 — 8¢), for arbitrary € > 0 (the factor 8
is immaterial, and merely reflects the fact that a few more sprinkling operations will be
performed on the way). This will involve showing that H contains a giant component
above this level with sufficiently high probability, cf. (3.2). We will construct this
component by gluing together smaller building blocks, so-called substantial components,
which, by definition, have cardinality growing like a polynomial in d of sufficiently high
degree. In this subsection, we show that most vertices in I are either neighboring or
contained in such a substantial component with high probability, see Corollary 3.7 below
for the precise statement. The substantial component neighboring a given point in H will
be built as a connected subset of a (large) deterministic tree embedded in H and rooted
at this point. In particular, the “perturbative” representation of Lemma 1.3 will enable
us to show that, conditionally on an event of high probability, the law of the restriction
of th“(l*%) to this tree dominates a Galton-Watson process (with suitable binomial
offspring distribution) on the same tree, cf. Lemma 3.5 below.

Let € > 0. For the sake of clarity, in the remainder of this article, the dependence of
constants on £ will be kept implicit. We introduce a parameter

b=b(c) = 1+% (>1). (3.30)

Given K C Z%, we call C a substantial component of K if C is a connected subset of K
containing at least |d®/b|*~! points.

Theorem 3.4. (d > 3,0<e < 1/3, z € H)

P[a neighbor of x is contained in a
>has(1—2 ' d€ (3.31)
substantial component of H N E; as (1= E)] >1—ce ¢%.

Proof. By symmetry, it suffices to consider the case z = 0. We begin with some notation.
Let € € (0,1/3). We assume without loss of generality that d > b(¢) = b, with b as defined
in (3.30) (it suffices to show Theorem 3.4 for d > ¢/, since the remaining cases can be
taken care of by adapting the constant ¢ appearing in (3.31)), and introduce b consecutive
subsets

I, ={(k—1)d/b]+1,...,k|d/b]}, 1 <Ek<b,

of {1,2,...,d}. We will interpret a part of H as a tree by considering

J
T:{Zeikeﬂ;1§j§bandikGkaoralllgkgj}, (3.32)
k=1

where ¢; denotes the canonical unit vector in the i-th direction, forl <i<d. Givenx € T,
we refer to j in the (unique) decomposition of x = Ziﬂ €, With iy € Iy, 1 <k < j, as
the generation of z, and to the set {z +¢;; i € I;11} (understood as () if j = b) as the
children of . Thus, every vertex in T in generation smaller than b has precisely |d/b]
children, and b corresponds to the depth of T. Furthermore, it will be convenient to set
Ty = T U {0}. We now show that

P[0 has a neighbor in T contained in a
>has(1—2 ' d® (3.33)
substantial component of HN EZ as (1= E)] >1—ce %,

for all d > ¢, which implies (3.31). To this end, we enumerate the elements of T as a
sequence z,, 1 < n < |T| in a hierarchical way, i.e. such that |z,|; < |z,41]1 for all
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1<n<|T|, and set K,, = {x1,...,2,-1}, for 1 <n <|T|. We construct the field (¢ )zeT
using Lemma 1.3 according to this ordering. Thus, introducing a family (¢,).cr of
independent random variables with

Ve, ~ N(0, gxe (T, 2n)), forall 1 <n <|T

n

’

we define the field (¢, ).er in terms of (¥,).cr as in (1.30). Moreover, letting

cy = Orggi{bc(k:), with ¢(k), k > 0, as appearing in (1.14), (3.34)

we introduce the independent events Z/\l\n = {s, > =17 dhas(d)}, for 1 <n < |T
3
define

, and

,and M < Mg (3.35)

n - .
M = Mi:{ n e 2 =77 }7f <n<|T
i:q fﬂemKlg_l Vo 2 Ac, dhas(d) or0<n<|

(with the convention M, = ]RZd'). Thus, the events M,, decrease towards M. Observing
that |T| < ¢|d/b®, cf. (3.32), and that Var(¢,) > 1 for all x € T, (1.23) yields that

P[M¢] < |T| - sup Py, > (4ch) ‘edhas(d)] < e~o4 lord,
zeT

for all d > 3. Hence, by looking separately at the intersection of the event
{no neighbor of 0 in T is contained in a substantial component of H N thas(l_%)}

with M and its complement, respectively, we deduce that in order to prove (3.33), it
suffices to show that

P[0 has a neighbor in T which is contained in a
e (3.36)
substantial component of H N EZ"=(1 724 [M] > 1 — ce™* 4.

holds for d > c. We now show that, conditionally on M, the collection of variables

Y, @ 1{e, > has(1—22)}, z €T,
stochastically dominates a Galton-Watson chain on T with suitable (binomial) offspring
distribution. More precisely, we prove the following.

