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Abstract

We prove an invariance principle for Brownian motion in Gaussian or Poissonian ran-
dom scenery by the method of characteristic functions. Annealed asymptotic limits
are derived in all dimensions, with a focus on the case of dimension d = 2, which is
the main new contribution of the paper.
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1 Introduction

In this paper, we study the asymptotic distributions of random processes of the form
fot V(Bs)ds, with V some stationary random potential and By, s € [0, 1] a standard Brow-
nian motion independent of V.

The corresponding discrete version is the Kesten-Spitzer model of random walk in
random scenery [4] of the form W,, = Z?:l &s,. Here, S, = X1+ ...+ X} is a random
walk on Z with i.i.d. increments and &,,,n € Z, are i.i.d. and independent of X;. When
X, and &; belong to the domain of attraction of certain stable laws, then after proper
scaling a(n)‘lw[m] converges weakly as n — oo to a self-similar process with stationary
increment. Non-stable limits may appear in that case. Assuming moreover that &; has
zero mean and finite variance, it is shown in [2] that (nlog n)*%WW] converges weakly
to a Brownian motion when d = 2. When d > 3, the argument contained in [4] essentially
proves that n‘éw[m] converges weakly to a Brownian motion.

The continuous version X, (t) = a(n)™! O"tV(BS)ds has been analyzed in [9] for
piecewise constant potentials given by V(z) = £, y], where ; are i.i.d. random vari-
ables with zero mean and finite variance, and U is uniformly distributed in [0, 1)? and
independent of &;. The results are similar to those obtained in the discrete setting. In
[5], Kipnis-Varadhan proved central limit results in both the discrete and continuous
settings for additive functionals of Markov processes. For the special case of Brownian

motion in random scenery and by adapting the point of view of "medium seen from an

*Columbia University, USA. E-mail: yg2254@columbia.edu
fColumbia University, USA. E-mail: gb2030@columbia.edu


http://ejp.ejpecp.org/
http://dx.doi.org/10.1214/EJP.v19-2894
mailto:yg2254@columbia.edu
mailto:gb2030@columbia.edu

Brownian motion in random scenery

observer", their results can be applied to prove invariance principle for the most gen-
eral class of V(z) when d > 3, including the ones analyzed in [9]. For more relevant
results and backgrounds, see [6] and the references therein.

In this paper, we consider two types of simple yet important potentials, namely the
Gaussian and Poissonian potentials, and derive the asymptotic distributions of X, (t) =
a(n)~t Ont V(Bs)ds in all dimensions by method of characteristic functions. Since [8]
contains the results for d = 1 while [5] implies the results for d > 3, our main con-
tribution is the case d = 2. For Gaussian and Poissonian potentials, the method of
characteristic functions offers a relatively simple proof, which we present in all dimen-
sions.

There are several physical motivations for studying functionals of the form fg V(By)ds.
We mention two examples here. The first is the parabolic Anderson model u; = %Au =+
Vu with random potential V' and initial condition f. By Feynman-Kac formula, the so-
lution can be written as u(t,z) = E4{f(B;) exp(fot V(Bs)ds)}, where E% denotes the
expectation with respect to the Brownian motion starting from x. It is clear that the
large time behavior of u(t,z) is affected by the asymptotics of Brownian functional
exp(fg V(Bs)ds), see e.g. the applications in the context of homogenization [7, 8, 3].
As a second example, if we look at the model of Brownian particle in Poissonian ob-
stacle denoted by V, then the integral fot V(Bs)ds measures the total trapping energy
received by the particle up to time ¢ and exp(— f(f V(Bs)ds) is used to define the Gibbs
measure. For Brownian motion in Poissonian potential, many existing results are of
large deviation type; see [10] for a review of such results.

The rest of the paper is organized as follows. We first describe the assumptions
on the potentials and state our main theorems in section 2. We then prove the con-
vergence of finite dimensional distributions and tightness results in section 3 for the
non-degenerate case and section 4 for the degenerate case (when the power spectrum
of the potential vanishes at the origin). We discuss possible applications and extensions
of our results in section 5 and present some technical lemmas in an appendix.

Here are notations used throughout the paper. We write a < b when there exists a
constant C' independent of n such that a < Cb. N(u,0?) denotes the normal random
variable with mean p and variance o2 and ¢;(x) is the density function of N(0,t). We
use a A b = min(a,b) and a V b = max(a, b). For multidimensional integrations, [[, dz; is
abbreviated as dz.

2 Problem setup and main results

The Gaussian and Poissonian potentials are denoted by V, (z) and V,,(z), respectively,
throughout the paper.

