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Abstract

Stochastic models for chemical reaction networks have become very popular in re-
cent years. For such models, the estimation of parameter sensitivities is an impor-
tant and challenging problem. Sensitivity values help in analyzing the network, un-
derstanding its robustness properties and also in identifying the key reactions for a
given outcome. Most of the methods that exist in the literature for the estimation of
parameter sensitivities, rely on Monte Carlo simulations using Gillespie’s stochastic
simulation algorithm or its variants. It is well-known that such simulation methods
can be prohibitively expensive when the network contains reactions firing at differ-
ent time-scales, which is a feature of many important biochemical networks. For such
networks, it is often possible to exploit the time-scale separation and approximately
capture the original dynamics by simulating a “reduced" model, which is obtained by
eliminating the fast reactions in a certain way. The aim of this paper is to tie these
model reduction techniques with sensitivity analysis. We prove that under some con-
ditions, the sensitivity values for the reduced model can be used to approximately re-
cover the sensitivity values for the original model. Through an example we illustrate
how our result can help in sharply reducing the computational costs for the estima-
tion of parameter sensitivities for reaction networks with multiple time-scales. To
prove our result, we use coupling arguments based on the random time change rep-
resentation of Kurtz. We also exploit certain connections between the distributions
of the occupation times of Markov chains and multi-dimensional wave equations.
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1 Introduction

Chemical reaction networks have traditionally been studied using deterministic mod-
els that express the dynamics as a set of ordinary differential equations. Such models
ignore the randomness in the dynamics which is caused by the discrete nature of molec-
ular interactions. It is now widely accepted that this randomness can have a significant
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impact on the macroscopic properties of the system [15, 26, 24], when the molecules
are present in low copy numbers. To account for this randomness and study its effects,
a stochastic formulation of the dynamics is necessary, and the most common choice is
to model the dynamics as a continuous time Markov process. Such stochastic models
have been extensively used in many recent articles [8, 3, 23, 25, 26, 19] to understand
the biological implications of random dynamics. For a detailed survey of Markov models
for chemical reaction networks we refer the readers to [2].

Typically, a chemical reaction network depends on various kinetic parameters whose
values are uncertain or suffer from measurement error. To determine the effects of
inaccuracies in the parameter values, one needs to estimate the sensitivities of a given
output with respect to the parameter values. If an output is highly sensitive to a specific
parameter value, then greater time and effort may be invested in determining that
parameter precisely. Such sensitivity values can also be useful in fine-tuning a certain
output (see [11]) and understanding the robustness properties of a system (see [34]).

Estimation of parameter sensitivities is fairly straightforward for deterministic mod-
els, but it poses a major challenge for stochastic models. Many methods have been pro-
posed in the literature for tackling this problem [16, 30, 33, 1, 17]. However all these
methods rely on extensive simulations of the stochastic model, which is usually car-
ried out using Gillespie’s Stochastic Simulation Algorithm [14] or its variants [12, 13].
These simulation methods account for each and every reaction event, which makes
them prohibitively expensive, when the network consists of reactions firing at different
time-scales. In such a scenario, the “fast" reactions take up most of the computational
time causing the simulation method to become very inefficient. Since time-scale separa-
tion is a feature of many important biochemical networks [28], a new class of methods
have been designed to exploit this feature and efficiently simulate the stochastic model
[5, 36, 6]. These methods simulate a “reduced" model which is obtained by eliminat-
ing the fast components of the dynamics through a quasi-steady state approximation
[18, 29]. Such reduced models capture the original dynamics in an approximate sense
and the error in approximation disappears as the time-scale separation gets larger and
larger. In [22], Kang and Kurtz develop a systematic theoretical framework for con-
structing these reduced models. As discussed in [5] and elsewhere, simulations of
reduced models are generally much faster than the original model. Since most sen-
sitivity estimation algorithms are simulation-based, it is of interest to determine if the
parameter sensitivities for the original model can be approximated by the parameter
sensitivities for the reduced model. Our aim in this paper is to present a theoretical re-
sult which shows that can indeed be done under certain conditions. Therefore one can
obtain enormous savings in the computational costs required for the estimation of pa-
rameter sensitivities for stochastic models of multiscale reaction networks. From now
on, the term “multiscale network" refers to a chemical reaction network which consist
of reactions firing at different time-scales.

It is observed in [22] that variations in the reaction time-scales could be both due
to variation in species numbers and due to variation in rate constants. However in this
paper we will only consider the latter source of variation. We now describe our stochas-
tic model of a multiscale chemical reaction network. Suppose we have a well-stirred
system consisting of d chemical species. Its state at any time can be described by a
vector in ]Ng whose i-th component is the non-negative integer corresponding to the
number of molecules of the i-th species. These chemical species interact through K
predefined reaction channels and every time the k-th reaction fires, the state of the sys-
tem is displaced by the d-dimensional stoichiometric vector ¢, € Z<. If the state of the
system is z, the rate at which the k-th reaction fires is given by Ng *Ar(x), where Ny is
assumed to be a “large" normalization parameter and Ay : ]Ng — [0, 00) is the propensity
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function for the k-th reaction. The powers of Ny in front of the propensity functions,
determine the various time-scales at which different reactions act. In a stochastic set-
ting, such a chemical reaction network can be modeled as a continuous time Markov
process {X™o(¢) : t > 0} over INd. Given such a reaction network, we have the flexi-
bility of selecting our reference time-scale 7. This means that we observe the reaction
dynamics at times that are scaled by the factor Nj. In other words, we observe the
process { X/ (t) : t > 0} defined by

XNo(t)y = XN (tNg) fort > 0.

Note that in the process XéVO, each reaction £ fires at a rate of order Nég’“ﬂ. Hence
reactions can be termed as “fast", “slow" or “natural" according to whether g8 + v > 0,
Br +v < 0 or B + v = 0 respectively. Note that as the value of Ny increases, the slow
reactions get slower and the fast reactions get faster. On the other hand, the natural
reactions remain unaffected by the increase in Ny. If we simulate the process XfYVO
using Gillespie’s Stochastic Simulation Algorithm, then the fast reactions take up most
of the computational time, making the simulation procedure extremely cumbersome.

Fortunately in certain situations, we can obtain a fairly good approximation of the
dynamics by simulating a reduced model which does not contain any fast reactions.
The state variables in this reduced model correspond to linear combinations of species
numbers that are unaffected by the fast reactions (see [5, 36]). As described in [22],
such model reductions can be derived by replacing Ny by N and showing that for a
certain projection map I on R?, the sequence of processes {HXéV : N € IN} has a well-
defined limit as N — oo. The limiting process X corresponds to the stochastic model of
a reduced reaction network made up of only those reactions that are “natural" for the
reference time-scale v, making its simulation far less computationally demanding than
the original model. In Section 2 we present these model reduction results in greater
detail. Now suppose that the output of interest is given by a real-valued function f
and we would like to estimate the expectation I (f(X2(t))) for some observation time
t > 0. If f is invariant under the projection II (that is, f(x) = f(Ilz) for all € IN¢) then
we would expect that

lim E(f(XN(t) = lim B(FIXN() = E (f(f((t))). (1.1)

N —o00 N—oc0

This limit implies that for large values of Ny, the quantity E(f(X}°(t))) is “close" to
E(f(X(t)). Hence instead of estimating the former quantity directly we can estimate
the latter quantity through simulations of the reduced model, and save a significant
amount of computational effort.

As stated before, our aim in this paper is to tie these model reduction results with
sensitivity analysis. Suppose that the propensity functions A1, ..., A\x depend on a scalar
parameter . Now when the state is =, the k-th reaction fires at rate NOB *Ar(x,0). With
these propensity functions, we can define the processes X 5 g and X év o as before, where
the subscript 6 is introduced to make the parameter dependence explicit. For an output
function f chosen as above, we would like to estimate the sensitivity of the expectation
E(f (X,IYV °(t))) with respect to 6. In other words, we are interested in estimating

0
SY5(f.1) = 5B (FO50) - (1.2)

We remarked before that most direct methods that estimate this quantity are simulation-
based. Since simulations of the process X yg are very expensive, it is worthwhile to
explore the possibility of using reduced models to obtain a close approximation for
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Sfyvg(f, t). Suppose that for each § we have a process Xy which corresponds to the re-
duced model. Moreover there exists a projection II (independent of #) such that I1.X é\’ 0
converges in distribution to Xg as N — oo. Then similar to (1.1) we would get

Jim B (F(XN(1) = B (£(Xa(t))) -
However this relation does not ensure that

lim %E (F(X(2) = % (Jim B (f(XN(1))) = %E (1)), a3

N—o00 N—o00

because in general, limits and derivatives do not commute. Note that if (1.3) holds then
for large values of Ny, the quantity Sfxg.(f, t) is close to the value

Sor0) = o (F(Ro(1)

which can be easily estimated using any of the sensitivity estimation methods [16, 30,
33, 1, 17], since simulations of the reduced model is computationally much easier than
the original model. This motivates the main result of the paper which essentially shows
that (1.3) holds under certain conditions. In the above discussion we had assumed that
the output function f is invariant under the projection II, which is a highly restrictive
assumption. Therefore we will prove a relation analogous to (1.3) for a general function
f-

Even though our result is easy to state, its proof is quite technical. The main compli-
cation comes from the fact that the dynamics at different time-scales, may interact with
each other in non-linear ways. Due to this problem, the proof of our main result involves
several steps which are loosely described below. We mentioned above that for a certain
projection II, the process I1.X é\’ o may have a well-defined limit as NV — oco. In such a situ-
ation, the left-over part of the process, (I —II)X f/V o', does not converge in the functional
sense but it converges in the sense of occupation measures (see [22] or Section 2). As
reported in [31], the distribution of occupation measures of Markov processes is related
to the evolution of a system of multi-dimensional wave equations. Using this relation
we construct another process W@N whose distribution has some regularity properties
with respect to 6. The process Wév captures the single-time distribution of the process
X fYV o> which means that for any function f and time ¢, we can find a function g such that

E (F(XT6(8) = E (9(W5" (1)) -

Furthermore, the fast components of the dynamics are averaged out in the process
WGN , making it simpler to analyze than the original process X é\,fe- Next we couple the
processes W¢¥ and WY, (for a small h) in such a way, that it allows us to take the limits
h — 0 and N — oo (in this order) of an appropriate quantity and prove our main result.
This coupling is constructed using the random time change representation of Kurtz (see
Chapter 7 in [9]).

As a corollary of our main result we obtain an important relationship which can be
useful in estimating steady-state parameter sensitivities. Let Xy be a stochastic process
which models the dynamics of the reaction network described above, with 8, = 0 for
each k and v = 0. Assume that this process is ergodic with stationary distribution 7y
and this distribution is difficult to compute analytically. Ergodicity implies that for any
output function f we have

Jim (X (0) = ([ 1mtan) .

1Here I is the identity projection
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where the integral is taken over the state space of Xy. Suppose we are interested in
computing the steady-state parameter sensitivity given by

& ([ swm@).

Since my is unknown, this quantity cannot be computed directly and one has to esti-
mate it using simulations. This can be problematic because simulations can only be
performed until a finite time, and in general one is not sure if the sensitivity value esti-
mated at a finite (but large) time is close to the steady-state value. However using our
main result, we can conclude that under certain conditions we have

t—o0 9

i 5B (0 = 35 ([ fmotan) ) (1.4)

The details are given in Section 3.1. Relation 1.4 proves that for a large (but finite) ¢,
the steady-state parameter sensitivity is well-approximated by

0

%E (f(Xo(t)))

which can be estimated using known simulation-based methods [16, 30, 33, 1, 17]. Note
that (1.4) is sometimes implicitly assumed (see [35] for example) without proof.

Our main result gives rise to an approximation relationship between the parame-
ter sensitivity value for the original model and the corresponding value for a reduced
model which is derived by a single model reduction step, exploiting a single time-scale
separation. It is natural to ask if such an approximation relationship is preserved with
reduced models that are obtained using multiple model reduction steps. We argue that
this is indeed the case in Section 3.2. Hence for a given multiscale network, we may
perform many steps of model reduction until we obtain a reduced model which is simple
enough to allow for extensive simulations, that are required for sensitivity estimation.
Then we can estimate the parameter sensitivity value for this highly reduced model, and
our result guarantees that the estimated value will be close to the original parameter
sensitivity value.

Our main result proves a relation like (1.3) in the situation where the output function
f only depends on the state value at a single time point ¢. However using the underlying
Markov property it is possible to extend this result to cover situations where the output
function f depends on the state values at several time points t1,...,t,,. We discuss this
issue in Section 3.3.

All the results in the paper are stated for a scalar parameter 6, but the extension
of these results for vector-valued parameters is relatively straightforward. Finally we
would like to mention that even though our paper is written in the context of chemi-
cal reaction networks, our main result can be applied to any continuous time Markov
process over a discrete lattice with time-scale separation in the transition rates. Other
than reaction networks, such processes arise naturally in queuing theory and popula-
tion modeling.

This paper is organized as follows. In Section 2 we discuss the model reduction
results for multiscale networks. The results stated there are simple adaptations of the
results in [22]. Our main result is presented in Section 3 and its proof is given in Section
4. In Section 5 we provide an illustrative example to show how our result can be useful.

Notation

We now introduce some notation that we will use throughout this paper. Let R, R,
Z, N and INy denote the sets of all reals, nonnegative reals, integers, positive integers
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and nonnegative integers respectively. For any a,b € R, their minimum is given by
a A b. The positive and negative parts of a are indicated by a* and a~ respectively. The
number of elements in any finite set EF is denoted by |E|. By Unif(0, 1) we refer to the
uniform distribution on (0, 1). If IT is a projection map on R™ then we write Ilz instead
of II(z) for any « € R™ and for any S C R", the set IS is given by

IS = {Ilz : x € S}.

For any n € I, (.,-) is the standard inner product in R". Moreover for any v =
(v1,...,v,) € R, |Jv| is the 1-norm defined by |jv|| = Y_.-, |v;|. The vectors of all zeros
and all ones in R" are denoted by 0,, and 1,, respectively. Let M(n,n) be the space of
all n x n matrices with real entries. For any M € IM(n,n), the entry at the i-th row and
the j-th column is indicated by M;;. The transpose and inverse of M are indicated by
MY and M~! respectively. The symbol I,, refers to the identity matrix in IM(n,n). For
any v = (vy,...,v,) € R", Diag(v) refers to the matrix in M(n,n) whose non-diagonal
entries are all 0 and whose diagonal entries are vy, ..., v,. A matrix in M(n,n) is called
stable if all its eigenvalues have strictly negative real parts. While multiplying a matrix
with a vector we always regard the vector as a column vector.

Let (S, d) be a metric space. Then by B(S) we refer to the set of all bounded real-
valued Borel measurable functions on S and by B.(S) we refer to the set of all those
functions in B(S) that are supported on a compact subset of S. By P(S) we denote the
space of all Borel probability measures on S. This space is equipped with the weak
topology. The space of cadlag functions (that is, right continuous functions with left
limits) from [0, 00) to S is denoted by Dg[0,00) and it is endowed with the Skorohod
topology (for details see Chapter 3, Ethier and Kurtz [9]). For any f € Dg[0,00) and
t >0, f(t—) refers to the left-limit lim,_,,— f(s).

An operator A on B(S) is a linear mapping that maps any function in its domain
D(A) C B(S) to a function in B(S). The notion of the martingale problem associated to
an operator A is introduced and developed in Chapter 4, Ethier and Kurtz [9]. In this
paper, by a solution of the martingale problem for A we mean a measurable stochastic
process X with paths in Dg[0, c0) such that for any f € D(A),

X)) - / AF(X(5))ds

is a martingale with respect to the filtration generated by X. For a given initial dis-
tribution 7 € P(S), a solution X of the martingale problem for A is a solution of the
martingale problem for (A4,7) if # = PX(0)~!. If such a solution X exists uniquely for
all 7 € P(5), then we say that the martingale problem for A is well-posed. Additionally,
we say that A is the generator of the process X.

Throughout the paper = denotes convergence in distribution.

