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Strong approximation for additive functionals
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Abstract

Let (&)icz be a stationary Harris recurrent geometrically ergodic Markov chain on a
countably generated state space (F, BB). Let f be a bounded and measurable function
from F into R satisfying the condition E(f(£0)) = 0. In this paper, we obtain the almost
sure strong approximation of the partial sums S, (f) = >, f(&) by the partial sums
of a sequence of independent and identically distributed Gaussian random variables
with the optimal rate O(logn).
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1 Introduction and main result

This paper focuses on a Komlés-Major-Tusnédy type strong approximation for additive
functionals of Markov chains. We first recall the famous Komlés-Major-Tusnady theorem
(1975 and 1976): let (X;);>o be a sequence of independent and identically distributed
(iid) centered real-valued random variables with a finite moment generating function
in a neighborhood of 0. Set 02 = Var X; and S,, = X; + X3 + --- + X,,. Then one can
construct a standard Brownian motion (B;);>¢ in such a way that

]P(sup|5k—oBk| 2z+clogn> < aexp(—bx), (1.1)
k<n

where a, b and c are positive constants depending only on the law of X;. From this result,
the almost sure approximation of the partial sum process by a Brownian motion holds
with the rate O(logn). It comes from the Erdds-Rényi law that this result is unimprovable.
This result has been later extended to the multivariate case by Einmahl (1989), who
obtained the rate O((logn)?) in the almost sure approximation of partial sums of random
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Strong approximation for Markov chains

vectors with finite moment generating function in a neighborhood of 0 by Gaussian
partial sums. Next Zaitsev (1998) removed the extra logarithmic factor and obtained
(1.1) in the case of random vectors. We refer to Gotze and Zaitsev (2009) for a detailed
review of the results on this subject.

We now come to the framework of this paper. Let (§,,) be an irreducible and aperiodic
Harris recurrent Markov chain on a countably generated measurable state space (F, B).
We will consider only chains which are positive recurrent and 7 will exclusively denote
the (unique) invariant probability measure of (¢,). In that case the transition probability
P(z,.) of the Markov chain satisfies the following minorization condition: there exists
some positive integer m, some measurable function i with values in [0, 1] with 7(h) > 0,
and some probability measure v on FE, such that

P (xz,A) > h(z)v(A). (1.2)

In order to avoid additional difficulties, we will assume throughout the paper that the
above condition holds true with m = 1. Let then Q(z,-) be the sub-stochastic kernel
defined by

Q=P—-h®v. (1.3)

Under assumption (1.2), proceeding as in Nummelin (1984), we can define an extended

chain (&,,U,) in E x [0,1] as follows. At time 0, U, is independent of &, and has the

uniform distribution over [0, 1]; for any nonnegative integer n,
Q(z, A)

P(li1 € A& =2,Up =y) = Lycpmv(A) + 1y>h(m)ﬁ

) = P((z,y), A) (1.4)

and U, is independent of (£,1,&,,U,) and has the uniform distribution over [0, 1].
Then the kernel P of the extended chain is equal to P ® X (here \ denotes the Lebesgue
measure on [0, 1] and the notation ;1 ® v means here and after the tensor product of the
measures p and v ). This extended chain is also an irreducible and aperiodic Harris
recurrent chain, with unique invariant probability measure 7 ® A. It can easily be seen
that (&,,) is an homogenous Markov chain with transition probability P(z,.). Define now
the set C'in F x [0, 1] by

C ={(z,y) € E x[0,1] such thaty < h(x)}. (1.5)

For any (z,y) in C, P(§,41 € A | &, = 2,U, = y) = v(A). Since 7 ® \(C) = n(h) > 0, the

set C' is an atom of the extended chain, and it can be proven that this atom is recurrent.
Everywhere in the paper, we shall use the following notations: P, (respectively IP¢)

will denote the probability measure on the underlying space such that & ~ 7 (resp.

(£, Up) € 0), and E,(-) will denote the P -expectation (resp. Ec(-) the Pc-expectation).
Define now the stopping times (T})x>0 by

To =inf{n >1:U, < h(&,)} and Ty =inf{n > Ty_; : U, < h(&,)} fork>1, (1.6)

and the return times (7x)x>0 by
Tk:Tk_kal- (1.7)

Then Tj is almost surely finite and the return times 7, are iid and integrable. Moreover,
from the strong Markov property, it is well known that the finite random sequences
(€415 - €mn,,) (k> 0) are identically distributed and independent. Their common law
is the law of (&, ...,&r,) under the probability Pc. Let then

Su(f) = f&). (1.8)
k=1
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From the above property, for any measurable function f from E into R, the random
vectors (7, ST, (f) — St._,(f))r>0 are independent and identically distributed. This
fact was used in Cséki and Csorgo (1995) to get strong approximation results for the
partial sums S, (f) under moment assumptions on the return times 7. Let us recall
their result. Assume that the chain satisfies (1.2) with m = 1. If the random variables
St.(1f1) = St,,_, (| f]) have a finite moment of order p for some p in |2, 4] and if the return

times 7, satisfy (7} / %) < oo, then one can construct a standard Wiener process (Wo)i>o0

such that
1
Su(f)—nm(f) =0y Wn = O(an) a.s., with 07 = limEVarSn(f) and a,, = n'/Plogn. (1.9)

Note that the above result holds true for any bounded function f only if the return times
have a finite moment of order p. The proof of Csaki and Csorgé (1995) is based on the
regeneration properties of the chain, on the Skorohod embedding and on an application
of the results of Komlés, Major and Tusnady (1975) to the partial sums of the iid random
variables St, ., (f) — S, (f), k > 0. Since the moments of the return times essentially
play the same role as the moments of the random variables in the case of iid random
variables, it seems clear that such a result is optimal, up to a possible power of logn.
However this result has not been extended to the case p > 4. By contrast the strong
approximation of the renewal process associated to the chain holds with the optimal rate
O(n'/P) if E(1}) < oo, for any p > 2. Furthermore, if the chain is geometrically ergodic,
then the strong approximation of the renewal process holds with the rate O(logn) (see
Corollaries 3.1 and 4.2 in Cs6rg6, Horvath, and Steinebach (1987) for these results).

We now recall some possible methods to get strong approximation results. Some of
these methods are based on the ergodicity properties of the Markov chain. For positive
measures p and v, let || — v|| denote the total variation of ;4 — v. Set

B = / |P"(z, ) — nlldn(z) (1.10)
E

The coefficients ,, are called absolute regularity (or S-mixing) coefficients of the chain.
Then, as proved by Bolthausen (1980 and 1982), for any p > 1,

Ec(T}) < oo if and only if Y n?~?B, < oc. (1.11)
n>0

The second part of (1.11) is also called a weak dependence condition. Under a mixing
condition which is more restrictive than (1.11) in the context of Markov chains, Shao
and Lu (1987) obtained (1.9) with the rate a,, = O(nl/p(log n)¢) for some ¢ > 1 for
p in ]2,4]. Their proof was based on the so-called Skorohod embedding. Recently,
using a direct method based on constructions via quantile transformations, as in Major
(1976), Merlevede and Rio (2012) improved the results of Shao and Lu (1987). For p
in ]2, 3[, they obtained (1.9) under the ergodicity condition (1.11) with the better rate
an = n'/?(logn)?=2)/(2P)  The results of Merlevede and Rio (2012) involve more general
weak dependence coefficients than the coefficients f,,, so that their result applies also
to non irreducible Markov chains and to some dynamical systems. In the context of
dynamical systems, Gouézel (2010) used spectral methods to construct coupling with
independent random variables and applied then strong approximation results for partial
sums of independent random vectors to get rates of the order of n'/? for p in ]2,4[ in
(1.9). The techniques used in these papers are suitable for Markov chains or non trivial
dynamical systems, including the Liverani-Saussol-Vaienti map. Nevertheless the applied
tools limit the accuracy to the rate O(n'/%).
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Recently, for stationary processes that are functions of iid innovations, Berkes, Liu and
Wu (2014) obtained (1.9) with the rate O(n'/?) for any p > 2 provided that the innovations
have finite moments of order p and the process has a fast enough arithmetically decay of
some coupling coefficients. Moreover they give some application to nonlinear time series
(see Example 2.2). However their condition (2.15) is too restrictive (even for functional
autoregressive processes) and they do not give estimates of their coupling coefficients
for more general Markov chains.

