n b
Electr® 8biljty

Electron. J. Probab. 19 (2014), no. 56, 1-29.
ISSN: 1083-6489 DOI: 10.1214/EJP.v19-3164

Local limits of conditioned
Galton-Watson trees: the condensation case

Romain Abraham* Jean-Frangois Delmas'

Abstract

We provide a complete picture of the local convergence of critical or sub-critical
Galton-Watson trees conditioned on having a large number of individuals with out-
degree in a given set. The generic case, where the limit is a random tree with an
infinite spine has been treated in a previous paper. We focus here on the non-generic
case, where the local limit is a random tree with a node with infinite out-degree. This
case corresponds to the so-called condensation phenomenon.
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1 Introduction

Conditioning critical or sub-critical Galton-Watson (GW) trees comes from the semi-
nal work of Kesten, [12]. Let p = (p(n),n € IN) be an offspring distribution such that:

p(0) >0, p(0) +p(1) < 1. (1.1)

Let u(p) = :i% np(n) be its mean. If u(p) < 1 (resp. u(p) = 1, u(p) > 1), we say that
the offspring distribution and the associated GW tree are sub-critical (resp. critical,
super-critical). In the critical and sub-critical cases, the tree is a.s. finite, but Kesten
considered in [12] the local limit of a sub-critical or critical tree conditioned to have
height greater than n. When n goes to infinity, this conditioned tree converges in dis-
tribution to the so-called size-biased GW tree. This random tree has an infinite spine on
which are grafted a random number of independent GW trees with the same offspring
distribution p. This limit tree can be seen as the GW tree conditioned on non-extinction.

Since then, other conditionings have been considered for critical GW trees: large
total progeny see Kennedy [11] and Geiger and Kaufmann [6], large number of leaves
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Conditioned Galton-Watson trees

see Curien and Kortchemski [4]. We are interested in this paper in the conditioning
on having a large number of individuals with out-degree belonging to a given set A
which has been introduced in Rizzolo [18] and also appears in Kortchemski [13]. In
Abraham and Delmas [1], it is proven that, in the critical case, the local limit of a GW
tree conditioned to have a large number of individuals with out degree in a given set A
is still the GW tree conditioned on non-extinction.

However, the results are different in the sub-critical case. Let A C IN. We set
p(A) = p(k).
ke A

We first define for an offspring distribution p that satisfies (1.1) and a set A such that
p(A) > 0 a modified offspring distribution p 4 ¢ by:

caA(0)0Fp(k) ifk € A,
vk >0, k) = 1.2
20, paolh) {eklp(k) if k € A°, (12
where the normalizing constant c4(#) is given by:
0—TFE[6X1 .
() = (0" 1 xear] (1.3)

OF [0X 1 xcay)

where X is a random variable distributed according to p. Let I 4 be the set of positive 6
for which p 4,6 is a probability distribution. If p is sub-critical, according to Lemma 5.2,
either there exists (a unique) 6 € I4 such that p A,0¢, is critical or 0% == maxlg € Iy
and p4,¢- is sub-critical. We shall say, see Definition 5.3, that p is generic for the set
A in the former case and that p is non-generic for the set A in the latter case. See
Lemma 5.4 and Remark 5.5 on the non-generic property.

For a tree t, let £ 4(t) be the set of nodes of t whose number of offspring belongs
to A and L 4(t) be its cardinal (see definition in Section 6). It is proven in [1] that, for
every 6 € 14, if 7 is a GW tree with offspring distribution p and 74 ¢ is a GW tree with
offspring distribution p 4 ¢, then the conditional distributions of 7 given {L 4(7) = n} and
that of 74,9 given {L 4(7.4,9) = n} are the same. Therefore, if p is generic for the set A,
that is there exists a 6 € I4 such that p A6 1S critical, then the GW tree 7 conditioned
on L 4(7) being large converges to the size-biased GW tree associated with p A,05, -

When the sub-critical offspring distribution is non-generic for IN, a condensation
phenomenon has been observed when conditioning with respect to the total population
size, see Jonnsson and Stefansson [8] and Janson [7]: the limiting tree is no more the
size-biased tree but a tree that contains a single node with infinitely many offspring.
The goal of this paper is to give a short proof of this result and to show that such
a condensation also appears when p is non-generic for A and conditioning by L 4(7)
being large. This and [1] give a complete description of the limit in distribution of a
critical or sub-critical GW tree 7 conditioned on {L 4(7) = n} as n goes to infinity.

We summarize this complete description following Janson ([7], Section 5). Let p
be an offspring distribution that satisfies (1.1) which is critical or sub-critical (that is
wu(p) < 1). Let 7*(p) denote the random tree which is defined by:

i) There are two types of nodes: normal and special.
ii) The root is special.

iii) Normal nodes have offspring distribution p.
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iv) Special nodes have offspring distribution the biased distribution p on IN U {400}
defined by:

. kp(k) ifke NN,
p(k) = .
1—p ifk=+o0.

v) The offsprings of all the nodes are independent of each others.
vi) All the children of a normal node are normal.
vii) When a special node gets a finite number of children, one of them is selected
uniformly at random and is special while the others are normal.
viii) When a special node gets an infinite number of children, all of them are normal.

Notice that:

» If p is critical, then a.s. 7%(p) has one infinite spine and all its nodes have finite
degrees. This is the size-biased GW tree considered in [12].

» If u(p) < 1 then a.s. 7*(p) has exactly one node of infinite degree and no infinite
spine. This tree has been considered in [8, 7].

Definition 1.1. Let A C N such that p(.A) > 0. We define p* as:

- critical case (u(p) = 1):
Pa =P

- sub-critical and generic for A (1.(p) < 1 and there exists (a unique) 0% € 1a
such that pu(pa,ee ) = 1):
DA = Dape,-

- sub-critical and non-generic for A (u(p) < 1 and ji(pa,e+) < 1):

Pl =paes, with0% =max . (1.4)

Remark 1.2. The uniqueness of 09 is not immediate and follows from Lemma 5.2.

We state our main result (the convergence of random discrete trees is precisely
defined in Section 2 and GW trees are presented in Section 3).

Theorem 1.3. Let 7 be a GW tree with offspring distribution p which satisfies (1.1)
and u(p) < 1. Let A C N such that p(A) > 0. We have the following convergence in
distribution:
dist (7 | La(r) =n) Lo dist (77 (), (1.5)
where the limit is understood along the infinite sub-sequence {n € N*; P(L4(1) =n) >
0}, as well as:
dist (7 | La(r) >n) oo dist (T*(p%)). (1.6)
The theorem has already been proven in the critical case and the sub-critical generic
case in [1]. We concentrate here on the case of the sub-critical non-generic case. The
non-generic case for A =N, 0 € A, 0 ¢ A are respectively proven in Sections 4, 6 and 7.
Let us add that a sub-critical offspring distribution p is either generic for all A C IN such
that p(A) > 0, or non-generic at least for {0} and maybe for some other sets and generic
for other sets A such that p(A) > 0, see Lemma 5.4. It is not possible for a sub-critical
offspring distribution p to be non-generic for all .4 C IN such that p(.A4) > 0 unless the
radius of convergence of its generating function is 1, see Remark 5.5. By considering
the last example of Remark 5.5, we exhibit a distribution p which is non-generic for
{0} but generic for N. Thus the associated GW tree conditioned on having n vertices
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converges in distribution (as n goes to infinity) to a tree with an infinite spine whereas
the same tree conditioned on having n leaves converges in distribution to a tree with a
node of infinite degree.

Let us add that we only focus here on local limits. Global limits of conditioned Galton-
Watson trees have also been studied in the generic case first by Aldous [2] (conditioning
on the total population size) and then by Rizzolo [18] for the conditioning studied here.
Global limits on non-generic trees have also been studied by Kortchemski [14] when
conditioned to the total population size. Let us add that global limits require regularity
for the offspring distribution (such as belonging to the domain of attraction of stable
laws) whereas we only require here a first moment to obtain a local limit.

In Section 2, we recall the setting of the discrete trees (which is close to [1], but has
to include discrete trees with nodes of infinite degree). We also give in Lemma 2.2, in
the same spirit of Lemma 2.1 in [1], a convergence determining class which is the key
result to prove the convergence in the non-generic case. Section 3 is devoted to some
remarks on GW trees. We study in detail the distribution p 4 ¢ defined by (1.2) in Section
5. The proof of Theorem 1.3 is given in the following three sections. More precisely,
the case A = N is presented in Section 4. This provides a short and self-contained
proof of the results from [8, 7]. The case 0 € A can be handled in the same spirit, see
Section 6, using that the set £ 4(7) can be encoded into a GW tree 74, see Mimami [15]
or [18]. Notice that if 0 ¢ A, then £ 4(7), when non empty, can also be encoded into a
GW tree 74, see [18]. However, we didn’t use this result, but rather use in Section 7
a more technical version of the previous proofs to treat the case 0 ¢ .A. We prove in
the appendix, Section 8, consequences of the strong ratio limit property we used in the
previous sections.