Lemma 3.5. (0 <e < 1/3)

Letb,, x € T, denote a family of independent Bernoulli variables under some auxiliary
probability measure P such that P[b, = 1] = 1 — P[b, = 0] = d~(1=2°) forz € T. Then,
foralld > ¢,

(Ym)me'ﬂ’ o IP[ : |M} Zst. (bz)zET oP. (337)

Proof of Lemma 3.5. We begin with the following remark. From (1.30), one immediately
infers that ¢,, = > ;_, an k¥, for 1 <n < |T|, where

n—1
ann =1, api= pr;ixlal,k? for1<n<|T|and 1<k <mn,
I=k

with p&» 1 <1< n, as defined in (1.24). We claim that

I

n

Zamk <2, foralll <n<|T|andd > c. (3.38)
k=1
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Indeed,

n n— l l
Zan,k =1+ Zpﬁff;wl Zal,k <1+ P, [Hgk, <oo]- sup Zaz,k, (3.39)

1<l<n =1

for all 1 < n < |T|. Since the elements of the tree T are enumerated in a hierarchical
fashion, K, C B1(0,|xn—1]1)

~ (1.14),(3.34) ,
Pwn [HKn < OO] S Pwn [HBI(Oylirn—lll) < OO] S C3/d (3'40)

(by construction, <b, for z € T, and the depth b does not depend on d, cf. (3.30)). In
, whenever
d > c. Inserting this into (3.39) and a trivial inductive argument yield (3.38).

We proceed with the proof of (3.37). Let

Z.r = 1{1;[}'1" > has(l - 25)}, forx € T.

We first aim at showing that for all d > ¢,

the law of (Y, ).er under P[- |M], stochastically

. (3.41)
dominates the law of (Z,),cr under P[-|M].
To this end, we claim that foralld > cand 1 <n < |T|,
3
{Pan = has(1 = 26)} 2 Mpo1 N {thz,, = has(1 = &)} (3.42)

Indeed, this is trivial for n = 1 (recall that ¢,, = 9,,, cf. (1.30) and My = ]RZd). By
n—1 N {Yz, > has(1 — %5)}1

(1.30)
Oz, = Vp, + Pp, [Hk, <oo]- min ¢,
1<i<n
> .. + Py [Hi, < oo]- min Q, min
> Ya, + P, [ Kn 1<l<n Z: ik * 1<i<n 1/&:1]
(3.35) 3 c
> has(1 = 5¢) = —dhas - Py, [HE, < oc] - max a
= as( 9 ) 40:/3 as m,L[ K, 1<z<nz ik

Inserting the bounds (3.38), (3.40) into the last line immediately yields that ¢,, >
has(1 — 2¢), for d > ¢, and (3.42) follows. But since the sets M,, decrease towards M,
(3.42) actually implies that,

3
(M N {ps, 2 has(1=26)}) 2 (M N {ts, 2 has(1 = 5)}),
forall 1 <n <|T|and d > ¢, or, equivalently, that
PY, > Z,, forall x € T| M] = 1, whenever d > c.

By a classical theorem of Strassen, see [28], the existence of this monotone coupling is
equivalent to the asserted stochastic domination in (3.41).

Finally, we explain how (3.37) follows from (3.41). First, notice that by definition
of M, see (3.35), the variables Z,, x € T are still (conditionally) independent under
P[-|M]. Next, since 1 < E[¢2 ] < ¢(0) , we can arrange that
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Tn def. g(0)/E| gn] <(1-2)/(1- %5)2 (note that this last quantity is always greater than

1 for e € (0,1/3)). Moreover, recalling the definition of J/M\n above (3.35), we have that

Pl > has(1— 38)|M] = Plihy, > has(1 — 3&)|M,)]
> P[%,L > has(l - %5)}
(1§3) C ) d*@n(lfgﬁ)Q Z d*(1*%5)

has(1 — %E) ’

for all d > ¢. A standard coupling then yields that the law of (Z,),cr under P[-|M]
dominates the law of (b, ), under P, for all sufficiently large d. Together with (3.41),
this implies (3.37), and thus completes the proof of Lemma 3.5. O

We continue with the proof of (3.36). We introduce, for z € Ty N B1(0,b — 1), the variable
N(z) = Z ba e,
ESUPIPES
which can be interpreted as the number of “existing” children of x in the Galton-Watson
chain (b, ).ct. We will need the following estimate.
Lemma 3.6. (¢ € (0,1/3),d > ¢)
P[N(z) < d°/b, for some x € Ty N By (0,b—1)] < e . (3.43)
Proof of Lemma 3.6. Fix some x € To N B1(0,b— 1) and ¢ € (0, 1). It suffices to show that
P[N(z) < d°/b] < e %, whend > ¢, (3.44)

for (3.43) then follows with a simple union bound, observing that |Ty| < ¢|d/b]®. Since
N(z) is a sum of independent {0, 1}-valued random variables, a classical Chernov esti-
mate (see for example [14], Ch. 5.3, p.111) gives

_ $2E[N(a)]
2

P[N(z) < (1 - §)E[N(2)]] < e

Observing that E[N(z)] > L%Jd_(l_%e) > cd3¢, for all z € T, this bound (with, say, § = 1)
is more than enough to deduce (3.44). O

