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Abstract

We study parabolic stochastic partial differential equations (SPDEs), driven by two
types of operators: one linear closed operator generating a Co—semigroup and
one linear bounded operator with Wick-type multiplication, all of them set in the
infinite dimensional space framework of white noise analysis. We prove existence
and uniqueness of solutions for this class of SPDEs. In particular, we also treat the
stationary case when the time-derivative is equal to zero.
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1 Introduction and definitions

We consider a stochastic Cauchy problem of the form

%U(t,x,w) = AU(t,z,w) + BOU(t,z,w) + F(t,z,w) (1.1)

U0,z,w) = Uo(x,w),

where t € (0,7], w € Q, and U(t,-,w) belongs to some Banach space X. The operator
A is densely defined, generating a Cy—semigroup and B is a linear bounded operator
which combined with the Wick product ¢ introduces convolution-type perturbations into
the equation. All stochastic processes are considered in the setting of Wiener-It6 chaos
expansions. A comprehensive explanation of the action of the operators A and B in this
framework will be provided in Section 2.

Our investigations in this paper are inspired by [12] where the authors provide a
comprehensive analysis of equations of the form

%u(t,x,w) = Au(t,z,w) + d(Mu(t, z,w)) = Au(t,z,w) + /Mu(t,x,w)(}W(x,w) dz,
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Stochastic evolution equations

where § denotes the Skorokhod integral and W denotes the spatial white noise process.
In Proposition 2.8 we prove that for every operator M there exists a corresponding
operator B such that BOu = §(Mu). On the other hand, the class of operators B is
much larger. This holds also for the class of operators A we consider (a comprehensive
analysis of all operators is given in Section 2.1). Thus, we extend the results of [12] and
[13] to a more general class of stochastic differential equations which are driven by two
linear multiplicative operators: A acting with ordinary multiplication, while B¢ is acting
with the convolution-type Wick product.

We have studied elliptic SPDESs, in particular the stochastic Dirichlet problem of the
form LOu + f = 0 in our previous papers [11], [18], [19]. As a conclusion to this series
of papers we study parabolic SPDEs of the form (2.1). Such equations also include as
a special case equations of the form $fu = Lu+ f and 4u = LOu + f, where L is a
strictly elliptic second order partial differential operator. These equations describe the
heat conduction in random media (inhomogeneous and anisotropic materials), where the
properties of the material are modeled by a positively definite stochastic matrix.

Other special cases of (2.1) include the heat equation with random potential Z;u =
Au+BJOu, the Schrédinger equation (z’h)%u = Au+BQu+f, the transport equation J-u =
%u + W(}%u driven by white noise as in [20], the generalized Langevin equation %u =
Ju+ C(Y”’), where Y is a Lévy process, J the infinitesimal generator of a Cy—semigroup
and C a bounded operator, which was studied in [1], as well as the equation %u =
Lu + Wu, where L is a strictly elliptic partial differential operator as studied in [3] and
[8].

Equations of the form %u = Au + BW were also studied in [14] and [15], where
A is not necessarily generating a Cy—semigroup, but an r-integrated or a convolution
semigroup.

In order to solve (2.1) we apply the method of Wiener-It6 chaos expansions, also
known as the propagator method. With this method we reduce the SPDE to an infinite
triangular system of PDEs, which can be solved by induction. Summing up all coefficients
of the expansion and proving convergence in an appropriate weight space, one obtains
the solution of the initial SPDE.

We also consider the case of stationary equations AU + BOU + F = 0. In particular,
elliptic SPDEs have been studied in [11], [13], [18] and [19]. With the method of chaos
expansions one can also treat hyperbolic SPDEs [9] and SPDEs with singularities [21].
One of its advantages is that it provides explicit solutions in terms of a series expansion,
which can be easily implemented also to numerical approximations and computational
simulations.

IS8

1.1 Cy—semigroups

We recall some well-known facts which will be used in the sequel (see [16]). Let X be a
Banach space. If B is a bounded linear operator on X and A is the infinitesimal generator
of a Cy—semigroup {7} }+>¢ satisfying ||T3||(x) < Me™*, t > 0, for some M,w > 0, then
A + B is the infinitesimal generator of a Cy—semigroup {S;}+>0, on X satisfying

1Sl ix) < MelotMIBleo)t ¢ > .
Let u(0) = u® € D = Dom(A) and f € C([0,), X). Recall that u : [0,7] — X is a
(classical) solution on [0,T] to
2y
dt
if v is continuous on [0, 7], continuously differentiable on (0,77, u(t) € D, ¢ € (0,T] and
the equation is satisfied on (0, 7). If f € L'((0,7), X), then u(t) = Tyu®+ [; Ty_, f(s)ds,t €

(t) = Au(t) + f(t), t € (0,T], u(0) =u", (1.2)
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[0, T'] belongs to C(]0,T],X), and it is called a mild solution. Clearly, a mild solution that
is continuously differentiable on (0, 7] is a classical solution.

Let f € L'((0,T), X)NC((0,T], X) and v(t) = [; Ty_sf(s)ds,t € [0,T]. The initial value
problem has a solution u for every u’ € D if one of the following conditions is satisfied
(see [16]):

(i) v is continuously differentiable on (0,7).
(i) v(t) € D for 0 < ¢ < T and Av(¢) is continuous on (0, 7.

If the initial value problem has a solution on [0, 7] for some u® € D, then v(t) satisfies
both (i) and (ii). Note that if f € C'([0,7], X) then conditions (i) and (ii) are fulfilled.
Moreover, if f € C*([0,7],X) and u® € D(A), then for the solution u of (1.2) we have
that u € C1([0,7], X) and £u(0) = Au® + £(0).

1.2 Generalized stochastic processes

Denote by (Q, F, P) the Gaussian white noise probability space (S’(R), BB, 1), where
S’(R) denotes the space of tempered distributions, B the Borel sigma-algebra generated
by the weak topology on S’(R) and p the Gaussian white noise measure corresponding
to the characteristic function

2w 1
[ ) =e [ Jlolm | o€ SR
S'(R)

given by the Bochner-Minlos theorem.

We recall the notions related to L?(f2, i) (see [7]) where 2 = S’(R) and p is Gaussian
white noise measure. Define the set of multi-indices Z to be (INY)., i.e. the set of
sequences of non-negative integers which have only finitely many nonzero components.
Especially, we denote by 0 = (0,0,0,...) the multi-index with all entries equal to zero.
The length of a multi-index is |a| = Y ;o a; for @ = (a1, as,...) € Z, and it is always finite.
Similarly, o! = H;’il «;!, and all other operations are also carried out componentwise. We
will use the convention that oo — 3 is defined if a,, — 5, > O foralln € N, i.e.,ifa— 5 > 0,
and leave o — $ undefined if «,, < 3, for some n € IN.