2 The set of discrete trees

We recall Neveu'’s formalism [17] for ordered rooted trees. We set

u=Jm"

n>0

the set of finite sequences of positive integers with the convention (N*)° = {0}. For
n>0and u = (u,...,u,) €U, let |u| = n be the length of v and:

U oo = max(|u|,u1,uz, ..., up)

with the convention || = || = 0. We will call |u|s the norm of « although it is not a
norm since U is not even a vector space. If u and v are two sequences of U, we denote
by uv the concatenation of the two sequences, with the convention that uv = u if v = 0
and uv = v if u = (). The set of ancestors of () is Ay = {0} and of u # 0 is:

A, = {v € U;there exists w € U, w # ), such that u = vw}. 2.1)

The most recent common ancestor of a subset s of U/, denoted by MRCA(s), is the
unique element v of [, A, with maximal length |v|. For u,v € U, we denote by u < v
the lexicographic order on U i.e. u < v if either u € A, or, if we set w = MRCA({u,v}),
then v = wiu’ and v = wjv’ for some 4, j € IN* with ¢ < j.

A tree t is a subset of U/ that satisfies:

s Det,
e Ifu €t, then A, C t.
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 For every u € t, there exists k,(t) € NU{+oo} such that, for every positive integer
i, ui € tiff 1 <i <k, (t).

The integer k., (t) represents the number of offsprings of the vertex u € t. (Notice
that k,(t) has to be finite in [1], whereas k,(t) might take the value +oco here.) The
vertex u € t is called a leaf if k,(t) = 0 and it is said infinite if k,(t) = +oco. By
convention, we shall set k,(t) = —1 if u & t. The vertex () is called the root of t. We set:

|t| = Card (t).

Let t be a tree. The set of its leaves is Ly(t) = {u € t; k,(t) = 0}. Its height and its
“norm” are resp. defined by

H(t) =sup{|u|, u € t} and Hy(t) = sup{|u|eo, u € t} = max(H (t),sup{k,(t), u € t});
they can be infinite. For u € t, we define the sub-tree S, (t) of t “above” u as:
Su(t) ={vel, uv e t}.

For u € t\ Lo(t), we also define the forest F,(t) “above” u as the following sequence of
trees:
Fu(t) = (Sui(t); i € IN*, i < ky(t)).

For u € t \ {0}, we also define the sub-tree S“(t) of t “below” u as:
Stt)={vet,ug A,}.

Notice that u € S“(t).

For v = (vy, k € N*) € (IN*)N', we set 0, = (v1,...,v,) for n € N, with the convention
that 79 = 0 and v = {o,,,n € IN} defines an infinite spine or branch. We denote by T
the set of trees. We denote by T the subset of finite trees,

Ty = {t € Too; |t| < +00},
by TE,Z) the subset of trees with norm less than h,
T = {t € Too; Hao(t) < A},
by T the subset of trees with no infinite branch,
Ty = {t € Too; Vo € (NN, v ¢ t},
and by T, the subset of trees with no infinite branch and with exactly one infinite vertex,
Ty = {t € Too; Card {u € t; k,(t) = o0} = 1} NT.

Notice that Ty is countable and T is uncountable.
For h € IN, the restriction function rj, o, from T, to T is defined by:

Thyoo(t) = {U € ta |u|oo S h}

Sets 71,0 (t) are called “left-balls” in [8]. We endow the set T, with the ultra-metric

distance
do (t,t/) —9- max{h€eN, T'h,oo(t):rh,oo(t/)}-

A sequence (t,,,n € IN) of trees converges to a tree t with respect to the distance d,
if and only if, for every h € IN,

Thoo(tn) = Thoo(t)  for n large enough,
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that is for all w € U, lim;, 4 o0 ku(ts) = ku(t) € NU {—1,400}. The Borel o-field asso-
ciated with the distance d, is the smallest o-field containing the singletons for which
the restrictions functions (71, ., h € IN) are measurable. With this distance, the restric-
tion functions are contractant. Since T is dense in T, and (T, d) is complete and
compact, we get that (T, ds ) is a compact Polish metric space.

Remark 2.1. In [1], we considered
T={teTu; ku(t) < +ooVu € t}
the subset of trees with no infinite vertex. On T, we defined the distance:

d(t, t/) -9~ max{h€N, rh(t):rh(t')}’
with r,(t) = {u € t, |u| < h}. Notice that (T, d) is Polish but not compact and that T is
not closed in (T, d). If a sequence (t,,,n € IN*) converges in (T, d) then it converges
in (Tw,ds). And if a sequence (t,,n € IN*) of elements of T converges in (T, ds) to
a limit in T then it converges to the same limit in (T, d).

Consider the closed ball B, (t,27") = {t' € Too;doo(t,t’) < 27"} for some t € T,
and h € IN and notice that:

Boo(t,27") = 7, L ({700 (1)}).

Since the distance is ultra-metric, the closed balls are open and the open balls are
closed, and the intersection of two balls is either empty or one of them. We deduce
that the family ((r;, . ({t}),t € T&Z)),h € N) is a w-system, and Theorem 2.3 in [3]
implies that this faniily is convergence determining for the convergence in distribution.
Let (T,,,n € IN*) and T be T.,-valued random variables. We denote by dist (T') the
distribution of the random variable T' (which is uniquely determined by the sequence of
distributions of 7, o (T") for every h > 0), and we denote:
dist (T},) Nl dist (T")

for the convergence in distribution of the sequence (7,,,n € IN*) to T. Notice that
this convergence in distribution is equivalent to the finite dimensional convergence in
distribution of (k,(T,),u € U) to (k,(T),u € U) as n goes to infinity.

We deduce from the portmanteau theorem that the sequence (7,,,n € IN*) converges
in distribution to 7' if and only if forallh € IN, t € rJT(OZ):

ngr_ir_loc P(rpoo(Th) =t) = P(rp,co(T) = t).

As we shall only consider Ty-valued random variables that converge in distribution
to a Ty-valued random variable, we give an other characterization of convergence in
distribution that holds for this restriction. To present this result, we introduce some
notations. If v = (vy1,...,v,) €U, with n > 0, and k € IN, we define the shift of v by & as
O(v, k) = (v1 + kyvg,...,0,). Ift € Ty, s € T, and x € t we denote by:

t® (s,z) =t U{xb(v, k. (t)), ves\{0}}

the tree obtained by grafting the tree s at x on “the right” of the tree t, with the con-
vention that t ® (s,z) = t if s = {(} is the tree reduced to its root. Notice that if x is a
leaf of t and s € T, then this definition coincides with the one given in [1].

For every t € Ty and every z € t, we consider the set of trees obtained by grafting a
tree at x on “the right” of t:

T(t,z) ={t® (s,z), s € T}
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as well as for k € IN:
T(t,z,k) = {s € T(t,x); ky(s) =k} and T4 (t,z,k) = {s € T(t,x); k,(s) > k}

the subsets of T(t,x) such that the number of offspring of = are resp. k and k or more.
It is easy to see that T (t,z,k) is closed. It is also open, as for all s € T (t,z,k) we
have that B, (s, 2~ ™&x(F:Hec(®)=1) ¢ T, (¢, 2, k).

Moreover, notice that the set T is a Borel subset of the set T. The next lemma gives
another criterion for the convergence in distribution in Ty U Ts. Its proof is very similar
to the proof of Lemma 2.1 in [1].

Lemma 2.2. Let (T,,,n € N*) and T be T-valued random variables which belong a.s.
to To U Ty. The sequence (T,,,n € IN*) converges in distribution to T if and only if for
everyt € Ty, x € t and k € IN, we have:

lim P(T, € T (t,2,k) = P(T € Ty(t.2,k) and lim P(T, =t) =P(T = ).
n—-+0oo n—-+0oo
(2.2)

Remark 2.3. Let
T, ={teT;3Nve (NN st vCtl

be the subset of trees with only one infinite spine (or branch). We give in [1] a charac-
terization of the convergence in Ty U T as follows. Let (T;,,n € IN*) and T be T-valued
random variables which belong a.s. to Ty U T;. The sequence (7,,,n € IN*) converges
in distribution to T if and only if (2.2) holds for every t € Ty, x € Lo(t) and k = 0. In a
sense, the convergence in Ty U T is thus easier to check.

Proof. The subclass F = {T(t,z,k) () (ToUT2), t € Ty, z € t,k € N}U{{t}, t € To}
of Borel sets on T |J T2 forms a m-system since we have

T+(t1,$17 kl) ift; € T(tg, CUQ) and z5 € AI1>

T, (ty,21,k VE if t1 € T(ts, and xy = xo,
T+(t173317kl)mT+(t27$2vk2) = +( prn 2) 1 ' ( ? 372) o 2

{t1} ift) € T(ty,x0) and x5 & Ay, U {21},

1] in the other (non-symmetric) cases.