In this paper we are interested in general Harris recurrent Markov chains. Our aim
is to obtain the optimal rate O(logn). Recall that, in the dependent case the rate o(n'/?)
has never been surpassed. In order to get better rates of approximation, we will assume
throughout the paper that the Markov chain is geometrically ergodic, which means that
(see Theorem 2.1 in Nummelin and Tuominen (1982))

Brn = O(p™) for some real pwith 0 < p < 1, (1.12)

where 3, is defined in (1.10). Note now that P(m; > n) = Pc(Tp > n) = vQ"(1) and in
addition P, (Tp > n) = 7Q" (1) + vQ"(1)7(h) where @ is defined by (1.3). Therefore,
condition (1.12) together with Corollary 2.4 and Lemma 2.8 in Nummelin and Tuominen
(1982) imply that both P(7; > n) and P,(7p > n) decrease exponentially fast. Hence, if
(1.12) holds there exists a positive real ¢ such that

E(e'™) < oo and B, (¢'7?) < oo for any [t| < 4. (1.13)

We will use this fact together with a strategy inherited from the papers of Bolthausen
(1980 and 1982) to get the optimal rates of strong approximation in that case: we will
apply a strong approximation result of Zaitsev (1998) to the multidimensional partial sum
process (T, — Ty, ST, (f) — ST, (f)) rather than the initial theorems of Komlds, Major and
Tusnady (1975 and 1976). This method enables us to get the optimal rate of convergence.
Let us now give our main result.

Theorem 1.1. Let (§,) be a stationary, irreducible and aperiodic Harris positive re-
current Markov chain on FE, with invariant probability measure n. Assume that the
chain satisfies (1.2) with m = 1 and the geometric ergodicity condition (1.12). Let g be
any bounded measurable function from £ x [0,1] to R such that 7 ® A(g) = 0 and let
Sn(g) =3 0_1 9k, Ug). Let P =P @ \. If

03 =1 \g?) —|—2Z7r®)\(g}5”g) >0,
n>0

then there exists a standard Wiener process (;):>o and positive constants a, b and ¢
depending on ¢ and on the transition probability P(z,-) such that, for any positive real x
and any integer n > 2,

]Pﬂ(sup |§k(g) — ang‘ >clogn + x) < aexp(—bx). (1.14)
k<n
We now give in a separate corollary the application of this result to additive function-
als of the initial chain. The proof, being immediate, will be omitted.

Corollary 1.1. Let (§,,) be a stationary, irreducible and aperiodic Harris positive recur-
rent Markov chain on F, with invariant probability measure 7. Assume that the chain
satisfies (1.2) with m = 1 and the geometric ergodicity condition (1.12). Let f be any
bounded measurable function from E to R such that 7(f) = 0 and let S, (f) = >_;_, f(&k)-
If

of =m(f*)+2) w(fP"f) >0,

n>0
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then there exists a standard Wiener process (W;);>¢ and positive constants a, b and ¢
depending on f and on the transition probability P(z,-) such that, for any positive real x
and any integer n > 2,

IPW<21<1p ’Sk(f) — oy Wi| > clogn + (E) < aexp(—bx). (1.15)

Remark 1.1. Corollary 1.1 may be generalized to the nonstationary case. Let i be any
law on F such that

/ |P"(x,.) — m||du(x) = O(r™) for some r < 1.
E

Corollary 2.4 and Lemma 2.8 in Nummelin and Tuominen (1982) ensure that IPM(TO >n)
decreases exponentially fast. Consequently the proof of Theorem 1.1 extends to the
Markov chain (§,,) with transition probability P and initial law p without modification.

2 Proof of Theorem 1.1

Before proving our main result, we give an idea of the proof. The constants v, v, A
and ~ appearing below will be specified in Subsection 2.3. For any 7 > 1, let

T;

Xi = Z g(gfaU£)~

L=T; _1+1

The random variables (X;, 7;);~¢ are independent and identically distributed. Let then
a be the unique real such that Cov(Xy — a7, ) = 0. Applying the multidimensional
extension of the results of Komlés Major and Tusnady (1976), which is due to Zaitsev
(1998), we obtain that there exist two independent standard Brownian motions (B;);>o
and (Bt)tzo such that

Sr,(9) — (T, — nE(m)) — vB, = O(logn) a.s. and T, — nE(ry) — 9B, = O(logn) a.s.

Next, using the Koml6s-Major-Tusnady strong approximation theorem, one can construct
a Poisson process N with parameter A from B in such a way that

nE(my) + 9B, — yN(n) = O(logn) a.s.

For this Poisson process,

SyN@)(9) — ayN(n) + ank(r) —vB, = O(logn) a.s.

The processes (B;):>o and (N (t));>o appearing here are independent. From the above
result one can deduce that

Sn(9) = vBn-1(n/q) + an — aE(r1)N "' (n/v) + O(logn) a.s. (2.1)

If v = 0, which corresponds to the case of renewal processes, then

S.(9) = an — aB(r)N~(n/v) + O(logn) a.s.

Up to some multiplicative constant, the process on right hand is a partial sum process
associated to iid random variables with exponential law. Hence, using the Komlés-Major-
Tusnady strong approximation theorem again, one can construct a Brownian motion W
such that -

an — aE(r) N~ (n/v) = W, + O(logn) a.s., (2.2)
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which leads to the expected result. Notice that the Brownian motion 1% depends only on
the Poisson process N and on some auxiliary atomless random variables independent of
the o-field generated by the processes B and N.

If v#0and a =0, (2.1) ensures that
Sn(g) = vVBN-1(n/y) + O(logn) a.s.

As noted by Csorg6, Deheuvels and Horvath (1987), since the renewal process of the
Poisson process is the partial sum process associated to independent random variables
with exponential law, the above compound process is a partial sum process associated to
iid random variables with a finite Laplace transform, and consequently, one can construct
a Brownian motion W such that

BNfl(n/'y) -W, = O(logn) a.s.,

which leads to the expected result. However the Brownian motion W depends on N. It
follows that, in the case o # 0 and v # 0, the so constructed processes W and W are not
independent. Then the construction of Csoérgo, Deheuvels and Horvath (1987) cannot be
used to prove our theorem.

In order to perform the exact rate in the case a # 0, it will be necessary to construct
a Brownian motion W* independent of N in such a way that

B, — W;N(n) = O(logn) a.s. (2.3)

Since W* is independent of IV, it will also be independent of w. Then, using (2.1) and
(2.2), we will get that .
S.(g) = Wi+ W, +O(logn) a.s.

which will imply our strong approximation theorem. The proof of (2.3) will be done in
Subsection 2.2. Then, starting from this fundamental result, we will prove the main
theorem.

2.1 Some technical lemmas

Lemma below follows from the classical Cramér-Chernoff calculation (see also, for
instance, Lemma 1 in Bretagnolle and Massart (1989)).

Lemma 2.1. Let Z be a real-valued random variable with Poisson distribution of param-
eter m. Then, for any positive z and any sign ¢, we have

P(e(Z —m) > z) < exp (— mh(ez/m)) .
where
h(t)=(14t)log(l1+t)—t fort > —1and h(t) =4oo fort < —1. (2.4)

Next lemma follows once again from the classical Cramér-Chernoff calculation to-
gether with the Doob maximal inequality.

Lemma 2.2.Let (N(¢) : ¢ > 0) be a real-valued homogeneous Poisson process of
parameter m. Then, for any positive reals z and s, we have

IP(stgls) IN(t) — tm| > z) < exp (— msh(z/(ms))) + exp (— msh(—xz/(ms))) .

where A(-) is defined by (2.4).

Lemma 2.3 below is due to Tusndady in his Phd-thesis (see Bretagnolle and Massart
(1989) for a complete proof of it).
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Lemma 2.3. Let ¢ be a random variable with law N (0,1), ® its distribution function
and @, the distribution function of a Binomial law B(m, 1/2). Let B,,, = 2®,1(®(£)) —m
where ®,,! is the generalized inverse of ®,,. Then the following inequality holds:

Bl < 2+ [€]V/m.

2.2 A fundamental lemma

The main new tool for proving Theorem 1.1 is the lemma below.
Lemma 2.4. Let (B;);>0 be a standard Brownian motion on the line and {N(¢) : ¢ > 0} be
a Poisson process with parameter A > 0, independent of (B;);>o. Then one can construct

a standard Brownian process (W;);>o independent of the Poisson process N(-) and such
that, for any positive integer n > 2 and any positive real z,

1

VA

where A, B and C are positive constants depending only on A. Furthermore (W,);>o may
be constructed from the processes (B;):>o, N(-) and some auxiliary atomless random
variable ¢ independent of the o-field generated by the processes (B;);>o and N(-).