2 Model Reduction results for multiscale networks

In this section we present the model reduction results for multiscale networks. Re-
call the definition of the process XfYV from Section 1. We shall soon see that this process
is well-defined under some assumptions on the propensity functions. Our primary goal
in this section, is to find the values of the reference time-scale v such that the process
XfYV has a well-behaved limit as N — oo. This limit may not exist for the whole process
but only for a suitable projection of the process. When the limit exists, the limiting pro-
cess can be viewed as the stochastic model of a reduced reaction network, which only
has reactions firing at a single time-scale. The results mentioned in this section are
derived from the more general results in [22]. Before we proceed we define a property
of real-valued functions.
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Definition 2.1. Let U be a subset of R™, f be a real-valued function on U and Il be a
projection map on R™. We say that the function f is polynomially growing with respect
to projection 11 if there exist constants C,r > 0 such that

|f(z)| < C(1+ ||TIz||") forallz € U. (2.1)

We say that a function f in linearly growing with respect to projection 11 if (2.1) is
satisfied for r = 1. A sequence of real-valued functions {f : N € N} on U is said to be
polynomially (linearly) growing with respect to projection 11 if for some C' > 0 and r > 0
(r = 1), the relation (2.1) holds for each fN. A function (or a sequence of functions)
is called polynomially (linearly) growing if it is polynomially (linearly) growing with
respect to the identity projection I.

Our first task is to ensure that there is a well-defined process which describes the
stochastic dynamics of our multiscale reaction network. For this purpose we make
certain assumptions.

Assumption 2.2. The propensity functions A1, ..., Ak satisfy the following conditions.

(A) For any k and x € INZ, if \g(x) > 0 then (z + () has all non-negative components.
(B) Let P be the set of those reactions which have a net positive affect on the total
population, that is,

P={k=1,...,K:(14,¢) > 0}. (2.2)

Then the function A\p : N¢ — R defined by Ap(z) = >, p Ak(2) is linearly grow-
ing.

Part (A) of this assumption prevents the reaction dynamics from leaving the state
space ]Ng. The significance of part (B) will become clear in the next paragraph. Infor-
mally, part (B) says that all the reactions that add molecules into the system have orders
0 or 1. If there is a compact set S such that for each k, \p(z) = 0 for all « ¢ S, then part
(B) is trivially satisfied.

Let xy be a vector in ]Ng. Throughout the paper, the initial state of the reaction
dynamics is fixed to be zy € ]Ng and the corresponding stoichiometric compatibility
class is given by

K
S = {JIO"FZUkaG]Nginl,---JZKE]NO}~
k=1

Part (A) of Assumption 2.2 ensures that the reaction dynamics is always inside S. From
the description of the multiscale network with reference time-scale v (see Section 1),
it is clear that the generator of the reaction dynamics should be given by the operator
A whose domain is D(AL) = B,(S) and its action on any f € B.(S) is given by

K
AN f(a) = NN (@) (F (2 + G) — f(2)). (2.3)
k=1

From Lemma A.1 we can argue that under Assumption 2.2, the martingale problem for
Aﬂf is well-posed. Hence we can define X,]YV as the Markov process with generator AJVV
and initial state xg. The random time change representation (see Chapter 7 in [9]) of
this process is given by

K t
XNty =z0+) Vi (Nﬂm/o Ak(Xy(s))ds> Chs (2.4)
k=1
where {Y}; : k=1,..., K} is a family of independent unit rate Poisson processes.
EJP 19 (2014), paper 59. ejp.ejpecp.org
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2.1 Convergence at the first time-scale

From (2.4), it is immediate that if the reference time-scale ~ is such that 5;+~v < 0 for
each k, then all the reactions are either “slow" or “natural" at this time-scale®. There-
fore we would expect the dynamics to converge as N — oo and the limiting dynamics
will only consist of the natural reactions.

To make this precise, define

y1=-—-max{fy:k=1,...,K} and Ty ={k=1,... K: B, = —7}. (2.5)

Then ~; is the first time-scale for which the process Xﬁ has a non-trivial limit as N — oo
and I'; is the set of natural reactions for this time-scale. Note that

—0 ifkely
5”71{ <0 ifk¢ry,

and hence using (2.4) we can show that Xﬁ = Xas N — 0o, where the process X
satisfies

t
X(t) =z + Z Yi (/ )\k(X(s))ds> Ck- (2.6)
kel 0
In other words, X is the process with initial state zy and generator Cgy given by
Cof(x) =Y M(@)(f(z+ ) — flx)) for f € D(Co) = Be(S). (2.7)
kel

The well-posedness of the martingale problem for Cy can be verified from Lemma A.1
and therefore the process X is well-defined. The precise statement of this convergence
result is given below.

Proposition 2.3. Suppose that the propensity functions A1, ..., A\ satisfy Assumption
2.2. Then we have X,]Y\i = X as N — oo where the limiting process X satisfies (2.6).

Proof. The proof follows easily from Theorem 4.1 in [22]. O

Observe that this proposition can be viewed as a model reduction result, which says
that at the time-scale 7;, the dynamics of the original model (given by Xﬁﬂ) is well-
approximated by the dynamics of a reduced model (given by X) for large values of
Ny. This reduced model is obtained by simply dropping the “slow" reactions from the
network. Such a model reduction result is trivial because one can easily see from the
reaction time-scales that the slow reactions will not participate in the limiting dynamics.
In the next section we describe a non-trivial model reduction result which is more useful
from the point of view of applications.

2.2 Convergence at the second time-scale

As discussed in several recent papers [4, 22], there may be a second time-scale v, (>
~1) such that a certain projection Il of the process X%’ has a well-behaved limit as N —
0o. At this second time-scale, the network has “fast" reactions in addition to the “slow"
and “natural" reactions. The projection I, is such, that the fast reactions do not affect
the projected process HQX:;\; . Assuming quasi-stationarity for the fast sub-network [18,
29] we can have a well-defined limit X for the process HQX%. Moreover the limiting
process X corresponds to the stochastic model of a reduced reaction network which
only contains those reactions that are natural for the time-scale ~s.

2 The jargon of “slow" , “fast" and “natural" reactions was introduced in Section 1
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We now describe this convergence result formally. Suppose that the set
So={veRL:(v,¢)=0 forall kel }

is non-empty. Then for any v € S,, the process {(v, X2/ (¢)) : t > 0} is unaffected by the
reactions in I';. Let v, = —max{f; : k=1,..., K and (v,(x) # 0} and define

Yo =inf{vy, :v €82} and Iy ={k=1,....K: B = —}. (2.8)

Then ~2 > 7, by definition and note that the reactions in I'; are fast at the time-scale ~s.
Let IL; be the subspace spanned by the vectors in 5> and let I, be the projection map
from R to L. The definition of L, implies that

¢, = ()d forall k € T'y, (2.9)

which means that the fast reactions would leave the process HQX% unchanged. Let I;
be the space spanned by the vectors in (I — I15)S = {({ — IIy)z : € S}, where I is the
identity map. For any v € IS let

H,={yel,:y={J -1z, sz =v and z € S} (2.10)
and define the operator C” by

C'f(z) = Y M(v+2)(f(z+G) — f(2)) for f € D(CY) = B(H,). (2.11)

kel

The operator C” can be seen as the generator of a Markov process with state space H,,.
We now define the occupation measure of the process (I — HQ)X,JYZ . This is a random
measure on IL; x [0, 00) given by

VI(C x[0,t]) = /t Lo (I -T2)X2(s)) ds,
0

where C' is any Borel measurable subset of IL; and 1. is its indicator function. Note
that for any &

' N _ [ N N (du % ds
/Ox\k(X,m(s))dsf/O /]Ll e (U2 X0, (s) +y)V.,, (dy x ds).

Therefore using (2.4) and (2.9), we can write the random time change representation
for the process [T, X} as

t
HQX,{/\;(I‘,) = Ilszo + Z Y <NB19+’>’/ A;JX%(S))CZS) | 1DYS"
0

kel

+ > Y (Nﬁm /O t Ae (X (s))ds) 5 ¢,

kels

+ ). Y (Nﬁm /Ot)\k(Xf/\;(s))ds> 15,

k}¢F1UF2

t
= Ilyzo + Z Ys <Nﬁk+7/ / (o X2 (s) + y) VY (dy x ds)) ¢ (2.12)
kel 0 /Iy

¢
+ Z Ys (NBk"F'Y/ / )\k(HQX,]Y\;(s) + y)V,Y],j(dy X ds)) 10Ye™
0 Ji,

kgT; Ul
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Suppose that Vg = V as N — oo. In other words, for any f € B(S) and ¢ > 0

t
/ f(z dexxds:»/ f(x)V(dx x ds) as N — oo.
]Ll ]Ll

Since

—0  ifkeT,
B’“L”{ <0 ifk¢ T, UT,,

we can expect from (2.12) that Hng/\; = X as N — oo where the process X satisfies

X(t)=Tazo+ »_ Yi (/ / + )V (dy x ds)> I G

kel

It can be seen that between consecutive jump times of the process HQX%’, if the state
of the process HQX% is v, then the process (I — Hg)X% evolves like a Markov process
with generator C". If the generator C” corresponds to an ergodic Markov process with
the unique stationary distribution as 7 € P(IH,), then the limiting measure V has the

form
V(dy x ds) = WX(S)(dy)ds. (2.13)

Therefore the random time change representation of the process X becomes

X(t) =Taxo + Y Yi </0 Xk(X(s))ds) T2 Cs, (2.14)

kels

where \;(v) = Jiz. Ak(v + z)7¥(dz). Before we state the convergence result, we need to
make some assumptions.

Assumption 2.4. (A) For any v = II,S, the space H, (given by (2.10)) is finite.
(B) The Markov process with generator CV is ergodic and its unique stationary distri-
bution is ¥ € P(H,).
(C) Let P be the set of reactions given by

P={k=1,...,K: (14,1,¢) > 0}. (2.15)

Then the function A\p : N¢ — R defined by Ap(x) = >, p Ai() is linearly grow-
ing with respect to projection Il (see Definition 2.1).

Observe that part (C) implies that the functions {;\k : k € Ty} satisfy part (B) of
Assumption 2.2. Therefore the process X satisfying (2.14) is well-defined due to Lemma
A.1. Note that the set H, can either be finite or countably infinite. Our main result
(Theorem 3.2) should hold in both the cases, but to simplify the proof we assume that
H, is finite (part (A) of Assumption 2.4). We later indicate how the proof changes
when this is not the case (see Remark 4.19). In many important biochemical multiscale
networks, the fast reactions conserve some quantity that only depends on the natural
dynamics (see [5, 36, 28]). In such a scenario, the set H, will be finite. We now state
the convergence result at the second time-scale.

Proposition 2.5. Suppose that Assumption 2.2 and 2.4 hold. Then (ILX[ V) =

(X, V) as N — oo, where the process X satisfies (2.14) and V satisfies (2.13).

Proof. The proof follows from Theorem 5.1 in [22]. O
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2.3 Convergence at higher time-scales

In Section 2.2 we outlined a systematic procedure to obtain a single-step model re-
duction for a multiscale reaction network. The main idea was to assume ergodicity for
the “fast" sub-network and incorporate its steady-state information in the propensities
of the “natural" reactions. Moreover the “slow" reactions can be ignored completely.
This single-step reduction process can be carried over multiple steps to construct a
hierarchy of reduced models. This is useful because many biochemical networks have
reactions spanning several time-scales (see [21], for example). Hence for a given ref-
erence time-scale, many steps of model reduction may be required to a obtain a model
which is simple enough, to be amenable for extensive simulations that are required for
sensitivity estimation.

For our main result, we will assume that we are in the situation of Proposition 2.5,
which describes a single-step model reduction. In Section 3.2, we shall discuss how
our result can be used to estimate parameter sensitivity using reduced models that are
obtained after many steps of model reduction.

3 The Main Result

In this section we present our main result on sensitivity analysis of multiscale net-
works. Suppose that the propensity functions )1, ..., A\x depend on a real-valued param-
eter # and Assumption 2.2 is satisfied for each value of 6. If the reference time-scale is
v, then the reaction dynamics will be captured by the generator

K
AN f() =Y NPT\ (2,0)(f(z + G) — f(x)) forany f € D(AY,) = Bo(S).  (3.1)

k=1

Using Lemma A.1 we can argue that the martingale problem corresponding to A\fx PRE
well-posed. Let X N be the process with generator AN o and initial state .

We use the same notation as in Section 2.2. Note that the definitions of ;,I';, $; and
IL;, for « = 1 and 2, only depend on the stoichiometry of the reaction network and are
hence independent of . Similarly the projection map II; and the space H, (see (2.10))
do not depend on §. The definition of the operator C” (see (2.11)) changes to

2)= Y Mw+20)(f(z+G) — f(2) for f € D(Cy) =B.(H,).  (3.2)

kel
For our main result we require the following assumptions.

Assumption 3.1. (A) Parts (A) and (C) of Assumption 2.4 are satisfied. In addition,

the mapping v — |H,| is polynomially growing (see Definition 2.1).

(B) A Markov process with generator Cy is ergodic and its unique stationary distribu-
tion is 7y € P(H,).

(C) Let x € S be fixed. Then for any k = 1,...,K, the function \i(z,-) is twice-
continuously differentiable in a neighbourhood of 6.

(D) For each k € Ty, the functions \;(-,0) and O\ (-,0)/00 are polynomially growing
with respect to projection Il,. Moreover there exists an € > 0 such that the func-
tion

sup
£€(0—e,0+¢)

82)‘/1:('7 f)
062

is also polynomially growing with respect to projection 115.

(E) The functions {\;(-,0) : k € T's} satisfy part (B) of Assumption 2.2.

EJP 19 (2014), paper 59. ejp.ejpecp.org
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Note that if Assumption 3.1 holds then Assumption 2.4 will also hold. Hence Propo-
sition 2.5 ensures that HQX%’(, = Xy as N — oo. The process Xy has initial state Il>zq

and generator Ag given by

Apf(x) =D Ml 0)(f(z +Ta2Gk) — f(z)) forany f e D(Ay) = Be(I,S),  (3.3)
kels

where the function A\ (-,6) : IS8 — R is defined by
(e = [ Mol .0y 3.4)
H,

We now state our main result whose proof is given in Section 4.3.

Theorem 3.2. Suppose that Assumption 3.1 holds and the function f : S — R is poly-
nomially growing with respect to projection Il,. Then for any t > 0 we have

0 0 .
Jim B (X (1) = 5B (fo(%o(1) (3.5)
where fy : IIsS — R is given by
fo(x) = / flx+y)mg (dy). (3.6)
H,

Remark 3.3. This theorem will also hold if the function f depends on the parameter 6,
as long as the dependence is continuously differentiable. Moreover we can even replace
f by fV in relation (3.5), where the sequence of functions {f~ : N € IN} is polynomially
growing with respect to projection Il5, and satisfies

lim fY(2) = f(2)

N—o0

for each x € S. These conclusions will be evident from the proof of the theorem.

Recall that the reaction dynamics for the original model in the reference time-scale
2 is given by X fy\; % If the output of interest is captured by function f, then we are in-

terested in estimating the parameter sensitivity Sﬁg fjt( f,t) defined by (1.2). As explained
in Section 1, direct estimation of Sﬁ;‘jt( f,t) is often infeasible because simulations of the
process X fy\;(,)e are prohibitively expensive. However simulations of the reduced model

dynamics X, is much cheaper, allowing us to easily estimate the right side of (3.5), us-
ing known methods [16, 30, 33, 1, 17]. The main message of Theorem 3.2 is that for
large values of Ny

SN0, (f,t) =~ So(fo,t) == %E (fg(Xg(t))) : (3.7)

which allows us to approximately estimate Sivz‘ft( f,t), in a computationally efficient way.