For every h € IN and every t € T, we have that t' belongs to r;j)o({t}) T2 if and

only if t’ belongs to some T, (s, z, k) () T2 with « € t such that |z|, = h and s belongs
to r, L ({t}) N To with = € s. Since Ty is countable, we deduce that F generates the
Borel o-field on To U Ts. In particular F is a separating class in Ty U T5. Since A € F
is closed and open as well, according to Theorem 2.3 of [3], to prove that the family F
is a convergence determining class, it is enough to check that, for all t € Ty U Ts and
h € N, there exists A € F such that:

t € AC Bo(t,27M). (2.3)

If t € Ty, this is clear as {t} = Bo.(t,27") forall h > H,(t). If t € Ty, for all s € T and
x € s such that t € T, (s, z, k), with k = k,(s), we have t € T, (s, z, k) C Boo(t,271%l).
Since we can find such a s and z such that |z|, is arbitrary large, we deduce that (2.3)
is satisfied. This proves that the family F is a convergence determining class in Ty UTS5.
Since, for t € Ty, z € t and k € IN, the sets T, (t,z, k) and {t} are open and closed, we
deduce from the portmanteau theorem that if (7,,,» € IN*) converges in distribution to
T, then (2.2) holds for every t € Ty, z € t and k£ € IN. O
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3 GW trees

3.1 Definition

Let p = (p(n),n € IN) be a probability distribution on the set of the non-negative
integers. We assume that p satisfies (1.1). Let g(z) = >, .y p(k) z* be the generating
function of p. We denote by p(p) its radius of convergence and we will write p for p(p)
when it is clear from the context. We say that p is aperiodic if {k; p(k) > 0} C dIN implies
d=1.

A T-valued random variable 7 is a Galton-Watson (GW) tree with offspring distribu-
tion p if the distribution of ky(7) is p and for n € IN*, conditionally on {ky(7) = n}, the
sub-trees (S1(7),S2(7),...,Sn(7)) are independent and distributed as the original tree
7. Equivalently, for every h € IN* and t € ng), we have:

Prneo(m)=t)= [  p(ku(t)).

UETH 1,00 (t)

In particular, the restriction of the distribution of 7 on the set Ty is given by:

vt € To, P(r=t) =[] p(ka(t)). (3.1)

uct

The GW tree is called critical (resp. sub-critical, super-critical) if u(p) =1 (resp. p(p) <
1, u(p) > 1). In the critical and sub-critical case, we have that a.s. 7 belongs to T\.

Let P, be the distribution of the forest 7(*) = (11,...,7,) of i.i.d. GW trees with
offspring distribution p. We set:

k
[T =" Il
j=1

When there is no confusion, we shall write 7 for 7%,

3.2 Condensation tree

Assume that p satisfies (1.1) with p(p) < 1. Recall the definition of the tree 7*(p) in
the introduction. Remark that, as u(p) < 1, the tree 7*(p) belongs a.s. to Ts.
Fort € Ty, x € t, we set:

P(r = S*(t))
p(0)

For z € R, we set z. = max(z,0). Let X be a random variable with distribution p. The
following lemma is elementary.

D(t,z) = Py, e) (T = Fa(t)).

Lemma 3.1. Assume that p satisfies (1.1) and u(p) < 1. The distribution of 7*(p) is also
characterized by: a.s. 7*(p) € Ty and fort € Ty, z € t, k € IN,

P(r"(p) € T4 (t,2,k)) = D(t,2) (1 — u(p) + B [(X — ka(t))+Lixzmy]) . (3:2)
In particular, we have that if x € Ly(t):
P(7%(p) € T(t,z), ko (77 (p)) = +00) = (1 = u(p)) ———

and
(3.3)
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Remark 3.2. Assume that p satisfies (1.1) and p(p) = 1. Then, according to [1], the
distribution of 7*(p) is characterized by 7*(p) € T; a.s. and (3.3) for t € Ty, z € Lo(t).

Remark 3.3. Let 7° (p) denote the limit (in distribution) of a critical or sub-critical GW
tree 7 conditionally on {H(7) = n} or {H(7) > n} as n goes to infinity (see [12, 1] for
the existence of this limit). The distribution of 79(p) is characterized by the properties
i) to vii) with p in iv) replaced by the size-biased distribution p°:

p°(k) = kp(k) for k € IN.

I
Remark that, when p is critical, the definitions of 7*(p) and 75(p) coincide. We have
that a.s. 75(p) belongs to T;. Following [1], we notice that the distribution of 75(p) is
characterized by: a.s. 75(p) € T; and forall t € Ty, z € Lo(t),

P(r=t)

P(r°(p) € T(t,2)) = oSy (3:4)

4 Conditioning on the total population size (A = IN)

We prove Theorem 1.3 for the special case A = IN and concentrate on the case p
non-generic for IN. The results of this section appear already in [7] see also [8]. We
provide here an elementary proof relying on the strong ratio limit property of random
walks on the integers.

Recall the definition of piv ¢ in (1.2) and that Iy is the set of positive § for which py ¢
is a probability distribution. It is easy to check that u(pn ) is increasing in 6. Following
[7], we define a non-generic distribution for IN as follows.

Definition 4.1. Let p be a distribution on IN satisfying (1.1). We say p is non-generic
for IN if limgq () p(pv,0) < 1.

4.1 The non-generic case with p(p) =1
Notice that if p satisfies (1.1) and if p(p) = 1 and u(p) < 1, then p is in particular
non-generic for IN.

Theorem 4.2. Assume that p satisfies (1.1), p(p) = 1 and p(p) < 1. We have that:

dist (7 | 7| =n) — dist (7"(p)), (4.1)

where the limit is understood along the infinite sub-sequence {n € IN*; P(|r| = n) > 0},
and:
dist (7 | |7] > n) — dist (7*(p)). (4.2)
n—-+0o0o

Proof. For simplicity, we shall assume that p is aperiodic, that is P(|7| =n) > 0 for all n
large enough. The adaptation to the periodic case is left to the reader.
Recall that p(p) =1. Let k € N, t € Ty, z € t, £ = k,(t) and m = |t|. We have:

P(reTy(t,z,k),|r|=n)=D(t,z) > p()Pj—e(|7] =n—m).
j>max({+1,k)

Let (X,,n € IN*) be a sequence of independent random variables taking values in
IN with distribution p and set S,, = Zzzl X}1. Let us recall Dwass formula (see [5]): for
every k € IN* and every n > k, we have

k
Py(|r| =n) = 5IP(Sn =n—k). (4.3)
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Let 7, be distributed as 7 conditionally on {|7| = n}. Using Dwass formula (4.3), we
have

IP(T € T-F(t,ka)v |T| = n)

IP(Tn € T—i—(tvka)) = ]P(‘Tl — n)

=D(t.x) Y p@)]ij;'('TT"::”n)‘m)

j>max(£+1,k)

_ A d L P(Snm =n—m—j+0)
=D(t.x) Y, pli)n— P(S,=n—1)

j>max(£+1,k)
We then set 1
Ok l) = —— NP(S,=n+(—j 4.4
n(k,0) ]P(Sn:n)zp(ﬁ (Sn=n+L~) (4.4)
Jjzk
and .
1 o . . _ s
5k, ) = gy 2o 9PU) B(Su =n -+ j). (4.5)
j=k
We get:

n  P(Sp—m =n—m)
n—m P(S,=n-1)

(5;_,,L(max(1z 41k, 6) — €60 (max(f + 1, k), 15)).

P(r, € Ty (t,x,k)) = D(t, x)

Then use the strong ratio limit property (8.2) as well as its consequences (8.3) and (8.4),
to get that:

Jim P(r, € Tyt k) =D(ta) [ 1-pp)+ > (G-0pG) | 46
j>max({+1,k)

Thanks to (3.2), we get:

lim P(r, € T4(t,z,k)) =P(7"(p) € T4(t,x,k)).
n—-+oo
Then use Lemma 2.2 to get (4.1). Since dist (7 | |7| > n) is a mixture of dist (7 | |7| = k)
for k£ > n, we deduce that (4.2) holds. O

Remark 4.3. Assume p(p) = 1. Then the proof of (4.6) still holds and we get in particular
that for all t € Ty and = € Ly(t):
. P(r=t)

"BTOOIP(Tn S T(t7.'lf)) = W
Then the application T(t,z) — P(r = t)/p(0) can be extended into a probability distri-
bution on Ty which is given by the distribution of 7*(p) (also equal to the distribution of
75 defined in Remark 3.3). Then use Remark 2.3 to get that dist (7| |7| = n) converges
to dist (7*(p)).