With Lemmas 3.5 and 3.6 at hand, the claim (3.36) follows readily. First, observe that
if the event {IN(z) > d¢/b, for all x € To N B1(0,b — 1)} occurs, then the origin has a
neighbor in Ty (in fact even |d°/b| such) which belongs to a connected component of
{z € T; b, = 1} containing at least

|57 (5]

points, i.e., a substantial component of T (recall the definition below (3.30)). Hence, we
obtain, for all d > ¢, applying Lemmas 3.5 and 3.6,

P[0 has a neighbor in T which is contained in a substantial component

of Hn EZ"=172)| ]

(3.37)
> P[0 has a child in T, which is contained in a substantial component

of {r € T; b, = 1}]
> P[N(z) >d°/b, forallz € Ty N B1(0,b— 1)]

(3.43) i

Z 1- e_Cd ’
which is (3.36). The proof of Theorem 3.4 is now complete. O
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For future reference, we introduce the random set

B. ={z € H; z has no neighbor in H contained (3.45)

in a substantial component of H N Eghas(l_%)L )
for arbitrary ¢ € (0,1/3), and think of the points in B, as bad points in H. Theorem 3.4
has the following immediate

Corollary 3.7. (d >3,0<e < 1/3)
P[|B.| > [H|e~¥] < ce ", (3.46)
Proof. On account of (3.31), Chebyshev’s inequality in the form

PlB| > A <At Z P[z has no neighbor in H contained in a
zeH

substantial component of HN th“(l_%)],

with A = [H|e~4?" and suitable ¢, > 0, readily yields (3.46). 0

3.3 Connecting substantial components

In this subsection, we complete the proof of Theorem 0.3. In what follows, and in
accordance with our definition in the paragraph following (3.2), given a (random) set
K C H,, we call any connected subset C of K satisfying |€]H“| > (1 —d2)2% a giant
component of K.

We will prove Theorem 0.3 by verifying the finite-size criterion (3.4) when h(d) =
has(d)(1 — 8¢), for all sufficiently small ¢ > 0. In order to deduce that the event Gg‘“(l_&)
appearing in this context (recall (3.2)) occurs with sufficiently high probability, we
will use isoperimetry considerations to patch together the substantial components of

th“(l_%) we have just constructed, see Corollary 3.7 above, first to form a giant

> has (

component in EZ 1=5¢) H, and then to connect the latter to neighboring giant

components within th“(l_&). This is the object of Theorem 3.8. The lower bound

(0.10) then follows readily, by virtue of Theorem 3.1.
Theorem 3.8. (d >3,0<e<1/3)
PIGh="8)] > 1 — e, (3.47)

Proof. Fix ¢ € (0,1/3). We start by showing

P[Eghas(l_f’a) N, contains a giant component] > 1 — ce_c/da, (3.48)
for all d > 3 and = € Z2. By translation invariance, it suffices to consider the case z = 0.
We denote by S = (S1,..., SNy, ) (With S = 0 if Ngyse = 0) the collection of substantial
components of HH N Egh“(l_%) (we assume for sake of definiteness that Si,..., Sy
are enumerated according to a specified procedure, e.g. using the lexicographic order

induced by the points closest to the origin in each component). With a slight abuse of

notation, S will also be used to denote the set vazs‘ib“ S;, but the meaning will always be

clear from the context. By definition, see (3.30), the random sets S; satisfy |S;| > d'°, for

all 1 < ¢ < Ngust, Whenever d > ¢, and g]iH N S; =0 for all i # j. We define the following
set of partitions of S,

P(s)= {{K K} K=Js, K'= (]  S.for
iel i€{1,..., Noupst }\T
some I  {1,..., Nyws:}, and |K| A |K'] > d—4|1H|}.
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> has (1—2¢)

Since the number Ny, of substantial components of H N EZ is bounded by
d—1°|H|, when d > ¢, the (random) partition set P(S) satisfies
P(S)| <27 "Ml foralld > c. (3.49)

The main step towards proving (3.48) will consist of showing that the event

H= () (xS Ky (3.50)
{K,K'}cP(S)

(with the convention that H is the whole space ]RZd whenever P(S5) = () occurs with
sufficiently high probability. In words, H is the event that for any partition of the
substantial components of H N th“(l_%) into two “sizeable” classes (in the sense
that the cardinality of the respective aggregate unions of substantial components is at
least d_4|]H ), one can find a substantial component in each class such that the two are

>R (15
connected in E3"("),

Lemma 3.9. (d > 3)

P[H] >1—ce ", (3.51)

Proof of Lemma 3.9. Let IT C 2" denote the set of singletons and nearest-neighbor edges
in H, i.e. if U € II, then either U = {z} for some z € Hor U = {z,y} with z,y € H and
x ~y. For U € 1I, we define

G =1 sup 17| < ehas (3.52)
kS

with pd" = 3 e Po[Hye < 00, Xp,,. = 2]g., for x € U, as in (1.25). Since a non-
vanishing contribution to the previous sum arises only from the points in J,,:U, and since
|U| <2, Lemma 2.4 applies (with { = 4 and K, U appearing therein both equal to Jou:U
here), thus yielding

PG < e cdlogd forallU €11, d > 3. (3.53)