Proof. For j € Z and k € I, let

IP(sup |Bk — WN(k)| > Clogn + o:) < Aexp(—Buz),
k<n

&g = 2772 (L (e 1y2) — Lk )20 (ke 1)297) 5

and -
Yk = / & k(t)dB(t) = 279/%(2B 4 1)2 — Brai — Blrynyas) -
0

Note that (€;)jez k>0 is a total orthonormal system of ¢*(R). Hence for any ¢t € RT, B,

can be written as )
B = Z Z (/0 éj7k(t)dt))/}7k. (2.5)

JEZ k>0
For any j € Z and k € IN such that N (k27) < N((k+ 3)27) < N((k + 1)27), let

rs —1/2
fik = Cj,k/ (bj,kl}N(km'),N((kJr%)2)’)] - aj,k]-]N((k+%)21),N((k+1)2j)]) ,

where ) )
ajr = N((k+ 5)2j) — N(k27), bjr = N((k+1)27) — N((k + 5)2ﬂ') :
and
Cik = a5 kbjk(ask + bjk) -

Forj € Z, et E; = {k € N : N(k27) < N((k+ 3)27) < N((k +1)27)}, and notice that
(fjk)jez rer, is an orthonormal system whose closure contains the vectors 1)y y¢) for
t € R and then the vectors 1y 4 for £ € IN*. With the convention fix=0ifk ¢ E;, we
then set .

Wy = Z Z (/ fj,k(t)dt>Yj,k for any £ € IN* and Wy = 0. (2.6)

0

JEZ k>0

Since conditionally to N(:), (fj)jezrer, is an orthonormal system and (V) is a
sequence of iid standard Gaussian random variables, independent of N(-), one can
easily check that, conditionally to N(-), (W;)¢>o is a Gaussian sequence such that
Cov(Wy, W,,,) = £ A'm. Therefore this Gaussian sequence is independent of the Poisson
process N(-). By the Skorohod embedding theorem, there exists a standard Wiener
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process (W;); which coincides with the Gaussian sequence (W,) at integer values. Fur-
thermore this Wiener process can be constructed from the Gaussian sequence and
an auxiliary atomless random variable § independent of the o-field generated by the
processes (B;);>o and N(-).

Let ¢; and ¢y be two positive reals such that

o> 7 e max (8 L 17652+ \/i)z(l + \/5)2’ ,\2(11?)262)2) ’ .
and )
Co > Co = W (2.8)
Let ng be the smallest integer such that ng > ¢; and
ng — c1 log(ng) —ca > 0. (2.9)

The lemma will be proven if we can show that there exist positive constants a and b
depending only on ), such that for any n > max(2°,ng),

IP(sup | By, — A_l/QWN(kﬂ > 3¢y logn + 30295) < aqe . (2.10)
k<n

Indeed, for any integer n in [2, max(2°,ng)], it can be easily shown that the conclusion
of the lemma holds. From now on, 7 is a positive integer such that n > max(2°,ng). To
prove (2.10), we first define jj as the smallest integer such that

270 > ¢y logn + cox, (2.11)

where c; and ¢ are positive reals satisfying (2.7) and (2.8) respectively. Now, let K be
the integer such that 25! 4+ 1 < n < 2%, Notice that

IP(Sup |Bj, — A_l/QWN(k)\ > 3cylogn + 3021‘)
k<n

< IP( sup ‘ijo — )\—1/2WN(@2]'0)‘ > cqlogn + czx)

1<e<2K~io
+ IP( sup sup | By, — Byoio| > c1 logn + czm)
0<e<2K—do —1 0290 <k<(£+1)290
+P( sup sup W) — Wheioy| > A/2(¢) logn + cx)). (2.12)

0<e<2K—30—1 £290 <k<(4+1)270

But, by Lévy’s inequality,

IP( sup sup | By, — Byoio | > 1 logn + czrc)
0<¢<2K—do —1 0270 <k<(£+1)290
2K—do 1
< Z IP( sup | B, — Byoio| > c1logn + 0230)
—0 0290 <k<(£+1)290

2K—j0+2
V2T

Using the definition (2.11) of j, it follows that

< 259D (| Byio | > €1 logn + co) < oxp(—27 0% (¢ logn + cow)?).

IP( sup sup | By, — Byoio | > 1 logn + CQx)
0<¢<2K—j0 —1 0290 <k<(£+1)290

23 n1751/4
< X
~V2r o (c1logn + cax)3/?

exp(—coz/4). (2.13)
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Next,

P( sup sup W) — Whio)| > A2(c)logn + o))
0<<2K =30 —1£290 <k<(L+1)290

2K—jo 1
< Z P( sup W)y — W0y > A2 (i logn + o))
—0 0290 <k<(€+41)290
< 2K_j°IP( sup W > /\1/2(c1 logn + czx))
0<t<A2d0+1
2K =do_1
+ Y P( sup IN (k) — N(£270)] > x2dot1) |
—0 €290 <k<(£+41)290
Using once again Lévy’s inequality and the definition (2.11) of jy, we get

2K=IP( sup Wy > AY2(erlogn + con))

0<t<A2i0t1
< 2K7j0+1 21+j0/2 ox (_ (Cl 10gn+02x)2)
- V7 (erlogn + cox) 2jo+2
93 nl—c1/8
< = — 8).
= \/7? (Cl logn + sz)3/2 eXp( 621'/ )

X
On another hand, by Lemma 2.2,

P( sup N(k)>X2°T) <P( sup [N(k)— kA > A2°) <exp(—A27°A(1)).

1<k<2d0 1<k<2d0

Hence, by using (2.11),

1—)\01/3
oK=ioP( sup N(k) > 20ty <o 0 oeh(—Aean/3).
(1§k§p2j0 k) = )7 c1logn + cox p( 27/3)
So, overall,
IP( sup sup W) — WN(£210)| > /\1/2(01 logn + C2$))
0<e<2K =30 —1 0290 <k<(¢+1)270
23 nl—(:1/8 nl—)\cl/:}

exp(—cqx/8) + 2 exp(—Acaz/3). (2.14)

< — X — _
VT clogn+ cx c1logn + cx

Therefore, starting from (2.12) and considering the upper bounds (2.13) and (2.14), we
derive that to prove the lemma, it suffices to show that there exist positive constants A;
and B; depending only on ), such that for any n > max(2°, ng),

IP( sup |B¢2j0 — Afl/QWN(52j0)| >clogn + 02x> < Ay exp(—Bix). (2.15)
1<e<2K —jo

In the rest of the proof, we shall prove the inequality above.
Taking into account (2.5) and (2.6), we first write that, for any ¢ € IN*,

Bgio = A~ 2 Wiy(egin) = Z Z (/0

J=2jo k20

0290 N(e290)

& (t)dt — A1/ / Fr(t)dt) iy

0

Notice that if £27° ¢]k27, (k + 1)27[ then
£290 N(e290)
/ & (t)dt = / Fa(tdt = 0.
0 0
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Therefore setting

fj = [£2j0_j} R
we get
0270 N(ggjo) .
Byaio =A™ 1/2 Wi (e2i0) = Z / €jt; ( )‘_1/2/ fi; (t)dt>yj7k
J=Jjo 0
Setting ‘ '
(290 — (2
AT

this leads to _ ~
Boso = A Wigaioy = Y UinYie + Y ViaYiu,

JZJjo Jj=jo
where ﬁjk = Ujt;14,€10,1/2) With
) biy. . .
Ujp, = 20/%t; — A—W% (N(£27) — N(£;27)) (2.16)
D545

and ‘7j,k = ‘/}7@ 1tj€]1/2,1[ with

. i0.big. ;g . 1. .
Vip = 29/2(1 — ;) = \"V/2806000 172 Y9k (N gio) — N((0: + =)2)) . (2.17
3.l ( ]) m \/CJTH( ( ) (( J 2) )) ( )

It follows that

IP( sup ’BZQJ‘O - )\_1/2WN(z2-7’o)’ > c1logn + szU)

1<e<2K—do
K
< Z IP( sup |Bg2j0 — ,\*1/2WN(42J'0)’ > c1logn + cy;)
k=jo £:2k<g2i0 <2k+1_1

K 2ktl=do_1

Z Z (‘ Z (ﬁﬂj + %,EJ)YM

k=jo ¢=2k—do J>Jjo

logn + czm) .