4.2 The non-generic case with p(p) > 1

We consider the case p(p) > 1. The offspring distribution pi ¢ of (1.2) has generating
function:
_ 9(02)

90(2) g(0)
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Notice that if p is non-generic for IN, we have Iy = (0, p(p)] and pj}; defined by (1.4)
is py = P, p(p)- According to [11] (see also Proposition 5.5 in [1] for a more general
setting), if 7y o denotes a GW tree with offspring distribution py ¢, then the distribution
of my ¢ conditionally on |7y 4| does not depend on 6 € Iy.

Corollary 4.4. Assume that p satisfies (1.1) and is non-generic for N. We have that:
dist (7 | |7] =n) n_)—{]Oo dist (7% (py))s

where the limit is understood along the infinite sub-sequence {n € N*; P(|r| = n) > 0},
and:
. S . * ().
dist (7 | |7] > n) n_}—_ﬁoo dist (7*(py))
Proof. Let us first remark that, by construction p(pj) = 1 so that we can apply Theorem
4.2 to the tree TN, p(p)- The first convergence is then a direct consequence of (4.1)
and the fact that 7 conditionally on {|7| = n} is distributed as 7y ,(,) conditionally on
{|mw,p(»)| = n}. The proof of the second convergence is similar to the proof of (4.2). O

4.3 The general case

Theorem 4.2 and Corollary 4.4 (which concern the non-generic case) combined with
Proposition 4.6 and Corollary 5.9 from [1] (which concern the generic case) complete
the proof of Theorem 1.3 for the case A = IN. This gives a complete description of the
asymptotic distribution of critical and sub-critical GW trees conditioned to have a large
total population size.

5 Generic and non-generic distributions

Let p be a distribution on IN satisfying (1.1) and let X be a random variable with
distribution p. Recall that p(p) denotes the radius of convergence of the generating
function g of p. Let A C IN be such that p(.A) > 0. We consider the modified distribution
p4,0 on IN given by (1.2) and let I 4 be the set of positive 6 for which p 4 ¢ is a probability
distribution. We have 6 € I 4 if and only if # > 0 and:

(E[6X1{xcay] < +oo and E[0%1iyca] <) or E[0¥1ixcay] =0. (5.1)

In (5.1) the former case corresponds to c4(¢) > 0 and the latter to c4(6) = 0.
Notice I 4 is an interval of (0, +oc0) which contains 1. We have inf I, =0if 0 € A and
1>infl4 > p(0)if 0 ¢ A. Let:

0% =suplq € [1,p(p)] (5.2)

We deduce from the definition of p 4 ¢ the following rule of composition, for 6§ € I4 and
0q € Iu:
PAog = (PA6) 4, (5.3)

The generating function, g4, of p4. is given by:

gae(z) =E [(ZQ)X (é Lixeacy + CA(9)1{XeA}>} :

And we have:

1(pap) =E[X0F 1 xeaey] + cal@)E [X0F 1ixea] . (5.4)

Let:
0% = inf{0 € La;pu(pap) =1}, (5.5)
EJP 19 (2014), paper 56. ejp.ejpecp.org
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with the convention that inf ) = 4+00. Notice that the function 6 — p(p.4,¢) is continuous

over I 4 and C! on Iil the interior of 4.
Lemma 5.1. Letp be a distribution on IN satisfying (1.1) and A C IN such that p(A) > 0.
For 6 € 174, we have:
%M(pA,e) >0 if p(pag) <1
If0 € A, then the function 6 — u(pae) is increasing over I 4.

Proof. Since p satisfies (1.1), it is easy to check that p4 ¢ satisfies (1.1) for all § € I4
such that 6 < 0%. For the first part of the Lemma, thanks to the composition rule, it
is enough to prove that d%u(pAﬂ) > 0atf = 1if pu(p) <1, with p satisfying (1.1) and
p(p) > 1.

Let # € I 4. We have:

_Eixl— )
with
h_A(Q) =K [XQXI{XeAc}} E [9X1{X€A}] + 0E [X@XI{XGA}]
—E [0 {xeac}] E[X0F 1 xecny] — OEX]E [0% 1(xca]-

Of course we have h 4(1) = 0. The function h 4 is of class C* on [0, p(p)). Notice that

d (1)
(ci@ﬂ(p"l’e))bl B p?A) '

Moreover,
Wy(1) = E[(X = 1)(Xp(A) — E [X1ixeay])] = p(AE[X(X = 1)]+(1-E[X]))E [X11xea] -

In particular, we deduce from this last expression that 2/y(1) > 0 if E[X] < 1. This ends
the proof of the first part of the lemma.

Let us assume that 0 € A. We set I'(A) = E [X1(xca] /p(A). If E[X] = u(p) > 1,
notice that 2/4(1)/p(A) is minimal when I'(A) is maximal. We have for k£ ¢ A:

p(k)
I'(AU{k}) - T(A) saun * I'(A)).

By induction, this implies that I'(A U {j;j5 > k}) > I'(A) as soon as k > I'(A) as well as
F'(An({j;4 >k} u{0})) <T(A) as soon as k < I'(A). Therefore, we have that I'(A4) is
maximal (for all subsets A of IN containing 0) for A of the form A,, = {0} U {k; k > n}.

By considering h/y (1) — h/y (1), it is then easy to check that the function n +
h'y, (1) is first non-decreasing and then non-increasing. Since h/y (1) and /4 (1) are
positive, we get that A/, (1) is positive for all n € IN and thus h/y(1) is positive. This
ends the proof of the second part of the lemma. O

Let us consider the equation on 1 4:

w(pap) = 1. (5.6)

Lemma 5.2. Let p be a distribution on N satisfying (1.1) and A C IN such that p(A) > 0.
Equation (5.6) has at most one solution in I 4. If there is no solution to Equation (5.6),
then we have u(p) < 1, 6% belongs to I 4 and /L(p_A’gj‘) <1

EJP 19 (2014), paper 56. ejp.ejpecp.org
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The (unique) solution of (5.6) in 14, if it exists, is denoted 6¢. Notice that PA0< is
critical.

Proof. Lemma 5.1 directly implies that Equation (5.6) has at most one solution.

If 0 € A, then we have infr, u(pae) = p(1)1y1eacy < 1. If 0 € A, then set ¢ =
min/4 € (0,1). Notice that c4(q) = 0 and E [¢¥1{xcac}| = ¢. Use that the function
0 — E[0X1{xecacy] is convex and less than the identity map on (¢,1] to deduce that
E [X¢¥ '1{xc.acy] is strictly less than 1. Then use (5.4) to deduce that:

i ppae) =E[Xq" M ixean] <1.

In conclusion, we deduce that inf;, u(pae) < 1. Hence, if u(p) > 1 then Equation (5.6)
has at least one solution.
From what precedes, if there is no solution to Equation (5.6), this implies that u(p) <
1 and thus:
/J,(pA,e) <1 forallfely. (5.7)

We only need to consider the case 6% > 1. Since 0% < p(p), we have p(p) > 1. Since
wu(p) < 1, the interval J = {6;¢(f) < 0} is non-empty and infJ = 1. On J N1y, we
deduce from (1.3) that 6c4(f) > 1 and then from (5.4) that u(pae) > ¢'(6) and thus

g'(9) < 1. Notice that this implies that 4 ()(1,+o0) is a subset of J the closure of J.
The properties on g imply that J = {6; g(#) < 0}. This clearly implies that (5.1) holds for
0% thatis 0% € I 4. Then conclude using (5.7). O

We give the definition of a non-generic distribution which generalizes Definition 4.1.

Definition 5.3. Let p be a distribution on IN satisfying (1.1) and A C IN such that
p(A) > 0. If Equation (5.6) has a (unique) solution in I 4, then p is called generic for A.
If Equation (5.6) has no solution, then p is called non-generic for A.

In the next lemma, we write p for p(p).
Lemma 5.4. Let p be a distribution on N satisfying (1.1) such that u(p) < 1.

- If p=+o00 or (p < +o0 and ¢'(p) > 1), then p is generic for any A C IN such that
p(A) > 0.
- Ifp =1 (and thus ¢'(1) < 1), then p is non-generic for all A C N such that p(A) > 0.

- If1 < p < +oo and ¢'(p) < 1 (and thus g(p) < p), then p is non-generic for {0} and
p is generic for {k} for all k large enough and such that p(k) > 0. Furthermore p
is non-generic for A C IN (with p(A) > 0) if and only if:

B[y|y e 4] < 2=090).
p—9(p)

withY distributed as pw ,, thatis E[f(Y)] = E[f(X)p™]/g(p) for every non-negative
measurable function f. We also have 6% = p.

Remark 5.5. We give some consequences and remarks related to the previous Lemma.

1. If p is generic for {0} then it is generic for all A C IN with p(A4) > 0.

2. If A and B are disjoint subsets of IN such that p(.A) > 0 and p(B) > 0, then if p is
non-generic for A and for B then it is non-generic for A|J B.