We also introduce the (good) event
G ={|B| < [H]e™*"}n [ Gu, (3.54)
Uell
(recall (3.45) for the definition of B.). On account of (3.46) and (3.53), a union bound
yields, for all d > 3,
P[G] < ce % + (14 d)[H]| - e dlo8d < e=c'd", (3.55)

It will be convenient to specify configurations of the level set above h,s(1 — 2¢) in the
hypercube. Thus, given K C H, we abbreviate C(K ;) = {th“(k%) NH=K,}, and
write

PH] < PG+ ) PG, H, C(K)]

K, CH
(3.50)
< PG+ Y [P(Sk,)l sup P[G, K < K'in EZ"=07%) ¢(K,)]
Kocu {K.K'}eP(Sk, )
(3.49) _
< P[Ge] + 24 VI sup sup P[G,K « K’ in Egh“(l_f’a) |C(K4)],

K CH {K,K'}eP(Sk, )
(3.56)
for all d > ¢, where the set Sk in the second and third line refers to the (deterministic)
family of substantial components associated to the configuration C(K,). In order to

EJP 20 (2015), paper 47. ejp.ejpecp.org
Page 33/39


http://dx.doi.org/10.1214/EJP.v20-3416
http://ejp.ejpecp.org/

High-dimensional asymptotics for percolation of Gaussian free field level sets

bound the conditional probability appearing on the right-hand side of (3.56), we rely
on isoperimetry considerations for subsets of the hypercube by Bollobas and Leader
[5]. Thus, let K C H be such that P(Sk_ ) is non-empty and {K, K’} € P(Sk. ) be fixed.
First, observe that B, is a deterministic set under P[-| C(K)]. By construction,

BUK UK —cHand KNK =K' K = (3.57)

(recall that K" denotes the /!-closure of K in H). Moreover, by definition of P(Sk, ),
and on the event G, cf. (3.54),

|K| A K| > d~*|H| and |B.| < e~ |H]|. (3.58)

On account of (3.57) and (3.58), Lemma 4.3 in [31] (itself a consequence of Corollary 4
in [5]) yields that for all d > c,

there exist disjoint subsets U}, ..., U/, in II N (H \ B.) with m’ > cd™%|H]
such that for all 1 < k < m/, either U;, = {y)} with y € Iout K N Do K, (3.59)
or U]/C = {yk,zk} with yi € Oout K, 2k € Oout K’ (and \yk — Zk|1 =1).

Among the family U], 1 < k < m’, we may select m > cd~"|H| sets Uy, ..., U, satisfying
the additional assumption

di (U, U)) > 2, forall 1 < k <1< m. (3.60)

Now, if the event G N {K «+ K'in E5h65(1_58)} occurs (conditionally on C(K)), then by
construction, the field value in at least one of the sites in each set U, cannot exceed
has(1 — 5¢), for otherwise U}, forms a path connecting K to K’ in the level set Egh“(ksg),
cf. (3.59). Thus, setting Fj, = UyeUk{‘Py < has(1=5¢)}, for1 <k <m, and G = (-, Gu,.

which contains G, see (3.54), we obtain, for all d > ¢,

P[G, K  K'in EZ"=07%9) |C(K )]

< PG, Fi, 1 < k <m|C(Ky)] (3.61)
= (TIPIF1G, 7k <1< m, C(,)]) - PIGIC(K ).

k=1

Next, we consider a single factor P[F; |G, Fi,k < | < m, C(K,)] in this product, and
show that it doesn’t converge too rapidly (in terms of d) to 1 as d — co. By definition of
Gu,. cf. (3.52), and on account of (3.60), the event § is measurable with respect to the
c-algebra generated by ¢., z € H\ (U, <1<, Ur), (recall that H denotes the ¢*-closure
of H), hence forevery 1 <k < m,

Dy ={G, F.k<l< M, @), = has(1 - 2¢) < has(1 —2¢)} € 0(p.; z € H\ Uy)

’ Qp\m\(KJruUk)

(here and in what follows, we use the shorthand {¢|, € B} = (,cx{¢. € B}, for any
Borel set B ¢ R and K C Z%). Since all elements y € Uy, lie on the exterior boundary of
a substantial component of th‘“(l_za), we necessarily have that ¢, < has(1 — 2¢). Thus,
foralll1 <k <m,

IP[IP[QOIUk < has(1 — 2¢), 7§ | (‘Pz)xeﬁ\uk]v Dy
P[P[p),, < has(l—26)[(¢2),emu,)s Drl

PFu |G, Fik <1 <m,C(Ky)]=1—

Recall from (1.28) that P[ | (¢s)seza\v,] = P[¢* + uU% € -], where we have abbreviated
@Yk by @, which we view as a 2-dimensional Gaussian vector with covariance g, (-, )
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under P. Thus, by definition of the event Gy, in (3.52), we obtain, forall 1 < k <'m, all
decreasing events A C {0,1}U* and h € R, that P-a.s. on Gy, ,

PA"=(3¥)] < P[A" (@ + |uF))]
< PIA" | (po)rezavy,] < PIAMEF — |u])] < PIAM="= ("))