The Wiener-Itd theorem (sometimes also referred to as the Cameron-Martin theorem)
states that one can define an orthogonal basis {H,}aer of L*(Q,u), where H, are
constructed by means of Hermite orthogonal polynomials /,, and Hermite functions &,,

H,(w) = H ha, (W, &), a=(aj,ag,...,an...) €L, weQ=S5(R).
n=1

Then, every F' € L*({, 1) can be represented via the so called chaos expansion

Fw)=)Y_ faHaw), weS'R), Y |fal’al<oo, fo€R, a€cl

ol acl

Denote by ¢, = (0,0,...,1,0,0,...), k € IN the multi-index with the entry 1 at the kth
place. Denote by H; the subspace of L?((2, i), spanned by the polynomials H., (-), k € IN.
The subspace H; contains Gaussian stochastic processes, e.g. Brownian motion is given
by the chaos expansion B(t,w) = > ;- fot &k(s)ds He, (w).

Denote by H,, the mth order chaos space, i.e. the closure of the linear subspace
spanned by the orthogonal polynomials H,(-) with |a| = m, m € INy. Then the Wiener-Itd
chaos expansion states that L?(Q2, 1) = @.._, Hm, where H, is the set of constants in
L2(Q, ).

It is well-known that the time-derivative of Brownian motion (white noise process)
does not exist in the classical sense. However, changing the topology on L2(£2, i) to
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a weaker one, T. Hida [6] defined spaces of generalized random variables containing
the white noise as a weak derivative of the Brownian motion. We refer to [6], [7] for
white noise analysis (as an infinite dimensional analogue of the Schwartz theory of
deterministic generalized functions).

Let (2IN)* = [[)2,(2n)*, «a = (a1,a9,...,0p,...) € Z. We will often use the fact
that the series ) _,(2IN)7P* converges for p > 1. Define the Banach spaces

(S)p={F = faHa € L*(Q,p) : ||FIlts),, = > ()| fal*(2N)P* < o0}, p € No.
a€l o€l

Their topological dual spaces are given by

($)-1,—p ={F =Y faHa: |FIfsy_,_, = D fal?@N)7* < oo}, peNo.

aEel a€l

The Kondratiev space of generalized random variables is (S)-1 = U, (S)-1,—p €n-
dowed with the inductive topology. It is the strong dual of ()1 = (¢, (5)1,p, called the
Kondratiev space of test random variables which is endowed with the projective topology.
Thus,

(S)1 € L2(Q, 1) € (S) -

forms a Gelfand triplet.

The time-derivative of the Brownian motion exists in the generalized sense and
belongs to the Kondratiev space (S)_1,—, for p > 5. We refer to it as to white noise and
its formal expansion is given by W (t,w) = Y ro | & () He, (w).

We extended in [17] the definition of stochastic processes also to processes of the
chaos expansion form U(t,w) = > .7 ua(t)Hs(w), where the coefficients u, are ele-
ments of some Banach space X. We say that U is an X-valued generalized stochastic
process, i.e. U(t,w) € X ® (S)_; if there exists p > 0 such that ”U”§(®(S),1‘,p =

2acr [tall% (2N) 77 < oo,
The Wick product of stochastic processes I' = 3" 7 falo, G = 5c795Hp € X ®

(S)_l is
FOG = Z Z JagpH, = Z Z J89a—pHa,
YEL a+B=y a€l B<a
and the nth Wick power is defined by " = FO("=DQF, FO9 = 1. Note that H,,., = H"
for n € Ny, k € IN.

For example, let X = C”“[O,T], k € IN. In [18] we proved that differentiation of a
stochastic process can be carried out componentwise in the chaos expansion, i.e. due
to the fact that (S)_; is a nuclear space it holds that C*([0, 7], (S)_1) = C*[0,T] ® (S)_1.
This means that a stochastic process U(¢,w) is k times continuously differentiable if and
only if all of its coefficients u,(t), « € T are in C*[0, T].

The same holds for Banach space valued stochastic processes i.e. elements of
C*([0,T],X) ® (S)_1, where X is an arbitrary Banach space. By the nuclearity of (S)_,
these processes can be regarded as elements of the tensor product space

Ck([()?TLX ® (S)—l) = Ck([OaT]vX) ® (S)—l = Ej Ck([()?T]vX) ® (S)—l,—P'

p=0

2 Stochastic operators

Definition 2.1. Let X be a Banach space and O : X ® (S)_; — X ® (S)_; an oper-
ator acting on the space of stochastic processes. We will call O to be a coordinate-
wise operator if there exists a family of operators o, : X — X, a € Z, such that
O ez faHa) =3 ner0alfa)Ho forall F =% 7 faHo € X @ (5)_1.
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Clearly, not all operators are coordinatewise, for example O(F) = [°? can not be
written in this form.

Definition 2.2. The subclass of simple coordinatewise operators consists of operators
for which o, = o = 0, o, 3 € T, that is, they can be written in form of O(}_ .7 faHa) =
> acz 0(fa)H, for some operatoro: X — X.

For example, the operator of differentiation [18] and the Fourier transform [21] are
simple coordinatewise operators. The Ornstein-Uhlenbeck operator is a coordinatewise
operator but it is not a simple coordinatewise operator.

Note that even if all o,, o € Z, are bounded linear operators, the coordinatewise
operator O itself does not need to be bounded. If o,, o € Z, are uniformly bounded by
some C > 0, then O is also a bounded operator. This follows from

IO sy, < D lloall cx)ll fall i (2N) 77
ac

<C?Y I falZ@N) P = CP F sy, < 00
a€cl
for F € X ® (S)-1,—p.
This condition is sufficient, but not necessary, and can be loosened by the embedding
(S)-1,-p € (S)-1,—¢, 4 2 p.
Lemma 2.3. Let O be a coordinatewise operator for which all o,,, o € Z, are polynomially

bounded i.e. ||o.||(x) < R(2IN)"® for some r, R > 0. Then, there exists q > p such that
O0:X®(S)-1,-p = X ®(S)_1,—4 is bounded.

Proof. Let ¢ > p + 2r. Then,

IO xas)_y_, < B DN fall 3 (2N) 7% = B* Y [|fall3 (2IN) (@720

aEl a€el
<R | fallXx(@N) P = R?||F% s, , < oo
a€l
Thus, [|O||Lx)es)_, < R- O

Note that the condition [|o. | 1(x) < R(2IN)" for some r, R > 0 is actually equivalent
to stating that there exists r > 0 such that ) ||0a||2L(X)(2]l\I)_7'a < 0.