3. If A and B are disjoint subsets of IN such that p(A) > 0 and p(B) > 0, then if p is
generic for A and for B then it is generic for A|JB.

4. Assume p(p) > 1 and A C B with p(B) > p(A) > 0.

EJP 19 (2014), paper 56. ejp.ejpecp.org
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* Then p non-generic for A does not imply in general that p is non-generic for
B. (See case (6) below with A = {0} and B = IN.)

* Then p non-generic for B does not imply in general that p is non-generic for
A. (Let p satisfying (1.1) be such that p(p) > 1 and p non-generic for B = IN.
Then, according to Lemma 5.4, there exists k large enough such that p(k) > 0
and p is generic for A = {k}.)

5. Let Y be as in the last statement of Lemma 5.4. According to the second part of
the proof of Lemma 5.1, we get that there exists ny € IN* such that:

sup E[Y|Y e A|=E[Y|Y € 4,,],

A30
with A,, = {0} U {k;k > n}. In particular, if p is non-generic for A,, then it is
non-generic for all A containing 0.

6. Let G be a generating function with radius of convergence pg = 1. Let ¢ € (0,1).
Let p be the distribution with generating function:

The radius of convergence of g is thus p = 1/c and we have:

gn,p(2) = G(2) and  ggoy,,(2) = Cg((g) Tl GEC)'

Therefore, we have:

cG'(1)
G(c)

gn,(1) =G'(1) and gy (1) =

If G’(1) = 1, then we have G(c) > c. This implies g, ,(1) < gy ,(1) = 1. Thus p is
generic for IN but non generic for {0}.

Proof. For A C IN such that p(.A) > 0 and 6 € I 4, notice that:

0 —g(0)
0

, . E [X0¥11xea)
(-0 th G(0) = . (5.8)
(= (0) with Ga(8) = ST

pw(pae) —1=Ga(0)

If p = 400 or p < 400 and ¢'(p) > 1, then there exists ¢ > 1 finite such that ¢'(¢) =1
which implies that ¢ satisfies (5.1). We also have ¢(q) < ¢. This implies, thanks to (5.8),
that u(p.a,q) > 1. Therefore, p is generic for A.

If p < +oo and ¢'(p) < 1, then we have g(p) < p and p satisfies (5.1). This implies that
0% = p € 14. According to Lemma 5.2, p is non-generic for A if and only if p(p4,,) < 1
that is, using (5.8):

p—rg'(p)
Galp) < —————=
(®) p—9(p)

We have Gy (p) = 0 and thus p is non-generic for {0}. For & such that p(k) > 0, we have
Giry(p) = k and thus p is generic for k large enough such that p(k) > 0. To conclude,
notice that G4(p) = E[Y|Y € A]. O

6 Vertices with a given number of children I: case 0 € A

Assume 0 € A C IN and A # IN. Assume that p satisfies (1.1), u(p) < 1. We prove
Theorem 1.3 for p non-generic for A.
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In what follows, we denote by X a random variable distributed according to p. We
consider only P(X € A) < 1, as the case P(X € A) = 1 corresponds to .A = IN of Section
4. For t € Ty, we set L4(t) = {u € t,k,(t) € A} the set of nodes whose number of
children belongs to A and define L 4(t) = Card (L A(t)).

For a tree t € Ty, following [15, 18], we can map the set L 4(t) onto a tree tA.
We first define a map ¢ from L£4(t) on I and a sequence (ty)i<k<, Of trees (where
n = L4(t)) as follows. Recall that we denote by < the lexicographic order on U{. Let
ul < -+ < u" be the ordered elements of £ 4(t).

© out) =0, t1 = {0}.

» For1 <k <n, set w® = MRCA({u*~!,4*}) the most recent common ancestor of
u*~! and v* and recall that S« (t) denotes the tree above w*. We set s = {w*u,u €
S+ the sub-tree above w* and v = min(L 4(s)). Then, we set

¢(uk) = ¢(v)(kq§(v) (tkfl) + 1)

the concatenation of the node ¢(v) with the integer ky(,)(tx—1) + 1, and
tr = te1 U{o(u")}.

In other words, ¢(u*) is a child of ¢(v) in t, and we add it “on the right” of the
other children (if any) of ¢(v) in the previous tree t;_; to get ty.

It is clear by construction that t;, is a tree for every k < n. We set t* = t,,. Then ¢ is
a one-to-one map from £ 4(t) onto t**. The construction of the tree t* is illustrated on
Figure 1. Notice that L 4(t) is just the total progeny of t.

Figure 1: left: a tree t, right: the tree t* for A = {0, 2}

If 7 is a GW tree with offspring distribution p, the tree 7 associated with £ A(T)
is then, according to [18] Theorem 6 (for the particular case 0 € A), a GW tree whose
offspring distribution p* is defined as follows. Let N, Y and (Y}, k € IN) be independent
random variables such that NV is geometric with parameter p(A), Y is distributed as X
conditionally on {X € A} and (Y}, k € IN) are independent random variables distributed
as X — 1 conditionally on {X € A°}. We set:

N-1
XA=Y"y+Y", (6.1)
k=1

with the convention that ), = 0. Then p* is the distribution of XA, Let g denote its
generating function:
zIE [ZXI{XeA}]

A = .
g (Z) z—E[zXI{XEAc}]

(6.2)
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An elementary computation gives:

1 — pu(p) A 1

——== and g¢g7(0) = . (6.3)
P4 O =)

We recover that if 7 is critical (u(p) = 1) then 7 is critical as u(p™) = 1, see also [18]

Lemma 6. Notice in particular that for all £ € A:

p(p™) =1-

pA(k)=P(XA=k)>P(N=1,Y"=k) = p(k), (6.4)
and for k € A°:
prk—1)=P(XA=k-1)>P(N=2Y=k—1,Y"=0) = p0)p(k). (6.5)

Lemma 6.1. Assume that p satisfies (1.1), u(p) < 1. Then p* satisfies (1.1), u(p™) < 1
and p(p*) = p(p) if p(p) = 1 orif p(p) > 1 and ¢'(p(p)) < 1.
Proof. First, (6.4) implies that p*(0) > p(0). Direct computation from (6.2) implies:
1
(I =p(1)1pieacy)

If 1 € A, using (1.1) we get:

p(0)+p*(1) = 5 (P0)(1 = p(D1g1caey) + (1) 11eay + p(0)p(2)1(2eac}) -

p(0) + p™ (1) < p(0) + p(1) + p(0)p(2) < 1.

If 1 € A°, using (1.1) we get:

p 0+ 4(0) £ s (001 = p(1) +2(0)(1 = 5(0) — p(1)
< e (PO = (1) + (1= (1)1 = p(0) ~p(1))
=1

We deduce that p* satisfies (1.1).

Equation (6.3) with p(p) < 1 implies directly u(p?) < 1.

Let p4 be the radius of convergence of the series given by & [zX 1ixe A}] and p4- be
the radius of convergence of the series given by | [zX 1{X€Ac}] . We get that min(p 4, pac) =
p(p). Using (6.1), we get:

’ 1" 1
g(z) > P(N =2)E {zyl} E [zy } = E [2*1{xca}| E [z 1{xeca] -

This implies that p(p) < p(p). In particular, we get that p(p?) = 1if p(p) = 1. If p(p) > 1
and ¢’'(p(p)) < 1, then we have g(p(p)) < p(p) and (6.2) is well defined for z = p(p). This
implies p(p™) > p(p) and thus p(p™) = p(p). O

6.1 The case p(p) =1
We state now the main result of this section.

Theorem 6.2. Assume that p satisfies (1.1), u(p) < 1 and p(p) = 1. We have that:

dist (7| La(7) =n) == dist (7*(p)), (6.6)

where the limit is understood along the infinite sub-sequence {n € N*; P(L4(7) =n) >
0}, as well as
dist (7 | La(r) >n) — dist (7%(p)). (6.7)

n—-+o0o
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Proof. For simplicity, we shall assume that p* is aperiodic. The adaptation to the peri-
odic case is left to the reader. We define for j € IN and n > 2:

n;=n— 1{j€.A}~ (6.8)
Letk € N, t € T, z € t, £ = ky(t) and m = [t — Li,er, (1)} We have:
P(r € Ty(t,2,k), La(r) =n) =D(t,x) D> p()Pj—e(Im| =nj —m).
j>max({+1,k)

Let (X,,n € IN*) be independent random variables taking values in IN with distribu-
tion pA and set S,, = ZZ:1 X}. According to Dwass formula (4.3), we have:

j—t

n; —m

ije( |7—A| =n; — m) = IP(Snjfm. =n; —m —j +1€)

Let 7, be distributed as 7 conditionally on {L4(7) = n}. Then we have, using the
definition of 614 and 6> in (8.6) and (8.7):