(cf. (1.18) for notation). We apply this separately to the numerator and denominator
above. To do this, we note that Dy C §7 C Gy,, for all 1 < k <'m, and that, despite not
being decreasing, the event {¢|, < has(1 —2¢)} NFf = {has(1—5¢) < |, < has(1—2¢)}
appearing in the numerator can be rewritten using 1{y|, € [h,/")} = 1{y|, <h'} -
HUyev, {#1w, <h}} forall h <h'(the events appearing on the right-hand side are both
decreasing). All in all, we infer, setting a = has(1 — 4¢) and b = has(1 — 3¢), that

. __P[F* o )] PIDY
PlFi |G, Fi,k<l<m,C(K;)] <1 ﬁ’[@k < has(1 — €)] - P[Dy] (3.62)

<1-P[g" € [a,b)],

for all 1 < k < m (in writing P[3* € [a,b)], we obviously mean that both components of
@* should lie in [a, b)). Moreover, letting Uy = {yx, 21}, and denoting by ® the distribution
function of a standard Gaussian variable, we can bound this probability as

P[p" € [a,0)] =P[Pla< & <b[@E ] a< @ <b]
“E[(a(r- 5yh) - (o g e < 2 <)

(®(b) — B(a)) - Pla < GE o<t >c((b- a)e*bz/z’)2 >hi d?>d2,

Y

forall d > cand 1 < k < m (here, the first inequality in the third line follows because
the linear shift 5-¢* produced by conditioning on @ is in fact between, say, 0 and 1,
when d is large enough, since @Zk € [a,b), while a,b — o0 as d — o0). Inserting this
bound into (3.62), and in view of (3.53), (3.61), we obtain, forall d > ¢, K, C H and
[K.K'} € P(Sic, ),

P[G, K « K’ in E2"=(1=39) | C(K )] < (1 —d~2)ed Ml < gmed ],

where we have also used that m as appearing in (3.61) is bounded from below by cd_7|]H ,
cf. above (3.60). Finally, going back to (3.56), and on account of (3.55), we see that
P[H] < ce=¢?  for all d > ¢, and thus for all d > 3 by adjusting the constant c. This
completes the proof of Lemma 3.9. O

As we will now see, (3.48) follows from Lemma 3.9 by virtue of a counting argument.
Specifically, it suffices to show that for all d > ¢,

(H N {|B.| < [Hle="}) € {EZ"=(175) N H contains a giant component},  (3.63)

which, on account of (3.46) and (3.51), implies (3.48). We now show (3.63). Recall that

S1,. .-y SN, are the (ordered) substantial components of EEhaS(l*QE) N H, and denote

their union by S. By definition of B., cf. (3.45),
—H
S| = 15" = |OouS N H| = [H\ Be| — dlS],
and therefore certainly

|S| > 4d~*|H|, on the event {|B.| < [H|e %"}, for d > c. (3.64)
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Consider the equivalence relation ~ on the set {1, ..., Ngubst } defined as i ~ j if and only

if {S; z}bﬁsa) S;}, and let w be the (random) partition of {1,..., Neust } induced by its
equivalence classes. Denoting by Jnya.x the equivalence class maximizing the quantity

‘ Ujes Sj|, for J € m, we claim that on the event H N {|B.| < |H|e<4%"} and for d > ¢,
‘ U Sj‘ > d~4|H], (3.65)
jeJmax

< d4m|. (3.66)

U Si

J€{1,...,Noubst } \ Jmax

Indeed, if (3.65) did not hold, i.e. ‘ Ujej Sj’ < d~*|H| for all J € 7, on account of (3.64),
one could easily construct a set I C {1,..., Nqupst} Obtained as union of some of the
sets J € 7 with the property d—4|H| < ‘Uie, S’ < 24-4|H|. But by (3.64), this would
yield, setting K' = Uie; i, K' = Uiequ,..., N1 Sic that {K, K’} € P(S). Because # is

assumed to occur, this would imply that one could find substantial components S and S’

belonging to K and K’ respectively, such that {S Zhep15¢) o }, thus contradicting the

definition of ~ (observe that by construction, S and S’ belong to different equivalence
classes). Hence (3.65) holds. Similarly, (3.65) implies (3.66), for the joint occurrence
of 1, (3.65) and {|Uc (1. Nuwa}\ s 53| = d7*[H[} would also violate the definition of ~.

Having established (3.65) and (3.66), we observe that on H N {|B.| < |]H|e—cid5} and for
d>c,

H H
‘U%‘ZIHI—WEI—’ U Sj
jeJmaX je{lww,Nsubst}\Jmax
> |H| - [Hle= — d-%[H]|
> |H|(1 - d?).
Thus, on the event X N {|B.| < [H|e~ 4"} and for d > ¢, the set C' = Uje ., 5i forms a
connected component of EZ"*" %) 0 H with |C| > [H|(1 — d~2). By definition, cf. (3.2),

it is therefore a giant component of th‘”(l_&) N H. This yields (3.63), which completes

the proof of (3.48) (for z = 0, and thus all « € Z? by translation invariance).