Observe that in (3.5), the function fy may depend on 6 even if the function f does
not. If the stationary distribution 73 is known for each z € II,S, then the function fj
and the propensities 5\;C can be computed analytically. In this case, the simulations of
the process X, that are needed for estimating S’g(fg,t), can be carried out using the
slow-scale Stochastic Simulation Algorithm [5]. If 7§ is unknown, then one can use
nested schemes [36, 6] to estimate fy and e during the simulation runs. In many
applications, the “fast" reactions are uninteresting [28, 29, 18] and they do not alter
the output function f. In such a scenario we can expect f to be invariant under the
projection I, (that is, f(x) = f(Ilaz) for all z € S) which would imply that the functions

fo and f are the same on the space II,S. Hence we recover (1.3) from Theorem 3.2.
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3.1 Estimation of steady-state parameter sensitivities

We now discuss how relation (1.4) can be derived using our main result. In Section
1 we mentioned the importance of this relation in the context of estimating steady-state
parameter sensitivities. Let {Xy(¢) : ¢ > 0} be an ergodic S-valued Markov process with
generator

K

Cof () =D M@, 0)(f(x + ) — f()) forany f € D(Cy) = B.(S),

k=1
and stationary distribution my. If we define another process Xév by
X} (t) = Xg(Nt) fort >0, (3.8)

then Xév represents the dynamics of a multiscale network with 5, = 1 for each k£ =
1,..., K. For this network, clearly v = 0,T's = () and IS = {0}. From Theorem 3.2 we
obtain

. 0 d
fim_ 2B (7O (@) = 75 ([ Fema(dn)).
do \ Js
for any ¢ > 0. Hence (1.4) immediately follows from (3.8).

3.2 Sensitivity estimation with multiple reduction steps

We have presented Theorem 3.2 in the setting of Section 2.2, where a single-step
reduction procedure was described to obtain a “reduced" model ( with dynamics X@)
from the original model (with dynamics X fxg), in the reference time-scale v = 7. As
mentioned in Section 2.3, there are examples of multiscale networks where many steps
of model reduction may be required to arrive at a sufficiently simple model. It is inter-
esting to know that even in such cases, the main approximation relationship (3.7) that
falls out of Theorem 3.2, will continue to hold. To illustrate this point, we now consider
an example where two-steps of model reduction are needed for sensitivity estimation.

Recall the description of a multiscale network from Section 1. Let v1,72 and 73 be
real numbers such that v3 > v2 > ~;. Suppose that the setsI'y,I's and I'5 form a partition
of the reaction set {1,..., K}, and for each k € T';, we have 8 = —y; for i = 1,2,3. The
dynamics of the model in the reference time-scale « is given by the process X szv 9 whose
random time change representation is

t
XN = 3 Vi (Ng‘“ |2 (x2ss0.0) ds) G (3.9)

kel

+ Z Yi (N(')Y’m /Ot Ak (Xfxg(s),@) ds> Ch

kels

+ Z Y (N(')Y'ys /Ot A (Xfxg(s),@) ds> Cr,

kel's

where {Y; : k = 1,..., K} is a family of independent unit rate Poisson processes. Clearly
this multiscale network has three time-scales 71,72 and 3. Suppose we want to esti-
mate the sensitivity value Sﬁg( f,t) (given by (1.2)) at the reference time-scale v = 3.
Observe that for this time-scale, the reactions in both the sets I'y and I'; are “fast",
but the reactions in I'y are “faster" than those in I's. Ideally we would like to esti-
mate Sfy\; °,(f,t) using a reduced model which only involves reactions in I's. It is possible
to obtain such a reduced model by applying the reduction procedure twice. We now
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demonstrate that even with this second-order reduced model, the main approximation
relationship (3.7) will still hold.
Replacing Nj~ ™ by NJ~ "> N72~7 in (3.9), we get another process Xi\ff;’N defined by

t
xNN @y = 5 vy (N”WN&_” / Ao (Xﬁng(s),e) ds> Co (3.10)
0

kel

+ Y v <N3_72 /Ot Ak (Xﬁg’N(s),e) ds> o

kels
t
+3 v <N3_73/ Ak (Xyng(s),o) ds> C.
keTs 0
Certainly for large values of Ny we have

SNo,(f,t) ~ lim g (f (Xﬁfjgv(t))). (3.11)

N—=oco 00

Observe that the process Xf/\gjg) can be treated in the same way as the process sz o
in Theorem 3.2. Suppose that the conditions of this theorem are satisfied. We can
construct a projection II, satisfying (2.9) such that the process IIs X évo’ has a well-
behaved limit as N — oo. For any v € II,S let 7y be the stationary distribution for the
Markov process with generator Cj (see (3.2)). Define fg by (3.6) and for each k € I';UI'3

let )\, be given by (3.4). Using Theorem 3.2 we can conclude that

e (50) = e (20)).

where X 5.0 18 the IIyS-valued process given by

XMooty =>" i (NJB‘”/O A (XQOG( ), 9) ds> I, ¢,

kels

+3 1w (/Ot M (X;ifje(s),e) ds) T

kel's

Substituting Ny by N we get another process X 5.0 Which can again be dealt in the same
way as the process X N ».0 in Theorem 3.2. Moreover for large values of Ny,

50 (o (X320(0)) ) = Jim @E(fe (X35.6(0)) - (3.13)

Assuming that the conditions of Theorem 3.2 hold, we can construct a projection I3,
such that II5I1,¢;, = 04 for all k € 'y, and the process H3X§\;79 has a well-behaved limit
as N — oo. For any w € II3II,S, let ug be the stationary distribution for the Markov
process with generator

= > Mlw+2,0) (g(w +T2() — g(2)) for g € D(CY) = B.(Hy),
kel

where the definition of H,, is similar to (2.10). Define

fotw) = [ Jotw-+ ) and Su(w.0) = [ Sl -+y. 005 ().
]Hw w
for each k € I's. From Theorem 3.2 we get
9 .
Jim S (X200)) = 558 (70 (%000)) (3.14)
EJP 19 (2014), paper 59. ejp.ejpecp.org
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where Xp is the process given by

Xot)= Y Yi (/Ot M (Xo(s),@) ds) 5112y

kel's

Combining (3.11), (3.12), (3.13) and (3.14), we get that for large values of Ny

S0~ o (fo (%0(0)) (3.15)

This shows that the main approximation relationship (3.7) that arises from Theorem
3.2 will hold even with a reduced model obtained after two steps of model reduction.
Observe that the reactions in I's are “natural" for the time-scale 3, and the reduced
model corresponding to X only consists of these reactions. Hence the process Xy is
easy to simulate and Si\; °.(f,t) can be easily estimated using (3.15).

3.3 Sensitivity estimation for outputs at multiple time points

In Theorem 3.2 we only consider the situation where the sensitivity is computed for
an output at a single time point t. However using the Markov property it is possible to
extend this result to encompass situations where the output is a function of the state
values at multiple time points ¢1,...,t,, (With 0 < t; < t3 < .-+ < t,,,). To be more
precise, let S™ = S x - - - x S be the product-space formed by m copies of the state space
S and let f: 8™ — R be a function which is polynomially growing with respect to II; in
each coordinate. Then we claim that

tim 2 (f (X (t1), - X () = (fe (1o (Zot), . Zotw)) . 3.16)

N—oco 00

where the processes X%,e and Xg are as in Theorem 3.2 and the function fp : (II,S)™ —
R is given by

fg(Il,...,Im):/ / fxr+y1, . @m +ym)mg (dyr) ... 7y (dym).  (3.17)

We shall prove this claim in the case m = 2. The proof for a general m simply follows
by extending the arguments made in this case.

Pick two time points t1,t2 (with 0 < ¢; < t3) and a function f : S x § — R which
is polynomially growing with respect to II; in each coordinate. Let gy be a real-valued
function on S x II,S given by

go(x1, x2) :/H flxr, x2 +y)my? (dy).

For any z € S define

g9 (@) =B (f(z, X5 p(t2 —t1)))  and  go(z) = E (go(, Xo(t2 — 1)),

where { X ,(t) : t > 0} and {Xj(t) : t > 0} are processes with initial states X ,(0) = =
and Xg(()) = Il;x, and generators A%,a (see (3.1)) and A\g (see (3.3)) respectively. Due
to Proposition 2.5 and Theorem 3.2 we have

gy (z) _ 9gs(x)

N g (z) = go(x)  and - lim SRt = =, (3.18)
EJP 19 (2014), paper 59. ejp.ejpecp.org
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for each x € S§. The Markov property implies that the conditional distribution of
Xﬁgo( 2) (Xg(t%)) given X0 N o(t1) = x (Xg(t1) = Ilpz), is same as the distribution of
X72 o(ta —t1) (Xg(t2 — t1)). This shows that

I (f (X’Y2 9(t1) X’Y2 9(t2))) I (E (f (X'Y2 G(tl) X’YQ 0 t2 )‘X’Yz 0 tl)))
—E (o) (XY (1)) (3.19)

and for any y; € ]H)zg(tl)
go(f(o(tl) + y1) =E (gg(X.g(h) + 91,X9<t2))’X9(t1))

=E (/ F(Xo(t1) +y1, Xo(ta) + yz)ﬁfe(tQ)(dyz)
H

Xg(t2)

Xg(t1)> . (3.20)
Theorem 3.2, Remark 3.3 and (3.18) imply that

0
Jim S (g (X (0 ”)E</]H

However using (3.20) we obtain

E ( / go(Xo(t1)) + y1>w§6<“)<dyl>)
Ho

Xg(t1))

= (/ E (/ F(Xo(t1) +y1, Xo(t2) + y2)”§9(t2)(d92)
Hgpt) Hy

Xg(t2)
:E</
H Xg(t2)

=K (fg(Xa(tl),XB(tQ)D )

g0(Xo(t1)) + yﬁvrf““’(dm)) . (3.21)

Xg(t1)

f@(tl)) wf“t”(dyn)

F(Xo(t) + 1, Ko(ta) + yo)ma 2 (dys) ™) (dyy >>

Xty Y H

where the function fy is defined by (3.17) for m = 2. This relation along with (3.19) and
(3.21) gives us

0 0

Jim o (f (X 0(t), X3 4(t2))) = 205 (fe(Xe(tl)vXe(tz))) ;

which proves (3.16) for m = 2.

4 Proofs

We mentioned in Section 1 that the proof of our main result, Theorem 3.2, will re-
quire many steps. We now describe these steps in detail. In Section 4.1 we show
some regularity properties of the distributions of weighted occupation times for finite
Markov chains with fast parameter-dependent rates. For this, we exploit certain con-
nections between the distribution of weighted occupation times and multi-dimensional
wave equations (see [31]). These regularity properties allow us to later argue that the
distribution of the weighted occupation times for the “fast" sub-network of our mul-
tiscale network, is differentiable with respect to 6, and the derivative operation com-
mutes with the limit N — oco. In Section 4.2, we construct a “new" process W/, which
captures the single-time distribution of the process XY X, ¢, in the sense described in Sec-
tion 1. The main difference between X N ,.0 and WS, is that the dynamics of the fast
sub-network is averaged out in the process W‘9 , making it easier to work with. In
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particular the process WGN is well-behaved in the limit N — oo (see Proposition 4.16),
unlike the process X é\; - The proof of Theorem 3.2 is given in Section 4.3. The main
idea of the proof is to couple the processes WQN and W(ﬁ ,» in such a way, that it allows
us to compute a double-limit of the form

e 1 B2 (WA (1)) — B (£ (W5 (1))
N—oo0 h—0 h ’

for some functions fév and fé\frh that depend on our output function f. The results
from Section 4.2 will imply that this quantity is equal to the left-hand side of (3.5). On
the other hand, using Dynkin’s formula (see Lemma 19.21 in [20]) and some coupling
arguments, we will show that this quantity is also equal to the right-side of (3.5), thereby
proving Theorem 3.2.

4.1 Weighted occupation times of finite Markov chains

Let {Z(t) : t > 0} be a continuous time Markov chain on a finite state space £ =
{e1,...,en} and with generator

Af(2) = Ml2) (f(z+ G) — f(2)) forall f € D(A) = B(&).
k=1

Here A4, ..., Ak are positive functions on £. For this Markov chain the ()-matrix (matrix
of transition rates) is given by

)\k(ei) ifi;éjand €j :67;+<k
Qij =14 =iy Meles) ifi=j
0 otherwise.

For a function A : £ — [0, c0) define

V(t) = /0 " A(Z(s))ds. @.1)

Then V(t) is essentially the weighted occupation time of the process Z, where the
weight is given by the function A. For each ¢ = 1,...,m define p;,5; : Ry — [0,1]
by

Bi(t)=FE (ﬂ{Z(t):ei} exp(—V(t))) and p;(t) =P(Z(t) = ¢;).

Note that 5;(¢) can be seen as the Laplace Transform of the distribution of V'(¢) on the
event Z(t) = e;. Let p(t) and S(t) denote the vectors

p(t) = (p1(t), ..., pm(t)) and B(t) = (Bi(t),. .., Bm(t)).
The definition of matrix () implies that

apt) _
dt

The next proposition describes the dynamics of 5.

QT p(t). (4.2)

Proposition 4.1. The function 3 satisfies the following ordinary differential equation

dp(t)
Tdt = (QT - D) B(t),
where D is the m x m diagonal matrix with entries A(ey), ..., Aley).
EJP 19 (2014), paper 59. ejp.ejpecp.org
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Proof. Let rq,...,r be [ distinct values in the set {A(e1),...,A(e,,)}, arranged in as-
cending order. Foreachi =1,...,(I—1)let B; = {e € £ : A(e) = r;}, and for each
i=1,...,mdefine F; : Ry x R — [0,1] by

Fi(t,z) =P (Z(t) =e;, V(t) > ).

The random variable V(t) (given by (4.1)) can only take values between rit and r;t.
Hence

Fi(t,rlt) =0 and Fi(t,rlt—) = hhr{)l Fi(t,Tlt + h) = P(Z(t) = ei). (43)
0—

It has been shown in [31] that the distribution of the real-valued random variable V()
is continuous in the interval [rit,7;t], except at points rit,...,rt. Whenever « = r;t for
some j = 1,...,[, the function F; has a discontinuity of size

Fi(l',T'jt) - Fi(l'77’jt—) =-P (Z(t) = €4, V(t) = ’I‘jt) .

Moreover, the event {V (t) = r;¢} can only happen if Z(s) € B, for all s € [0, t]. Therefore
P (Z(t) = e;,V(t) = r;jt) is non-zero only if ¢; € B; and hence

=g(A(e:)P (Z(t) = e;, V(t) = Alei)t), (4.4)

for any g : Ry — Ry. It is shown in [31] that on the set R = {(t,z) : ¢t > Oand z €

(rj—at,rt), 5 = 2,...,1}, each F; is continuously differentiable and the family of func-
tions {F; : i = 1,...,m} satisfies the following system of multi-dimensional wave equa-
tions
BFi (t, JZ) 8Fi (t, 33) = .
T —A(ei)T—&-;Fk(t,x)Qki, fori=1,...,m. (4.5)
For each i =1,...,m we can write 3;(t) as
Bi(t) = B (Liz=eye ™" 0) = e MR (Z(8) = 1, V(1) = Aer)t) (4.6)
Lot OF;(t
_ Z/ e " (l( ,x)) dz.
j:2 Tj—lt ax
EJP 19 (2014), paper 59. ejp.ejpecp.org

Page 18/53


http://dx.doi.org/10.1214/EJP.v19-3246
http://ejp.ejpecp.org/

Sensitivity analysis for multiscale stochastic reaction networks

Using integration by parts, (4.3) and (4.4) we get

3 [ e (25)

~\

Pt 1t ox
l l Tt
= Z (e " Fy(t,rit—) — e E(t mjat)) + Z/ e T Fi(t, x)dx
i=2 j=27Ti-1t
l l rit
= (e Ey(t, 1it) — eI R (1 at)) + Z/ e T F(t, z)dx
i=2 j=27ri-1t
l
+ e_rjt(Fi(t,Tjt—) - Fi(t,’l“jt))
j=2

l
= *’I‘ltF t ’I"lt + Z/ t x)d{[’ —+ Z efrjt(Fi(lszt*) — Fz(t, T]t))

Ti— 1t j=2

=e " (Fi(t,rt—) — F(t, Tlt)) e " E(trit—)

—I—Z/ t F;(t,x) dx—i—Ze TN (Fy(t rit—) — Fi(t,rt))
Tj—1

l Tt

—e "P(Z(t) = ;) + Z/ e Fi(t,z)dx

j=2vTi-1t

+ e MNP (Z(t) = &5, V(t) = A(sy)t).

Substituting the above expression in (4.6) we obtain

l ’l‘]‘t
Bi(t) =e "'p Z/ e T Fi(t, x)dx, 4.7)
j= '

j—1t

where p;(t) = P(Z(t) = e;).