. a4
P(7, € To(t,2,k)) = D(t,2) > pG)n n] “m
j>max(£+1,k) J
]P(S'ﬂjfm =n;—m _j _;,_g)
IP(Sn =n— 1)
:D(t,x) n IE)(Sn*m :n—m)

n—m P(S,=n-1)
(&»ﬁn(max(e F1,K),0) — 0604 (max(f+ 1, k), e)) :

n—m

Then use the generalizations of the strong ratio limit properties (8.2), (8.9) and
(8.10) to get that:

lim ]P(Tn € T+(t,$,k)) = D(t,l‘) 1- ,u(p) + Z (.] - f)p(])

n—-+oo
j>max(€,k)

Thanks to (3.2), we get:

EIE IP(T’rL € T+(t,]}, k)) = P(T*(p) € T+(t7x7 k))
Then use Lemma 2.2 to get (6.6). Since dist (7 | L4(7) > n) is a mixture of dist (7 |
L () = k) for k > n, we deduce that (6.7) holds. O

6.2 The case p(p) > 1

We consider the case p non-generic for A with p(p) > 1. In particular, we have
g (p(p)) < 1 and g(p(p)) < p(p) thanks to Lemma 5.4. Recall the offspring distribution
pa,p defined by (1.2). Notice that the normalizing constant c4(6) is given by:

X
eal6) = 0 —FE[051xeacy] _ 1 (6.9)
0IE [GX]-{XEA}] gA(H)

Notice that p41 = p. Since p(p) is also the radius of convergence of g*, see Lemma
6.1, we deduce that p4 ¢ is well defined for 6 € [0, p(p)] and 6% = p(p). Let g4, be the
generating function of p 4 4.

According to [11] if A = {0} and Proposition 5.5 in [1] for the general setting, if
TA,9 denotes a GW tree with offspring distribution p4 ¢, then the distribution of 7.4 ¢
conditionally on L 4(7.4,¢) does not depend on 6 € [0, p(p)].
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Remark 6.3. It is easy to check that:

(ga0)™ (2) = = (9" o (2)- (6.10)

The distribution of 74, is the distribution of 7 “shifted” by ¢ such that the conditional
distribution given the number of vertices having a number of children in A is the same.
Then, according to (6.10), the tree (7. A,Q)A of vertices having a number of children in A
associated with 74 ¢ is distributed as the distribution of 7 “shifted” by # such that the
conditional distribution given the total number of vertices is the same.

The proof of the following corollary is similar to the one of Corollary 4.4.

Corollary 6.4. Assume that p satisfies (1.1) and is non-generic for A. Let p’y = pa p(p)-
We have that:

dist (7| La(r) =n) — dist (7" (p})),

n—-+oo

where the limit is understood along the infinite sub-sequence {n € IN*; P(L 4(7) =n) >
0}, as well as

dist (7 | La(r) >n) — dist (7*(p})).

n—-+4oo

This result with Proposition 4.6 and Corollary 5.7 in [1] ends the proof of Theorem
1.3 for the case 0 € A, and gives a complete description of the asymptotic distribution
of critical and sub-critical GW trees conditioned to have a large number vertices with
given number of children.

7 Vertices with a given number of children II: case 0 € A

Let A C IN. We assume in this section that 0 ¢ A and p(.A) > 0. We prove Theorem
1.3 for p non-generic for A. Notice we follow the spirit of the case 0 € A.

7.1 Setting and notations

Although the construction of the previous section also holds in that case with a
different offspring distribution, we failed to get analogues to formulas (6.4) and (6.5)
which are crucially used in the proof of Lemma 8.4 . Therefore, we prefer to map £.4(7)
onto a forest F4(7) of independent GW trees. Let us describe this map.

Let t € Ty. We define a map ¢ from L 4(t) into the set U,,>1 T§ of forests of finite
trees as follows.

First, for u € t we define S;*(t) the sub-tree rooted at u with no progeny in A by
SAt) = {w € uS,(t), Ay NASNLA(L) = 0}.

For u € t, we define C;\(t) as the leaves of S;7:(t) that belong to A.
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Figure 2: The sub-tree Si'(t) in bold for A = {3}, and the elements of C{*(t).

We set
5 (1) = {S@“(t) ?f@ & Loa(t)
{0y if0 e Lalt)

and we set Cj(t) the set of leaves of Sz'(t) that belong to £4(t).

Let Ny(t) = Card (C‘é“(t)) Then the range of ¢ belongs to ’Jl“év“’(t). Moreover if
up <up <--- <ug, ) are the elements of Cy\(t) ranked in lexicographic order, we set
for every 1 <14 < Ny(t)

H(us) = 0"
where () denotes the root of the i-th tree in ']I‘év@(t). 3
We then construct ¢ recursively: if u € £4(t) and ¢(u) = v(?) (which is an element

of the i-th tree), then we denote by u; < --- < uy the elements of C;'(t) ranked in
lexicographic order and we set for 1 < j < k

d(uz) = vj .

Finally, we set F4(t) = &(t).

1 4

Figure 3: A tree t and the forest F4(t) for A = {3}.

Let 7 be a Galton-Watson tree with offspring distribution p. Let us describe the

distribution of F4(7).
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We define the offspring distribution p by

{ﬁ(k) = p(F)1{keaey fork>1,
p(0) = p(0) + p(A).

Then 564(7’) is distributed as a (sub-critical) GW tree with offspring distribution p. In
particular, if we denote by L the number of leaves of Sé“(T), then we have

p(0) + p(A)
— E[X1;xeca]

E[L] =

where X is a random variable distributed according to p. Moreover, conditionally
given L, the random variable N := Ny(7) has a binomial distribution with parameter

(L,p(A)/(p(0) + p(A))).

In that case, let X be the random variable

Z/
AZSTN, (7.1)
k=1

where Z' is distributed as X conditionally given {X € A} and (N, k € IN) is a sequence
of independent random variables, independent of Z’, and distributed as N. We denote
by p* the law of XA. Then the forest F A(7) is distributed as N independent GW trees
with offspring distribution p-.

Lemma 7.1. Assume that p statisfies (1.1), u(p) < 1. Then p* satisfies (1.1), u(p?) < 1
and p(p*) = 1 if p(p) = 1.

Proof. Assume that p statisfies (1.1), u(p) < 1. Elementary computation gives:

E[XA}: B[Xlixea]
1— B [X1(xca]

Since u(p) < 1, we get u(p?) < 1.
Let k € A such that p(k) > 0. We have:

A k
70) > B p(n = 0)F > 0.
(0) > ZEHPUV =0)
If p(AN{1}¢) > 0, then choose k > 1, k € A such that p(k) > 0. we have
pAk) > ((’“))IP(N =1F>0

If p(AN {1}¢) = 0, then X+ is distributed as N. Furthermore P(L > 1) > 1 as p satisfies
(1.1). Therefore, we have P(XA = 2) = P(N = 2) > 0. We deduce that p* satisfies
(1.1).

Let g be the generating function of X4. Set ¢(z) = (p(0) 4+ p(A)z)/(p(0) + p(A)).
For z > 1, we have ¢(z) > 1 and:

i) =E[B[0()")”] =~ B[E [0 Lxew]

1
>——F [IE [o(2)X 1 xeany] 1{XeA}} ,

~ p(A)
where we used that L is stochastically larger than X1;xc 4c} in the inequality. Since
p(p) = 1, we deduce that §**(z) = 4oc. This implies p(p*) = 1. 0
EJP 19 (2014), paper 56. ejp.ejpecp.org
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7.2 Main result

We recall that L 4(7) is aperiodic since 0 ¢ A, see the proof of Theorem 5.1 in [1].

Theorem 7.2. Assume that p satisfies (1.1) and p(p) < 1 and p(p) = 1. We have that:

dist (7| La(7) =n) = dist (7*(p)), (7.2)
as well as
dist (7 | La(r) >n) 7, dist (7*(p)). (7.3)

Proof. It is enough to prove that forallt € Ty, x € t and k£ € IN:

lim P(r e T, (t,z,k) ‘ La(r)=n)=P (7" (p) € T, (t,x,k)). (7.4)

n——+o0o

Set My =0and M,, = ), _, Nj forn € N*. Let m = La(t) — 1, (t)ca} and £ = k,(t).
Recall (6.8). We have
P(r € T, (6,2, K), La(r) =)
=D(t,z) Y. pli)Pj_e(La(r) =n; —m)

j>max(¢+1,k)

—D(ta) S p()

j>max(£+1,k)

j—4
mE {Nl{sn’j7m+Mj71,[+N=nj—m}:| )

where we used Dwass formula (4.3) for the last equality where S,, = ZZ=1 X} with
(X1, k € N*) independent random variables distributed as X#, see also (8.16). In par-
ticular, we have, using the definition of B,,_,, ¢ in (8.17),

k—1
P(r € Ty(t,2,k) La(r)=n)=D(t,2) | Bume— Y p()G =0 an-mj|, (7.5
J=0+1
with:
n E |:N1{Sw,j+Mj—1—l+N:nj}]
n; E [N1(s,1N=n)]

Notice that Lemma 8.6 implies that lim,,_, ;- a, ; = 1. Then use Lemma 8.9 to get:

n,j =

lim P(r € To(t,2,k)|La(t) =n) =D(t,2) 1 —(+E[(X —0)41{x>1}])

n—-+oo

=P(r"(p) € T4 (t,x,k)).
This ends the proof. O
Using Lemma 7.1, we easily get the following Corollary.