For the Gaussian case, we assume V,(z) is stationary with zero mean and the covari-
ance function R,(z) = E{V,(z + y)V,(y)} is continuous and compactly supported. The
power spectrum

Rg(f) = Ry(z)e” " dx,
R4
and by Bochner’s theorem Ry (0) = . Ry(x)dz > 0.
For the Poissonian case, we assume

Vp(z) = » P(z — y)w(dy) — cp, (2.1)

where w(dr) is a Poissonian field in R? with the d—dimensional Lebesgue measure as
its intensity measure and ¢ is a continuous, compactly supported shape function such
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that [, ¢(x)dx = c,. It is straightforward to check that V,,(x) is stationary and has zero
mean, and its covariance function

Ro(o) = B{Vile +)Volo)) = [ oo+ 2)0()dz 2.2
R
is continuous and compactly supported as well. The power spectrum

Ry(€) = | Ry(x)e"*du,
Ra
and since [, ¢(2)dz = c,, we have R,(0) = ¢2 > 0.

In the Poissonian case, the random field V,,(z) is mixing in the following sense. For
two Borel sets A, B C R?, let F4 and Fg denote the sub-o algebras generated by the
field V,(z) for z € A and = € B, respectively. Then there exists a positive and decreasing
function ¢(r) such that

(Cor(n, Q)] < ¢(2d(A, B)) (2.3)

for all square integrable random variables n and ( that are /4 and Fp measurable,
respectively. The multiplicative factor 2 is only here for convenience. Actually, when |z
is sufficiently large, V,(z + y) is independent of V,,(y) and so the mixing coefficient ¢(r)
can be chosen as a positive, decreasing function with compact support in [0,00). We
will use this in the estimation of the fourth moment of V,(x).

The following theorems are our main results.

Theorem 2.1. Let B;,t > 0 be a d—dimensional standard Brownian motion indepen-
dent of the stationary random potential V (x), which is chosen to be either Gaussian or
Poissonian, and R(z) = E{V (z+y)V (y)} be the covariance function, R(0) = Jga R(z)dz.
Define X,,(t) = a(n)~" [ V(B,)ds with the scaling factor

3
1

= S
Nl

d=1,
a(n) = nlogn)z d=2,
H d> 3.

3
AV

Then we have that X, (t) converges weakly in C([0, 1]) to 04Z; with the following repre-
sentations:
Whend = 1, then Z, = [ Ly(x)W (dzx), where L(x) is the local time of B, and W (dx)

is a 1—dimensional white noise independent of L,(z); o4 = \/ R(0).

When d = 2, then Z, is a standard Brownian motion; o4 = 1/ R(0)/=.
When d > 3, then Z; is a standard Brownian motion;

1 _..d R(z)
R N da.
7 \/w% G0 [, e

We note that when d > 3, then o4 = \/4(277)—d Jra R(€)|€|~2d¢. Since R(€) >0, 04 >0

in both cases and the limit is nontrivial. When d < 2, the limit is nontrivial if R(0) # 0.
In the degenerate case when R(O) = 0, for instance if ¢, = 0 in the Poissonian case in
d = 1,2, then the limit obtained in the previous theorem is trivial. The scaling factor
a(n) should be chosen smaller to obtain a nontrivial limit. We prove the following result:

Theorem 2.2. Ind = 1,2, let B;,t > 0 be a d—dimensional standard Brownian mo-
tion independent of the stationary random potential V(x), which is chosen to be either
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Gaussian or Poissonian, and R(z) = E{V (z +y)V (y)} with R(¢)|¢|? integrable. Define

X,(t) =n~% [ V(B,)ds. Then we have X, (t) converges weakly in C([0,1]) to oW;, with

W, a standard Brownian motion and o = \/4(27r)—d Jra R(&)|¢|-2de.

Remark 2.3. In the degenerate case, the scaling factor n 3 s the same as in d > 3.
In d = 1, the limiting processes are different for the non-degenerate and degenerate
cases. Since R(¢) € L', for R(€)|€]~2 to be integrable, we only need to assume that
R(¢) < |€|* at the origin with o > 1 when d = 1 and o > 0 when d = 2.

We will refer to Theorem 2.1 and 2.2 as non-degenerate and degenerate cases re-
spectively in the following sections. The proof contains convergence of finite dimen-
sional distributions and tightness result.

3 Non-degenerate case when d > 1

3.1 Convergence of finite dimensional distributions

We first prove the weak convergence of finite dimensional distributions through the
estimation of characteristic functions.

Forany 0 = t) < t;1 < ... <ty < 1land o; € R,2 = 1,...,N, by considering
Yy = vazl a; (X, (t;) — X, (t;—1)), we have the following explicit expressions.

In the Gaussian case, since Yy = Y0, aza(n)~! [ V,(B,)ds, we obtain

nt;—1
E{exp(i0Yn)} :E{E{exp(i@YN)|B}}
3.1
=F{exp( —%92 Z 0y s / / — By )dsdu)}. -1
ij=1 nti—1 Jnt;

Since E{exp(ifYy)|B} is bounded by 1, to prove convergence of E{exp(ifYy)}, we only
need to prove the convergence in probability of a(n)~2 f;t_l fﬁ?_l R,(Bs — B,)dsdu.
In the Poissonian case, we write '