Fori =1,...,m, the functions p; and F;(-, z) are differentiable (see (4.2) and (4.5)).
Hence the function g§; is also differentiable. Taking derivative with respect to t in (4.7)
yields

l

dﬁz aF tx o
Z/T . Z —rit F; t 7‘] )—7“3;16 Ti= tFi(t,’l"jflt))
j—1

=2
7T1tdpi( )

_ —Tity (¢
rie”"pi(t) +e o
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From (4.3) and (4.4) it follows that

M-

<
[
N

(TjeirjtFi(t, Tjtf) — Tj_leirjfltFi(t, Tj_lt))

l
= Z (rje_rjtFi(tarjt) - rjfle_rjilth;(t/l"j,lt))

j=2

+
=

’I"jeirjt (Fl(t, Tjt—) - Fi(t, ’I”jt))
Jj=2

l
= —re "E () + Y e P (Z(t) = e, V(t) = rjt)

j=2
l

= —rie” Z e "I (Z(t) = e, V() = 1jt)

= —rie () + A(ei)e AMedtP(Z(t) = e, V(t) = A(e;)t). (4.8)
Therefore

dﬁl Z/ -2k t x) — T da — Aeg)e MNP (Z(t) = e, V(E) = Alei)t)
Tj— 1t
+ e*”tdp;i

From (4.5) we get

l rjt
T =X [ Z/ B
j=2YTi-1t = i lt
— Aex)e MR (Z(t) = e, V(1) = Alen)t) + _Tltdpcllzgt)
l r;t m
Z/ 8F t, ) 24 Y (Br(t) — e M pi(t)) Qni
j=27Ti- 1t k=1

— M) NP (Z(8) = e, V(1) = rit) + e )

dt
l rjt m
_,OF;(t, )
]:2 j—1 k=1
_ Ae)e—Aent . I OB _
Ale;)e P(Z(t) = e, V(t) = rit) + e > pe(t)Qui | -
dt =
Due to (4.2), the last term is 0 and hence
agi(t) Lot OFi(tx) m
LU ; /T“t e D gy gﬁk(t)ka 4.9)

o A(ei)efA(ei)t]P (Z(t) = e;, V(t) = A(ez)t) .
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Using integration by parts, (4.8) and (4.7) we obtain

l it !
Z/ - 8F tl‘ :Z —rJtF tort )_e—r_f—ltFi(t,rj_lt))

j=27Ti-1t =

Substituting this expression in (4.9) yields

AWBit) _ n gLy |
dt — _A(el)ﬁl(t) + ;Bk(t)ka

This completes the proof of the proposition. O

Using the above proposition, we now establish some regularity properties of the
distributions of weighted occupation times for finite Markov chains with fast parameter-
dependent rates. Let {Z)V(t) : t > 0} be a continuous time Markov chain on & =
{e1,...,em} with generator given by

K
= NS Ml2,0) (f(= + G) — J(2)) forall f € D(CY) = B(E),

where the function ¢ — A\ (z,0) is continuously differentiable for each k and z € £. For
this Markov chain, the matrix of transition rates is given by NQy where

)\k(eq,ﬂ) ifi;ﬁjand 6j26i+gk
Qo,ij = — Zle Ak (e, 0) ifi=j
0 otherwise.

We assume that this Markov chain is ergodic. Then its unique stationary distribution my
is a left eigenvector for QQy corresponding to the eigenvalue 0. Hence

79Qp = 0, and (1,,,mp) = 11 7mp = 1. (4.10)

Remark 4.2. Due to the ergodicity assumption, the matrix (Qy has 0 as a simple eigen-
value and all its other eigenvalues have strictly negative real parts.

For a function A : £ x R — [0, 00) define

t
VY0 = [ Az ).0)ds (4.11)
0
and let
B358) = B (Lyzp =ey x0(—Vi (1))
for each ¢ = 1,...,m. From Proposition 4.1 it follows that the function
Be' (t) = (Bg'1 (1), - .., By (1)) satisfies
dpy (t
ﬂfu( ) _ (NQ§ — Do) By (t), (4.12)
where Dy is the m x m diagonal matrix with entries A(eq,0), ..., A(en, ). We now define

a condition on sequences of functions on R .
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Condition 4.3. For each N € N, let fN be a function from R, to R™ and let ey =
1/v/N. Then the sequence of functions {f" : N € IN} satisfies this condition if for any
T>0

T
lim sup |[fN(t)| =0 and lim/ I1£N (t)||dt = 0.
N—oo J

N—=co telen,T]
The main result of this section is given as the next proposition.
Proposition 4.4. Define 3} : [0,00) — R™ by
By (t) = B (t) — e M'my,
where
o = 1% Dyro. (4.13)

Then the functions 3) and 83} /86 satisfy Condition 4.3.

Remark 4.5. Here 93} /06 should be interpreted as the map t — 03} (t)/96. Of course
this proposition can only be true if 98} (t)/00 and Omy/00 exist. Note that entries of
the matrices (Qy and Dy are differentiable with respect to . Hence (4.12) implies the
existence of 3} (t)/96. Moreover due to the implicit mapping theorem and the relation
m9Qo = 0g (see (4.10)) one can also conclude that Omy /00 exists.

Proof. We start by defining some notation that will be useful in the proof. We say that
a R™-valued sequence {ay : N € IN} belongs to class O(N~") for some m € Ny, if and
only if

sup N"|lan]|| < oo.
NeN

For two such sequences {ay : N € IN} and {by : N € IN}, we will say that ay =
by + O(N~™) when the sequence {(ay — by) : N € N} belongs to class O(N ™).

For the proof, we can assume without loss of generality, that for each N, Zév (0) = e,
for some ig = 1,...,m. This implies that 3)(0) = (0,...,0,1,0,...,0), where the 1 is in
place ig. Hence

(Ton, B3 (0) = 7o) = (L, By (0)) = (Lo, 7g) = 0. (4.14)
Define a function h)’ : R, — R™ by
Ry (t) = e B (t) — . (4.15)

To prove the proposition it is sufficient to show that both hév and 8h§v /00 satisfy Condi-
tion 4.3.
From (4.12) we obtain

a0

= (NQ§ — Do + Nolp) h (t) — Domg + oo, (4.16)

where I,,, is the m x m identity matrix. Consider the matrix B) = QI — N~1Dy, which
can be seen as a small perturbation of Qér for large values of N. The eigenvalues of
Bév is slightly perturbed with respect to the eigenvalues of QHT (see [32]). We know
that matrix Qg has 0 as a simple eigenvalue (see Remark 4.2) and the corresponding

left eigenvector is 1,,. From Theorem 2.7 in [32], we can conclude that B} has an
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eigenvalue A} with the corresponding left eigenvector as v}, where A} and v}’ have
the form

A _
AY = fﬁe +O(N72) and v =1, + O(N7Y). (4.17)

Therefore
(v5)" (NQ§ — Do + NoIm) = N(vg' )" By’ + No(vg')"
= NAY ()" + No(vg")"
= (NAY + o) ()"
Let S) = (v})¥, hlY(t)). Taking inner product with v}’ in (4.16) we get

dSy' ()
dt

= (N/\év + /\9) Sév(t) + (UéV)T (—Domo + Agmy) .

Note that a)’ := NA) + g = O(N~') due to (4.17). From (4.13) and (4.10) we can see
that bév = (UéV)T (7D971’9 + /\971’9) = 15 (7D97T9 + )\97‘(9) + O(Nil) = O(Nil). Therefore
we can write

asy (1)

T ay SY (t) + by, (4.18)

where {a))’}, {b}’} are sequences in O(N~!). Using (4.14) we obtain
S5 (0) = (03", hg (0)) = (Tyn, by (0)) + O(N ™) = (1,0, 53" (0)) = (Ln, mg) + O(N 1)
= O(N_l). (4.19)
Pick any T' > 0. From (4.18), (4.19) and Gronwall’s inequality it follows that

sup |85’ ()] = sup [(vy'(t), hg ()] = O(N),
te[0,T] te[0,T]

which also implies that

sup (I, g ()] = O(N™H). (4.20)
te[0,7]

This allows us to write

m—1

hem(t) ==Y hy(t) + O(N ).

1=1
Let Cy be the (m — 1) x (m — 1) matrix whose ij-th entry is given by
Co,ij = Qo.ji — Qo,mi-

If we define

_ Im—l iTn—l -1 _ Im—l _im—l
P_[OT 1 }andP = or 1

m—1 m—1

then using 11 Q1" = 07, we can write
_ C v
PTQg (PT)™ = { i o } : (4.21)
m—1
EJP 19 (2014), paper 59. ejp.ejpecp.org

Page 23/53


http://dx.doi.org/10.1214/EJP.v19-3246
http://ejp.ejpecp.org/

Sensitivity analysis for multiscale stochastic reaction networks

where v is some vector in R™~!. The matrix @y has a simple eigenvalue at 0 and all its
other eigenvalues have strictly negative real parts (see Remark 4.2). This shows that
matrix Cy is stable.

Let h) (t) and 7y be vectors containing the first (m — 1) components of h (¢) and 7.
Also let Dy be the (m — 1) x (m — 1) diagonal matrix with entries (e, ), ..., A(emn, 0).
From (4.16) we get

dhiy (t)

o7 = (NC@ — Dg + )\glm,1> Bé\[(t) — Dgﬁ'g + AgTo. (4.22)

Let C}¥ be the matrix given by

1 _
— (Do =Nl ). (4.23)

CN =Cy
The stability of matrix Cy implies that there exists a « > 0 such that for any ¢ > 0 and N
| exp(NCIt)|| < exp(—Nat). (4.24)

The exact solution of (4.22) is
t
hy' () = exp(NCy't)hg' (0) — / exp(NCy' (t — 5)) (DoTo — AoTig) ds,
0

which implies that
t

I @1 < ROV + [ e 0= Dymy — amalids
0

N - DyTtg — NoTo|
< ¢~ Not|7N | Do7o 670l
<e He()||+—Na

This along with (4.20) shows that the function hév satisfies Condition 4.3. In fact for any
T>0

T
sup |[hY (1) = O(N~!) and / |hY (t)||dt = O(N™1), (4.25)
tE[EN,T] 0

where ey = 1/\/ﬁ

Let HY : Ry — R™ be defined by
_ g’ (®)
00

Hy' (t)

Differentiating (4.16) with respect to § we get

dHév(t) B T N 8@3 0Dy O N
. 8(D9’/T9) + a()\gﬁg)
00 09
Note that
oQT QT ~0QF a9(1,,Q7)
N %) _ N %) _ 6 _ [ _

where the last equality is true because Qy1,, = 04. Let G} (t) = (v}, HY (t)). Then G¥
satisfies an ordinary differential equation of the form
dG{' (t)
dt

=e) Gy (t) + £ 1 (t) + 94,
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where the sequences {e}'}, {g)'} are in O(N~1) and the sequence f#' is in O(1). Gron-
wall’s inequality along with (4.25) and (4.17) imply that

sup |G (1)) =O(N"1) and sup |(I,,, HY (t))] = O(N71). (4.26)
te[0,T] t€[0,T]

Let H} (t) be the first (m — 1) components of H} (t). Differentiating (4.22) with
respect to 6, we see that H, éV satisfies an equation of the form
dHy (1)
dt

_ , 8Cy 0Dy  OA
= (NCy — Dy + Mgl ) HY (1) + <Na€9 - a—; + 8991,”_1) h (1)

_ 9(DyTe) L 9Q0To)
00 00

If C¥ is the matrix given by (4.23), then we can solve for H}' as

AN (1) = exp(NCY ) HY (0) — /O exp(NCY (t — 5)) (8(2";9) - 8(2";9)> ds

¢ dCy Dy O
Ny N N
+/0 exp(NCy' (t — s)) <N89 TR + 20 m1> hy (s)ds.

From (4.24) and (4.25) we can deduce that Hév satisfies Condition 4.3. Using (4.26)
it can be seen that Hév also satisfies Condition 4.3. This completes the proof of the
proposition. 0

Corollary 4.6. Let Bév be the function defined in Proposition 4.4. Then for any T > 0

(-2

Proof. The proof is immediate from (4.20) and (4.26). O

lim sup ‘<Im7ﬁév(t)>’:0 and lim sup
N—00te0,7) N—004e0,T]

We end this section with an important observation.

Remark 4.7. To prove Proposition 4.4 we used results from the theory of perturbation
of finite matrices. Consider the situation where the state space £ of the Markov chain
is countably infinite. Now the matrix of transition rates (Qy is infinite and it can be seen
as a linear operator on £. Proposition 4.1 will still hold in this case and assuming the
existence of a suitable Lyapunov function (see [27]) for the Markov chain, one can use
results from the perturbation theory of linear operators (see [10]) to prove Proposition
4.4 in a similar way.

4.2 Construction of a new process

In this section we construct a new process WBN and study some of its properties.
As mentioned before, this process captures the single-time distribution of Xé\; o (see
Section 1) and its dynamics does not involve any “fast" transitions. We begin by making
a remark which will simplify the proof of Theorem 3.2.

Remark 4.8. From now on we will assume that v = 1 + 1, which can be ensured by
redefining N, if necessary. Recall the description of the limiting process Xy in Theorem
3.2. Note that this process corresponds to a reduced model which does not contain any
reactions in the set (T'y UT2)*={k=1,...,K : k ¢ I'; UT'2}. We will prove Theorem 3.2
under the assumption that (I'y UT5)¢ is empty. We later explain how the proof changes
when this is not the case (see Remark 4.18).
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Since 72 = v + 1 and (I'; UT3)¢ = (), the random time change representation of
{X2 5(t) : t > 0} is given by

X o(t) =m0 + Z Yie ( / M (X2 o(s),0 ) K+ Z Y (/ (X2 o(s),0) ds) Ck-

kel kels

For each k € I'; UT; we let (; = II2(; and ¢; = (I — II3)¢s. From (2.9) we know that
(i = 04 for each k € I'y. If we define two processes X'y and X1, by

Xgo(t) =T XY 4(t) and Xp,(t) = (I — ) X2 4(t), (4.27)

then their random time change representations are given by

t
X§p(t) =Thag+ Y Y% (/ Mk (X§o(s) + X1 g(s),0) ds> ¢ (4.28)
0

kel

Xpo(t) = (I -z + Y Vi (/ Ao (XD (s) + X g(s),0) ds) ¢l

ke, 0

t
+> Y (N/ Ak (XEo(s) + XPg(s),0) ds) ¢l (4.29)
0

kel

Remark 4.9. These representations show that between the successive jump times of
X év ¢- if the state of this process is v, then the process X fmv ¢ evolves like a Markov process
with state space H, and generator NCy, where Cj is given by (3.2).

The above remark motivates the construction of the process W2'. Before we de-
scribe this construction we need to define certain quantities. Let A\o(z,0) = >, cp. Ax(w,0)
and for any k € I's, v € IS, z € H, and ¢ > 0 define

E </\k(v + Z)(1),0) exp (— JExo(w+ 2 (s), e)ds))
E (exp (f fot Mo(v+ Z) (s), 9)ds)>

pro(t,v,z) = , (4.30)

where {Z}(t) : t > 0} is an independent Markov process with initial state ~ and gener-
ator NCy. For any e € H, define

t
B (60, 2,¢) = B (]l{ZéV(t)e} exp </ Xo(v + 25 (s), 0)d5>) (4.31)
0
Ae(v+e,0)BY (t,v, 2, e)
oot v, ) exp (= [y plig(t,v,2)ds)

and ©Op,(t,v,2€) = (4.32)

where

poetvz Zpketvz (4.33)
kels

If piYy(t,v,2) = 0 then instead of defining ©}(t,v, z, ¢) by (4.32) we do the following.
We set ©7,(t, v, 2,2) = 1 and set O} y(t,v, z,¢) = 0 forall e € H, — {z}.

Recall that the set H, is finite due to part (A) of Assumption 3.1. Proposition 4.1
shows that the mapping ¢ — 5év (t,v, z,e) is continuously differentiable, and hence the
mappings ¢ — py o(t,v,2) and ¢t — ©}y(t,v, z, €) are also continuously differentiable.