Corollary 7.3. Assume that p satisfies (1.1), is non-generic for A. Let p’y = p ). We
have that:
dist (7 | La(t)=n) — dist (77(p%)),

n—-+4oo
as well as
dist (7| La(r) >n) — dist (7*(p}))-

n—4oo

This result with Proposition 4.6 and Corollary 5.7 in [1] for the generic case ends
the proof of Theorem 1.3 for 0 ¢ A and gives a complete description of the asymptotic
distribution of critical and sub-critical GW trees conditioned to have a large population.
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8 Appendix

8.1 Strong ratio limit property

Let (X,,,n € IN) be independent random variables taking values in IN with distribu-
tion p = (p(k), k € IN). We assume that:

p(p) = 1 or (u(p) < 1 and, forall § > 0, E [e"**] = +o0). (8.1)

Remark 8.1. Notice that if p(p) = 1, then we have E [e’X1] = +o0 for every positive 6.
Let S, = 22:1 X). We assume that p is aperiodic (that is P(S,, = n) > 0 for all
n large enough). According to [10] or [16], we have the following strong ratio limit
property for all m, k € Z:
. P(Sh—m=n—k)
lim
n—-+o0 P(S, =n)

We deduce the following corollary. Recall the definition of 52 and 5,11 of (4.4) and (4.5).

=1 (8.2)

Corollary 8.2. Assume that p satisfies (8.1) and is aperiodic. For all k € Z and { € IN,

we have: .
dim 87k, 0) ;p (8.3)
and
im 85 (k. £) =1 p(p) + ;fjp(j). (8.4)
1=z

Proof. Since P(S,41=n+{)= Zjele(j) P(S, =n+ ¢ —j), we have:

0 _ +1 =
o) = =g — Zp (S, _n>

Then use (8.2) to get (8.3).
Notice that, by exchangeability:

n+/{

ij S =n+ f— ]) E I:XI]-{SW,+1:”+€}:| =
JEN

Thus we have:

61(k£):n+€IP(Sn+1—n+Z Z]p P(S, =n+l—j)

n+1 P(S,=n) = P(S, =n)
Then use (8.2) to get:
im0 (k0 =1 - ;yp(J)
Since 1 =3, _,jp(j) =1 — plp) +>_,5,7p(j), this gives (8.4). O

We end this Section with a generalization of the strong ratio limit property.

Lemma 8.3. Assume that p satisfies (8.1) and is aperiodic. Let N be an integer valued
random variable independent of (X,,n € IN) such that 0 < E[N] < +oco. Then for all
m, k € 7, we have:

lim E[N1s, .+N=n—k}]

1 (8.5)
n—+4o00 E [N1{5n+N:n}]

Note that if p is periodic, then (8.5) still holds along the sub-sequence for which the
denominator is positive.
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Proof. We shall mimic the proof of the strong ratio limit property provided in [16]. Since
p is aperiodic, the denominator of (8.5) is positive for n large enough and it is enough
to prove the result for m = 1 and k such that p(k) > 0. Denote p, (k) = > ;" | Lix,—x} /7.
We have:

E [Npn(k)1(s,+n=n}] = E [N1{x, =} 1(s,+n=n}] = P(F)E [N1l{s, \4N=n—k}]-

Therefore, we have

E[Nls, in=n-t}] B [Np (k)1gs,n=n)] ,
E [N1(s,+N=n}] p(k)E [N1(s, + N=n}]
_ E[NIpa(k) = p(k)[1is, ¢ nn)]
B p(k)E [N1gs, o n=n}]
<& BN 09 —pl>er L (suN=ny]
~ p(k) p(B)E [N1(s, { N=n)]

for every € > 0.
The proof will be complete as soon as we prove that:

E [N1jp, (6)-p(o) >} LS+ N=n}]
E [N1lis, {N=n}]

I =

converges to 0 for all € > 0. Notice that:

E [N1(jp,()-ptl>e}] _ P(Pa(k) = p(k)| > &) E[NP(S, =n)
E [Nl{SnJ’,N:n}} ]P(Sn = n) E [N]-{S,L+N:n}]

In <

According to [7], Eq. (11.15), or to [16], end of page 2954, we have lim,, 1, P(|pn (k) —
p(k)| > €)/P(S, = n) = 0. By Fatou and using the strong ratio limit property, we have:

E[N|P(S, =
lim sup [NIP(S n) <1.
n—-+o0o E [Nl{Sn+N:n}]
Since € > 0 is arbitrary, we deduce that lim,,_, ;- J, = 0. O

8.2 Generalization of the strong ratio limit property I

Assume that p satisfies (8.1) and is aperiodic. Let X be a random variable taking
values in IN with distribution p. Recall that g denotes the generating function of p.
Let A C N such that 0 € A. Let p be the distribution on IN with generating function
A given by (6.2) and X distributed according to p*. Recall pu(p*) is given by (6.3). In
particular u(p) = 1 (resp. u(p) < 1) implies u(p™) = 1 (resp. u(p?) < 1). And from the
proof of Lemma 6.1, we get that E [¢’X ] = +o0 for all § > 0 implies that E [e’X4] = +00
for all 6 > 0.

Let (X,,n € IN) be independent random variables, independent of X, taking values
in IN with distribution p“. Let S,, = >__, X;. We assume that p* is aperiodic (that is
P(S,, = n) > 0 for all n large enough). In particular the strong ratio limit property (8.2)
holds as well as (8.3) and (8.4) hold with p replaced by p*.

Recall (6.8), thatisn; =n — 1iicay, and let:

69 A(k, 0) = Zp ny, =1+ 0= j) (8.6)

]>k
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and
0, (k, 0) = Sn — Z]p S, =5+~ j). (8.7)

We stress that in (4.4) and (4.5), (Sn,n € IN) is a random walk with increments dis-
tributed according to p; whereas in (8.6) and (8.7), (S,,n € IN) is a random walk with
increments distributed according to p*.

Lemma 8.4. Assume that p satisfies (8.1) and pA is aperiodic. For allk € Z and / € IN,

we have:
E | =1ix4s, =nx+0)
lim X X } -1, (8.8)
n—-+oo (S :n)
dim S (k, 0) = p(4) (8.9)
j>k
and
1,A _ "
im0 Ak, £) = 1= p(p) + D jp())- (8.10)

Jizk

Proof. We define: )
L P(Sy,=nyt—j)n
n = g

as well as

o P(Sp1=n+l—j—1) pAG—-1)P(S,=n+L—}7)
e T R =

with the convention that p(—1) = 0. Notice that, as u(p) < 1, we have p(0) > 0.

Thanks to Lemma 6.1, p* satisfies (8.1). Using the strong ratio limit property (that is
(8.2) with p instead of p), we have lim,,_, ;o a,(j) = p(j) and lim, o b, (j) = p(j) +
pA(5 — 1)/p(0). We have:

N PSS, =n+l-1) 1 P(Spp1=n+l+1)
200 =G = Tho PE.=n)

JEN
We deduce from the strong ratio limit property (that is (8.2) with p* instead of p) that:

. . 1
Jim D ba() =14 25 =D lim b
JEN jeEN

Then use (6.4) and (6.5) to get that a,(j) < 2b,(j) for n > 2. Then use the dominated
convergence theorem (see Theorem 1.21 in [9]) to get that:

i )= 3 ) =1
J

JEN

Notice that ), nan(j) = E [%1{X+Snxznx+g}} /P(S, = n) to deduce that (8.8)

holds. Since 694 (k, () = > j>k an(J), the proof of (8.9) is then similar to the proof of
(8.3).

Set ¢, (¢) = 6.4(0,¢) that is:

E |- X1(xts,, =nx +e}}

n 0) =

en(f) P(S, =n)

According to Lemma 8.5 below, (8.2) and (8.8), we have that lim,_, 1, ¢,(¢) = 1 for all
{ € Z. Then arguing as in the proof of (8.4), we easily get (8.10). O
EJP 19 (2014), paper 56. ejp.ejpecp.org

Page 24/29


http://dx.doi.org/10.1214/EJP.v19-3164
http://ejp.ejpecp.org/

Conditioned Galton-Watson trees

Lemma 8.5. Foralll € Z, n > 2, we have:

n n
E nXXl{anX_nXH}} = (E [nXl{anX_an}] —(l=DP(Sp =n+l-1).
(8.11)

Proof. We first prove (8.11) for / < 0. Let £ > 1. By decomposing according to the
number of children of the root of the first tree in the forest, we have:

Pi(|r =n) = > p())Pjr—1(Im4] = ny),
JEN

with the convention that Pg(-) = 0. Then using Dwass formula (4.3) in each side of this
equality, we get:

k]P(Sn:n—k):E[n

e (X +k—-1Dlxys, _nXk+1}:| .