N ; N
1 nti c
Yy = / ai—/ &(Bs —y)ds | w(dy) — =2 a;(nt; — nt;_1),
]Rd <; a(n) 'Vl,ti71 a’(n) ;
and straightforward calculations lead to
E{exp(i8Yx)} = B{exp( | (770~ 1)dy)} exp(~ Z a(nt; — nti_1)),
R4

where F,(y) := YN aa(n)~! [ ¢(B, — y)ds. Since Jga ¢(x)dx = c,, we obtain

nt;—1

E{exp(i0Yn)} = E{E{exp(i6Yy)|B}} = E{exp(/ﬂ{d Z %(ZGFn(y))kdy)} (3.2)
k=2

Similarly, E{exp(i#Yn)|B} is bounded by 1, so it suffices to show the convergence in
probability of [, > 57, 7 (i0F,(y))*dy. When k = 2,

nt; nt;
/ y)2dy = Z o )—Q/t /t R,(Bs — By)dsdu (3.3)

3,j=1

is the conditional variance of Yy given B;. We will see that the proof of the Poissonian
case implies the Gaussian case.
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3.1.1 Poissonian case d =1

When d = 1, since V), is mixing, [8, Theorem 2] implies the result. We give a different
proof using characteristic functions.
First of all, by scaling property of Brownian motion, we do not distinguish between

N —3 prnt; N 1 rt; .
Fo(y)=>_ aun 1 fnti—l #(Bs—y)ds and F,,(y) = > ,_; ayni j;i_l ¢(yv/nBs—1y)ds. Using
the second representation, we have

=30

where L;(z) is the local time of B;. So

t;

NH

N 1
VB, —y)is =3 e wt [ o =) (L) = Lo (@))da,

ti—1

/ dy - Z ala]\f/ R ))(Lti(‘r)_Lti—l(w))(Ltj (Z)_Ltjfl(z))dxdz'
2,j=1
(3.4)
We have the following two propositions.

Proposition 3.1. [}, F,(y)%dy — R,(0) X0,y aiaj [ (L, (2)—Le,_, () (L, (2)— Ly, _, (x))d
almost surely.

Proposition 3.2. [, > . L(i0F,(y))*dy — 0 almost surely.

Proof of Proposition 3.1. Foranyi,7 =1,..., N, we consider

)i [ Ryl =) (L (@) = Loy (@) (L, (2) = Loy (2))dnd:
= [, Bo)(La,(@) = Ly (@) (Ley o+ ) = Lo )y

and because L;(z) is continuous with compact support almost surely, we have

j_l(x +

(Z) — RP(O) A(Lt7 (l’) - Lti—l (x))(Lt7 ($) - Ltj—l (Z))dl‘,
which completes the proof. O

Proof of Proposition 3.2. For a fixed realization of B, we have

Fu(y)| < nt / (v — y)lde,

|z| <M

where M is a constant depending on the realization and thus

[ Pt

k
// ¢(v/na; — Idfcdy—ng// H 2y — 1) + y)|dzdy
M, M]* [— M, M]*

=1

|H|¢ —Vnay +y)ldedy S ——
R* —M,]M] i—9 n 4
k
Since Y 1 5 & 9, — 0 as n — oo, the proof is complete. O
‘n 4
EJP 19 (2014), paper 1. ejp.ejpecp.org

Page 5/19


http://dx.doi.org/10.1214/EJP.v19-2894
http://ejp.ejpecp.org/

Brownian motion in random scenery

Recalling (3.2), by Proposition 3.1 and 3.2, we have proved the almost sure conver-
gence of the exponents. Therefore, by the Lebesgue dominated convergence theorem
we have

Blexp(0)} =E{ewp( [ 3 5105 ) )}

Z alozj/ L, (x

3,j=1

—TE{exp( —702

Lti—] (x))(Lt] (x) - Ltj—l (Jf))dﬂ?)}

=E{exp(ifoq Z @i(Zs, — Zt; )}

(3.5)
when Z; = [i; Ly(2)W (dz).

3.1.2 Poissonian case d > 2

When d > 2, the local time does not exist, and to prove the convergence of the con-
ditional variance of X, (t) given B;, we need to calculate fourth moments. First, we
define

V, = B{X,(t)?|Bs,s € [0,1]} — By)dsdu (3.6)

so that E{X,,(t)2} = E{V,}. The followmg two lemmas show that the conditional vari-
ance converges in probability.

Lemma 3.3. E{V,} — 03t asn — cc.
Lemma 3.4. E{VZ} — ojt* as n — oo.

In the proofs, we deal with d = 2 and d > 3 in different ways. For the latter, we only
use the fact that R,(£)|¢| =2 is integrable and so the proof also applies in the degenerate
case. Both R,(z) and R,(&) are even functions, a fact that we will use frequently in the
proof.

Proof of Lemma 3.3. We first consider the case d = 2. For fixed z, by change of vari-
ables \ = | l , we have

2 nt s 1 lT‘
Vb =02 Ry(x ~2u drduds
= [ e e
n t ] 1 PPN
W/o /Rd /||2 Ry(w)—gA2"%e |x|d ———d\dzds.