Throughout the paper we will consider the equation

%U(t,w) =AU(t,w) +BOU(t,w) + F(t,w), t€(0,T],w € Q,

U(07 w) =U° (w)a

(2.1)

where both operators A and B are assumed to be coordinatewise operators, i.e. com-
posed out of a family of operators {4, }aecz, {Ba}acz, respectively. The operators A,
«a € 7, are assumed to be infinitesimal generators of Cy—semigroups with a common
domain D dense in X and the action of A is given by A(U) = > _ .7 Aa(ue)H,, for
U= cruaH € Dom(A) C D® (S)_1, where

aEl

Dom(A) ={U =Y uaHy € D@ (S)_1: Fpy >0, Y [Aa(ua)]|5(2IN) PV < o0},
o€l a€el
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The operators B, a € Z, are assumed to be bounded and linear on X, and the action of
the operator BO : X ® (S)-1 — X ® (5)_1 is defined by

=D Bs(wap)Ha =) > Balup)H,

a€Z B<a YETL a+B=y

In the next two lemmas we provide two sufficient conditions that ensure the operator
B¢ to be well-defined. Both conditions are actually equivalent to the fact that B,,, a € Z,
are polynomially bounded, but they provide finer estimates on the stochastic order
(Kondratiev weight) of the domain and codomain of B¢.

Lemma 2.4. If the operators B, a € T, satisfy ) ||Ba||2L(X)(2]1\I)‘m < oo, then B
is well-defined as a mapping B0 : X ® (S)_1,—p = X ® (5)—1,—(pr+m), m > L.

Proof. ForU € X ® (S)_1,—p and ¢ = p + r + m we have

NI Y Balwsn) XN < [ S IBalluoolluslx] (@) wrem

YEL a+p=y YEL a+B=v

=> N > Ballx 2N Y luslkeN)™

vET a+p=y a+p=y
<M (Z [BallZ(x)(2IN)~ ) Z [ug||% (2IN) < 00,
a€l BeT
where M =3 (2IN)™™7 < oo, for m > 1. O

Lemma 2.5. If the operators B,, a € T, satisfy 3., .7 || Bal|lr(x)(2IN) "2 < oo, for some
r > 0, then B is well-defined as a mapping BO : X @ (S)_1,—» = X ® (S)_1,—r.

Proof. For U € X ® (S)_1,—,, we have by the generalized Minkowski inequality that

Y1 Y Bawa)lk@ ™ < Y[ Y IBallocoluslix] (27

YEL a+B=vy YEL a+B=y

S S IBalon @) 5 sl x (2975

YEL a+p=y

<Z ”BQHL(X)(Z]N)_ga> > lugll3 (2N) 7 < oo,

a€T BET

IN

IA

O

2.1 Special cases and relationship to other works

Some of the most important operators of stochastic calculus are the operators of the
Malliavin calculus. We recall their definitions in the generalized S’(RR) setting [10].

e The Malliavin derivative, D, as a stochastic gradient in the direction of white noise,
is a linear and continuous mapping D : X ® (5)_; - X ® S'(R) ® (5)_; given by

Du = Z Z kU @ & @ Hoy—ep, Tforu= Zua®Ha.
€T keN aeT

In terms of quantum theory it corresponds to the annihilation operator reducing
the order of the chaos space (D : H,,, = Hy_1).
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e The Skorokhod integral, §, as an extension of the It0 integral to non-anticipating
processes, is a linear and continuous mapping § : X ® S'(R) ® (S)_1 = X ® (5)_4
given by

5(F) = Z Zfa®va,k ®Ha+€k7 for F' = Zfa® <Z Ua,k§k> ®Hoz~

acZ keN a€l kelN

It is the adjoint operator of the Malliavin derivative and in terms of quantum theory
it corresponds to the creation operator increasing the order of the chaos space
6 :Hpm = Hms1)-

e The Ornstein-Uhlenbeck operator, R, as the composition of the previous ones é o D,
is the stochastic analogue of the Laplacian. It is a linear and continuous mapping
R:X®(S)-1 — X ®(5)_1 given by

R(u) = Z |ajug @ Hy, foru= Zua ® H,.

a€l a€T

In terms of quantum theory it corresponds to the number operator. It is a selfadjoint
operator R : ‘H,, — H., with eigenvectors equal to the basis elements H,, a € Z,
i.e. R(H,) = |a|H,, o € Z. Thus, Gaussian processes with zero expectation are the
only fixed points for the Ornstein-Uhlenbeck operator.

Clearly, the Ornstein-Uhlenbeck operator is a coordinatewise operator, while the Malli-
avin derivative and the Skorokhod integral are not coordinatewise operators.

The Ornstein-Uhlenbeck operator is the infinitesimal generator of the semigroup
Ty =e'®, ¢t >0, givenby Ty (u) = Y. cre”tua @ Hy, foru =3, s ua ® Ho € X®(S)_1.

It is also closely connected to the Ornstein-Uhlenbeck process. The Ornstein-
Uhlenbeck process is the solution of the SDE du(t,w) = —u(t,w)dt + dB(t,w), u(0,w) =
ug(w,w), and it is given by u(t,w) = e tug(w) + fot e'=*dB(s,w). It is a Markov pro-
cess with transition semigroup {T;};>o [2]. The solution of the generalized heat equa-
tion Lu + R(u) = 0, u(0) = ug, is given by u = Ty(ug), i.e. u(t,z) = (Tyup)(z) and
(Tyo) () = E(e(u(t,z)) for any ¢ € C,(R) and w is the Ornstein-Uhlenbeck process.

Now we turn to our equation

d

%U(t’ w) =AU(t,w) + BOU(t,w) + F(t,w), (2.2)
where A and B are coordinatewise operators as described in Section 2, composed out of
a family of operators { A, }aecz, {Ba}acz, respectively, where A, are infinitesimal gener-
ators on X and B, are bounded linear operators on X, both families being polynomially
bounded, and their actions given by

AU = Ao(ue)Ha, for U= unH,, (2.3)
acl a€el
BOU =Y Y By(uap)Ha,  for U= ugHa. (2.4)
a€Z BLa a€l

Some important special cases include the following:

I) Special cases for A:
1) A is a simple coordinatewise operator, i.e. A, = A,a € Z, where A is the

infinitesimal generator of a Cy—semigroup on X. Such operators are, for
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example the Laplacian A on X = W?2(R") or any strictly elliptic linear
partial differential operator of even order P(z,D) = >, <5, a.(z)D". For
example, second order elliptic operators can be written in divergence form

L=V -(QV -+b)+ ¢V, where @ is a positively definite function matrix.
2) A, = A+ R,,a € Z, where A is as in 1), while R,,«a € Z, are bounded linear

operators on X so that R is a coordinatewise operator

RU(t,w) = > Ratia(t)Ha(w).

a€cl

Especially, if we take A = 0 and R,, to be multiplication operators R, (z) =
ro - ¢, x € X, then the resulting operator R is a self-adjoint operator with
eigenvalues r, corresponding to the eigenvectors H, and thus represents a
natural generalization of the Ornstein-Uhlenbeck operator. For r, = ||, a € Z,
we retrieve the Ornstein-Uhlenbeck operator R.