Recall now that (Yjx);>0,k>1 is a sequence of standard centered Gaussian random
variables that are mutually independent. In addition this sequence is independent of
(N(t),t > 0). Therefore,

IP( (Use, + Vi, )Y 10gn+02x)
J>jo

<]P(‘Z Ujt; +V )Y, 10%”"‘02302 Uj.e, +Vje) <cllogn—|—02x)

J=Jjo J=Jjo
+ ]P( Z (ﬁj,gj + ‘7-,4)2 >clogn+ 62x>
J>Jo

2(27T)_1/2 —(c1 logn+tcox)/2 77 e 2

S e A B( 3 (Ui, + Vi) 2 erlognteaz)

JjZ>jo

So, overall, by using (2.11) and the fact that 2K < on,

8(2 —-1/2,,1—c1/2
1P< sup | Byaio — AV W paioy| = 1 10gﬂ+02x> < @n)”n e=c2®/2

1<e<2K—io (Cl logn + 62.%‘)3/2
gk+1-do_1
~ =~ N2
+ Z Z IP( Z (Uj,[j + Vj_[j) > cqlogn + 02:10) . (2.18)
k=jo ¢=2k—Jo Jj=jo
EJP 20 (2015), paper 14. ejp.ejpecp.org

Page 10/27


http://dx.doi.org/10.1214/EJP.v20-3746
http://ejp.ejpecp.org/

Strong approximation for Markov chains

Let now
O¢.jo = Oa,t,50 N Ob.e o » (2.19)
where
3 i1 . . 1 1
Oua,tjo = {05, < 5()\23 ) forall j > jo} N {aj., > 5(/\2] ) forall j > jo},
and
3 il L 1 1
@b,i,jo = {bj’gj < 5()\2J ) forall j > jo} n {bj’g 5()\23 ) for all j > ]0}
We have

P(O5,,,) < Y Plaje, > (A2J H)+ 3 Paje, < ()\2] b).

Jj=Jjo J>Jjo

Hence, by Lemma 2.1,

P(Of,) < D (s (= A27'h(27) +exp (= X2 'h(-27))).
Jj>Jjo
Therefore,
o) <23 e (—32/20) < 5L e (= 220 0).
Jj=jo

A similar bound is valid for P(©¢ b JO) Hence by (2.11),

2k+1 Jjo _ 1

5 x 27
Z Z P(©e7,,) < inf)‘cl/‘m exp(—Acex/40) . (2.20)
& 2, MO S e

Starting from (2.18) and taking into account the upper bound (2.20), we infer that
to prove (2.15) and then the lemma, it suffices to show that there exist two positive
constants A, and B, such that, for any n > max(2°,ng),

K 2kti-jo_1

Z Z IP( Z (ﬁj,gj + ‘7j’zj)2 > c1logn + 6230,@“-0) < Asexp(—Bax), (2.21)

k=jo ¢=2k—Jdo JjzJjo

for any ¢; > ¢; and any ¢y > ¢» where ¢ and ¢, are defined in (2.7) and (2 8) respectlvely
To prove the inequality (2.21), we first notice that, by definition of U, .0 and V L

Z (ﬁjlj + ‘7J Z gt T Z
Jj=jo Jj>jo Jj>jo

and that if k € {jo, ..., K} with £ € [2FJo 2k+1=Jo[NIN, then ¢; = 0 for any j > k + 1, and
t; <1/2for any j > k + 2. Therefore,

_ o, e
S Ui +Vie) = D (O, + Vi) + > U (2.22)
Jj=Jjo J=Jjo j>2(k+4)

In the rest of the proof, if it is not specified, k and ¢ are two integers such that k& €
{jo,..., K} and ¢ € [2F=Jo 2k+1=jo[ On the set O ,,

" 3N 2
S <

+3\/72 ]/2 ( k‘+1)

|U] 0| 23/ A\ )

_2/2
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leading to

F9 L <

1 N2(2k+1) 1 N2(2k+1)
Z 0 - 24 A292k+5 — 94 A2922k+1

j>2 k+4)

Hence, for any y > 274,

k+1
Y. Uz y,@e,jo> < P(% = 2_4)/2) '

j>2(k+4)
Next, if \/(y —24)/2 > 3/2, by Lemma 2.1,
N(2k+1) _ - - .
(WZ (y—2 4)/2) SP(N@ 1)~ A2K 1 > A2 )

< exp(—A2"TR(1/2)) < exp(—A2"/20),

and taking into account (2.11),

2k+1 Jjo _ 1

5 x 24
§ j § A2k /20 1=Ac1/40 —Aco /40) .
exp( / ) = A(Cl 10gn+C2$)2n exp( C2(E/ )
k=jo ¢=2k—Jjo

So, overall, starting from (2.22) and taking into account the considerations above, we
get, for any n > 10,

K 2Ftldo_y
>y ]P( ST Ui, + Vi) 2 1 logn+02x,9e,jo)
k=jo t=2k—do  j>jo
K 2Ftlmio—1  2(k+4)
<3 X P(X O+ 2 - 2logn+ e Or,)
k=jo ¢=2k—Jdo Jj=Jjo
5x 24

Mcr logn + c2z)? ! /40 exp(—Aepw/40) . (2.23)

We prove now that, for any n > 25 and any ¢, > ¢,

K 2oktl-ijo_q 2(k+4)

Z Z ]P( Z UQZ TV ) (c1 — 2)logn + cox, @gdo)

k=jo ¢=2k—do Jj=jo

4 A

< % (— fo) . (2.24)
c1logn + cox 2

where ¢; and ¢, are defined in (2.7) and (2.8) respectively. Clearly taking into account the

restriction on ¢; and the fact that co > ¢9, the inequality (2.21), and then the lemma, will

follow from (2.23) and (2.24). To prove (2.24), we first write the following decomposition

bjit; 1 (aje; —bje,)?
5% — — aj,ﬁj + bj,fj ) J
Cj.t; 2aj.0; aje; +bje,
Therefore
1 1 aig. —big. big.
aje; + bje; — 195, — bity| < 2h < (2.25)
2aj,0; ' T 2a50, \/aj0, F b5, T ks
Set, forany j > 0 and k£ > 0,
L, = N((k+1)27) — N(k27). (2.26)
EJP 20 (2015), paper 14. eip.ejpecp.org
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Recalling the definition (2.16) of Uj ; and noticing that a; , + b; ¢, = I, ,,, we then get

|Uje, | < 5 A7Y2IT)2 — 2972
1

S (V(e27) = N(;29)) — ;] +
o (V62 = N(629) ~

|a,j,gj — bj,€j| N(EQjO) — N(Ej?j)

L2/
>‘1/2H31‘,/e§ 2aj)gj

7

Whence, using the fact that, for ¢; €]0,1/2], N(¢27°) — N(¢;27) < a;¢,, we infer that
~ C121/2  oj 12—
(Use,| < NTVPILEE = 29721 oy + AYVPILE) " aje, — by, 11,01/
1

+2772|
aj.e;

(N (£270) — N(£;27)) — tj‘1tje]o,1/2] .

Moreover using the fact that, on the set Oy j,, aj,, > X272 and II; 5, = aj, + bj ¢, >
A27~1, we get that, on the set O j,,

Uje,| < IANTYVRILS = 2972(1, po g + 27D 22 a0, = by, 1, 0,172
+ 21 INTY N (0270) — N(6;27) — 2t;a50, |14, €001 /2 - (2.27)
On another hand, permuting the roles of a; ¢, and of b; ¢, in (2.25), we get

1 ., - U e —asel _ e 1 .,
sLg — — EA A
250, VT 2050, /Ty, VGt~ 2bje, VT

where we recall that 11 ,, = a; s, + b;,,. Since

. Q. . .
Vie, =212(1 —t;) — —ZZN"V2(N((4; + 1)27) — N(£270)),
™ VG

it follows that for any ¢; €]1/2,1],

Vi, | < (1=t NI — 2772 4 \=/21 2

(N((4; +1)27) — N (£270)) — (1 — tj)‘

j,ej 2b.]7£]
laj,e, — bje,| N((¢5 +1)27) — N(£27°)
1/2 , :
)‘1/2Hj,éj 2b],g].