Since a(n) = (nlog n)%, by integrations by parts in A\, we have

1 t 1 |2 2ns o0 t .
E{V,} = ~R ~ s log —— “Mog Ad\ | dzd ~R,(0
{ } logn/o Ra T P(m) (e 2 0g |SC‘2 +/;2 ¢ 0g ) ras — T p( )
(3.8)

(3.7)

by the Lebesgue dominated convergence theorem.
Consider now the case d > 3. Then, a(n) = nZ and by Fourier transform, we have

E{Va} = 2 dn/om /R

= 4 R( /(1 **I&I ") dsd¢ — 4td/ R”(ng
R4

(2m)¢ Jra [€7
as n — oo.

EJP 19 (2014), paper 1.
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Proof of Lemma 3.4. By symmetry of R(x), we write

n

Vi = a(n)74 /[0 " Ry(Bs, — Bsy ) Ry(Bs, — Bs,)ds = 8((i) + (id) + (iii)),

where
) 1
() = oo /O Ry(Buy — Buy)Ry(Be, — Ba,)ds, (3.10)
<81<82<53<s4<n
.. 1
(i) = o /0 By(Buy — Buy)Ry (B, — Ba,)ds, (3.11)
<81<83<852<54<Nn

(iii) = —— / Ry(Bs, — Bs,)Ry(Bs, — B.,)ds. (3.12)
a’(n) 0<s1<s3<8s4<s2<nt

We consider first the case d = 2. )
(i): for fixed x,y, by change of variables u; = %L, uz = -2 Xy = %,)\4 =

2
WI”__ we have

2(84753)
1 42 d_9
E{( Ty )— 27 e A2\ 2T e M
RY JR24 |x|d 2|Z/|d Ad”? *
0<u1+u3<t \2/\\2+\25l/\|4 Sn( uy— s)dxdyd)\Zd)\4duldu3
We define

dXad)y

_ 1 1 W 1 Y
fle) = (logn)? /lRﬁr YRV 1‘;‘2<cn<t ur—ug); B2 <en(t—ur —us)

for ¢ > 0. Using integrations by parts, f(¢) — 1 as n — oo as long as z,y # 0, u; +ug < t.
Moreover, f(c) < (14 |logc(t —up —ug)| + |log |z]|) (1 + |log c(t — uy — ug)| + | log|y||). On
the other hand, we note that

1 1 1 o1
f(5) < W/RQ N° 2)\*46 41‘w‘2+%§n(t7u17u3)d>\2dA4 < f(1),
a

so by the Lebesgue dominated convergence theorem, we have E{(i)} — &= R,(0)%.
(#i): by a similar change of variables as for (i), we have

(x—2)Rp(y—2) 1 42 A2y 2722
7}\2 2)\2 4
Red |z|d 2 [yle? and e

E{ (i

R4
dxdydzdAodgduydusg.

O<u1+u3<f,|2§2 +|2yk‘4 <n(t—u;— ud)qnu3( )

By a change of variables and integration by parts in A3, A4, we have

B0}
n \’ —z n(y —z ) e 5 2u - e
(o) [ L mtate = Rty =l >< o 2+ [ g d/\>

W22 >
(e—% log ﬁ + / log )\e‘Ad)\> duduzdzdydz.

‘ 2

z|2
Note that e~ 5 log ﬁ% + f‘?z log Ae=*d\ < 1+ |logu|+ |log|z||. By Lemma A.1, we have

n =2 2u A
|R,(V/n(x —2))| | e 2 logw + o2 log e A | dx
R2

logn
glogn (1 + | logu| + |log | z|| +logn1‘z‘<%) .
EJP 19 (2014), paper 1. ejp.ejpecp.org
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The integral in y is controlled in the same way and we obtain

.. 1 2
E{(i0))] 5/[0 . /R Tt (1 + togul + [log |2]| +dog 1y - ) au, (2)dzdudus.

So |E{(#)}] — 0 as n — oc.
(#41): by a similar change of variables as for (i) and by symmetry of R(z), we have

p(T—y+2)Ryly) 1 4 N
E 2 )2 4
) /R Jo i i

dxdydzdod yduidusg.

2 z
O<u1+u3<t l;/\lz—s—%gn(t—ul—u@qnu?’( )

After integrations by parts in A3, A4, we have

[ i)}
<1ogn) /Ot Rl =5+ 2D Ryl ) ( o+ / L loure” m)

22
( L2 log -5 7‘2+ / ; log A~ AdA) dudusdzdyds.

z 2 o0 .
Note that e~ 5+ log % + 122 log Ae7*dX < 1+ |logu| + | log |z||. By applying Lemma A.1
2u
to the integral in x, we have

" _l=I? 2u, o N
logn /]R2 ‘Rp(\/ﬁ(l' —(y —2)))| (6 2 logW +% |2 log Ae™ dx\) dx
S’logn (1 + |logul + |log |y — z|| + IOgnl\y*ZK%) )

So
B S o [ o (1 ol oy =1 lognt, i3 ) 1y (Va2
(1 + |logu| + |log |y||)dydzdusdu.

Since |R,(v/ny)| S 1A |y/ny|~“ for some « > 2, by Lemma A.1, we know E{(iii)} — 0 as
n — oQ.