With (3.48) at hand, we proceed with the proof of (3.47), which is similar, but simpler.
For = € Z?, we denote by C,, the giant component of th“(l_"'f) NH,, cf. (3.1), whenever

it exists. By (3.2),

P[(Gh=(759))] < Z (P[C, does not exist]

zez?:|z[1<1

+ P[Cy, C, exist and Cy «» C, in E%has(l_sg)]).
On account of (3.48), it thus suffices to prove that for alld > 3 and x € 72 with lz]1 =1,
P[Cy, C, exist and Cy «» C,, in BZ"=0789] < ce=¢'®", (3.67)

For arbitrary x € Z? with |z|; = 1, let II, denote the singletons and nearest-neighbor
edges in z+{0,1}%", and denote by G = Nuer, {5uPer [1Y°| < ehas}, with uY” as defined
in (1.25). As in (3.55), we have P[QC] < ce=¢4 Thus, we see that (3.67) follows at once
if we show that

sup  P[G, Cpand C, exist and Cy «» C, in EZ"=(1789) |C(K )] < ce™®?, (3.68)

K, C(HUH,)
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for all d > 3, where C(K ) = {th'“(l_%) N(HUH,) = K.} specifies the configuration of
EZ"=(17%) in HUH,. Fix z € Z2 with |2|, = 1 and K, C HUH,. Letting = + {0,1}%" =
HO UH?!, with H® = (2 + {0, 1}2") N H, H' = (2 + {0,1}%") N H,, cf. (3.1), observe that,
whenever Cj and C,, exist, the (disjoint) sets H° \égl and H! \éiﬂz each contain at most

d~2|H| elements. Moreover, the joint occurrence of Cj and C, implies immediately that
forall d > 3,

there exist disjoint sets Uy, = {yx, 2z} C (z + {0, 1}Zd), forl1 <k<m,

with m > ed ™ (JH|/2 — 2d2|H|) (> ¢/d~*|H]|), and such that (3.69)
J)kEé]é{ﬂ]Hl,ykEGfIﬂ]HQ, .

and dy(Ug,U;) > 2for 1 <k <l <m.

xp—yplp =1 foralll <k <m

For Ui not to form a path joining Cy and C, in the level set thag(l*ga), at least one

of the two sites in U, must have a field value smaller than h,s(1 — 8¢), i.e. setting

Fi = Uyeuv, {9y < has(1 — 8¢)}, we obtain

P[G, Cy and C, exist and Cy «» C, in thas(l’sg) |C(K )]
< PG, Fr,1 <k <m|C(Ky)].

Now, on account of (3.69), an analysis similar to the one below (3.61) yields that this last
-3

quantity is bounded from above by 2-¢¢ "HI for all d > ¢, which is more than enough to

deduce (3.68). This completes the proof of Theorem 3.8. O

We now conclude the proof of the lower bound.

Proof of Theorem 0.3. Let ¢ € (0,1/3). It follows from Theorem 3.8 that P[Gf*(' 5] >

1— ce=¢?, for all d > 3. In particular, limsup,_,., d**G/1OP[(Gh=""5))] = 0, and
Theorem 3.1 yields that h.(d) > has(d)(1 — 9¢), for all d > ¢ (= ¢(e)). The claim (0.10)
follows. Moreover, by construction, cf. (3.3), percolation then occurs in H + Z?2, which
implies (0.11). O

Proof of Theorem 0.1. The claim (0.7) is a direct consequence of (1.23) and the fact that
ha(d) = has(d)(1 + o(1)) as d — oo, which follows immediately from (0.9) and (0.10). O

Remark 3.10.

1) A thorough review of the proofs reveals that the long-range dependence present in
the model is a serious impediment and considerably hinders any efforts to obtain more
precise results than the leading exponential order given by Theorem 0.1.

2) The heuristic paradigm requiring for this model to exhibit strong similarities to
a corresponding one on the (2d)-regular tree is evidently inherent to many of the
above proofs. Specifically, this behavior manifests itself when we investigate the local
connectivity of the level set, essentially because the “tree-like” structure of the lattice
determines the behavior of the random walk at short range, see the proofs of Lemma 2.4
and Theorem 2.5 (which crucially rely on (1.14)) for the upper bound, and the proof of
Theorem 3.4 for the lower bound. Accordingly, we would like to compare (0.7) to the
critical density of the same model on this tree. We hope to come back to this point in the
future. O

Note added in proof: a recent preprint of Lupu [18], see Theorem 3 therein, shows that
for any u > 0, there exists a coupling between random interlacements Z* at level u, see
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[29] for the definition, and the free field ¢ such that EE\/@ C YV, where V¢ = Z¢ \Z"is
the so-called vacant set (at level u). In particular, this readily implies that h, < /2u.,
where u, denotes the critical parameter for interlacement percolation. Together with
our lower bound (0.10), this shows that liminfy o u.(d)/log(d) > 1, which matches
precisely the lower bound obtained by Sznitman in [31], and thus provides an alternative
proof of this result. Similarly, the inequality h,. < v/2u.. and Sznitman’s asymptotic
upper bound on u.,, cf. [32], Theorem 0.1 and Remark 4.1, yield another proof of (0.9).