Whence, using the fact that, for t; €]1/2,1[, N((¢; 4+ 1)27) — N(¢27°) < b, ,., we infer that

|aj.e; — bjg,l

T —1/271/2 i/2
Vi, | < INTVRIL = 27211 o + oAL2IT?
7.5

1tje]1/2,1[

n zj/Q‘ij&(N((zj 1 1)29) — N(£290)) — (1 —t))

1tje}1/2,1[~

Since, on the set Oy j,, bj¢, > A27"? and II; ;, > X\2/~!, we get that, on the set O,

,jo’ ,jor
Vi, | < NI = 2721, gy o ag + 27920 a0, — by 1 ey
+ 21 I2NTYN((4; 4 1)27) — N(€270)) — 2(1 — t;)bj. s, 11¢,e91 /2,11 -
Notice now that
N((€; 4+ 1)27) — N(£27°)) — 2(1 — t;)bje,
= N((6; +1)27) = N(£,27) + 2t by, — ae,) = 204, — (N(027°) = N(4,2') = 2tja5.0,)
= (Qtj - 1)(bj>5_7‘ - ajlj) - (N(mjo) - N(Eij) - Qtjaj»lj) :
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So, overall, on the set Oy ;,,
Vi, | < NI = 297211, gy oy + 27002252 £ 1)A a0, — bje, [Ty, 1o
+ 21NN (027) — N(€;27) — 2t;a5.0, 14,1 /21( - (2.28)
Taking into account (2.27) and (2.28), it follows that, on the set O,
U2y, + V2, < 3|A—1/2HJ1.@ — 222 424 x A2 % 27 ayp, — by, |
+12 x A2 x 279 [N (£270) — N(£;27) — 2t;a;,,|

Therefore, on the set O j,,

2(k+4) 2(k+4) 2(k+4)
o e B »
S (BT <3 30 I 2R 2 > 2l by
Jj=jo Jj=jo Jj=jo
2(k+4)
+12x A2 Y 279N (6270) — N(4;27) — 2tja;4,|7,  (2.29)
Jj=jo+1

the last sum starting at j = jo + 1 since £;,27° = ¢27° and ¢, = 0.

To handle the terms in the inequality above we shall introduce the following double
indexed sequence (§; 1);>0,k>0 of Gaussian random variables. Let ¢ be the distribution
function of a standard real-valued Gaussian random variable and ®,, be the distribution
function of the Binomial law B(n,1/2). Let (J;x);>0,k>0 be a sequence of iid random
variables with uniform law on [0, 1], independent of the Poisson process N(-). For any
j€eN*and k € N, let

Eip=0"" (‘Pn_j,k(ﬂjq,zk —0) + 85,5 (P, (Hj—1,26) — Py, (1,26 — 0))) ,  (2.30)

where we recall that the II; ;’s have been defined in (2.26). Note that, conditionally
to the sigma algebra, say F;, generated by the random variables {II; ; : £k > 0} and
{0ik : 4 < j,k > 0} the random variables (¢, ;)r>0 are independent with law N (0, 1). By
recurrence, it follows that for any positive integer my, (£;.1)j<mo,k>0 iS @ sequence of
independent random variables with law A/(0, 1), and therefore (£, x),>0,x>0 is @ sequence
of iid standard real-valued Gaussian random variables. Moreover according to Lemma
2.3,

1
12k = 5Tk < 1+ H1/2\§]k| (2.31)

Since lim,, o 27 ™11, ¢,, = A almost surely, we have

m

2(k+4) 2(k+4) ) N 2
SO W -2 =AY (3 eI 2, )
Jj=Jo Jj=jo m2>j
But .
_ Hm,fm -2 Hm o
H1/2 -2 1/2H:r{i1 Amy1 . 41/2 12 1J/r21 - (2.32)
Hm,fm +2 / Hm+1,£m+1
Notice now that ¢,,11 = [¢,,/2]. Therefore, setting
~ 1
Wk =120 = 51k, (2.33)
we have N
Hmlm —-27 Hm+1 Amy1 = ( 1)emnm+1,zm+1 : (2.34)
EJP 20 (2015), paper 14. ejp.ejpecp.org
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In addition, recall that on the set Oy j,, IT; ;, = a; ¢, + bj ¢, > A27~!. Hence, starting from
(2.32) and using (2.34) and (2.31), we get that, on the set O ;,,

| < A V29 (me1/2 1

1/2 1/2
|H/ . 1/2H/ ﬁ|§m+1,em+1 )

m+1,4, 11

Whence, on the set O ;,,

k+4 2(k+4) 2
Z A 1/2H1/2 2i/212 < )1 Z A~1/29=(m=1)/2 4 7|£m+1 zm+1|)>
i=do J=Jo0 m>j
2(k+4)
5 2
Sy (B fz o)
J=jo A mzj
2(k+4)
< )\_ X 27 Jot+5 + )\_ Z Z 2 erl L1
j=jo i>j m>j
2(k+4) )
< A2 x 9 dot5 )\*1(2 + \/i) Z Z 2%572”4‘1767714»1 )
Jj=jo m>j
Therefore, on the set O,
2(k+4) 2<k+4) -
SNV < 22 < A2 2ot g A St
j=jo m=jo j=jo
2(k+4)

TRHVD) Y Y 2T G,

m>2k+9 j=jo
This leads, by taking into account (2.11), to

2(k+4) 2(k+4)

. 25
ATVRIYZ 9i/2121y < L2
Z | 3k | Ocjo = A2(ep logn—i—ch) + f Z fm-irl Lm1
J=jo m=jo
1 2 2kt 2
124+ 2) Z g7z L - (2:35)
m>2k+9
On another hand,
1

|aje; — by, |* = 1250, — W0, |* = 4T 1 20, — §Hj,ej! :

Therefore by using (2.31) and the fact that on the set Oy ;,, IL; ;, < 3\ x 277!, we derive

2kt 2(k+4) A
192,]‘0 Z 27j|aj,f.7‘ - bj»fj |2 <4 Z (217J +3xx27? lej) )
Jj=Jo J=jo

leading, by taking into account (2.11), to

2(k+4) 2(k+4)
1o 279 a0, — bjg,|? < —————— + 3A . (2.36)
2,50 Z ‘ s J!J‘ o logn+c:17 Z é-gf
J=jo Jj=Jo
EJP 20 (2015), paper 14. ejp.ejpecp.org
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To handle now the last term in the right-hand side of (2.29), we first note that
02790 = ¢; 270, and write the following decomposition

j ‘
N(20)=N((;20)~2t;a50, = > (N(em_12m*1)fN(em2m)f(em_12m*1fémzm);‘j—’_‘ﬁ).
m=jo+1

Since 4, = [ly-1/2], bm—12""1 # £,,2™ only if ¢,,_1 = 2{,, + 1 and in this case
l—12™" 1 — £, 2™ = 2m~!. Therefore, using the notation (2.26) and that a;,, = IT;_1 2,

we have

N(027°) — N(£;27) = 2t a;,,

J
> 1, zmorpg,em (N((20m + 12771 = N(£y2™) = 2™ a;,,)
m=jo+1
J 1 = 1 1
zj:H 1, om-12 om (Hm—1,2em - §Hm,em + Z W(Hu,iu - §Hu+1,€u+1)
m=jo u=m

11
+ 5 (5T, —Mimiae) )

Using the notation (2.33) and the relation (2.34), we then derive

N (£290) — N(€-2j) — 2t;a;y,

Jj—
Z 1Z"’ 12 Ly, 2™ (Hmf + Z

1
m=jo+1 u=m

(D™ 5 i
WHM+1 Lut1 29— mHM )

Therefore by (2.31),

|N(£27°) = N(£;27) — 2tja,, |

J J
1
< D Lm0 ) +
u=m

m=jo+1

J J
<ot 3N S .

m=jo+1u=m

L))

It follows that

2(k+4)

lo,, > 279|N(627°) — N(¢;27) —2t;a5, |
j=jo+1
2(k+4) .2 2(k+4) j j om )
Y Ln Yy LY Y 2
j=jo+1 i= ]0+1 m=jo+1u=m

since on the set Oy ;,, Il ¢, = Gu, + bue, <3N X 2v~1, Hence by taking into account
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(2.11) and by using Cauchy-Schwarz’s inequality,