Lemma 4.10. Fixav € II,bS, z € H, andt > 0.
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(A) Let {ZN(t) : t > 0} be an independent Markov process with initial state z and
generator NCj. Then

exp (— /Ot PO (s,v, z)ds> =E <exp (- /025 (v + ZH (), 9)d5>) .

(B) Forany k € T’y
Z @i\fe(t,v,ae) =1.

ecH,,

Proof. Observe that

No(s,0,2) = No(s,v,2) = E()\O(U_Fzév(s)’e)e)(p <_ fot AO(U—FZéV(S),G)ds))
P0.6(8,, )_k;pzﬂk,e(’ ,2) = ]E(exp (—fJAO(HZéV(s),e)dS))

- _% log (E <exp <_ /ot Ao(z + ZéV(S)ﬁ)dS))) .

Integrating both sides with respect to ¢ and then exponentiating proves part (A). From
(4.30) we get

Ao e (- "o (s0, 230 )
=k <Ak(v +Z;'(t),6) exp (— /Ot Xo(v + Zév(s),e)ds>)

= > Mv+ed)E (ﬂ{zm—e} exp (— /0 t Xo(v + ZY (s), 9)ds>>

eeH,
= Z Me(v4e,0)BY (t,v,2,e). (4.34)
ecH,
Hence
Ak 0)BY (¢
> Otz = 3o ——HELABLRY oy
’ N [t N d
octl, octl, pk’e(s,v,z)exp( Jo P8le(550, 2) s)
and this proves part (B). O

Part (B) of Lemma 4.10 shows that for any k£ € I's, v € [I,S, z € H, and ¢t > 0, we can
regard @ﬁg(t,v, z,-) as a probability measure on H,. We know that H, is a finite set.
From now on, whenever we write H, = {ey,...,e,}, we will assume that the elements
are arranged in the lexicographical order on R¢. For any u € (0, 1) define

!
r Q{g(t,v?z,u) = e; where | = min{l =1,....m:u< Z@{xe(t,v,@en)} . (4.35)
n=1

Then a H,-valued random variable with distribution @{X o(t,v,z,-) can be generated by
transforming a Unif(0, 1) random variable u with the function F 27 ¢(t,v,2,-). The next
lemma will be useful in proving the main result.

Lemma 4.11. Fixav € II,S, 2 € H, andt¢t > 0. Let H, = {ey,...,en} and u be a
Unif(0, 1) random variable. Picki,j € {1,...,m} such thati # j. Then

P (FkN,e(t,u z,u) = ¢; and Fﬁ9+,l(t, v, Z,u) = ej) 3@%9(15’0’ z,€)

lim <
h—0 h - Z o0
eeH,
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Proof. For proving this lemma we can assume that @kNﬁ (t,v,z,e) > 0 for each e € H,.
Let H, = {e1,...,en} and for any [ = 1,...,m define

l
A(0) = Z @ﬁa(t,v,z,en).
n=1
Note that A,,(f) = 1 for any 6 due to part(B) of Lemma 4.10. For convenience let

Ap(0) = 0 for any 6. For small values of h we can write

P (Fﬁe(t,v,z,u) = ¢; and F,]XG_‘_h(t,v,z,u) = ej)

=P (U S (A,_l(H),Al(G)) and u € (Aj—l(e =+ h),A](e + h))) .

Since @ﬁg(t,u z,e;1) > 0foreach!=1,...,m, this probabilityis0if j > i+1orj <i—1.
Assume that j =i + 1 for ¢ < m. Then for small values of i we can write

P (Fﬁ@(t,’l},Z,U;) = ¢; and Fé\fﬂh(t,v,z,u) = ej) =P (ue (A;i(0+h),A(0)))

_[04i@9)]
= [ 50 ] h+ o(h).
Therefore
P (Fﬁg(t,v,z,u) = ¢; and FkN’Mh(t,v,z,u) = ej> 9A;(0)]
lim = : .
h—0 h l: 00 :|

Similarly for j =¢ — 1 and ¢ > 1 we can show that

. IP(FkN,g(t,uz,u):ei and Fﬁ9+h(t,v,z,u):ej) 9A;_,(0)1F
fi h - [ 0 } '
Combining the last two relations proves the lemma. O

The new process Wé\’ will be a Markov process on state space S given by

S={(t,v,2) e Ry x R x R?: v € II,S and z € H,}. (4.36)
Let II¢ be the projection map from S to II,S defined by
g(t,v,2) =v. (4.37)

We say that a function f : S > Ris compactly supported with respect to projection II¢
if there exists a compact set K C II,S such that f(z) = 0 for any = € S with Ig(x) ¢ K.
We now define a class of bounded real-valued functions over & by
C= { fe B(S’ ) : f is compactly supported with respect to projection II¢ and the mapping
t — f(t,v,z) is continuously differentiable for each v € II,S and z € H,}. (4.38)

Let {W)(t) : t > 0} be the S-valued Markov process with initial state (0,v,z2) =
(0, IIsxg, (I — IIz)xo) and generator given by

of(t
By f(t,v,2) = w (4.39)
+ 3 Aoto2) D (FO.0+ et ¢l) = f(tv,2)) BN, (v, 2,6),
kels ecH,
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for all f € D(]B(I,V) = C. The existence and uniqueness of the process WGN is a direct
consequence of the well-posedness of the martingale problem for B, which is verified
in Lemma A.2.

In the rest of this section we study some properties of the process WQN. Observe
that the definition of S (see (4.36)) allows us to write

Wyl (t) = (g (1), V¥ (1), Zg' (t)) forallt >0, (4.40)

where TéN, V(, and ZN are processes with state spaces R, II,S and Uyem,sIH, respec-
tlvely Let oV denote the i-th jump time of the process Wo forv = 1,.... We define
oY = 0 for convenience. From the form of the generator B} it is 1mmed1ate that be-
tween the jump times, 7}’ increases linearly at rate 1 while VeN and Z}' remain constant.
Hence

(' (1), V5" (1), 25 () = (t — 04, Vi (0]1), 2" (0iL,)) forany i€ Nandt € [0}, 0}).
(4.41)

Let n; be the I';-valued random variable that denotes the direction of the jump at time
o and let ¢; be the random variable given by Z)¥ (0¥ —). The form of B} allows us to
compute the distributions of the random variables (¢ — o ,), n; and ¢; from the values
of V(N )) and Z)¥ (o). Let E;(v, z) denote the event

Ei(v,2) = {V}" (o)) = v, 2} (o) = ).

Then given E;_1(v,2), (¢ — ¢ ,) is a R -valued random variable with density

t
Pé\{f) (ta v, Z) exXp ( / pé\,fé(sv v, Z)ds) dt. (4.42)
0

Given E;_;(v, z) and (o¥ — oY) =t, n; is a I';-valued random variable with distribution

N
t
t) — M (4.43)

IP i = k‘|E1‘_1(’U,Z), (O'ZN — Jij\i ) = .
( ! pé\fe(t,U,Z)

Moreover conditioned on E;_1(v,z2), (¢ — o ,) =t and n; = k, the H,-valued random

variable &; has distribution ®k,9( ,U,2,-). Using (4.42) and (4.43) we can deduce that

P (o € (s +t oM, +t4+h), VP () = v+ G 2 (o)) = e + (| Bia(v,2))
lim
h—0 h
(4.44)

t
= pkNﬁ(t,v,z) exp <—/ pé\fe(u,v,z)du) @ﬁe(t,v,z,e),
) :

forany:=1,2,....

Remark 4.12. The preceding discussion suggests a simple scheme to construct the
process {WX (t) = (7(t), VN (t), ZY (t)) : t > 0} with generator BY and initial state
(0, g, 2z0). Consider the random time change representation

) =wp + Yi TV (5), V¥ (), ZY (s))ds | ¢5, (4.45)
0 k;gk(/%ee ] >k

where {Y}, : k € Ty} is a family of independent unit rate Poisson processes. The pro-
cesses 7',V and Z}¥ can be constructed as follows. For eachi € N let 5" be the i-th
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jump time of process V", where o}’ = 0. Defining (7}’ (0), V¥ (0), Z(0)) = (0,0, 20)
constructs the process Wé\’ until time O'(J)V . Assume that this process is constructed until
time oi]\il for some ¢ = 1,2,.... Then the next jump time U{V can be evaluated from
(4.45) and the process W' can be defined in the time interval [o |, o) using (4.41).
IfVN(oN)=v,Z) (o)) = 2z and oV — oY | =t then we choose random variables n; and
¢; according to distributions (4.43) and @%79(@ v, z,+) respectively and define

(5 (07), Vi (0"), 25" (01")) = (0,0 + G, & + ).

This completes the construction of the process until the next jump time afv . Proceeding
this way we can define WY (t) = (7V(t), VN (t), Z}Y (t)) for all t > 0. The relation (4.44)
ensures that the process W' has generator B} .

In the next proposition we show that the single-time distribution of the process X, fy\é 0
can be captured with the process WBN .

Proposition 4.13. Fori € IN, let 6ZN and O’ZN denote the i-th jump time of the processes

I, X" , and W, respectively. We define 6’ = o’ = 0 for convenience. Then we have

the following.

(A) Let the processes V' and Z}' be related to the process W}¥ by (4.40). For each
1=0,1,2,...,

(6N T XN o(6M), (I = M) X2 4 (6N)) £ (o, V¥ (o), 2) (o)), (4.46)

where < denotes equality in distribution.

(B) Let f : S — R be a polynomially growing function with respect to projection Il
(see Definition 2.1). Then for anyt > 0

E (f(X36(1)) =E (fi (W5 (1)),
where fy : S — R is the function given by

ZeE]Hv f(’U + e)ﬁév(tv Ua Z? 6)
exp (f fot o (s, z)ds)

(v, 2) = (4.47)

Remark 4.14. Note that for any v € II,S and » € H,, the mapping t — f(t,v,z)
is continuously differentiable with respect to t. Let Of} (t,v,z)/0t denote the deriva-
tive of this map. Since f is polynomially growing with respect to projection Il,, the
sequences of functions {f : N € N}, {0f} /ot : N € N} and {B) fI¥ : N € IN} are also
polynomially growing with respect to projection 1lg.

Proof. We prove part (A) by induction in 7. Relation (4.46) certainly holds for : = 0.
Suppose it holds for (i — 1) for some i € IN. Then

d
(67 1, XEg (0 1), XP (67 1)) = Wy (o)1), (4.48)

where the processes Xé\fg and Xﬁe are given by (4.27).
For any v € II,S and z € H, let F;_;(v, z) denote the event

Ei_1(v,2) = {Xé\fa(éf\il) = uXﬁe(&ﬁl) =z} (4.49)
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Let n; be the I's-valued random variable that gives the jump direction of the process
Xé\fe at time 6V. Forany ¢t > 0, k € I'; and e € H, we can write

P (68 € (00, + 4,00, + ¢+ ), Xp(0N) = v+ G, XN (08) = e+ ] |Eica(v,2))

Hog, h
P (68 = 6, € (bt +R)m =k Xy (07 ) = e‘Ei_l(v,z))
= lim . (4.50)
h—0 h

Let {Z}V(t) : t > 0} be an independent Markov process with initial state z and generator
NCj. For each k € I'; let u; be an independent Unif(0, 1) random variable. Using the
observation made in Remark (4.9), and the random time change representation (4.28)

we can write

P ((51N —oN et t+h),m= k:,Xfr\fe((SzN—) = e’Ei,l(U,z))
t

t+h
=P (/ Me(v 4 ZY (1), 0)du > —loguy, > / Me(v + ZJ (), 0)du,
0 0
t
/ (v + Z§ (u),0)du < —logu; forall j € Ty — {k} and Z}' (t) = e) + o(h)
0

t
=X(v+e 0)E (Il{ZéV(t)ze} exp (— / Xo(v+ ZN (u), 9)du>) h+ o(h), (4.51)
0

where o(h) denotes any quantity which upon division by h, goes to 0 as & — 0. To obtain
(4.51) we integrated with respect to the joint density of {uy : k& € I's}. Note that due to

(4.31) and (4.32) we get

t
(v + e, )E <]1{Zé\7(t)_e} exp (— / Xo(v+ ZY (u), 9)du>)
0

= \e(v 4,08 (t,v, 2 ¢)

t
= pkN’e(t,uz) exp (—/ pé\fg(s,v,z)ds> @ge(t,v,,&e).
0

Hence relations (4.50) and (4.51) yield

P (5 € (52, + 1,6, 464+ B), X5, (6) = v+ G XE,(60) = e+ ¢ | Bia (v.2))

lim
h—0 h

t
= pﬁ@(ta v, Z) exp (_ / pgj@(sa v, Z)d8> @ﬁ@(t, v, %, 6).
0

From (4.44) it follows that for all v € II,S and z € H,

P (oM € (0N, +tol st + W), VP oF) = v+ G 20 (o) = e+ ¢ | Bia(0,2)
)
s h
P (0N € (00, + 4,6, + 4+ h), XE00) = v+ G XN (0) = e+ (f | Bia(v,2)

= lim
h—0
This relation and (4.48) imply that

(6N, XY (6N), XN (6M) £ (oN VN (o)), Z) (o)) .

which completes the proof of part (A).
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We now prove part (B). From Remark 4.14 and Lemma A.2 we can conclude that for
anyt >0

sup B (f5' (W5'(#))) < <.
NeN

Moreover, one can rework the proof of part (C) of Lemma A.1 to show that

sup I (f(X2 4(t))) < oo for any ¢ > 0.
NeN

Let {F;} be the filtration generated by the process {X é\; (t) 1t > 0}. Then we can write

E (f(X2 4(1)))

0

~
Il
—

E (Lo, <resmy X (1))

(]l{éfv_lﬁt<5{\’}f(X§{9(t) + Xij,e(t)))

o
=

@
I
—

o

<
Il
—

E (Lan < B (Lay—ay seman  FXNo(010) + XEo () Fs )
(4.52)

For any v € II,S and z € H,, let E;_1(v, 2) be the event given by (4.49). Suppose
H, = {e1,...,en} and {Z)N(t) : t > 0} is an independent Markov process with initial
state z and generator NCj. For each k € I'; let u;, be an independent Unif(0, 1) random
variable. Using the observation made in Remark (4.9), and the random time change
representation (4.28), for any s < ¢t we can write

B (1iay—s se-an ) FXEp(ON 1) + Xp()I B (v,2),0%, =5 )

=E (]1{5%6;&1»75}]”(1} +ZN(t - 5))>

t—s
= Z P </ Me(v 4 ZY (1), 0)du < —loguy, forall k € Ty, Z) (t —s) = e> flo+e)
eecH, 0

-y ® (n{zév(t_s)_e} exp (- /Ot_s Nolv+ Zév(u),G)du>> flo+e).

eecH,

The last inequality is obtained by integrating with respect to the joint density of {uy :
k € T'y}. Due to (4.31) and (4.47) we obtain

B (Lgan sy semay 1S XEpONL) + XEp(0)|Bica (v,2),81, = 5)

— Z flo+e)slNt—s,v,z,e)

ecH,
t—s
= exp (_/ p(])YQ(uav7z)du> féN(t—S,’U,Z),
0
which shows that

E (Ln oy se-ay ) S(XEp(0N ) + X)) o )

=5,y
= €exp <_/0 p(J)\TG(qué\fe(ai]\il)a X]F\fe(éle))du> fON(t - 521\117Xé'\{6(5z]\11)7X1{7‘\{0(5z]\11))
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Substituting this relation in (4.52) and using part (A) gives us

6N,
E (f(XZ o(t Z]E< {6N <t} €XP (/0 poa(u, XEg(61), X7 g (57 ))du)

Xfév(t ;- 17XSG(5’ZV1) XFO(ai]\il)))

e t—ofl )
:Z]E (1{U;V1<t} exp <—/0 Pé\,le(“a (2N CARN A CAl 1))du>
i=1
Xfév(tfaij\ipveN( o;21), Ze (o i—l)))'

However from (4.41) and (4.42) we can conclude that

t70£1
ZE(H{ULQ} exp ( | et i), 2 o mdu)
XfeN(t_Ui]\ithN( o;l1), Z@ (o;2 1)))

Tion <t<<7N}f0 (t—ol Vg (o), 2§ (o i71)))

This proves part (B) of the proposition. O

Part (B) of Assumption 3.1 says that a Markov process with generator Cj is ergodic
and its unique stationary distribution is 75 € P(Id,). Since I, is finite, we can view 7y
as a vector in R” where n = |H,|. The differentiability of 7} with respect to # follows
from arguments given in Section 4.1. Let {f" : N € N} be a sequence of real valued
functions on R4 and let c be a constant. In the next lemma we will use the notation
N — cto denote that the sequence of functions {(f¥ —¢) : N € N} satisfies Condition
4.3.