We now consider the case d > 3.
(7): after Fourier transform and changing of variables u; = s; — s;—1 for: =1,2,3,4
with sg = 0, we derive

. 2
O} =55 T /R . /R Ayt B (@) Ry(&)e 10 P2 M g dgydu
1
“2m /}R2 /}RM (&) By (€2)Lo<u tus <t Fu(5 \€1|2a§|§2\2at*u1*us)d&dfzd%

where F,(a,b,t) := fRz lo<stu<nte *edsdu for a > 0,b > 0. It is straightforward to
check that abF,(a,b t) is uniformly bounded and F,(a,b,t) — % as n — co. Thus,

4
E{()} Lo<us+us<t 7572 15 d€1dE2durd
{(@)} 27T2d/]Rz /}RM (&) Rp(€2)lo<uy + R §1d&adudug

22 R,(€)
LK < we 161 df)

EJP 19 (2014), paper 1. ejp.ejpecp.org
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(#i): similarly we have
E{ (i)}
1 2, —1 24y —Llg)?
T (2m)2n2 /]R4 /]de It et Pt () Rp(E2)e™ 2Pz sttt o= 316l gy e, du

Fp(€0) Rp(€) 36, +amus
1462 [*nu dusdé;dés — 0
/R/ |£1| |52\2 sdrdtz

as n — oo.
(#4i): by the same change of variables, we obtain

E{(4i7)
2 _1 2 1 2
271' 2dn2 /]R4 /de I w<nil R (€1) Rp(&2)e™ 36 uz = gleiteePus =316 Pua ge, ge, gy,

/ / u3+U4<ntR (51) Ap(§2)e—%|51+$2|2u36—%\51\2u4du3du4d£1d£2
RQd R2

|€1|2
2 2
/ / Lug s <t (512 (2 2) (& +£2‘2+ 1] )e—%\fl-‘r{fz\ uae—%|§1| s dugdugdé dés
R2d JR2 ISTRY
R
<t/ / 512 (2 )|€1 + & ‘2 —al&tEfus =316 M4 dugdugdéy dés
r2a Jo Jr, |Gl |€ |
R
—H/ / éh12 (2 )|§ Ze 2l P usemslet el nus gy qugde, dey — 0
R4 R, G122
asn — oo.
To summarize, we have shown that E{V2} — o4¢2. The proof is complete. 0

Remark 3.5. The proof of Lemma 3.4 only requires R(z) to be symmetric, bounded, and
to satisfy certain integrability condition. In particular, if R(x) is compactly supported,
then the result holds. This will be used in the proof of tightness.

The following lemma proves that those cross terms appearing in the conditional
variance vanish in the limit. When d > 3, as in the proof of Lemma 3.3 and 3.4, we use
the Fourier transform and the integrability of Rp(§)|§ | =2 so that the proof also applies
to the degenerate case.

Lemma 3.6. [ (" R,(B, — By)dsdu — 0 in probability when i # j.

’I’Lti71 ntj,1

Proof. Assume i > j,
2
Consider the case d = 2. For fixed x, u, by change of variables A\ = % we have

iy
E{|R,(Bs — By)|}dsdu

ti—1 Jntj_1

1 |R,(x d_o _
/ / ez (A1 (tH,tj)(u)—d| P(f_g‘A%‘ 2e= X d\dudz.
R4 ]R2 277( |;C|

t,—w)’ 271(11 1 'u)) 2m2

Recalling that a(n) = v/nlogn, an integration by parts leads to

/1(2( s e (ONTeTMNS 1 logn+ [log(ts — )|+ [og(ti1 — )] + |log
R ntf'u.’nt

i—1—w)

and

@fﬁ 1 g2 o2 ))(A)/\‘le‘AdA — 0 as n — oo. We apply the dominated

n(t;—w)’2n(t; 1 —u
convergence theorem to conclude the proof.
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Consider now the case d > 3 and

. 1
(i) == — /1R4 151752€[nti—1»77«t7’,]1“17u2€[nt_j—17nt_j]Rp(le — Bu,)Ry(Bs, — Bu,)dsdu.

n2
i

We show E{(i)} — 0 so the cross term goes to zero in probability. Actually, we have
(i) =2((I) + (I1I)), where

1
(I) = n2 /4 1ntj—1Su23u1§ntj1Snti—1§52§51§ntiRp(le - Bul)RP(352 - BU2)d$du7
R+
1
(II) ‘]’L2 / 1ntj,1§u1§u2§ntj 1nti71§82S51SntiRp(le - BUI)RP(BS2 - Bu2)d8du'
R+

For (I) we have

1
E{(I)} = (QW)QCW/]R%r /}R2d1ntJ \<us<us <nt; L<nts 1 <ss < <nt; Bp(E1) Rp(&2)

e*%lﬁl\2(81*82)6*%\51+52\2(82*u1)6*%\52\2(u1*uz)dfldé‘zdsdu7

which implies E{(I)} < (t; — tj—1) [gea ﬁt; 1t;t]1 W —3letePnugyde, dey — 0 as

n — oo. Similarly, for (I7) we have

E II = T o4 o n u u n 1 n s s n
{( )} (27‘( ang /11{4 /]de tj—1<ur<uz<nt; 1<nt;_1<s2<s1< t R (51) (62)

e —31€1)?(s1— 62)6 L1 +€2) (s2— u2)e &1 (uz— u1)d£1d§2d8du7

SO
E{(11)}
1 R ; s 5 12

IS / BB (&) (6, 1 g2 1 g 2)emHler+el v = H1EN g, deydu dug
" Jint;_1,nt;]2 JR2d |£1‘ ‘€|