2(k+4)
lo,,, Y. 277|N(t27°) - N(£;27) - 2tja5,, |
Jj=jo+1
2(k+4) J
32(k+4) 2
< PO oy (Y 2 e)
criogn + ot J J0+1 u=jo+1
2(k+4)
32(k+4
_ -~ @@ 2)\ 21/2 2u/2
c1 lognJchx Z Z Z Cut,
i= Jo+1 i=jo+1 u=j0+1
2(k+4) j
32(k + 4)? 1
<22 L1224 V2)A — 2u/? .
_cllogn+02x+ (2+v?2) Z 21/2 Z gueu
J=jo+1 u=jo+1
Therefore
2(k+4) 9 2(k+4)
i ; ; 2 32(k +4) 9 9
1o, . 27IIN(#27°) =N (:27)—2t:a,,p. | < —————+12(2 2)° A .
Oy D, 2IN(EP) = N(GY) =205, |" < St — +1204V2PN D €,
J=jo+1 u=jo+1
(2.37)

Hence starting from (2.29) and considering the upper bounds (2.35), (2.36) and (2.37),
we derive

2(k+4)
(Y (0, + Vi) = (e~ Dlogn + car. 04,
J=Jjo
2(k+4)
SP(A Y0 G, A2 D 28, 2 (e~ 2)logn e — 4y).
m=jo—1 m>2k+9
where

3x2°+16 x 24 32 x 12(k + 4)?
A2(cplogn + cox)  A2(cplogn + cax)’

Ay =30"124+ (24 v2)2 4+ (12)? x (2+Vv2)?) and A5 = 32! x 24(2 4+ V/2)2.
Recall that k < K. Hence k < 1 + (logn)/(log2). Therefore if n > 25, we get

Az =

(k+4)2 (logn)?. (2.38)

< 4
(log2)?
Whence, if n > 25,

(30 +32 x 12)(k +4)> _ 1656 x (logn)? _ 1656 x (logn)
A(crlogn 4 cox)  — A2(log2)2(crlogn + cox) = A2¢q(log2)?

Ay <

Therefore if n > 25 and we take ¢; such that
1656

> 3, ———— 2.39
cl_max( ’A2(10g2)2)’ ( )
we get A3 < logn implying that
2(k+4)
IP( Z M +V ) > (0172)logn+02m,@gﬁjo)
Jj=jo—1
2(k+4)
< ]P<A4 S, A2 ST 222 > (e - 3)logn + CQCE) :
m=jo—1 m>2k+9
(2.40)
EJP 20 (2015), paper 14. ejp.ejpecp.org
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Notice now that for any 0 < t < (244)7%,

2(k44) ,
1 \k+i—(o—2)/2 2 Ay (k + 4)
Eexp <A4t > 53““7‘%“) - (1 _ 2tA4> < exp ( 1— 24, ) :

m:jgfl

where, for the last inequality, we have used that —log(1 —u) < - for any u € [0, 1] and
that jo > 2 since ¢; > 3 and n > 4. On another hand, for any 0 < t < (277/245)71,

1 1/2
2 k—m/2¢2 — I |
EeXp (A5t 2 §7n+1,ém+1) - (1 _ 2tA5 % Qk—M/Q) .
m>2k+9 m>2k+9

Using once again the fact that —log(1 — u) < % for any u € [0, 1], we get that

Z log( 1 ) < Z 2t Ag x 2k—m/2 < tAs(vV2+1) x 273 .

—_ k— 2 _ k— 2 — _9-=T/2
m>2k+9 1—2tAs5 x 2 m/ e 1—2tAs x 2 m/ 1—9-7/ tAs

Since 27 7/2A5 < 2A,, it follows that, for any 0 < t < (24,)7 1,

o tAs(vV/24+1) x 274
m>2k+9

So, overall, for any 0 < t < (244)71,

2(k+4)
B H2ALk + A
E exp (tA4 S o, A2 > 2 m/gﬁfn“,zmﬂ) < exp (%MMG))

m=jo—1 m>2k+9

where
A6 = 8A4 +A5(\/§—|— 1) X 274 .

Therefore, starting from (2.40), we get, if n > 25 and ¢; satisfies (2.39),

2(k+4)
P( 3 (0, + Vi) = (e = 2)logn + car. 04,
J=jo
. t(2A4k + Ag)
< f (=t -3 RART )y
- O<t<1(IZlA4)71 eXp ((Cl ) ogn + czx) + 1—2tA,

Hence, if (¢1 — 3)logn > 244k + Ag,

2(k+4)
P (0, + Vi) 2 (= 2)logn+ caz, 00 )

Jj=Jo

(v/(c1 — 3)logn + cox — 244k + Ag )2> .

< _
= OXp ( 2A4

Let
A7 =3 x 148 x A7H(2 +v2)2.

Notice that Ay < A7 and Ag < 9A4;. Therefore 2A4k + As < 9A7(k + 4)/4. Hence, if
n > 25, and if ¢; > 3 + 9A7/(log 2), taking into account (2.38), we get

94,
2A4k + Ag <
e 2(log 2)

ogm) < 2D togn).
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So, overall, if

3996(2 ++/2)2 1656
> 3
a= max( + Alog2) 7 A2(log 2)2> ’
then for any n > 2°,

2(k+4)
(Y (02, +V2) = (1 =2 logn+ o €4,

Jj=Jo

(V2 -=1)?((c; — 3)logn + cza:)> .

< _
= €xp ( 4A4

This last inequality leads to (2.24) as soon as c¢; > ¢; where ¢; is defined in (2.7), taking
into account that 44, < 1765 x A™1(2 + 1/2)? and 2/° satisfies (2.11). This ends the proof
of the lemma.

2.3 Proof of Theorem 1.1

Notice first that it suffices to prove the result for any positive real x such that
z < 2nl|g||s- Indeed since |Sk(g)| < k||g|| for any positive integer k, it follows, by Lévy’s
inequality, that for any standard Wiener process (W;);>o and any real z > 2n/||g|co,

IP(sup |Sk(g) — ogWi| > clogn + JC) < QIP(\GQW”| > x/2)
k<n

2
< 42 % Ug\/ﬁexp ( _ ) < 2v20, n=12 exp ( _ zH9H<><>> .
N3 x 8a2n lglloov/T do?

Therefore, to prove the theorem, it suffices to show that there exists a standard Wiener
process (W;):>o such that (1.15) holds for any positive real x satisfying z < 2n||g||c-
From now on, z will be a positive real satisfying the latter condition.

For any ¢ € IN*, let
T;

Xi = Z g(gfaU£)~

L=T;_1+1

With this notation Y3 | X; = 57, (g9) — Sr,(9). Let 7% be defined by (1.7). Notice that
(i, Xk )r>1 forms a sequence of iid random vectors. In addition for any &, E(Xj) =0
since 7 ® A(g) = 0. We can assume without loss of generality that Var(r;) > 0. Indeed if
Var(7;) = 0 then 7 is almost surely equal to some positive integer d. Then 7; = d almost
surely for any positive integer 7, which implies that T, = kd 4+ Ty almost surely. The
result follows then easily from the Komlés-Major-Tusnady theorem applied to the above
sequence (X;);>o and the fact that T; has a finite Laplace transform in a neighborhood
of 0.

We now assume that Var(r) # 0. Let

- COV(Tl,Xl)

o= Var(n) (2.41)

It follows that (7%, X — a(7 — E(7%)))k>1 is a sequence of iid random vectors such that,
for any k € IN*¥,
Cov(Tk, Xi — a(rp — E(73))) = 0.

Let
v* = Var(X; — a(r; — E(r1))) . (2.42)
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As it was recalled in the introduction, under the condition (1.12), the return times 73
have finite Laplace transform on some neighborhood of 0 (see (1.13)). Since g is assumed
to be bounded, the random variables X; — a(7, — (7)) also a finite Laplace transform
on some neighborhood of 0. More precisely, by (1.13),

E(et(Xﬁa(TrE(n)))) < etaE(n)E(et(\lglloo+\a\)ﬂ) < oo forany |t| < &(||glleo + |e|) 7t

Taking into account all the considerations above mentioned, we can apply Theorem 1.3
in Zaitsev (1998) to the multivariate sequence of iid random variables (7, X; — a(7x —
E(7x)))k>0 to conclude that there exists a sequence (Y;, Z;);>1 of independent random
variables in R? such that (V;);>; is independent of (Z;);>1,

L(Y:) = N(0,v%) , L(Z:) = N(0, Var(m)),

and satisfying, for some positive constants C;, A; and B; depending on g and on the
transition probability P(z,-), the following inequalities: for any integer n > 2,

k
P(zgp [S1,(9) = S1,(9) — alTi = Ty — KIB(m)) = >_¥i| > Clogn + ) < Ay exp(~Biz),
sn i=1