Lemma 4.15. Fixav € II,S and a z € H,. Then we have the following.

(A) Foranyk €Ty

Oppg(-v,2) IR (v, 0)

Pﬁe(-,v,z) — ;\k(v,ﬁ) and 5 TR

where 5\k is defined by (3.4).
(B) Forany k € I'; and e € H,

H 00N, (-,v,2,e v
O (0,2, ¢) » A OO g POl )_>8<)\k(v+679)ﬂ'9(e)>.

5\k (Uv 9) o0 90 5‘k (Uv 9)

(C) Fix a function f : S — R. Let fév and fy be given by (4.47) and (3.6) respectively.
Then

Afy (v, 2) R 3f0(’0).

f@zv("vaz) — f@(’l]) and 89 89
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Proof. Assume that H, = {e1,...,e,}. Foreachl=1,... ,m, let Bé\ﬁ : R4 — R be given
by

Bon(t) = By (t,v, 2, e1) — exp(—dg(v)t)m (e),

where dg(v) = >y Ao(v + e, 0)mg(e). Observe that

oxp (= o) = 3 80200 = 2800 + xpl-autoe

From Corollary 4.6 we get that forany 7' > 0

lim sup
N—004e0,T)

t
exp < / pé\fe(s,v,z)ds> — exp(—dg(v)t)’ =0 (4.53)
0

and lim sup
N—00¢e0,T)

t
% exp (/0 pé\jg(s,v, z)d5> - % exp(d‘g(v)t)‘ =0 (4.54)
Using part (A) of Lemma 4.10 we can write

Sy Ak(v + e, 0)B5(¢)
S B ()

From Proposition 4.4 we can see that each Bé\fl satisfies Condition 4.3. This fact along
with (4.53) and (4.54) proves part (A).

The proof of part (B) is immediate from the definition of @kN,e (see (4.32)), part (A),
(4.53) and (4.54). Note that ng can be written as

pllf\fg(ta v, Z) =

V(0 2) - S L0 T B0
0 Yy - m A )
Yt By(t)
which enables us to prove part (C) in the same way as part (A). O

For the next proposition, recall the definition of the projection map IT¢ from (4.37)
and the definition of Ag from (3.3).

Proposition 4.16. Fix (¢, vg, 20) € S and let WQN be the Markov process with generator
BY and initial state (to,vo, 20). Then the sequence of processes {W" tN € IN} is tight
in the space D[0, c0). Let Wy be a limit point of this sequence and let Xy be the process
with generator f&@ and initial state vo. Then the process I1sWy has the same distribution
as the process X,.

Remark 4.17. Note that this proposition proves that HSWQN = Xy as N — oco.

Proof. The tightness of the sequence of processes {WON : N € IN} is argued in Lemma
A.2. Let the process Wy be a limit point of this sequence. For any function g € B.(Il5S),
define another function f : S — R by

f(t,’U,Z) = g(’U).

Then the function f is in the class C (see (4.38)) and the action of IB(],V (see (4.39)) on f
is given by

By f(t,v,2) = Zp,wtvz g+ ¢) —g()).

kels
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This shows that the following is a martingale

mg (t) = FWg' () — Z/O Pro(W3' (5)) (9(Vi¥ (s) + ) — g(Vg" (5))) ds

kels

=g MWV (1) - > /0 Pro(Wa' () (9 (TLgWY (s) + ¢i) — g (W' (s))) ds.
kels

Since g is bounded, Lemma 4.15, the continuous mapping theorem and Lemma A.2
imply that as N — oo, we have mév = mgy where

mg(t) =g (MW (t)) — > /0 Me(MgWa(s),0) (9 (TgWa(s) + Gi) — g (IgWa(s))) ds,
kels

is also a martingale. This shows that {IIgWjy(t) : t > 0} satisfies the martingale problem
for operator A (given by (3.3)). Moreover IT1sWy(0) = X@(O) = vg. Since the martingale
problem for A\g is well-posed, the process I1sW has the same distribution as the process
Xg and this proves the proposition. O

4.3 Proof of Theorem 3.2

We now have all the tools to prove our main result. But first we need to define
some quantities and provide some preliminary results. For any function f : S — R,
(t(), V0, Z(]) € S and ¢t > 0 define

Uy (t,to, v0, 20) = E (FWN (1)) (4.55)

where {WeN(t) : t > 0} is the process with generator ]Bév (see (4.39)) and initial state
(to,vo, z0). Similarly for any function g : IIoS — R define

Vgo(t,v0) =E (g(X'e(t))) , (4.56)

where {Xg(t) : t > 0} is the process with generator A, (see (3.3)) and initial state
vg. Now consider a function f : § — R which is polynomially growing with respect
to projection IlI,. Corresponding to this function define fév S 5 R by (4.47) and
fo : II,S — R by (3.6). Remark 4.14 and Lemma A.2 imply that for any 7" > 0

T
sup sup E(|f) (W' (1)) <oco and E (/ |IBéVféV(W9N(t))|dt> <oo. (4.57)
NEN te[0,T] 0

If o is a stopping time with respect to the filtration generated by WQN , then due to part
(E) of Lemma A.2 we have

oAt
B ( | oy <s>>ds) B (U0 At 00, 20)) — Fltorvnzo) (4.58)
0

Proposition 4.16 shows that the sequence of processes {WQN : N € IN} is tight and
HSWQN = Xy as N — oo (see Remark 4.17). This fact along with part (C) of Lemma
4.15 proves that for any 7' > 0

li ’\I/N t,t =Wy, 0(t, ’:0
Ngréote?elzlvp,ﬂ fév,e(a 0,00, 20) fo.0(t,v0)

N —o0

T
and lim [ [0 (¢ to, v0, 20) = Wp, 0(t,v0) | dt = 0, (4.59)
0
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where ey = 1/\/N

Observe that the right side of (3.5) can be written as
0

Solfo.) = 5 (Kot )>)=hmE(f“h(X“”’(t)))_E(f(’(Xa(t))>

h—0 h ’

where Xg and X9+h are processes with initial state vg = Ilsxy and generators Ag and
A\9+h respectively. This shows that we can write 59( fo,t) as

E (fa+h(f(e+h(t))) -E (fe(X0+h(t)))

5b<jb7t>:: Agﬂ) h
E (fo(Xosn(®)) —E ( fo(Xo(t
. %% (fe( o+h( )))h (fo( o( ))) ’ (4.60)

provided that the two limits exist. If 9fy/00 is the partial derivative of fy with respect
to 0, then for any v € I1,S

Fon(v) = Jo(w) + 2 (o) + ofh).

This shows that the first limit in (4.60) is just

E (forn(Xorn(0)) ~ B (foXorn(0) <8fe (Kot ))> (4.61)
a6 ’

Using coupling arguments, we proved in [17] that the second limit in (4.60) is given by

E (fo(Xoen (1)) — E (fo(Zo(t)))

lim
h—0 h

lim

h—0 h
-y [ [ 2D (5 006) -+ 6 - o) ds]
kel
+ E f: WRM(XO(%)’J%J—Ui/\t,k) : (4.62)

kel i=0,0;<t
where ¢}, = I15(, o; is the i-th jump time? of the process X, and

Rio(z, f t, k) (4.63)

= | @pata ) = Bals.) = o+ G + ) esp (~ala )t — ) ds

From (4.61), (4.62), (4.60) and (3.5) we see that to prove Theorem 3.2 is suffices to
show that

Jim B (O o(0) = B (G (Kal0) ) (4.64)
+ > E /0 %Z(S)’e) (fe(Xe(S) + ) — fe(Xe(S))) dS]
kels

+ Z E Z WRk,G(XO(Ui)7f0,t—O’i/\t, k)

00
kel 1=0,0;<t

We now come to the proof of our main result, where we establish (4.64). The arguments
used in the proof are motivated by the analysis in [17].

3We define o¢ = 0 for convenience
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Proof of Theorem 3.2. For the initial state g let vg = Ilaxg and 2o = (I — I2)xo. Let XV
and X\, be Markov processes with initial state = and generators Af) , and AT ,.,
respectively. Similarly let WBN and V[/'QJ\_’F ,, be Markov processes with initial state (0, vo, 29)
and generators B} and B}, , respectively. From part (B) of Proposition 4.13 we know

that
E (£(X) (1) = E (fFX (W (1) and E (F(XN4(1) = E (f(Wiu(2).  (4.65)

For any (¢,v,z2) € S, I (t,v,2) is a continuously differentiable function of 6. Hence we
can write

ofy

f(QIYFh(t7U7Z) = fév(t,’U,Z) +h’ 89

(t,v,2) + o(h).

This expansion along with (4.65) gives us

SN U0 = oo (FOXN (1)
o BUGRLW0) - B (R )

h—0 h

i BURL OV ) ~ B (£ 95 (1)
h—0 h

— lim E (f%n (Wl (1) — B (fo (Wi, (1))
h—0 h

B W) - E(f (W (1)
+ fim, h

= SN (f, 1) + S R (f. ), (4.66)

where

N,1 _ ﬂ N
S (f) =B —-(W5 (1)) (4.67)

and  SN(f,1) = }LI_I,% E (feN(Wéﬁh(t)))h_ I (feN(WéV(t)))

(4.68)

Proposition 4.16 shows that the sequence of processes {WQN : N € N} is tight and if
Wy is a limit point then the process I1sWy has the same distribution as the process X.
This fact along with part (C) of Lemma 4.15 shows that for any ¢ > 0

lim S, (f,t) =B <%(X9(t))) . (4.69)

N—o0 00

In order to compute the limit of SéV’Q(f, t) as N — oo, we will couple the processes
W, and W3, in a special way. We need to define certain quantities to describe the

coupling. For any (t1,v1, 21), (t2, v, 22) € S let

N N N
pk,07min(t1a U1, Zl7t27v2a 22, h) = pk:,G(tla U1, Zl) A pk,9+h(t25 V2, ZQ)a
N1 _ N N
Tep (L1015 21, 12,02, 22, h) = pyg(ta, v1, 21) = Pl gmin(t1, V1, 21, L2, V2, 22, h)

N,2 N N
and Tk,0 (tla U1, 21, t2, V2, 22, h) = pk,9+h(t27 V2, 22) - pk,@,min(th U1, 21, t2, U2, 22, h’)

We define the processes V¥ and VY, by the following random time change represen-
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tations

VN (t) = vo (4.70)
N (o 61,26 256178560,V 51. 2305, )
P (/ (539 VY (9. 28 (9, (0, V35 (00 230050 1) s ) G

=
Vain(t) = vo (4.71)
P ( / R (790,590, Z3(0), i (9, Vi (00, 2850 00,1 )

=

+ Z Y(2 (/ Tke (TéV(S),VgN(s%ZéV(S)mé\ih(s),%]ih(s),Zé\;h(s),h) ds) e,

kel

where {Y%, Yk(l), Y(z) keTy}isa famﬂy of independent unit rate Poisson processes.
To V¥ (VjY,,) we associate processes 74" (75%,,) and Z} (Z}',,) as in Remark 4.12. The
above representations couple the processes V3" and V;Y,. For each i € NN, let o} (¢7)
be the i-th jump time of the process V3" (VY ) and let n} (n?) be the jump direction of
the process V,V (V) at time o} (07). Define 0§ = 0§ = 0. Fix a sequence {u; : i € N}
of independent Unif(0, 1) random numbers. We couple the processes Ze and Zé\;h, by
letting Z} (o}) = Fﬁgﬁ(a} — ol VN (o), Z) (01 1), w) and Z, . (02) = I 29+h( o2 —
ol Vi (021), Z', ,(07_1),u;) for each 4, where the function f is defined by (4.35).
Note that we are using the same w; in the definition of Z}' (¢}) and Z},,(¢?). Define
W\ and WY, by

Wi (t) = (7 (0, V¥ (0, Z (1)) and W, () = (75 (0), Vil (), 235 (1)) forall ¢ > 0.

One can verify that the processes WHN and Wé\ih have initial state (0, vg, z9) and gener-
ators B}’ and B, , respectively.

Let 7h be the stopping time given by
A = inf{t > 0: WiV (t) £ W, (1)} (4.72)

Then the coupling of processes W' and Wy, ensures that ;' — oo a.s. as h — 0.
Define

1 i N ¢N (7N
Ay = fim B | [ B W) B D) as| @)
1 t
and By —}Ll_rf}] - /t N( enfs Wasn(s)) — By fo (Wy' (s))) dS] : (4.74)
AV

Note that f2¥(0,vg,20) = f(z0). Using (4.58) we can write
t
B (5 OV (0) = foo) + 8 ( [ B0 () )

and E(féN(Wé\fr;L(t))):f(xo)Jr]E( / BﬁhféV(Wgﬁh(s))ds).
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Therefore

Y25, 1) = timn P8 Wik (1)) = B (J3 OV5¥(1)))

h—0 h

t
—pin 1 B ([ 308 OV - B A0V () )|
=AY + B). (4.75)
Using Taylor’s expansion, for any f € C and (¢,v,2) € S we get
By f(t,v, 2) — By f(t,v, 2)
= 3 orn(t.2) D (F0.0+ Gire+ ) = F(0,2)) OF gonltiv,2,0)

kel ecH,
- Z p{c\fﬁ(tvvz) Z (f(O,v + Cizve + C}{) - f(t,v,z)) ch\{&(tvvvzve)

kel ecH,
= Z Z f(()?U + Ci:?e + CIJ:) (PkN,e-s-h(ta v, Z)@{c\[,9+h(t7v7 2, 6) - pllc\fe(ta v, Z)@kN,G(t7U7 2, 6))

kela ecH,
- Z f(t/(),Z) (pi\ingh(t,U,Z) - pﬁ@(tﬂhz))

kely

t,v,z 00N (t,v, z, e

= Z Z f(0 U+Ck,e+Ck) <Pke()® (t7U7Z,€)+pé\fg(t7’U7Z)k’9<a€)> h

kels ecH,

OpN,(t, v, 2
_ Z F(t,v, Z)Mh +o(h)
00
kel'y
OpN o (t,v, 2) .

= ZMT Zf(O,erCk,eJrCg)@ﬁg(t,v,z,e)ff(t,v,z) h

kels ecH,

00N (t,v,z2,¢)
N s f k,0\" Y5 <

+ %:2 pro(t,v,2) ;{j FO,0+ e+ () —=5~——h+o(h). (4.76)

Note that for any ¢ € [0,~;') we have W, (t) = W' (¢). Relation (4.76) implies that
lim A9

N—o0

= lim lim -

t/\v,zl\’
L B v ~ B Y ) s

N—o00 h—0

. Opre.o(W,
:A}lm E / W(Z £ (0, TgWyY ()JFQ??@*C;{)@QG(W&N(S)&)

—00 0

kel eecH
— 1 (W3 (s))) ds]
00N (WX (s),e)

i s f k,0 [ )

+A}1_fflook;E /Pka (W ( e;; 1 OHWO()"’_Ckve"’_Ck) 90 ds| .