14
i R 2) 2
<(t; —ty— / / 31€1+E2| nu Jdés d
( J 1) Rad ‘§1|2|£2|2 51 52

t;
CRER)&) e
+(t; — - S dudé dEy — 0
( J 1)/]}{201/ ) ‘§1|2|£2|2 51 52

J

as n — oo. O

The two following propositions holds, so [p. > re, 7 (i0F,(y))"dy converges in prob-
ability.

Proposition 3.7. [.. F,.(y)*dy — SN a202(t; — t;_1) in probability.
Proposition 3.8. [, > 7, &(i6F,(y))"dy — 0 in probability.
Proof of Proposition 3.7. Note that
/ )2dy = Z Qi s / / (B — By)dsdu,
i,j=1 nt;—1 Jnt;

when ¢ = j, Lemma 3.3 and 3.4 lead to

1 /nti /nti )
— R (Bs — Bu)dsdu — O, (tz — ti—l)
a’(n)Q ’I’Lti71 ’I’Lt/L'71 b ¢
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in probability as n — oc.
When ¢ # j, by Lemma 3.6, we have

1 nt; ntj
- R,(Bs — By)dsdu — 0
T S [, Bl = Bt
7 J

in probability as n — oo. The proof is complete. O

Proof of Proposition 3.8. We will use C’ for p0851b1y different constants in the following
estimation. Recall that F,,(y) = 1041(1(”) f ¢ @(Bs — y)ds, so we have |F,(y)| <

fon |¢p(Bs — y)|ds, and thus

a(n)
1
[rwmase [ e [ E{H 6(Bo —y)ldsdy. (3.13)
R4 ra a(n 0,n]k
From now on, we use RHS to denote the RHS of (3.13). By change of variables u; =
s;i —s;—1 fori=1,...,k with sg =0, and \; = |§u|7 for i = 2,...,k when z; is fixed, we
have

CkE! k b
RS~ [ /R Lt 906102+ 0) - i-+) [ ) duday

i=1

Ckk' |
0 o oy P ) B )

|x2|d72 ‘(Ek|d 2

H 2N duy dadady.
27r

When d > 3, note that [, [¢|(y + «)|y[* “dy is uniformly bounded in z, so after inte-
gration in xy,...,x2,y and As,..., A\;, we have RHS < C*kln=%+! where the factor n
comes from the integration in u;. This leads to

0o 1 oo 1
B(| [ S R0R. ) il < 3 08P~
R g ™ k=3 n:

—0

as n — oo.
When d = 2, we have

k
nk 1 1
ris <t | / lI6l + 049 [[ 1, e 2 3¢ dNdady.
=2 =2

(3.14)

By integration by parts, we have (= ka IR, 21”1)\ Sl LeMdx < [T, (1 +

|log |z;||). Since ¢ is compactly supported, we know that x;,4 = 2,...,k are uniformly

kE_1
bounded. After integration in zy, ..., zs,y, we have RHS < C*E! (bf—L”) * . So
o] 1 1 k —1
) ogn
B [ 3" g0 )l < Z ool (2£2)7 0
Re =3 ™
as n — 0o. The proof is complete. O

Remark 3.9. In (3.14), if we choose a(n) = n? instead of a(n) = (nlogn)?, by the same
calculation we still have

<1 klogn -1
E{| dzﬁ(zﬁFn(y dy\}<2|00| — =0, (3.15)
L

k=3
and this could be used in the proof for the degenerate Poissonian case when d = 2.
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Recall (3.2), by using Propositions 3.7 and 3.8 and the Lebesgue dominated conver-
gence theorem, we have proved

E{exp(i0Yy)} = E{exp( / Z k" (i0F, (y))* dy)} =E{exp(— 92Za o3(ti —ti—1))}

i=1

=E{exp(ifoq Z o (W, = Wi, _y))}

i=1
' (3.16)
when W, is a standard Brownian motion.
3.1.3 Gaussian case
When d = 1, by Proposition 3.1, we have
nt;
E{exp(i0Yn)} =E{exp( —792 Z Qi s / / g(Bs — By)dsdu)}
i,j=1 nti—1 Jntj_q
B0 R,0) Y [ 0@ = L @) Ey () = Ly @)io)}
1,5=1
N
=E{exp(ifoa Y ai(Ze, — Zr,_,))},
i=1
(3.17)

when Z; = [ Ly(z)W (dx).
When d > 2, by Proposition 3.7, we have

E{exp(i6Yn)} =E{exp( 7702 Z ity s / / o(Bs — By)dsdu)}
Z i=1 ’I’LtL 1 ’I’LtJ 1

—>E{exp(—%92 Z aZoi(t; —ti—1))} = E{exp(ifloq Z ai(Wy, = Wi )}

i=1 i=1
(3.18)
when W, is a standard Brownian motion.