Finally, we note that every bounded linear coordinatewise operator R can be
written in the form Ru = §(Mu) where M is a generalization of the Malliavin
derivative. This will be done in Proposition 2.6.

II) Special cases for B:

1) B is an operator acting as a multiplication operator with a deterministic
function, i.e. B, = b for a = (0,0,0,0,...) and B, = 0 for all other « € Z. Its
action is thus

BOU(t,w) = Y b ua(t)Ha(w).
a€cl
For example, we may take X = L?(R") and b = b(z), z € R", for an essentially
bounded function b.

2) B is multiplication with spatial white noise on X = L?*(R"). Let By := B, = &,
k € N, and B, = 0 for a # ¢y, i.e. Br(v(x)) = &k(x) - v(z), k € IN. Then,
BOU (t,w) = W(z,w)0U(t,w).

Clearly,

BOU

Z Z Bk(ua—ek)ny = Z Z ua—ekka'y

~YET keEN YET kEN

= Z Z UaEpHy = WOU.

YEL atep="y

Multiplication with spatial white noise is important for applications since it

describes stationary perturbations.
3) Bis of the form B,, = By, k € N, and B, = 0 for a # ¢, where By : X — X,

k € IN, are bounded linear operators.
Note that in this case there is a one-to-one correspondence between opera-
tors of the form B¢ and operators of the form §(Mu) where M is a simple

coordinatewise operator. This will be done in Proposition 2.8.
4) B is a simple coordinatewise operator, i.e. B, = B,a € Z, where B is a

bounded linear operator on X. Alternatively, we may also regard operators as
B : X — X' in order to make them bounded; such operators are for example
the divergence V- as a mapping from X = WH2(R"?) to X’ = W—12(R"?).

5) BO =V -0(QOV - +b0) + ¢OV- as a strictly elliptic second order operator with
random coefficients. This operator is obtained for B, = V- (QoV - +by) +ca V-,
a € Z, and was studied in [18] and [19].
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Proposition 2.6. Let R : X ® (S)_1 — X ® (S)_1 be a bounded linear coordinatewise
operator defined by Ru(t,w) = > _ 7 Rotn(t)Ha(w).

1. There exists an operator M : X ® (S)_1 = X ® §'(R) ® (S)_1 of the form

a€l

Muy = ZMW(@&, ue X ®(9)-1,
k=1

for some coordinatewise operators My, : X ® (S)_1 — X ® (S)_1, k € IN, such that

Ru = §(Mu)
holds.
2. Especially, if R is a selfadjoint operator, then M is a generalization of the Malliavin
derivative.

Proof. a) In [10] we proved that the Skorokhod integral is invertible, i.e. there exists a
unique solution to equations of the form 6(v) = f. Considering the equation 6(Mu) =
> wecr Ratia H, and applying the result from [10], we obtain Mu in the form

Ra (o3
M= 3 S or bt og o,
€l keN k

By defining

Myu =Y (g + 1)M ® H,, ke,
et |Oé + 61@‘
we obtain the assertion.

b) Let R be a self-adjoint operator with eigenvalues r, and eigenvectors H,, a € Z,
i.e., an operator of the form Ru = Zad roloHy. Assume that r, = Zkem Tk,o fOr sOme
Tk € R, k € N, a € Z, is an arbitrary decomposition of the value r,.

Define

Mpu = Z Tk,ala & Ha_gk.
acl

Then Mu = Zke]N Mpu® & = Zke]N ZaEI Tkala & Ha—sk ® & and

§(Mu) = Z Zrk,aua ®H, = Zraua ® H,.

kEN ael a€l
O

Remark 2.7. The converse is not true. Even if each My, k£ € IN, is a simple coordinate-
wise operator (and so is M), R := § o M does not need to be a coordinatewise operator.
This would require that the system R, (ua) = D icn Mk (Ua—c, ), @ € T, is solvable for
R, (-) given the functions my(-), k¥ € IN, which is not true in general.

Proposition 2.8. Let M : X ® (5)_1 =& X ® S'/(R) ® (S)_1 be of the form

Mu=>» Mu®&, ueX®(S), (2.5)
k=1

for some simple coordinatewise operators My, : X ® (S)-1 — X ® (S)_1, k € N. Then,
there exists a coordinatewise operator B such that B, = 0 for a # ¢, k € IN, and

0(Mu) = BOu

holds.

Conversely, for any coordinatewise operator B such that B, = 0 for a # ¢, k €
IN, there exists an operator M of the form Mu = ZZ; Miu ® & for some simple
coordinatewise operators My, k € IN, such that 6(Mu) = BOu holds.
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Proof. Let M be an operator as stated above and since M, are simple coordinatewise
operators, we can write them as

u) = ka(ua)Hm U= ZuaHm

o€l acl

for some operators my : X — X, k € IN. Thus,

Mu = Z Z mk(ua)Ha & gk

k=1a€Zl

which further implies

Z Z mk ua a+£k Z Z mg ua Ek (2.6)

k=1a€cl k=1acZ

On the other hand, if B is such that B, = 0 for a # ¢, k € IN, and we denote by
By, := B, , k € N, the operators acting on X, then

BOu= > > Bi(ta—c,)Ha. (2.7)

a€l k=1

From (2.6) and (2.7) it follows that §(Mu) = BOu if and only if my = By for all k¥ € IN.
Thus, there is a one-to-one correspondence between the operators B and § o M. O

Remark 2.9. In [12] and [13] Rozovskii and Lototsky considered the equation % =
Au+ §(Mu) + f, where M is of the form (2.5). They implicitly assumed that all their
operators A and My, k£ € N, belong to our class of simple coordinatewise operators.
This corresponds to our special cases I-1) and II-3).

Some special cases of stochastic differential equations covered by (2.2) include the
following:

e The heat equation with random potential

d

au = Au + Bu.
In particular, if the random potential is modeled by stationary perturbations, we
may take spatial white noise as a model and obtain E“ Au + Wou. This
corresponds to the special choice of operators I-1) and II-2).

e The heat equation in random (inhomogeneous and anisotropic) media, where the
physical properties of the medium are modeled by a stochastic matrix (). This
corresponds to the case I-1) with A = 0 and II-5) leading to an equation of the form

%u_v O(QOV -+ bOu) + OV - u + f.

e Taking A = 0 and By, := B., = &/V+, k € IN, (see special cases II-2) and II-4)) we
obtain the transport equation driven by white noise

%UZAU-FWOV‘U.

e The Langevin equation
d
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A > 0, corresponding to the case I-1) with A = — ), f = W and B = 0. Its solution
is the Ornstein-Uhlenbeck process describing the spatial position of a Brownian
particle in a fluid with viscosity .