Proposition 4.16 shows that the sequence of processes {Wév : N € N} is tight and if
Wy is a limit point then the process I1¢WWy has the same distribution as the process Xj.
This fact along with Lemma 4.15 implies that

lim AY =3 E /O w(fg(Xg(s)+(,§)—f9(Xg(s))) ds]. (4.77)

kels
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Our next goal is to compute limy_,, B}’ . Recall the definitions of \Ilj}' g and Wy y from
(4.55) and (4.56) respectively. Fori = 1,2, let (¢;,v;, 2;) € S. Define an event
EMN(t1,01, 21, 12,02, 22, 5) (4.78)
= {W5' () = (b1, 01, 21), Wi () = (t2, 02, 22) and 4 = s}

and let
Ré\{h(t17’()1,2’1,tg,l}2722,3,t) (4.79)
t
=B / N (BéVJrhféV(WeIYm(u)) - ]Bévfév(WeN(u))) du EN(t17U1,Z1,t2,U2,2275)] .
tAY;,

Letey =1/ V/N. From (4.58) and the strong Markov property, we can deduce that for
any 0 <s <t

lim lim Rg h(tl,vl,zl,tQ,UQ,ZQ,S t)
N —oco h—0

= lim limE

N
EY (t1,v1,21,t2,092, 29,8
N—o00 h—0 ( ) ’ ) Ve ’ ) )

[ B W) = B £ 0V () d

/\'y,]LV

= gim B | [ A OV )~ B Y OV ) du

N—+00 h—0 shen

N
E (t1,111,21,t2,1}2,2’2,8)]

. . N N
= 1\/1513)0 }llir%) [\I/fé\!79+},,(t - 3>t27v2722) - \I’felv79+h(€N7t2>v2722)

\I/fN 6( S,tl,’Ul,Zl)+\IJ}\LN’0(6N,7§1,U1,21)]
= \I/feﬁ(t - S,’Ug) - \Ierﬁ(t - 57’01) - f@(’Ug) + f9(’U1)7 (4.80)

where the last equality holds due to (4.59).
Recall the random time change representations (4.70) and (4.71). For each i € N,
let oV be the i-th jump time of the process C}' defined by

Cév(t) = Z Yk tpﬁé),min (Tév(s)v VON(S)v Zév(s)vTOA—[&-h(S)v ng_\{_h(s), Z«‘ﬁ-h(s)a h) ds Ii
U

kels

Set o' = 0 and note that ;' > o{’. For each i € IN define

1
BN — lim —FE
6y wao T

t
ooy [ A0 - B OV o)

h

1
and By} = lim 5B

t
I, / B OV >>—BéVféV<W5V<s>>)ds].

Since Ty,~ < noovy = TN Ny + 1~ ~v vy We can write

t
B = Jim B | [ (B OV ) - BY SOV () ds

—0 tAY
o'e] t

ZZ}}E% —E |1~ <, <aN}/ (B, nfo (Wkn(s)) — By fo (W5¥(s))) dé‘]
i=1 AR

=SB+ B (4.81)
i=1
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We now show that the term Bév 171 converges to 0 as N — oco. Note that the event

{o = 4]’} occurs if and only if the event {Z) (o =) # Z},(cN—-), VN (oN,) =
VN (0N, ZN (o)) = Z,,(cX 1)} occurs. Let nY¥ be the I'y-valued random variable
which gives the direction of the jump in C}' at time o¥. Picka § > 0, v € IS, z € H,

and k € I'5. Define an event
L¢(57U7Z,k) = {’Yijzv > Jsz (UzN - Ui]\il) = 67 mN = k»VON(Ui]\il) = %]ih(az’]\il) =,
Zév(gz‘]\iﬁ = Zé\-[i-h(ai]\il) = Z} .

Conditioned on this event, Z}' (0,Y =) = [ Yy (t,v, z,u;) and Z3, , (07 =) = [ g5 (0, 2, )

where the function F kN ¢ is given by (4.35). For any distinct z;, 22 € I, define

P (oN =~N, ZN(6N—-) = 2y and ZY., (6N =) = 2o|Li(8,v, 2, k
Gév(zuzz,&v,z,k) _ }LII% ( 4 Th 0 ( % ) 1 . 9+h( i ) 2‘ z( ))
s

Lemma 4.11 ensures that G} (z1, 22,4, v, 2, k) exists and

8@2{0(6, v, 2,e)

Gév(zlazbévvv'%k) S Z 90

ecH,

Assumptions 3.1 imply that the right hand side is a polynomially growing function
with respect to projection II¢ (see Definition 2.1). Given the events L;(d,v, z, k) and
{Z) (0N =) = 21, 2}0,, (o) =) = 22} we have

(3 V(). Z8 (i), 7 (), VAL W (V) Z25n (VA))

= (O,U—FCE,Zl +CI{70¢'U+<I§722 +<I{)
Recall the definition of R{,\{ ,, from (4.79). For any § < s < t we can write

lim lim
N—o00 h—0

1 t
TE Loy [ (B V() ~ BY W5 (9) ds|Lil6. 0,2, ) 0 = 5=
tAY;,
= lim lim Z G (21, 22,0,v, 2, k) RY, (0,0 + (5, 21 + (,f,O,v + (22 + C,’:,s,t).
N—o00 h—0 ’
z1#£z2€H,
(4.82)
Using (4.80) we see that
lim lim RY, (0,04 5,21+ ¢, 0,0+ ¢z + ¢ s, t) = 0. (4.83)
N—0c0 h—0 )
This relation along with (4.82) implies that
lim B! = 0. (4.84)
N—oo ’

Recall the random time change representations (4.70) and (4.71). On the event
{o}, <4} < o}, the process V¥ (or V;Y,) jumps at time ;' due to a jump in the
Poisson process Yk(l) (or Yk@)) for some k € I's. Let n be the I';-valued random variable
which gives the direction of the jump in V;V or Vj}, at time 7}’. Define a random
variable
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and an event

Hi(s,v, 2) {g 1=5 Va (o Oi— 1) Ve]-\s’-h(az‘]\iﬁ = U:Zév(ail\il) = Zé\-’i-h(o'i]\il) = Z},

for s > 0, v € II,S and z € H,. The event {o’Z 1 < vh < UN } is equivalent to the event
(AN > N, aN = (v — oM} Given 7YY > o, and H;(s,v,2), the density of the

IR -valued random variable afv on the event {n =k,a) = (v — o)} is given by

i P (afv ett+te),n=kal=(nY —aﬁl)’Hi(s,v,z),’y,iV > af\il)
im

e—0 €

= (pfxe(t,v, z) + pﬁHh(t,v, z) — 2pﬁ9(t,v, 2) A pﬁﬂh(t, v, z))

t
X exp {/ (pé\,IQ(uvva z) + pé\{0+h(uvvv z) — ZPé\,{e(Uvﬂ z) A P(])\,[0+h(U,U, Z)) du
0

5/)2{9(75, v, 2)

=h 90

¢
exp (—/ p{}fﬂu,v,z)du) + o(h). (4.85)
0

On the event H;(s,v,2) N {7 > o, n=k,a} = (v} — oV ,) = 6} we have

7

6?U7Z707U+CS7£2+C]0) pN (67U7Z)>pN (6,’(},«2)
WN N WN N — ( k k k,0+h k,0
( f (r}/h )7 9+h(7h )) (03U+<]§7£1 +<]}:757U72) pﬁeJrh((savVZ) < pﬁe(é,v,z),

where & = Fﬁe(é,v,z,ui) and & = Fﬁ0+h(5,v,z,ui) are H,-valued random variables
with distributions ©}5(6,v,2,-) and O}y, (6, v, z,-) respectively. For small values of h,
dppe(6,v,2)/060 > 0 implies that iy ., (6,v,2) > piy(d, v, 2) and similarly Oppg(6,v,2)/00 <
0 implies that pp,,,(6,v,2) < pi4(d,v,2). Using the density of o) on the event { =
kyalN = (v — N )} (see (4.85)) we obtain

lim lim
N —o00 h—0

1
—E
h

=g 3 3 [

zo€H, k€Tly

t
Lo oy eony / (B fY (WL () — BY £ (W () du| H
/\’y}f

+ 5
exp (—/ pé\fe(u,v,z)du>
0

X Révh(é v, z, 0 U+<:I§7ZQ +C}£75 + 6a t)ellc\{9+h(6vvvz;'22)d6
. . apke (6,v,2) 0 N
—|—J\;gnoo }1]135 Z Z / [ exp _/0 Po.0(u, v, 2)du

z1€H, kel's
X Ré\:h(o, v+(p, 21+ C,{, 0,v, 2,8+ 6, t)@ﬁ{“h(é,v, z,21)d0.

(5,0, 2l > N]

3Pka (0,0, 2)

(4.86)
From (4.80) one can verify that
1 1
Ngnoohli)r(l)Reh(é v, 2,0 U+Ck7z2+gk,s+6 t)
= —A}lm hm Ry (0, vt 4 ¢ 00, 2,8+ 0,t)
—oo h
= \I/feﬁg(t — 8§ — 5,1} + Ck) - \I/feyg(t — 8§ — 5,1}) - fg(’l) + C}?) -+ fg(?)). (4.87)
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Using part (A) of Lemma 4.15, (4.87) and (4.86) we can conclude that

lim lim —
N—oco h—0

B ey ) (BB FF OV 0) = B OV ) o250 > oY

70 O 9 ;
= Z/ ’“ 2 exp (<20(0,0)6) (g0t =5 = 8,0+ G) = Wy, (t — 5 = 6,0)

kel
—fo(v+C;) + fo(v)) do
Z / a)\k (v, 0) p(—jxo(v,e)(t—s—u)) (W0, v+CR) — Wy, 0(u,v)
kel
—fo(v+C) + fo(v)) du, (4.88)

where \o(v,6) = > ker, Ak(v,0). Due to our coupling, as h — 0, the process Wi,
converges a.s. to the process Wé\’ and hence %11\/ — o0 a.s. Proposition 4.16 and Remark
4.17 show that as N — oo we have VQN = Xg, where Xg is the limiting process in
Theorem 3.2. This convergence and (4.88) yield the following

N2
lim B
N—o0

1
= lim lim —IE
N —o00 h—0

o Z [aAk XO 01 1) )Rkﬂ(XG(O—i—l)?fG?t — 0;—1 At,k)] 5

kels

t
]l{aiN_1<7,{V<a§V}/t " (B0+hf0 (Wakin(s)) _BévfeN(We{V(s))) dsl

where o; is the ¢-th jump time of the process Xg (with oy = 0) and the function Ry ¢ is
given by (4.63). Note that the quantity on the right hand side is 0 if 0;_7 > t. Using
(4.81) and (4.84) we get

o0

35%0@9(@),9) .
Jx}gnooBQ - kzl“ I ' ;<tTRk,9(X9(Ui)7fe,t—m/\t, k)
€l 1=0,0;

This relation along with (4.66), (4.69), (4.75) and (4.77) gives us
. N
]\;gn SG (f» t)

E<88J;9 > Y E

kels

> O X(0y), 0 R
DD %Rkﬂ()@(ai)yfa,t—Ui/\t,k) :
kel i=0,0;<t

/ a)\k)giee()) (fe(Xe(s) +¢) — fH(X"(S))> ds]

which is same as (4.64) and this completes the proof of the theorem. O

We end this section with a couple of important remarks regarding the proof of The-
orem 3.2.

Remark 4.18. In the proof of Theorem 3.2 we had assumed that the set (I'y UT'9)° is
empty (recall Remark 4.8). We now explain how the proof changes when this is not the
case. Note that if k is in the set (I'; UT'2)¢, then 8y + 72 < 0, which shows that reaction k
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is “slow" for the time-scale y,. For any k € (I'y UT'5)¢, let \(-,0) be identically 0 and let
p,ﬁfe be defined by (4.30) with an additional multiplicative factor of N°**72. By replacing
Iy with T, ;=T U (T'y UT9)¢, Theorem 3.2 can be proved in the same way as above.

Remark 4.19. In proving Theorem 3.2, we assumed that the set H, is finite for any
v € II,S (see part (A) of Assumption 2.4). This means that if the state of the “natural”
dynamics is v then the “fast" dynamics is constrained within a compact set H,. This
assumption can be relaxed at the expense of making the proof more technical. The only
place where finiteness of H,, is crucial is in the proof of Proposition 4.4. As explained in
Remark 4.7, this proposition can be extended for Markov chains with countable state
spaces. Assuming the existence of a suitable Lyapunov function for the fast dynamics,
the proof of Theorem 3.2 goes through with minor modifications.

5 An Illustrative Example

In this section we present a simple example to illustrate how our main result, The-
orem 3.2, can be useful for the estimation of parameter sensitivity for multiscale net-
works. Consider a chemical reaction network with three species 51,52 and S3, and
three reactions given by

Sl i> SQ, SQ i> Sl and SQ i> S3.

The rate constant of the ¢-th reaction is ¢;, forz = 1,2, 3. Such a network is used to model
the cellular heat-shock response in [7], where S, S; and S5 correspond to the 03> —DnaK
complex, the o35 heat shock regulator and the o35-RNAP complex, respectively. In this
example, the first and second reactions are much faster than the third reaction. We
assume that the rate constants are given by

1 =1, =2 and c¢3=05x10""% (5.1)

We choose our sensitive parameter to be § = ¢; = 1 and the large normalization pa-
rameter to be Ny = 10*. The three reactions along with their scaling factors (8;’s),
propensity functions (A\;’s) and their stoichiometric vectors ((;’s) are presented in Ta-
ble 1.

Table 1: Example of Heat Shock Response Model

No. | Reaction | Scaling Factor | Propensity Function | Stoichiometric Vector
1 Sl —>52 ﬁl =0 )\1(1‘17$2,$3) :9151 <1 = (—17170)
2 | S2— 5 P2 =0 A2(z1, T2, 73) = 222 G =(1,-1,0)
3 | S2— 53 fs =—1 A3(z1, T2, 73) = 5xo G=1(0,-1,1)

Let {Xév() (t) = (Xé\f‘f (1), Xé\fg (1), ng t):t> 0} be the stochastic process represent-
ing the dynamics of this multiscale reaction network. Hence for any time ¢t > 0 and
1=1,2,3, Xé\ff(t) denotes the number of molecules of S;. Suppose that the initial state
of the system is X (0) = (vp,0,0) for vy = 20. Note that the sum of the three species
numbers is preserved by all the reactions. Hence the state space for the process Xév"
is

S = {(561,33‘2,333) EINg: 1+ T2 + 23 :’Uo}.

Clearly for this multiscale network, the first time-scale is v; = 0 (see Section 2.1) and
the corresponding set of “natural" reactions is I'y = {1,2}. Similarly the second time-
scale is 75 = 1 (see Section 2.2) and the corresponding set of “natural" reactions is
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I'; = {3}. If the time-scale of reference is 7> then the dynamics is given by the Markov
process XN 0 with generator A 5.0 (see (3.1)) with N = Ny. As described in Section
2.2, under certaln conditions we can construct a projection II; for which the process
I, X % o has a well-behaved limit as NV — co. In this example, this projection is given by

Hg(wl,xg,xg) _ <m1 +x2 Ty +x2,m3) -

2 2
Note that IIs¢; = (0,0,0) for each k € T'y and II2¢(s = (—1/2,—1/2,1). For any v =
(v1,v1,v2) € TI5S, define the space H, (see (2.10)) by

HU:{(x_Ul,’Ul—],‘,O): -73:0,1,...’21)1}

and let Cj be the generator given by (3.2). A Markov process with state space I, and
generator Cj is ergodic. The unique stationary distribution has the form of a binomial
distribution

) 21)1 0 y+u1 9 r+v1
Ly) = [ for (z,y,0) € H,.
Hen = ot (00s) (579) (®:3:0)
Define /A\gzl'[g‘S'—HRJr by

5\3(711,’01,’02) = Z 5(?4"’“1)77'3(1',1/) _ (10’019) .

(z,y,O)E]Hv 2 + 9

Let {Xy(t) = (Xp.1(t), Xo.2(t), Xp.3(t)) : t > 0} be the TI,S-valued process with the fol-
lowing random time change representation

) vo/2 o 172
Xo(t)=| w/2 | +Y (() / X@71(s)ds) 172,
0 2+6) Jo 1

where Y is a unit rate Poisson process. The due to Proposition 2.5 we have 11, X 4\2’ 0=

Xpas N — .
Let f : R?® — R be the function given by

f(w1,22,73) = 3,
and suppose we want to estimate

0] 0
S200(£.1) = 5B (F(X205(1)) = 55E (X3(0)) -
Note that f(z) = f(Ilsx) for all z € S, and hence the function fy (given by (3.6)) coin-
cides with the function f on the set I[IS. Therefore from Theorem 3.2 we obtain

SN0y (1.1) = Salf.0) =SB (7(K(0)) = S8 (Xosl0)). 65.2)

for large values of Ny. We now demonstrate the usefulness of (5.2) in estimating

Sﬁ"g(f, t). We will numerically show that S,]Yi‘je(f, t) and Sy(f,t) are “close" to each other

and the estimation of S“g( f,t) is far less computationally demanding than the estimation
of SM°y(f,1).