3.2 Tightness
Proposition 3.10. X, (t) is tight in C([0, 1]).

Proof. Since X,,(t) = a(n)~" [" V(B,)ds, then X,,(0) = 0. To prove tightness of X, by
[1, Theorem 12.3], we only need to show

E{| X, (t) — Xn(s)|’} < C|t — s|'F° (3.19)

for some constant 5,C,d > 0.
Consider d = 1. B{|X,,(t) = X0 ()} = n % [fig (1o EAR(Buy — Buy)}durdus. Since
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R is bounded and compactly supported, we have

(t—s) n(t—s)
E{|X,(t) — 12 <—/ / By, — Bu,| < C)duidus

)dudus

t—s t—s C
:C\/ﬁ/ / P(N| < ———
(IN] ol ol

1
=C _Wd duid
[ A AT
t—s t—s
<C/ —————=dujduy < C(t—s)%
0 lur — ug

\/7

For the case d > 2, we calculate the 4—th moment of X,,(t) — X,,(s). When V(z) =
V,(z) is Gaussian, we have

E{| X, (t) — Xn(s)[*} = () /[O( . > B{Ry(B:, — Br,)Ry(B-, — B:,)}du.
= (ry={ui}

When V (z) = V,(z) is Poissonian, by Lemma A.2, we have

C 1 1
E{|Xn(t) — Xn(s)|"} < 4/ Y E{¢=(1Br, — Br)9?(|Br, — Br|)}du.
a(n)* Jiom(—s) (rib={ui}

where ¢ is a bounded, compactly supported function. The proof of Lemma 3.4 applies
to ¢ (|z|) replacing R,(z) in light of Remark 3.5. Since E{V2} < C??, in both cases we
have E{|X,,(t) — X,.(s)|*} < C(t — 5)%.

In (3.19), when d = 1, we choose 8 = 2,6 = % while when d > 2, we choose § =
4,6 = 1. The proof is complete. O

4 Degenerate case when d =1,2

Recall that in the degenerate case d = 1,2, X,(t) = n~2 [;" V(B,)ds, where V

is either Gaussian or Poissonian, and we make the key assumption that R(¢)|¢|~2 is
integrable. Our goal is to show that Xn(t) = oW, in C([0,1]) for standard Brownian

motion W, and o = \/4 27) df]Rd &)|&|—2de.

4.1 Gaussian case

To consider the finite dimensional distributions, we define Yy = Zfil a; (X (t;) —
Xn(ti1))forO0=ty <t1 <...<ty <land o; € R,i =1,...,N, so Yy has mean zero
and conditional variance

E{Y2|B,,s €[0,1]} = Z o — / / R(B, — B,)dsdu. (4.1)
nt;—1 tj—1

3,j=1

The convergence of E{YZ|B} — Zz L afo?(t; —t;—1) in probability is given by the proof
of the case d > 3 in Lemmas 3.3, 3.4 and 3.6.

The proof of tightness in C([0, 1]) is the same as in the case d > 3 in Proposition 3.10
so the proof of Gaussian case is complete.
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4.2 Poissonian case

If we define F,,(y) = Y, a;n~2 [ &(B, — y)ds as in the Gaussian case, we com-

nt;—1

bine Lemmas 3.3, 3.4 and 3.6 to show that

N
Fo(y)?dy — Y a20?(t; —ti_1). (4.2)
[RRUED S TR

To prove the convergence of the finite dimensional distributions, it suffices to show

/ § l(an(y))’fdy—>0 (4.3)
Ra — k!
k=3

in probability. However, it turns out that a direct proof of (4.3) also involves a tight-
ness result. Instead, we apply Kipnis-Varadhan’s approach involving solving a corrector
equation and a martingale approximation. It turns out the results in [5] already contain
our special case. We briefly recall their results and prove the required assumption holds
in our context.

The following Proposition comes from [5, Theorem 1.8, Corollary 1.9].

Proposition 4.1. Let y(t) be a Markov process, reversible with respect to a probabil-
ity measure m, and let us suppose that the reversible stationary process P with m as
invariant measure is ergodic. Let V be a function on the state space in L?(r) satisfying
Jo Vdr = 0 and the condition (—L~'V,V) < oo with (.,.) denoting the inner product
in L?(7) and L the infinitesimal generator of the process. Let X(t) = fg V(y(s))ds,
then ﬁX (nt) satisfies a functional central limit theorem relative to IP and the limiting
variance 0% = 2(— L7V, V).

In the following, we present a setup of Brownian motion in random scenery bor-
rowed from [6, Section 9.3], to which Proposition 4.1 can be applied.

Let (Q, F,7) be a probability space associated with a group of measure-preserving
transformations {r,,z € R%}, i.e, m o7, = 7 for all + € RY. Furthermore, its action is
ergodic and stochastically continuous, i.e.,

1. 7{A} = 0 or 1 for any event A such that 7{A A 7,(A)} = 0 for all x € R? and
2. for any § > 0 and G bounded we have

}llin% m{w: |G(Thw) — G(w)| > 6} = 0. (4.4)

The probability space (2, F, ) satisfying the above assumption is called random
medium.