In [1] the authors considered the generalized Langevin equation leading to gener-
alized Ornstein-Uhlenbeck operators driven by Lévy processes

d d
U= Ju+ C’(%Y)7

where Y is a Lévy process, J the infinitesimal generator of a Cy—semigroup and C'
a bounded operator. All processes are Hilbert space valued. This corresponds to
our case with X being this Hilbert space, A =J, B=0and f = C(Y”’).

e The equation % = Au+ d(Mu) + f, that was extensively studied in [12] and [13].
This corresponds to our special cases I-1) and II-3).

e The equation

%u = Lu+ Wu,

where L is a strictly elliptic partial differential operator as studied in [3] and [8].
This corresponds to the special case I-1) and II-2).

3 Stochastic evolution equations

Now we turn to the general case of stochastic Cauchy problems of the form %U (t,w) =
AU(t,w) +BOU(t,w) + F(t,w), t € (0,T], w € Q, with initial value U(0,w) = U%(w), w € ©,
and all processes are X-valued for a Banach space X.

Definition 3.1. It is said that U is a solution to (2.1) if U € C([0,T],X) ® (S)-1 N
CY((0,T),X)® (S)_1 and U satisfies (2.1).

Theorem 3.2. Let A be a coordinatewise operator of the form (2.3), where the operators
A,, a € 7, defined on the same domain D dense in X, are infinitesimal generators of
Co—semigroups (1t)a, t > 0, a € Z, uniformly bounded by

[(TVallLx)y < Me™, >0, for some M,w > 0. (3.1)

Let BO be of the form (2.4), where B,, a € I, are bounded linear operators on X so that
there exists p > 0 such that

K=Y [|Ba]|(2N) "% < oc. (3.2)
acl

Let the initial value U° € X ® (S)_; be such that U° € Dom(A) i.e.

UO(W) = ZU%HQ(W) eEX® (5)71’71;7 satisfies Z HugH%(@]N)_pa < 00, (33)

o€l o€l
and
AU (w) =Y AqulHo(w) € X @ (S)_1,_p, satisfies »_ [|Aqul |5 (2IN)P* < cc.
a€el acT
(3.4)
Moreover, let
F(t,w) =Y fa(t)Ha(w) € C([0,T], X) @ (S)-1, t+> fult) € CY([0,T],X), a €1,
ol
2
so that > || fallZ oz, @M 7 = 30 (sup fa(®)lx + sup [F4(0)]x) (2N) " < oo,
el aez t€0,T] t€[0,T]
(3.5)
EJP 20 (2015), paper 19. ejp.ejpecp.org
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Then, the stochastic Cauchy problem (2.1) has a unique solution U in C*([0,T], X) ®
(S)—l,—p'

Proof. We seek for the solution in form of U(t,w) = .7 %a(t)Ha(w). Then, the Cauchy
problem (2.1) is equivalent to the infinite system:

d

%ua()— alla(t +ZB[3U& B )+ falt), te(0,T],

B<a (3.6)
ua(0) =ud € D, acT.

Let 0 be the multi-index 0 = (0,0, ...). We rewrite (3.6) as

d
— U (t) = (Aa + Bo)ua(t E Bpua—p(t) + fo(t), te€(0,T],
dt
0<B<a (3-7)

ua(0)=ud € D, acT.
Next, A, + Bp are infinitesimal generators of Cy—semigroups (S), in X such that
1(S))all < Me(wtMIBolDt ¢ >0 o T. (3.8)

According to Subsection 1.1, if f,, a € Z, fulfills condition (i) or (ii), the inhomoge-
neous initial value problem (3.7) has a solution u,(t) € C([0,T],X)NC*((0,T], X), a € Z,
given by

o (t) = (Se)oud + / (Si_sJofo(s)ds, t€[0,T]
(3.9)
ua(t):(St)auqu/ (Si_. a( 3" Bsua_s(s +f(,(s))d5, te[0,7].

0< <

Since f,, € C*([0,T], X) it follows by induction on « that

> Bpua—p(s) + fa(s) € C'([0,T],X), forall ael.

0<B<L

Thus, u, € C*([0,T], X) and £ua(0) = (Aa + Bo)ud + Yo p<q Boul_g + fa(0), a € L.
Note that for each fixed o € Z, u,(t) exists for all ¢ € [0,7] and it is the unique
(classical) solution on the whole interval [0, 7. It remains to prove that ) .7 ua(t)Ha(w)
converges in C1([0, 7], X) @ (S)_1,—p.
First, we show that U(t,w) = " .7 ua(t)Ha(w) € C*([0,Tp], X) ® S_1,—,, for appropri-
ate Ty € (0,7, i.e. we show that

2
> lallosgomy, 0 @M ™ =32 ( sup Jua(®llx -+ sup ||£ ta(®)]lx) (2M) 7 < o,
acT ez  t€0,To]

(3.10)

Later on we will prove that the same holds if we take in (3.10) supremums over the

intervals [Ty, 275], [2T0, 3Ty], .. etc. Since [0, 7] can be covered by finitely many intervals
of the form [kTp, (k 4+ 1)T;], k € Ny, we conclude that

_ d 2 _
> ltallZs oz, 7 = 3 (sup fual®)llx + sup || Zua®llx) (2N) 7 < .
act acz el tefo,r] 4

(3.11)
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In order to do this, we introduce a notation for subsets of multi-indices
Znm={a€Z: |af <nAlndex(a) <m}, n,m € N,

where, for a = (a1, @2,...,@,,,0,0,...) € Z, we have |a] = a1 +as+ - -+, and Index(«)
is last coordinate where « has a nonzero entry. For later reference, we introduce the
function
M (M Boll)t _ 2
Clt)= ——————— (e ol —1 (3.12)
O= B :
and fix Tp € (0, 7] such that C(Tp) < zp=.
First, we show that

> lua®lE om0 @N) =Y sup [lua(t)[% (2IN) P> < oo,
acl aEItE[O’TO]

by proving that partial sums Y 7 supc(o 1 [[ta ()% (2IN) 7%, n,m € IN, are bounded
from above. '
Using (3.9) we obtain

5 2 Tua@BEEN < Y (Sl 8
a€Ly m a€Ly m
+ Y / I(Si-Jall 3 1Battacas)lxds] (215)7
a€Znm 70 0<p<a
b [ 1Sl xs] e
a€ly m

The first term on the right-hand side, for all ¢ € [0, 7], having in mind (3.3) and (3.8),
satisfies

Y ISalPludli 2N) 7P < D (Se)alllug ]Ik (2N)

a€ly m acT

< M2 FMIBoDTo N ™ 13,013 (2IN) 7P = @ < oo
a€l
(3.13)

Similarly, for all ¢ € [0, Tp], using (3.5) and (3.8), the third term satisfies

a€cl

/ (Si—allfal)lxs] (@) 77 < 3 / 1(Se—s)alllfuls) 1 xds] (2)7
a€ly, m

/Me w+M| Boll)(t— Sds] Z Sup Hfa ||X(2]N)

EISG ,t

M2
< v (e<w+M\lBoH>To - 1) sup [ fa(6)1%(2N)P* = G < oc.
(w M[Bo]? 2 zup a0l

(3.14)

Note that in (3.14) we took the supremum over the whole interval [0, T].
For the second term, using (3.2), (3.8), (3.12) and the generalized Minkowski inequal-
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ity, we obtain

2
/ 1Se-sdall 32 1By ()] xds] (20) >
a€ln,m

B-i-v a
M?