References

[1] R. J. Adler and ]J. E. Taylor. Random fields and geometry. Springer, New York (2007). MR-
2319516
[2] M. Ajtai, J. Komlds and E. Szemerédi. Largest random component of a k-cube. Combinatorica,
2(1), 1-7 (1982). MR-671140
[3] K. S. Alexander and S. A. Molchanov. Percolation of level sets for two-dimensional random
fields with lattice symmetry. J. Stat. Phys., 77(3-4), 627-643 (1994). MR-1301459
[4] N. Alon, I. Benjamini and A. Stacey. Percolation on finite graphs and isoperimetric inequalities.
Ann. Prob., 32(3A), 1727-1745 (2004). MR-2073175
[5] B. Bollobas and I. Leader. Edge-isoperimetric inequalities in the grid. Combinatorica, 11(4),
299-314 (1991). MR-1137765
[6] J. Bricmont, J. L. Lebowitz and C. Maes. Percolation in strongly correlated systems: the
massless Gaussian field. J. Stat. Phys., 48(5/6), 1249-1268 (1987). MR-914444
[7]1 S. R. Broadbent and J. M. Hammersley. Percolation processes I. Crystals and mazes. Proc.
Cambr. Phil. Soc., 53, 629-641 (1957). MR-0091567
[8] A. Drewitz, B. Rath and A. Sapozhnikov. On chemical distances and shape theorems in
percolation models with long-range correlations. J. Math. Phys. 55: 083307 (2014).
[9] O. Garet. Percolation transition for some excursion sets. Elec. J. Prob., 9, no. 10, 255-292
(2004). MR-2080601
[10] H.-O. Georgii, O. Haggstrom and C. Maes. The random geometry of equilibrium phases.
Phase Transitions and Critical Phenomena (edited by C. Domb and J. Lebowitz), 14, 1-142.
Academic Press (2001). MR-2014387
[11] D. M. Gordon. Percolation in high dimensions. J. London Math. Soc., 44(2), 373-384 (1991).
MR-1136447
[12] T. Hara and G. Slade. Mean-field critical behaviour for percolation in high dimensions.
Commun. Math. Phys., 128, 333-391 (1990). MR-1043524
[13] H. Kesten. Asymptotics in high dimension for percolation. In Disorder in physical systems, a
volume in honor of John Hammersley on the occasion of his 70th birthday. Oxford Sci. Publ.,
219-240 (1990). MR-1064563
[14] A. Klenke. Probability Theory. Springer, London, 2nd ed. (2014). MR-3112259
[15] G. F. Lawler. Intersections of random walks. Birkhauser, Basel (1991). MR-1117680
[16] J. L. Lebowitz and H. Saleur. Percolation in strongly correlated systems. Phys. A, 138A,194-
205 (1986). MR-865243
[17] T. M. Liggett, R. H. Schonmann and A. M. Stacey. Domination by product measures. Ann.
Prob. 25(1), 71-95 (1997). MR-1428500
[18] T. Lupu. From loop clusters and random interlacement to the free field. To appear in Ann.
Prob., arXiv:1402.0298.
[19] V. Marinov. Percolation in correlated systems. PhD Thesis, Rutgers University. Available
online at: http://www.books.google.com/books?isbn=0549701338 (2007).
[20] E. W. Montroll. Random walks in multidimensional spaces, especially on periodic lattices. J.
Soc. industr. Appl. Math., 4(4), 241-260 (1956). MR-0088110
[21] S. A. Molchanov and A. K. Stepanov. Percolation in random fields I. Teoret. Mat. Fiz., 55(2),
246-256 (1983). MR-734878

EJP 20 (2015), paper 47. ejp.ejpecp.org
Page 38/39


http://www.ams.org/mathscinet-getitem?mr=2319516
http://www.ams.org/mathscinet-getitem?mr=2319516
http://www.ams.org/mathscinet-getitem?mr=671140
http://www.ams.org/mathscinet-getitem?mr=1301459
http://www.ams.org/mathscinet-getitem?mr=2073175
http://www.ams.org/mathscinet-getitem?mr=1137765
http://www.ams.org/mathscinet-getitem?mr=914444
http://www.ams.org/mathscinet-getitem?mr=0091567
http://www.ams.org/mathscinet-getitem?mr=2080601
http://www.ams.org/mathscinet-getitem?mr=2014387
http://www.ams.org/mathscinet-getitem?mr=1136447
http://www.ams.org/mathscinet-getitem?mr=1043524
http://www.ams.org/mathscinet-getitem?mr=1064563
http://www.ams.org/mathscinet-getitem?mr=3112259
http://www.ams.org/mathscinet-getitem?mr=1117680
http://www.ams.org/mathscinet-getitem?mr=865243
http://www.ams.org/mathscinet-getitem?mr=1428500
http://arXiv.org/abs/1402.0298
http://www.ams.org/mathscinet-getitem?mr=0088110
http://www.ams.org/mathscinet-getitem?mr=734878
http://dx.doi.org/10.1214/EJP.v20-3416
http://ejp.ejpecp.org/

High-dimensional asymptotics for percolation of Gaussian free field level sets

[22] S. Popov and B. Rath. On decoupling inequalities and percolation of excursion sets of the
Gaussian free field. To appear in J. Stat. Phys., DOI: 10.1007/s10955-015-1187-z (2013).