Take { =1 — k to get that (8.11) holds for £ < 0.

Unfortunately, we didn’t get a similar proof for £ > 1 and we prove (8.11) for ¢ > 1
by induction. Let £ > 0. Assume that (8.11) holds for all ¢ < ¢ and all n > 2, and let us
prove it holds for ¢ + 1 and all n > 2. We have:

n+1 nx —n
e R T R
(8.12)
with
n
Ar=E [nx Xl{X+SnX+1—nx+l+l}:| .
Using (8.11), we have:
ZP [ XX 48, =nxt+1+i- J}:l

jeN

n
=p(0)E {nx X1ix+s,, _nx+1+f}]
n . .
+ Z p ( (+1-j)E |:nX1{X+SnX_nX+Z+1—j}:| —(l=)P(Sn=n+{— J)) :
jeN~

So we have:
Ar =pM0)As + A3 — E [(6 — X1) 15, \=ntey] - (8.13)

with
n n
Ay =E o X1ixys, =nxt+1+ep| — ((+1E El{XJrSnX —nx+e+1}| TLP(Sp =n+ 1)

(8.14)
and

n
Ay =E [(f +1- Xl)nX]'{X+SnX+1—nx+f+1}:| .

We compute the last term of (8.13). We have:

(6 = D)P(Sp41 =n+0).

n+1

Sh
E [(6 N Xl)l{SnJrl:n-‘rf}] =K |:<f — +1 > 1{5’n+1=n+€}:| - n+1
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We compute As:

Sh n
As =TFE [(64— 1-— X+1> 1{X+Snx+1—nx+f+1}:|

nx +1/) nx
nx+14+4—X\ n
_ gE n 1 E n X
B Ny + 17 X Snxa=nxttl) * nx(nx +1) Lx S, i=nx+e+1} | -

Plugging the result in (8.12), we get:

n+1
E |:nX +1 Xl{X+Sn,X+1—nx+1+f}:|

n
= p™(0)Az + (E [Wl{x+snx+1=nx +e+1}]

n
n+1

(6 = D)P(Spys =n+0).

+IE[
nx +1

Xl{X+S”X+1—nx+l+€}:| -

We obtain, using that (n + 1)x = nx + 1 and (8.11) with n + 1 instead of n:

A _on n+1 In n+1
P (0)Az = — 1]E [nx+l Xl{x+snx+1—nx+1+e}} by ml{x+sﬂ,x+1:nx+z+1}
n
— (- 1)P(S;4+1 = /
+n+1( JP(Snt1=n+1)
=0.

Recall (8.14). The fact that Ay = 0 gives exactly that (8.11) holds with ¢ replaced by
¢ + 1. This proves the induction and ends the proof of the lemma. O

8.3 Generalization of the strong ratio limit property II

We use notations from Sections 7.1 and 7.2, see in particular (7.1) and thereafter for
the definitions of X4, p* and N. We assume that (N, k € IN*) are independent random
variables distributed as N, (X, k € IN*) are independent random variables distributed
as X’A, and that the two sequences are independent. Let My = 0, Sy = 0 and for n € IN*:

M, = iNk, S, = Zn:Xk.
k=1 k=1

We have the following result.

Lemma 8.6. Assume jp* is aperiodic, with u(p*) < 1 and p(p*) = 1. Letm € IN and
k € Z, we have:

lim E [N1(s, ¢ N+ M, =n—k})

=1
norfeo I [N]'{Sn'i‘N:”}}

Proof. Let

E [N].{Sn-t,-Nzn—f—k’}]
E[Nl(s,in=n}]

Denote by ¢ = (¢(£),¢ € IN) the distribution of M}, and by r = (r(£), ¢ € IN) the distribu-
tion of S,,,. We have, thanks to Lemma 8.3, that lim,,_, { o ¢,¢ = 1 and:

Cnyt =

E[N1s,pnin=n—i] _ _ N0

lim r(0)cpe = lim lim cpp.
n——+oo P n—-+oo E [Nl{sn,"!‘N:”}] P n——+oo
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Let jo such that P(X; = jo) > 0. Notice that:

We deduce that there exists ¢ > 0 such that ¢(¢) < Cr(¢) for all £ € N. By domi-
nated convergence (see Theorem 1.21 in [9]), we deduce that lim, o0 > ey 4(€)Cn,e =

D ren q(0) limy, sy o cp g = 1. O

Let py be the distribution of N. We have, using the decomposition of the GW tree
with respect to the descendants of () in 7 4(7) and Dwass formula (4.3):

1
P(La =Y ()P =) = ~E [Nlgs,1non]. (8.15)
jeN

More generally, we have

) .
Pj(La(r)=n)=—E (M1, n,=n}] = JE [N1(s, 10, +N=n}] » (8.16)

with N independent of S, and M;_;.
We set for ¢ € Z:

n E [Nl{snj+Mj,1fz+N="j}]

Bue=) p(j)J—10)—
' ; K E [N1{s, +n=n}]

(8.17)

The next lemma is the analogue of Lemma 8.5 in our current setting.

Lemma 8.7. Assume p* is aperiodic, with j(p*) < 1 and p(p*) = 1. For ¢ < 0, we have
limy s+ o0 By =1 — .

Proof. Recall that E [N1g, (n—n}| = nP(La(r) = n). Let k > 0. By decomposing 7
under Py, with respect to the number of children of the first tree in the forest, we get:

Py (La(r Zp JBits (Lalr) =)
JeN
= Z [Nl{Snj +Mk+j—1+N:”j}:|
JjeN

1
= an_kﬁ]E [Nl{sn“!‘N:”}] :
Then use (8.16) and Lemma 8.6 to deduce that:

nIPk+1(LA(T> = ’I’L)

= k + 1.
n—1>r-&I-100 E [Nl{s,"+N:n}}

This gives the lemma. O

In order to extend Lemma 8.7 in a weaker form for ¢/ > 0, we give a preliminary
lemma. Setfor{ >k, £,k € Z:

n

Cre(k) =E - N(X = 0)41(s,  +Mx 4 1+N=nx}
Notice that for ¢ € Z:
Cn’g(g) = an’gIP(LA(T) = TL) (8.18)
We define z; = max(z, 0).
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Lemma 8.8. Assume p* is aperiodic, with j(p*) < 1 and p(p*) = 1. We have for k € Z

such that k < ¢:
Gn,[(k)

I =
n—to0 Cp o(0)

Proof. Notice that nN(X — ¢);/nx is integrable. Mimicking the proof of Lemma 8.3
and using that nx takes only two possible values a.s., we get for m, k € Z:

I {%N(X - E)Jrl{SnX_m+ZVIx,1,g+N:nx—k}:| .

lirf
n——+0oo 13
E {EN(X - 5)+1{snx+MX7H+N:nX}}

Then mimicking the proof of Lemma 8.6, we get for m € N and k € Z:

E [%N(X = O)41(s, +Mx 1 i m+N=nx —k}}

lirf =1.
n—-+0oo n
E {@N(X - f)+1{5,,LX+MX,1,£+N:nX}}
Then take m = £ — k > 0 to get the result. O

Lemma 8.9. Assume p* is aperiodic, with u(ﬁA) < 1and p(ﬁA) = 1. For ¢ > 0, we have:

lim Buy=1—-p+E[(X-0),].

n—-+oo

Proof. Let ¢ > —1. We have:

0—1
N n

Cn,e(—l) = Cn,o(—l) - ZP(J)(] -0OE [n Nl{snj+Mj+N—nj}}
=0 ’

n
—IE |:nXN1{S"x+MX+N_”X}:| . (8.19)

with the convention that 20 = 0. Recall that lim,, , ;o By,—1 =2 and lim,,, o Bro =1,
thanks to Lemma 8.7 and thus (8.18) implies that:

Cn,—1(=1) ~ 2E [N1(g, y N=pn}]| and Cpo(0) ~ E [N1g, {non}]-

We deduce from Lemma 8.8 that

Coo(=1) . Cuo(=1)

li =1.
n—1>I-|I-100 E [N1{5'71+N:n}] n—-+00 Cn,O(O)

We deduce from (8.19) with ¢ = —1 and Lemma 8.6 that:

E [%Nl{snx +MX+N:nx}] i ©20)

lim
=400 E [Nl{SnJrN:n}]

Let ¢ > 1. We deduce from (8.19) with ¢ > 1, (8.18), (8.15), Lemma 8.6 and (8.20)
that:

/—1
i Bne =1= 3 p(i) =0 = (=1 BIX - 0],
J:
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