< —( (w+M||Bol)t _
~ (w+ M|[Bo)?

C!EIn m ,B+’Y O(

<om)( X 1Bl ) (X s ||uw<t>||%(<zm>-1”)
BELn,m

Y€y, PE[0TO]
<C(T)K® > sup [ua(t)|5(2N)7
OCEIn,m te[O,T()]

) Y[ Y sup Bl (s 9lx] w7

(3.15)

Finally, for all n,m € IN, we obtain

1 . B
3 > sup [ua®IX@N) TP < Q4+ G+ CTH)E? Y sup [ua(t)]k (2IN)
O(EIn,m tE[O,To] aeIn,WL tE[O,To]

Since § — C(Tp)K? > 1 — C(Ty)K* > 0, we have

_ Q1 +G
sup |Ju(t)]|% (2IN) P> < 2 — (3.16)
agmte[o,%] e 3 — C(To)K?

Let (m,)nen be an arbitrary sequence of positive integers tending to infinity. Then

Y sup [lua(t)]% (2IN)

lim
ItE[O To)

e e
Bm Y s (M) < D

aETn o tEI0.T0] 3~ C(To)K*’

since it is a series of positive numbers and thus does not depend on the order of
summation.

Now we show that

> Hdt 0,11, x) (2IN) 7P
acl

d
sup | —ua (1) % (2IN) P < oo,

In order to acomplish that, we differentiate (3.9) with respect to ¢, and obtain

d

—Ug

u0(t) = (S)olAo + Bojub + [ (Si- o fols)ds + (501 (0),

€ 0,17,
40
dt 7

alt) = (Sl + Boil+ [ (Si-a( 30 Bogoacsl) + a5 @.17)
0<B<a
( Y Bpgua—p(0) + fal0 ))

tel0,T], ael.
0<B<La

In the sequel we estimate partial sums of ) SUPse0,7y,

& (t)]|% (2N) 7. So,
EJP 20 (2015), paper 19.
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1

E Y @M < Y Sl An + Bk (2N) 7
a€Ly m a€Ly m
2 / Sl Y ||Bﬁdiua_5<s>||xds}2(21N>—p
Q€Lpm 70 0<B<a
£ [ ISl s @m0
a€ly,m
> ||<St>a\|2[ > 1BswacsO)]x] (@N) 7
a€Lly m 0< <
£ Sl 0) 3 (205) 7
a€Ly m

According to (3.3) and (3.4), we obtain }_ 7 (As + Bo)ud Hy(w) € X ® (S)_1,—p. So the
first term on the right-hand side can be evaluated by

D 1SDalP(Aa + Bo)ul |3 (2N) 7% < 3 " [I(Se)all*[|(Aa + Bo)ug||5 (2IN)
a€ly,m acl
< MR EMIBDTO N (A, + Bo)ug ||% (2N) P = Q) < oo. (3.18)

acl

The third term, for all ¢ € [0, Tp], satisfies

S [ 1l raoas] @ < 3 [ [ - dall e folo)eas] 2807
a€ln m

acl

M? 2
< = (ewt+M|Bol)To _ sup N — G < .
< G MIETE ) X I Fa (0% (21)

(3.19)

The fourth term, using (3.2), (3.3), (3.8) and the generalized Minkowski inequality, can
be estimated by

S 1SDal?] X 1Bsuas©)llx] @N)F < S 0alP] X 1Bsll] (o)

Q€L m 0<fB<La a€l B+y=a

2
§M262(w+MHBUH)tZ[ Z ||BBHHU9/||X} (2IN) P

a€l BHy=«a

< M2 2(w+MHBoH)TO(Z 1 B5 | (2N) pz) (Z 0|2 (21%) pv) = H! < 0.

BET YET
(3.20)
For the fifth term, using (3.5) and (3.8), we have
D ISl fa ) 1% 2N) 77 <> [[(Se)all | fa(0)]5 (2IN) 7
(Xez7l,nl a€l
< M2t MIBT N " sup | £o (£) 1% (2IN) 7 := N’ < o0, (3.21)
aeIte[O,T]

Finally, for the second term, using (3.2), (3.8), (3.12) and the generalized Minkowski
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inequality, we obtain

d 2
n (St-odall 2 1Bl (s)lx s (20) 7
ds
aEInm ﬁ+’y «
M? 2 2
< e(w+M\|Bo|\)t_1 sup B S| x 2IN)~P
<w+M||BO||>2( ) P [ﬂ;asewn ol (5) ] (20)
_p8\? _
<o X 11N #E) (X sup | S (s)] (2N) )
BELn, m VELn,m ° 5€[0,t]
d
<C(T)K® Y sup \|jua(t)\|§(2m)*pa. (3.22)
aeTn, tE0.T0) t

Finally, for all n,m € IN, we obtain

1 d
= Z sup || —ua(t)[|% (2IN) 7" <Q) + G’ + H{ + N’
5 wery t€l0To] dt

FOTEE S sup [ L)% (2N)

a€ln,m t€[0,To] dt

Since + — C(Tp)K? > 0, we have

po o QL+ G +H + N

Ty K? (3.23)

d -
sup.||5ua ()3 (21)

I
(Xezn,rn tE[O7TO] d

Again, taking (m,)nen to be an arbitrary sequence of positive integers tending to infinity,
we have

pa o QUG+ H N

d I d
S swp [ ua@IFEN = lm Y swp | ua()ieN)

aez t€[0,To] " T, LEIOTO] - O(To) K?
Therefore, we obtain
U(t,w) € CH[0,Tp], X) @ (S)-1,—p, i.e.
> (o @l + sup. ]|jt 2(0)lx) 2w 20
QO;I(&E%] Jua®)lF + sup a1 ) (20) 7 < oo,

Next, we consider in (3.24) supremums over the interval [Tp, 27p]. On [Tp, 27| one
can rewrite the initial value problem (3.6) in the following equivalent form:

d
77 Va(t) = Aava(t) + > Bgva—p(t) + fu(To +1), t€(0,Ty]
p<a (3.25)

0a(0) = 08 := un(Ty), a€L.