(2.43)
and

k
IP(sup ’Tk —To — kE(my) — Z Zi| > Cilogn + x) < Ajexp(—Bix). (2.44)
k=n i=1

Using the Skorohod embedding theorem, we can then construct two independent stan-
dard Wiener processes (B;);>¢ and (B;);>o such that for any positive integer £,

k

k
vB) = ZYi and \/Var(ﬁ)ék = ZZi'
i=1

i=1

In addition, according to Theorem 1(ii) in Komlés, Major and Tusnady (1975), there
exists a Poisson process (N(¢),¢ > 0) with parameter A defined by

_ (B(r))?
~ Var(n) (2.45)
such that, setting
Var ()
= , 2.46
vy B(r) ( )

the following inequality holds: for any integer n > 2,

IP(sup |vN (k) — kE(m1) — \/Var(Tl)Bk| > Cylogn + x) < Agexp(—Bax), (2.47)
k<n

where C5, A; and B are positive constants depending on A. According to the dyadic
construction of Komlds, Major and Tusnady (1975), this Poisson process may be defined
from (B;);>0 in a deterministic way. Therefore N(-) is independent of (B;);>o. Notice
that (2.44) together with (2.47) imply that

]P(sup |YN (k) — (T — Tp)| > Cslogn + 2:6) < Ajzexp(—Bsz), (2.48)
k<n
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where C3 = Cy +Cs, A3 = A1 + As and B3 = By A Bs. Actually, as we shall see, the above
upper bound also implies that, for any n > 2,
3\
]P(sup |’yN(t) — T[t]’ > (Cg + J) logn + 4:6)
t<n log 2

zlog3
2y
where ¢ is defined in (1.13). Therefore, for any n > 2,

< Ajexp(—B3sz) + exp ( - ) + E, (") exp(—dz), (2.49)

IP(sup |7N(t) — T[t]} > Cylogn + 4x> < Agexp(—Byx), (2.50)
t<n
where

A 1
Cim O+ 22 A, =1+ 4y + B, (") and By = min (33,5, 33) .
log 2 27
Let us prove (2.49). By using (1.13) and (2.48), we have

3y
IP(tES}(l)Pn] YN (t) — Tiy| = (Cs + @) logn + 4m)

< E,(e"0)e™" + IP( sup |[YN(k) — (T, — Tp)| > Cslogn + 237)
1<k<n

A
+IP( sup sup y(N({#)—N((k—-1))> 5 710gn—+—m>
1<k<n k—1<t<k log 2

A
<E, (eéT“)ef‘squAg exp(fBgz)+IP< sup  sup ~(N(t)—yN(k-1)) > 13 7 lognJr:E) .

1<k<n k—1<t<k 0g?2
(2.51)
Now, for any n > 2, by using Lemma 2.2, we get
3\ 3\
IP( sup sup ~(N(t)—N(k-1)) > i log n—f—x) < nIP( sup YN (t) > 2 log n+x)
1<k<n k—1<t<k log 2 0<t<1 log 2

< nIP( sup V[N (t) — At > My (

logn —1) + x)
0<t<1 log 2 )

2\ 2
<nIP< sup |N(t) — Xt| > logn + x *1)<ne (f)\h logn + )\*1:::)
< 0<t1§1\ (t) — Xt > log 2 18 77!) <nexp (10g2 gn+ (y\) )
Aogn ~ 'z 2 1
gnexp(—( og 2 5 )log(1+1og210gn+(7)\) x)),

where for the last inequality, we have used that h(x) > 3 log(1 + z). Hence, taking into
account that A > 1, we derive that, for any n > 2,

A 1
]P( sup sup ~(N()—-N(k-1)) > 5 710gn+x) §exp(—x 0g3). (2.52)
1<k<n k—1<t<k log 2 2y

Starting from (2.51) and taking into account (2.52), (2.49) follows.
Note now that the random variables I'; defined by
I'o=0 and Ty := N ' (k) =inf{t >0 : N(t) >k} fork > 1

are such that (I'y — I';_1)x>1 forms a sequence of iid random variables with exponential
law of parameter \. Therefore, according to Theorem 1(i) in Komlds, Major and Tusnady
(1975), there exists a standard Wiener process (W;);>¢ such that, for any integer n > 2,

k1=
]P(sup |N_1(k) 3T XWk| > Cslogn + x) < Asexp(—Bsx). (2.53)
k<n
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where C5, A; and Bj are positive constants depending on A. Notice that the so con-
structed Wiener process W depends only on the process N~!' and on some auxiliary
atomless random variable U independent of the o-field generated by the processes B, N
and the auxiliary random variable ¢ of Lemma 2.4.

On another hand, since (B;);>¢ is independent of (N(¢) : t > 0), according to Lemma
2.4, there exists a standard Brownian process (W;"):>o independent of the Poisson
process N(-) and such that, for any integer n > 2,

1
IP(sup | By, — —W;\‘,(k)| > Cglogn + x) < Agexp(—Bgx), (2.54)
k<n VA

where Cg, Ag and Bg are positive constants depending on A. Moreover (W;); is mea-
surable with respect to the o-field generated by the processes B, N and the auxiliary
random variable ¢ of Lemma 2.4, which ensures that (W), is independent of the o-field
generated by N(-) and U. Hence the Wiener processes W and W* are independent.

In what follows we shall prove that (1.15) holds true with

1 v E(Tl) fod

W, :—(—W* oy ) 2.55

t g N t/y & \ t/v ( )

Recall here that o, is assumed to be positive. Notice that (I, );>o defined by (2.55) is a
standard Brownian motion. Indeed

02 5 (B(7y))? ~ Var(Xy)

i — = i
YA T YA? B(r)  noe

Var(Su(9)) _

:Ug.

The two latter inequalities follow from a well known fact concerning the asymptotic
variance (see e.g. Nummelin (1984) or Chen (1999)).

Before proving that (1.15) holds true with (W;);>o defined by (2.55), let us prove that,
in addition to (2.54), we also have, for any integer n > 2,

1

IP( sup |B; — W;\}(t)\ > Cy logn—i—Sx) < A7 exp(—Brzx), (2.56)
0<t<n V2
where )
Cr=Cs+ (6+42Hlog2) ™, Ay =Ag+2+ ——
7 6+ (6+ J(log2)™" , A7 6+ +25\/77
and

B7; = min(1, Bg, (Alog2)/4).

With this aim we first write the following decomposition:

1
P( sup |By — —
(O§t£n| ! VA

1
=P( sup sup |B;——
(lgkgnk71§t§k| ‘ VA

1
<P( sup |Bp— —
o (1§k1§)n‘ » VA

+P( sup sup |[By— By_1| >2(log2) 'logn + )
1<k<n k—1<t<k

Wil > Crlogn + 3z)
Wyl = Crlogn + 3x)

Wil > Celogn + x)

1 1
+P( su su Wiy — —=WE o | > (44423 (log2) ogn +
(1§k2nk—1§§§k | N N(t) NGy N(k 1)| ( )(log 2) g )
= Il+.[2+[3. (257)
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By Lévy’s inequality, for any n > 2,

22
< Jr(2(0og Q;Cnlogn T2 exp(—271(2(log2) ' logn + 2)?) < exp(—2z). (2.58)

On another hand, for any y > 0,

Is < P( sup P|—W5, — —Wi, | > (4+42"Hog2) L logn +
’ kz::l (kf1§It)gk |\f)\ N@® NG pl=( )(log2)~" log )

< nP( sup AV W > (44427 (log 2) ! logner)JrZ P( sup (N(t)—N(k-1)) >y).
0<t<y T k-1<t<k

Using once again Lévy’s inequality and taking y = 27 A\((4 + 4\ 1) (log2)~tlogn + ),
we get, for any integer n > 2,

P( sup A2 W) > (44411 (log2) 'logn + z)

0<t<y
< 2 1 o~ ((4+4X37")(log 2) " log n+a)
VT /(A +4x"T)(log2)~Tlogn +
n—4/(log2)
S exp(—x) .

On another hand, by Lemma 2.2, for any y > 2),

P(, swp (N =Nk =1) 2y) =P( sup N(t) 2 y) < P(sup IN() =Ml 2y =)

< exp(-M((y ~ )/A) < exp ( — L M log(y/)) < exp (-

(y—/\2)10g2).