[23] P-F. Rodriguez. Level set percolation for random interlacements and the Gaussian free field.
Stoch. Proc. Appl. 124(4), 1469-1502 (2014). 3163210

[24] P-F. Rodriguez and A.-S. Sznitman. Phase transition and level-set percolation for the Gaussian
free field. Commun. Math. Phys. 320(2), 571-601 (2013). MR-3053773

[25] G. Slade. The lace expansion and its applications. Lecture Notes in Mathematics 1879,
Springer, Berlin (2006). MR-2239599

[26] F. Spitzer. Principles of Random Walk. Springer, New York, 2nd ed. (1976). MR-0388547

[27] V. Sidoravicius and A.-S. Sznitman. Connectivity bounds for the vacant set of random inter-
lacements. Ann. Inst. Henri Poincaré, Probabilités et Statistiques, 46(4), 976-990 (2010).
MR-2744881

[28] V. Strassen. The existence of probability measures with given marginals. Ann. Math. Stat.,
36(2), 423-439 (1965). MR-0177430

[29] A.-S. Sznitman. Vacant set of random interlacements and percolation. Ann. Math. 171,
2039-2087 (2010). MR-2680403

[30] A.-S. Sznitman. Decoupling inequalities and interlacement percolation on G x Z. Invent.
Math., 187, 645-706 (2012). MR-2891880

[31] A.-S. Sznitman. A lower bound on the critical parameter of interlacement percolation in high
dimension. Probab. Theory Relat. Fields 150, 575-611 (2011). MR-2824867

[32] A.-S. Sznitman. On the critical parameter of interlacement percolation in high dimension.
Ann. Prob. 39(1), 70-103 (2011). MR-2778797

[33] M. Talagrand. Spin glasses: a challenge for mathematicians. Springer, Berlin (2003). MR-
1609019

Acknowledgments. A. D. and P-F. R. would like to thank the Forschungsinstitut fur
Mathematik at ETH Ziirich and the Columbia University Mathematics Department,
respectively, for their hospitality and financial support. We are grateful to R. Rosenthal,
A. Sapozhnikov and A.-S. Sznitman for their comments on an earlier version of this paper.
We also thank an anonymous referee for various remarks on the manuscript.

EJP 20 (2015), paper 47. ejp.ejpecp.org
Page 39/39


http://www.ams.org/mathscinet-getitem?mr=3053773
http://www.ams.org/mathscinet-getitem?mr=2239599
http://www.ams.org/mathscinet-getitem?mr=0388547
http://www.ams.org/mathscinet-getitem?mr=2744881
http://www.ams.org/mathscinet-getitem?mr=0177430
http://www.ams.org/mathscinet-getitem?mr=2680403
http://www.ams.org/mathscinet-getitem?mr=2891880
http://www.ams.org/mathscinet-getitem?mr=2824867
http://www.ams.org/mathscinet-getitem?mr=2778797
http://www.ams.org/mathscinet-getitem?mr=1609019
http://www.ams.org/mathscinet-getitem?mr=1609019
http://dx.doi.org/10.1214/EJP.v20-3416
http://ejp.ejpecp.org/

Electronic Journal of Probability
Electronic Communications in Probability

e Very high standards

Free for authors, free for readers

Quick publication (no backlog)

Low cost, based on free software (OJS?)

Non profit, sponsored by IMS?, BS?, PKP*
Purely electronic and secure (LOCKSS®)

Donate to the IMS open access fund® (click here to donate!)

e Submit your best articles to EJP-ECP

e Choose EJP-ECP over for-profit journals

10JS: Open Journal Systems http://pkp.sfu.ca/ojs/

2IMS: Institute of Mathematical Statistics http://www.imstat.org/

3BS: Bernoulli Society http://www.bernoulli-society.org/

4PK: Public Knowledge Project http://pkp.sfu.ca/

SLOCKSS: Lots of Copies Keep Stuff Safe http://www.lockss.org/

SIMS Open Access Fund: http://www.imstat.org/publications/open.htm


http://en.wikipedia.org/wiki/Open_Journal_Systems
http://en.wikipedia.org/wiki/Institute_of_Mathematical_Statistics
http://en.wikipedia.org/wiki/Bernoulli_Society
http://en.wikipedia.org/wiki/Public_Knowledge_Project
http://en.wikipedia.org/wiki/LOCKSS
https://secure.imstat.org/secure/orders/donations.asp
http://pkp.sfu.ca/ojs/
http://www.imstat.org/
http://www.bernoulli-society.org/
http://pkp.sfu.ca/
http://www.lockss.org/
http://www.imstat.org/publications/open.htm

	Introduction
	Notation and useful results
	Upper bound
	Renormalization scheme
	The local picture
	Dénouement

	Lower bound
	Local ubiquity and connectivity are sufficient
	Constructing substantial components
	Connecting substantial components

	References