[

The semigroup corresponding to the generator A, + Byg in (3.25) is again the semigroup
(St)a, t > 0. Using (3.6) and (3.24), we have that U(¢,w) € Dom(A), forall ¢ € [0, Tp], and
AU(t,w) € X @ (S)_1,—p, t € [0,Tp]. According to this we have that V°(w) = U(Tp,w) =
> ez VoHo(w) € Dom(A) and AVY(w) € X ® (S)-1,—p. Thus,

Ua(t) = (St)oﬂ)g +/ St s a( Z Bﬁva ﬁ + fa(T() + S))ds, t e [O,To],

0< <
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and clearly v, (t) = ua(To +¢), t € [0,Tp], a € .

When approximating partial sums of Y- .7 sup;c(o 7, [[va(t)[|% (2IN) 77, comparing to
the previous calculations for u,(t), only the constant @); will be different, and here, we
denote it by (02, so we again obtain

—pa — Q2+ G
Y sup [ua@IFEN) =" sup  [lua(t)|F(2N) P < —2 2
aeItE[O,To] aeItE[To,QTO} 3~ C(To)K

Similarly, for the derivative 4V (t,w) we obtain

e Q5+ G + Hy+ N’
Y swp | Graldliemy e < B C RN
wer tE[0,To] 5 (0)

where, comparing to the estimates of %U (t,w), only the constants @} and H; have
changed and we denoted them here by Q) and HJ.

For arbitrary T' > 0, one can cover the interval [0, 7] by intervals of the form [£Ty, (k +
1)Ty], k € WNo, in finitely many steps (say in ! steps). So we have

_ Q+G
su e (D)% (2IN) 7P < —_
;e;tem%] e ()15 (21N) AT
where ) = max;<k<;{Qx}. Thus,
=Y ua(t)Ha(w) € C([0,T],X) @ (S)-1,—p.

acl

Also,
Q/ + G/ + Hl _|_N/
— C(Th)K? )

S sup | S0k (2N) 7
act tE[0,T]
where Q/ = maxlgkg{Qz}, H = maxlgkgl{H,;}. Since %ua(t) € C([O,T],X), a €I, we
have
LU(tw) = Y S ualt)Haw) € C0.T, X)© (S) 1,
ael
Therefore, U(t,w) € C'([0,T],X)® (S)-1,—p and thus, U is a solution of (2.1) in the sense
of Definition 3.1.
The solution U is unique due to the uniqueness of the coordinatewise (classical)
solutions u,, in (3.9) and due to uniqueness in the Wiener-Itd6 chaos expansion.
O

Note that according to the previous theorem the solution U remains in the same
stochastic order space (5)_1,_, where the input data U°, AU° and F belong to.

Example 3.3. We provide three examples of equation (2.1) where A is a uniformly
bounded (not a simple) coordinatewise operator. Consider the Banach space X =
LP(R), 1 < p < oo, and the stochastic Cauchy problem

%U(t, z,w) = AU(t, z,w) + WOU(t, z,w) + F(t,z,w), (3.26)

U0, z,w) = Uo(a:,w),

where the operator A : Dom(A) — X ® (S)_; is a coordinatewise operator composed
out of a family of closed operators {A, }ncz of the form A, = a,D, « € Z, where the
functions a, € L>(R), a € Z, are uniformly bounded, i.e. sup,¢cp |aa(z)| < M, o € Z, for
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some M > 0, and D is one of the following differential operators: 5I, adxz or am2 + aa:'

and W =}, & H, represents spatial white noise. Then, (3.26) is equivalent to the
infinite system

St ) = Autta(t,2) + 3 E@)ta (.2) + alt,2)
keN

U (0,2) = ul(x), acl.

The Cy—semigroup that corresponds to the closed operator D, denoted by T3, ¢t > 0,
is, respectively,

0
Tig(x) = g(t +z), g€ LP(R), for D = —

ox’
82
T 7 d LP(R for D= —
tg 4 Y, ge ( )7 or 81'2,
T, / 4y, g€ IP(R),  for p- 2 ;2
rg(x Yy, g : =52 T 9

In all cases, we have, using Young’s inequality, that ||T;|| < 1, ¢t > 0. The Cy—semigroups
corresponding to the operators A,, « € Z, are of the form (S;), = anT}. (St)all <
M, o € . The operators B,, o € Z, are given by B., =&, k € N and B, =0, a # €.
lL=m®) <1, a € . Now, according to Theorem 3.2, equation
(3.26) has a unique solution U(t,r,w) = ) 7 ua(t,r)Hy(w), where

o (t, ) = (Sp)aul (z) + / (Si—s) ka T)Ug—e,, (8,2) + fols,))ds, a € T.

Example 3.4. Consider the Cauchy problem

%U(t,w) = AU(t,w) + BOU(t,w) + F(t,w)
U(0,w) = U%(w),

where A is a simple coordinatewise operator A, = A, a € Z, generating a Cy—semigroup,
B, # 0 only for a = e, k € IN, are such that ), .\ | B.,||(2k)~% < oo, and U° and F are
deterministic functions, i.e. v = 0 and f, =0 forall a € 7\ {0}.

The solution of this system, according to Theorem 3.2, is

t
uo(t) = Ttug + / Ti—sfo(s)ds
0

/Tf (3 Beyttare, ( )ds, aeZ\o,

keN

the same form as it was obtained in [12].

We provide two generalisations of Theorem 3.2: one possibility is to allow the
operators B, to depend on the time variable ¢t (except for Bg which must be free of t). This
embraces for example SPDEs driven by space-time noises which have zero expectation
(and are thus free of t). The other possibility is to allow By to be unbounded but satisfying
certain properties so that A, + By are infinitesimal generators of Cy—semigroups. For
example, if A, = 68722 and By = a%' then although Bj is unbounded, A, + By is the
generator of a contraction semigroup. Following [4] we will enlist some sufficient
conditions which ensure that A, + By is the generators of a Cy—semigroup.
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Remark 3.5. In Theorem 3.2 one can consider operators B, (t), « € T\ {0}, depending
on t, so that B, € C'([0,7], L(X)), a € Z\ {0}, Bo(t) = Bo € L(X), for all ¢ € [0,T], and

K

> IBaller (ory,Lix)) (2N) P2

acz,
a>0

d —
-y ( sup || Ba(t)]lLx) + sup ||£Ba(t)HL(X))(2]N) PE < oo (3.27)
wez, St€[0,T] te[0,T]
a>0

Replacing (3.2) by (3.27) and retaining all other assumptions of Theorem 3.2, one can
again obtain a unique solution U in C*([0,T], X) ® (S)_1,—, of the corresponding Cauchy
problem (2.1).

The solution is U(t,w) = Y, o7 Ua(t)Ha(w), ua(t) € C*([0,T],X), a € Z, where (see
(3.9))

uo(t) = (S1)oul + / (Si—sJofols)ds, t€[0.T],

t (3.28)
ua(t):(St)aung/O(St_s)a( > Bals)ua-sls) + fals))ds, te[0,7].