To estimate parameter sensitivities we will use the coupled finite difference (CFD)
scheme developed in [1]. In this method, the sensitivity value Si\; fe( f,t) is estimated by
a finite-difference of the form

%IE (f (Xg,em( )> —f (Xﬁ?e(t)»
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for a small h, and the processes X%IOQM and Xf/\goe are coupled together in a special

way to reduce the variance of the associated estimator. Replacing derivative by a finite-
difference introduces a bias in the sensitivity estimate, but we will ignore this issue
here. Using CFD, we estimate Si\;‘ig(f, t) and S’Q(f, t), with h = 0.01, t = 1, Ny = 10%,
0 = 1 and vy = 20. The results are reported in Table 2. The sensitivity values are written
in the form s =+, which means that the 95% confidence interval of the estimated value is
[s —1,s+1]. For each estimation we use the minimum number of samples that is needed
to ensure that [ < 0.05|s|, where | - | is the absolute value function. In the table, we also
indicate the CPU time* (in seconds) that was needed for the estimation. The CPU time
can be taken as a measure of the computational effort that was required to estimate the
sensitivity value. Note that Table 2 shows that relation (5.2) holds but the time needed

Table 2: Estimation of sensitivity value for f(z1,z2,23) = 23

Sensitivity Value | Number of Samples | CPU time (s)
Sfy\;o’(,(f, t) 4.2138 +0.2107 34932 1663.34
S’g(f, t) 4.2017 +0.2100 35056 0.2333

to estimate 5‘9( f,t) is approximately 7000 times less than the time needed to estimate

Si\; °(f,t). Note that the true sensitivity value in this case is 4.1982 (see Section B in the

Appendix).
Now suppose we want to estimate Sxoe(f, t) for f : R? — R given by

f(xlal'vaSo) =x.
In this case, fy : IIoS — R can be computed as
4
fo(v) = Z (@ + vy (2,y) = (2_’_1]19> for any v = (v1,v1,v2) € [I2S.
(z,y)€H,

Hence Theorem 3.2 implies that

S200(f:t) = So(fo, 1) = %E (fg(Xg(t)))

5 [4E (Xg}l(t))

00 216
4 9 . E (Xa,l(t)>
_ (M) 5 (Xg,l(t)) =

As before we estimate S,]Y\;‘)g(f, t) and S’(,(fg7 t) using CFD, with h = 0.01, t = 1, Ny = 10%,
# = 1 and vy = 20. The results are reported in Table 3. As before, Table 3 shows that

Table 3: Estimation of sensitivity value for f(xz1, z2,z3) = 21

Sensitivity Value | Number of Samples | CPU time (s)
S,]Y\i‘je(f, t) | —3.3946 + 0.1697 43745 2181.5
Sg(fg, t) | —3.6369 +0.1818 20827 0.1396

Si\i‘je(f, t) &~ Sp(fg,t) but the estimation of Sﬁ;f@(f, t) is around 15000 times slower than

4All the computations in this paper were performed using C++ programs on an Apple machine with a 2.2
GHz Intel i7 processor.

EJP 19 (2014), paper 59. ejp.ejpecp.org
Page 46/53


http://dx.doi.org/10.1214/EJP.v19-3246
http://ejp.ejpecp.org/

Sensitivity analysis for multiscale stochastic reaction networks

the estimation of 5'9( fo,t). In this case, the true sensitivity value is —3.6386 (see Section
B in the Appendix).

This example clearly illustrates that our main result, Theorem 3.2, can be used to
obtain enormous savings in the computational effort that is required for the estimation
of parameter sensitivities for multiscale networks.

A Appendix.

Let S; and Sy be open subsets of R} and R™ respectively. Let A C B(S; x S3) x
B(S1 x S3) be an operator whose domain D(A) includes all functions f : S; x So — R of
the form

f(z,y) = g(x), (A1)

where ¢ is some function in B.(S1). Let U C S; x Sy be an open set and let X
be a stochastic process with initial distribution v € P(S; x S2) and sample paths in
Dg, x5,[0,00). Define a stopping time with respect to the filtration generated by the
process X as

T=inf{t >0: X(t) ¢ U or X(t—) ¢ U}. (A.2)

Then X is a solution of the stopped martingale problem (see Section 6, Chapter 4 in
[9]) for (A, v, U) if X(-) = X(- A7) a.s. and

tAT
fX@) - Af(X(s))ds
0
is a martingale for each f € D(A).
Let IT: 51 x S2 — S7 be the projection map defined by II(x,y) = z. Suppose that for
any g € B.(S1) and f given by (A.1) we have

K
Af(z,y) =Y Mlz,y) (9(z + &) — g(x)), (A.3)

k=1
where (3, ...,(k are certain vectors in R"” and Ay, ..., Ak are positive functions on S; x

Sy satisfying the following : if A\i(z,y) > 0 for some (z,y) € S1 x Sy then (z + () € S1.
Furthermore we assume that the function

K

> lxy) (A.4)

k=1,{14,(x)>0
is linearly growing with respect to projection II (see Definition 2.1) .

Lemma A.1. Fix a wy = (zg, o) € S1 X S2 and let 6,,, € P(S1 x Sa) be the distribution
that puts all the mass at wg. For any M € IN, let Uy, be the open set

Unm = {(z,y) € S1 x Sy : ||z]| < M}.

Assume that the stopped martingale problem for (A, 6., Uar) has a unique solution Wy,
for each M. Let t); be the stopping time defined by (A.2) with U replaced by Uy, and
the process X replaced by Wy,;. Then we have the following.

(A) ForanyT > 0, limy/—,oo P(mpr < T) = 0.
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(B) There exists a unique solution W for the (unstopped) martingale problem for
(A, 0y, ). Moreover for any positive integer p and T' > 0 we have

sup E(||TIW (t)||P) < occ.
te[0,T

(C) Ifa function f : S§; x S3 — R is polynomially growing with respect to projection II,
then forany T > 0

sup E(|f(W(t))]) < oo.
te[0,T)

(D) The martingale problem for A is well-posed.

Proof. Suppose that Wy (t) = (X (t), Yar(t)) for any ¢ > 0, where X, and Y), are
processes with state spaces S; and S, respectively. Let ¢ = max{{14,(x) : k=1,..., K}.
For a large M and a positive integer p, define g € B.(S1) by

9(x) = [|2)PL g2y <pr1qy ().

Assume that ||z¢]|” < M and note that the definition of g implies that for any ¢t < 7, we
have g(Xn(t)) = || Xa(2)||” and g(Xas(t) + Cx) = || Xas(t) + Ci||P for each k = 1,... K.
Let f : S x S2 — R be the function given by f(z,y) = g(z). Then f € D(A) and using
(A.3) we obtain

FOWar(t Amar)) — /O AP (War(s))ds

tATM K
= ||XM(1”\TM))||?*/0 D (X (), Yar(s)) (1Xnr () + Gell? = [ Xne(5))]17) ds
k=1

is a martingale starting at ||zo||P. Taking expectations we get

E ([ Xar (& A Tar)l7)

tATM K
= [lzol” +E </O D (X (), Yar(s)) (1X s (s) + Gell? — ||XM(8))||p)d5> :
k=1

Our assumption on the functions Aj,..., Ak implies that when Ag(Xa/(s), Yar(s)) > 0,
then (XM(S) + Ck) €5 C ]Ri and hence HXM(S) + Ck” = <id,XM(S)> + <id7<k>. This
gives us

E ([| X (£ A 7ar))[7)

tATM K
= [lzol” + E (/O D> (X (), Yar(s)) (((Tas Xar () + (Tay Go))P = (Ta, Xoa (5))?) dS)
k=1

t
< ||zo||? + 2P¢PE (/ > (X (s ATar), Yar(s Aar)) (1 X (s Aran) [P+ 1) ds> ,
keP

where P = {k =1,...,K : (14,(x) > 0}. Since the function given by (A.4) is linearly
growing with respect to projection I, we can find a positive constant C' (independent of
M) such that

E([[Xar(t A Tar)l[7)) < ||a:0||P+Ct+C/0 E ([ Xar(s A7ar)[[) ds.
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Gronwall’s inequality implies that
E (| Xar(t Aman) ) < (|zol” + Ct) . (A.5)

Using Markov’s inequality we obtain

E (|| XAt A p
lim P(ry <t)= lim P(|Xy(t A7) 2 M?) < lim UXneE AT )I)) _

M—o0 ~ M—oo Mp

The last limit is 0 due to (A.5). This proves part (A) of the lemma. From Theorem 6.3 in
Chapter 4 of [9] we can conclude that the martingale problem for (A, d,,,) has a unique
solution W. In fact for any M € IN, the process Wy, (- A 75s) has the same distribution as
the process W (- A 7pr). Therefore using (A.5) we get

E ([TIW (t Aman)|?) = E (1MW (¢ A 7an)IP) < (llzol|P + Ct) €. (A.6)

Since 7,; is monotonically increasing with M, we must have that 7,y — oo a.s. as
M — oo. Letting M — oo in (A.6) and using Fatou’s lemma we obtain

E (0w @) < lim B (IWEA7)[P) < (lzo]” + Ct) e,

Taking supremum over ¢ € [0, 7] proves part (B) of the lemma. The proof of part (C) is
immediate from part (B). Since part (B) of this lemma holds for any wg, the martingale
problem for A is well-posed and this proves part (D). O

Using the above lemma we now prove the main result of this section.
Lemma A.2. Recall the definition of operator IBéV from (4.39).

(A) The martingale corresponding to IB{,V is well-posed.

(B) Let WGN be the S-valued Markov process with generator IB{QV and initial state
(to,vo0,20) € S. For any M € N, define a stopping time by

oy =inf{t > 0: |[ILgWy (¢)]| > M} (A.7)
Then for any T > 0
lim sup P (¢}, <T) =0. (A.8)
M — o0 NG% ( M )

(C) For any positive integer p and any T > 0

sup sup E (I (¢)]7) < oo. (A.9)
te[0,T] NeN

(D) Let f : S — R be a function which is polynomially growing with respect to projec-
tion Il5, and define fév by (4.47). Then for any positive integer p and T' > 0

T
sup sup E (’féV(WeN(t)Hp) <oo and supE (/ ’IBéVféV(Wév(t)ﬂp dt) < 0.
NeN t€[0,T] NeN 0

(A.10)

(E) Let f and feN be as in part (D). For any T > 0 and any stopping time ¢ we have

B (08 o) = ¥z 5 ([ B O]
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(F) The sequence of processes {W}¥ : N € N} is tight in the space Dg¢[0,00).
Proof. Note that on the set
Un ={(t,v,2) €S : ||Jv]| < M},

the functions {py, : k € 'y} are bounded. If we define each p}, to be 0 outside the
set Uy, then the resulting operator IBIIXM can be seen as a bounded perturbation of the
translation operator

af(t’ IU? Z)

Tf(t0,2) = -2,

which certainly has a well-posed martingale problem. From Theorem 4.10.3 in [9] we
can conclude that the martingale problem for IB%“, is well-posed. This implies that for

any initial state wg € S, the stopped martingale problem for (IBéV ,0we» Unr) is well-posed.
Assumption 3.1 implies that the function

S pptiv,2) (A.12)

kel2,(14,¢3)>0

is linearly growing with respect to projection Il¢ (given by (4.37)). Therefore part (B)
of Lemma A.1 shows that there is a unique solution for the martingale problem for
(IBéV , 0w, ). Hence the martingale problem for ]Bév is well-posed and this proves part (A).
Let W} be the S-valued Markov process with generator B} and initial state (to, v, 20).
We can rework the proof of Lemma A.1 to prove parts (B) and (C).

Let f : S — R be a function which is polynomially growing with respect to projection
II; and define fé\’ by (4.47). Remark 4.14 implies that the sequences of functions {fév :
N € N} and {B}’ f}’ : N € IN} are polynomially growing with respect to projection Il.
Therefore part (D) is an easy consequence of part (C).

Corresponding to the function f define a function f); : S — R by

fu () = f(2) e <any ().

Let fﬁ,e be the function given by (4.47), with f replaced by fy;. Since f)s is in B.(S),
the function fﬁyo is in class C (see (4.38)). Using Dynkin’s theorem (see Lemma 19.21
in [20]) we get

TNho
B (408 A 0) = ot )+ ([ 00 i)

Taking the limit M — oo, and using part (D) along with the dominated convergence
theorem proves part (E).

To show that the sequence {Wév : N € IN} is tight, we first have to prove the compact
containment criterion (see Chapter 3 in [9]). This means that for any 7', ¢ > 0 we exhibit
a compact set K. 1 C S such that

inf P (W,'(t) € K. rforallte [0,7]) > 1—e. (A.13)
NeEN
Let o} be the stopping time given by (A.7). For any t > 0, we can write W () =
(Y (), VN (1), ZN (1)) (see (4.40)). Fix an e > 0 and T > 0. Part (B) shows that we can
find a M > 0 large enough so that

sup P(oh; < T) < e. (A.14)
NeN
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Note that for any ¢ > 0, if V¥ (t) = v then 7V (t) € [0,t + to] and Z}' (t) € H, where H,
is a finite set. This shows that for any ¢ < o}, we have W' (t) € K. where K, r is the
compact set given by

Kop= {(t,v,z) €S :te0,T+to), |0 gMandZE]Hv}.
Hence
P (Wy'(t) € K.pforallt € [0,7]) > P(ogy; >T)=1-P(opy; <T).

Taking supremum over N and using (A.14) proves (A.13).

Now that we have shown the compact containment condition, Theorem 3.9.1 in [9]
allows us to verify the tightness of {W}¥ : N € N} by proving that for any f € C, the
sequence of processes {f(W/¥(:)) : N € N} is tight in the space Dg|[0,c0). Note that

FOVE (1)) - / BY (W (5))ds

is a martingale and part (D) of the lemma shows that
t
E (/ |IB(§Vf9N(W9N(s))]2ds> <00
0

for any ¢ > 0. The tightness of the sequence {f(W2(-)) : N € IN} is immediate from
Theorem 3.9.4 in [9]. This completes the proof of part (E) of the lemma. O

B Appendix.

Recall the multiscale reaction network considered in Section 5. This network con-
sists of 3 species 51, S2 and S3, and the following three reactions

S1 -2 Sy, Sy 248, and Sy =% Ss.

The values of the rate constants c;,ce and c3 are given in (5.1). For any time ¢ > 0
and ¢ = 1,2,3, let Xé\ff (t) denote the number of molecules of S;, where Ny = 10? is the
normalization parameter and 6 = c; is the sensitive parameter. We assume that the
initial state of the system is (X,'% (t), Xy's(0), X;'3(0)) = (vo,0,0).

For each ¢ = 1,2,3 and time ¢t > 0, define the first-moment of species i, and its
sensitivity with respect to 0 as

0
mo() =B (X0(1)  and  Mi(t) = 5B (X0().

Let mg(t) = (mo,1(t), mg2(t), me,3(t)) be the vector of first-moments and let My(t) =
(Mp.1(t), Mg 2(t), My 3(t)) denote the vector of its §-sensitivities. Since the network only

consists of unimolecular reactions, we can explicitly compute my(t) and My(¢t) by solving
the following system of ordinary differential equations:

meet(t) = AemG (t)
W) _ i)+ B,

with the initial conditions my(0) = (vo,0,0) and My(0) = (0,0,0). Here Ay and By are
3 x 3 matrices given by

—0 C2 0 A 1 0 0
Ay = 0 —(02 + 03) 0 and By = 3790 = 0 0
0 c3 0 0 0
EJP 19 (2014), paper 59. ejp.ejpecp.org
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On solving this system of equations until time ¢t = Ny = 10* we get
3 No a No
Mo 5(No) = 57 (X973(N0)> = 41982 and My, (No) = - E (Xg)l(No)) — —3.6386,

which shows the correctness of the sensitivity values given in Tables 2 and 3 respec-
tively.
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