Therefore, for y = 271\((4 + 4A"1)(log2)~tlogn + z) and n > 2,

P( kisllirt)ﬂ(N(t) — N(k—1)) >27'A((2+ 41 ") (log2) ' logn + z))

7 xAlog?) '

<n! (
<n” " exp 1

So overall, for any n > 2,

(2.59)

x/\log2> .

1
I; < mexp(—m)—&—exp(— 1

Starting from (2.57) and considering the upper bounds (2.54), (2.58) and (2.59), (2.56)
follows.

We turn now to the proof of (1.15) with (W,;);>¢ defined by (2.55). In the rest of the
proof we shall show that, for any n > 2,

]P(sup 1Sy, — ogWi| > clogn + da:) < Aexp(—Bz), (2.60)
k<n
where
d =3+ |a|E(11) 4+ 4v + 5||9]|c0 + 5]

2

A=Ay + 245+ A5 + Ay + B (9T0) + 24/ =

T
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B::min(Bl,B4,B5,B77275,w7 vV, )
2lgloo OJE(Tl)
and 2 20B(n) _ glle(l+7) Jlog
cim et ot ) T 4 a1+ 5.
with
c1 = 2vC7 + 2C4]|g|co + 2v(log2)~ +2C1—|—|alEg(;—1)+2|a|C4. (2.61)

The reals «, v, A\, v and ¢ involved in the definition of the constants above are defined in
(2.41), (2.42), (2.45), (2.46) and (1.13) respectively, whereas the constants A;, By, As,
B>, As, Bs, A7 and B; have been defined previously all along the proof.

To prove (2.60), we recall the definition (2.55) of (W});>¢ and first write

P (sup|Sk(g) — ogWk| > clogn + dx)

k<n
v, E(r) 2v 2alE(m)
g]P(iggySk ﬁWWWLa(Alw[k/ﬂ!z(c—flogg— /\lo(;)l +(d-2)z)
—|—IP(sup‘Wk/7 W[’C/W]‘*l logn +v~ 1\fx>
A
+1P(21§112|WW7 ’“/”|—1 logn + ]E(Tl)x). (2.62)

For any integer n > 2, we have

(sup’WkM W[k/ﬂ’ _1 logn—l—v 1\fx)

n 1 1 2 1 1
§mexp<f§(1og210gn+v ﬁx))g exp(72xv \F/\) (2.63)

V2
Similarly
—~ —~ 2 A 1 2z
P Wi — W > 1 < - ). 2.64
(Z?ﬁ' br = Wil 2 g5 logn + aE(Tl)x> = \/ﬁeXp< aE(Tl)) (2.64)

On another hand, notice that
sup 191(9) = Styik/1(9)] < llgllos sup \k /AN < Nglloo (1 +7)

which is less than W log n for any integer n > 2. Therefore, since N(N~1(¢)) =/

for any positive integer ¢, we get that for any integer n > 2,

20 2alE(m)
Wik /) | = (

c— flog? Mog? >logn+(d—2)x)>

<Iy+15, (2.65)

_ E(r
IP(sup|Sk(g) W[k/,y]—&—oz (>\ Vi

k<n VA

where, by setting k, = &/,

L= IP( sup [N7Y([ky]) —

1 | log 7|
y<k<n X[k‘Y] DY va]>| > (1 + 0g 2 )05 10gn—|—x>

and I5 is equals to

) v _ 1
IP( sup |S[7N(N’1([k»y])](g)_ﬁWN(Nfl([k,y])—’—aE(Tl)(N 1([k7])—x[k’y])‘ZCllOgn‘Fdlx)

y<k<n
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where d; = d — 2 — |a|E(m) and ¢; is defined in (2.61). Applying (2.53), we infer that, for
any n > 2,
Iy < Asexp(—Bsx). (2.66)

We handle now I5. Note that

- v 1
I5 < IP(tSNf?(l:[)n/v]) ISy n ey (9) — \ﬁWN(t) + aE(ry) (¢ — XN(t)H > cqlogn + d1x>
, 1
< IP(ts<u2p [Stv(01(9) === Wik +aB(m) (t= s N (1)) | > ¢4 log n+d1x)+IP (N_l([n/w]) > 2n) .

(2.67)

v

VA

If n < ~, then N~1([n/+]) = 0 and the second term in the right-hand side is zero. Assume
now that n > v. Since N~!([n/7]) has a Gamma distribution with parameters [n/v] and
A, we have

+oo

IP(Nfl([n/v]) > 2n) = M\—l)'/ Oa) /=122 gy

2n

+oo
< Ax Q[n/v]—l/ o= A/20p _ oln/Alg-nA
2n

Therefore since \y = E(71) > 1 and z < 2n||g||c,

M) (2.68)

IP(N‘l([n/ﬂ) > 2n) < exp (—nA(1 —log2)) < exp ( T 2l

Moreover, by using (2.56), we get that, for any integer n > 2,

_ v 1
IP( sup !SHN(t)] (9) — =Wy + oE(m) (¢t — XN(t)H > cilogn+ dla:) < A7 exp(—Brx)

t<2n V[X
_ 1
+ ]P( s<up |Siynvy(9) — vBy 4 () (t — XN(t))| > (c1 —2vCy)logn + (dy — 31})3:) .
t<2n
(2.69)

But

_ 1
IP(ts<u2p |SHN(,5)] (9) — vBy + aB(ry) (t — XN(t)H > (c1 —20C7)logn + (dy — 311)1‘)
< ]P<ts<112p Sty n)(9) = St (9)] = [lglloe (2Ca log n + 41?))

+ IP( sup v| By — By | > v(2(log 2)"!logn + x))
t<2n

5 1 o[ E(71)
+IP(ts;125)L|ST[t] (g)*”B[t]JraE(Tl)(t*ﬁT[t])| > (201+m)10gn+(1+|04‘+||9||oo)1'>
n 1?( sup [a(r1) (AIN (1) — (\y) ") | > |al(2C4 logn + 4x)>
t<2n

=1+ 1P 1 1 (2.70)

By (2.50), for any integer n > 2,

IE()l) < IP(ts<qu |’yN(t) - T[t]} > Cylog(2n) + 439) < Agexp(—Bayzx). (2.71)
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To handle 1. é4), we first notice that Ay = E(n;). Therefore, applying (2.50), we get that,
for any integer n > 2,
15(4) < Ajexp(—Byzx) . (2.72)

On another hand, by using Lévy’s inequality as we did in (2.58), we infer that, for any
n> 2,

IéQ) < QnIP( sup |Bt — B[t]| > 2(log2) " tlogn + x) < exp(—2z). (2.73)
0<t<1

Let us now handle /. 5(3). With this aim, taking into account that v\ = E(7), we first write

_ 1 _
sup |ST[t] (9) —vBp +aB(r)(t— —Tpy)| < sup |Sp, —vBi+a(Tx — KE(m1)) | +|aE(r)
t<2n YA k<2n

< :3210 157, (9) — S1,(9) — vBi + (T — Ty — kE(71)) | + || B(1) + To(laf + |gllec) -

Therefore, taking into account (2.43), we derive that, for any integer n > 2,

1) < Po( sup |Sn,(9) — Sry(9) = vBi + a(Tyy — Ty — KE(m))| = 2C1 logn + «)

k<2n

ol E(r)
> ;
+ P (|ofB(m) + To(lo] + lgll) > 55 togn + (Jal + gll)7)

< Ajexp(—Biz) + P, (TO > x) .
Hence, for any n > 2,
(3) _ 6To _
I;7 < Ajexp(—Bix) + E(e°7?) exp(—dz), (2.74)

where 0§ is defined in (1.13). Starting from (2.70) and considering the upper bounds
(2.71), (2.72), (2.73) and (2.74), it follows that, for any integer n > 2,

_ 1
IP(ts<u£L Sl Ny — vBe + oB (1) (t — XN(t))‘ > (e1 —20C7)logn + (dy — 31))33)

< Ay exp(—Byz) + 244 exp(—Byzx) + exp(—2x) 4+ B, (e°T0) exp(—dz). (2.75)

Starting from (2.67) and considering the upper bounds (2.68), (2.69) and (2.75), we then
get that, for any integer n > 2,

Is < Ay exp(—Bi1z) + 2A4 exp(—Byz) + A7 exp(—Brx)
A(1 — log 2)
2/lglloo

Starting from (2.62) and considering the upper bounds (2.63), (2.64), (2.65), (2.66) and
(2.76), the inequality (2.60) follows. This ends the proof of the theorem.

+ exp ( - ) + exp(—2z) 4 E(e*T0) exp(—dx). (2.76)
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