0< <
Its derivative is U (t,w) = 3 7 Suqs(t)Ha(w), where (see (3.17))

Su0(t) = (So(Ao+ Bo)u§ + [ (Si2o - fols)ds + (S1)of(0). t€[0.7)
ta(t) = (S0)a(Aa + Bo)ul

v f t<5t5>a(0§@ (B et (5) + & Bi(sJuap(s)) + o uls))ds

+(S0a( Y BsO)uap(0) + fa(0), te[0,T], a€l.

0<B<La
(3.29)

The proof can be performed in the same manner as in Theorem 3.2, now taking Ty € (0, 7]
to be small enough so that C(7p) < 6%, since now we have six summands in (3.29)
instead of the previous five in (3.17).

Remark 3.6. In Theorem 3.2 one can consider the operator By to be unbounded, densely
defined on D (the same domain which is common for all A,) so that either of the following
holds:

(i) An, a € Z, are generating contraction semigroups (i.e. M = 1, w = 0), and By
is dissipative, A,—bounded with ag < 1 (i.e. there exist a,,b, > 0 such that
| Boz|| < aal|Aaz| + bollz|, € D, and al = inf{a, > 0: Ib, > 0,V € D, | Boz| <
ao||Aa|| + ballz]|}), for all a € Z,

(ii) By is closable, dissipative and A,—compact (i.e. B: (D,] - ||a,) — X is compact
where || - || 4, denotes the graph norm), for all o € Z,

(iii) A, are generating analytic semigroups (i.e. w < 0), a € Z, and By is closable and
A,—compact .

Then, A, + By is the infinitesimal generator of a Cy—semigroup (denote it (S;),) for all
a € Z. If the semigroups (7}), corresponding to A, are uniformly bounded in «, then
so will be (S;),. Retaining all other assumptions of Theorem 3.2, now we follow the
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same proof pattern with the semigroup (S;)a, ||(S¢)a|| < Me®, for some M > 1, @ € R,
independent of «a.
Finally we note that in case (i) and (ii) A, + Bo will be generating contraction

semigroups, while in case (iii) they will be generating analytic semigroups.

4 Stationary equations

In this section we consider stationary equations of the form
AU +BOU + F =0, (4.1)

where A: X®(S)_1 > X®(S)-;and B0 : X ®(5)_1 — X ®(S)_ are coordinatewise
operators as in (2.3) and (2.4). We assume that {A,},ecz and {B,}acz are bounded
operators and that A, are of the form

Aa:ga-i-cm a €T,

where By and Za, «a € T are compact operators and C, are self adjoint operators
for all @ € Z. Denote by r,, the eigenvalue corresponding to the orthogonal family of
eigenvectors H,, i.e. C,(H,) = roH,, o € Z. Using classical results of elliptic PDEs and
the Fredholm alternative (see [5]) we prove existence and uniqueness of the solution to
(4.1).

Theorem 4.1. Let X be a Banach space. Let A : X ® (S)-1 —» X ® (S)_1 and B :
X®(S)-1 = X®(S)_1 be coordinatewise operators, for which the following assumptions
hold:

1. A is of the form A = A + C, where :&(U) = > ga(ua)Ha and A, : X — X are
o€l
compact operators forall« € Z, C(U) = > rquaHa, 7o € R, @ € Z, and B is of
ael
the form (2.4), where By : X — X is a compact operator. Assume there exists

K > 0 such that:

— | Aol = |Boll = 7o >0, forall a€T, 4.2)
and
1
sup < = ) < K. 4.3)
a€Z \ —Ta — ||Aall — || Bol|

2. B is of the form (2.4), where Bz : X — X, f € T\ {0}, are bounded operators and
there exists p > 0 such that

pB
K |Bsll (2N)* <

BeT
B>0

(4.4)

5=

3. Foreverya € T
Ker (Za L (1 4r)ld+ BO> = {0} 4.5)

Then, for every F € X ® (S)_1,—, there exists a unique solution U € X ® (S)_1,—p to
equation (4.1).

Proof. Equation (4.1) is equivalent to U — (A(U) + CU + U + BOU) = F and

Z u.yf;lfyu,yf(lJrT»y)ua,* Z Bo(ug) H’y:Zf’yH’Y'

veT a+p=vy g=
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Due to uniqueness of the Wiener-It6 chaos expansion this is equivalent to

— (A + (1 +r)Id+ Bo)uy = f,+ > Bsluy-p), 7€ (4.6)
0<B<y

By (4.5) it follows that for each v € Z the homogeneous equation
2= (A + (14 7)1+ Bo) uy =0

has only trivial solution u, = 0. Since the operator Zw + (1 +r,)Id+ Bog is compact, the
classical Fredholm alternative implies that for each v € Z there exists a unique u. that
solves (4.6) and it is of the form

uy = (Id—((ry+1)Id+ g’v +Bo)) " | fy + Z Bs(uy—p) | . €T,
B>0
so that
1
Juy[lx < = 1Al + D IBslllur—slx | v €T
=7y = [ A5l = [ Bol| 50

We will prove that ) u, ® H, converges in X ® (S)_;. Indeed,
=

Dol lxeEN) P < K2 flx+ D, IBallluglx | N7
~eET yeEL y=a+pB,a>0
< DIAIZCN) ™+ > (1Ballluglx)*(2N)
yeL veL y=a+8,a>0
< 2D IAIREN) ™Y + (D [1Ball(2N)7%)? Y flugl|x (2IN)
~ET a>0 BeT
Therefore,
(1=2K2(Y " [1Ball@N)72)%) - 3 Jluy |3 (20N) 777 < 2K |1 £ |5 (2N) 7
a>0 YEL YEL

By assumption (4.4) we have that M =1 — 2K?2( 3" ||B.||(2N)~"2)2? > 0. This implies
a>0

D lluy 15 (2N) 7 <2 Z 1511 (2IN) 777 < oo

YyEL yeL

Example 4.2. We provide some special cases of equation (4.1).
1. If A, = 0 forall « € 7 and B,, a € 7 are second order strictly elliptic partial
differential operators in divergent form

n

Zn: Di(Y ail () D + b, () + Zn:CZ(:v)Dﬂrda(x) (4.7)

j=1
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with essentially bounded coefficients, then equation (4.1) reduces to the elliptic
equation
BOU = F,

which was solved in [18] and [19].

2. Let Za =0 forall « € 7 and let B,, a € Z, be second order strictly elliptic partial
differential operators in divergent form (4.7). Let C = ¢ P(R), for some ¢ € R,
where R is the Ornstein-Uhlenbeck operator, P a polynomial of degree m with real
coefficients and P(R) the differential operator P(R) = p,,R™ + pp_1R™ L + ... +
p1R + pold. Then, the corresponding eigenvalues are r, = cP(|a|), « € Z. Hence,
equation (4.1) transforms to the elliptic equation with a perturbation term driven
by the polynomial of the Ornstein-Uhlenbeck operator

BOU + ¢P(R)U = F,

that was solved in [11].
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