Forany f € L?(x), let T,.f(w) = f(7,w). The family {7,z € R¢} forms a d—parameter
group of unitary operators on L?(7), and stochastic continuity implies that the group is
strongly continuous. The generators of the group {7, € R%} correspond to differenti-
ation (in L?(7)) in the canonical directions e; and are denoted by {Dy, k =1,...,d}.

Since {T},r € R?} is strongly continuous, by spectral theory we have

— ix
T, /}R U (dg)

with U (d¢) the associated projection valued measure. Let L = 1 ZZ:1 D? and V € L?()
satisfies fQ Vdr =0 and (—L~'V,V) < co. By the spectral representation, we have

=2 [ e
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Let Rv(ﬁ) be the power spectrum associated with V, i.e.,
Ry(&)dg = 2m)*(U(dE)V, V),

and we obtain that

_ _ 2 Ry (&)
L7V, V) = 2/” ET2U(dEV, V) = /‘ dg. (4.5)
( )= Rdll (dE)V, V) ) Jus TP
Therefore, the condition that (—L~!'V,V) < oo is equivalent with the integrability of
Ry (€)[£]72. On the other hand, by defining V (z) = V(7_,w), we obtain that

R(x) = E{V(~2)V/(0)} = (T,V, V) = /

&x _ 1 W&
[ WV = g [ R

s0 R(¢) = Ry(¢).
Now if we consider a stationary ergodic random scenery V(z) = V(7_,w), the Brow-

nian motion in random scenery with property scaling is X, (t) = - [ V(By)ds =
ﬁ font V(y¥)ds with
ys = T-B,w, (4.6)

and we only have to prove the environment process y% satisfies the assumptions in
Proposition 4.1 and the Poissonian random potential lives indeed on a random medium.
In the following, we denote the probability only with respect to Brownian motion by P .

Lemma 4.2. y¥ is a stationary, ergodic Markov process taking values in (2, reversible
with respect to the invariant measure .

Proof. Since 7, is a group of transformations, we have 7_p,w = 7_(p,_p,)7-p,w, and by
the independence of increments of Brownian motion, 3¢ is Markov.
Now we show y¥ is reversible with respect to 7 by proving

/ T(d)Pp(y € Ay) = / (dw)Py(ye € Ay) @.7)
A1 A2

for any A;, A € F. Actually, we have
/ W(dw)IPB(y‘t” S AQ) - / / 1w€A11T_wwEAQQt(I)dI7T(dw)a
Ay Q JRrd
/ T(dw)Pp(y’ € A)) = / / Loea, s wea, q(z)dam(dw).
As Q JRrd

Using measure-preserving property of 7, and the fact that ¢;(z) = q/(—=z), (4.7) is
proved.

Since y¥ is reversible with respect to 7, 7 is an invariant measure. Furthermore, y*
starts from its invariant measure, so it is stationary.

For ergodicity, we only need to show that if A € F such that Pp(y¥ € A) = 1,¢c4 for
all s > 0, then 7(A) = 0 or 1. Actually, Pp(y¢ € A) = [pa 17 ,weaqs(z)dz = 1,e4 implies
1+ wea = luea forall x € RY, since ¢;(z) > 0,Vz € RY. By the ergodicity of 7, we have
m(A) =0or 1. O

The infinitesimal generator of y¥ is given by L. For detailed proof, we refer to [6,
Proposition 9.8].
Next, we show that the Poissonian potential fits the framework of random medium.

EJP 19 (2014), paper 1. ejp.ejpecp.org
Page 15/19


http://dx.doi.org/10.1214/EJP.v19-2894
http://ejp.ejpecp.org/

Brownian motion in random scenery

Let w = w(dy) be a Poissonian field in R? with Lebesgue measure dy as its intensity,
we can write it as
= 3. (dy)
i

where 0,(dy) is the Dirac delta measure at z, {{;} is the Poisson point process with 7
being its law. If w(A) denotes the number of points in {¢;} that fall inside A, we have
m(w(A) = n) = e~ 14| A|"(n!)~! with |A| the Lebesgue measure of A.

The group of transformation {7,,r € R} acts on w = w(dy) € Q as

dy) = Z Sote, (dy),

and we have the following standard result:

Lemma 4.3. {7,,z € R} is measure-preserving, ergodic and stochastically continuous
in the following sense:

1. mo1, =7 for all = € R?, where 7 o 7, is the law of Poisson point process {& + z}.
2. any f € L?(r) that satisfies f(7,w) = f(w) for all z € R? has to be a contant.
3. for any 6 > 0 and G bounded, we have limj,_,o m(w : |G(Thw) — G(w)| > §) = 0.

Proof. For the measure-preserving property, since the Laplace functional characterize
the Poisson point process, for any positive smooth test function of compact support f,
we consider

Bfe Jua SO T) @)Y — o /

(e 1)~ 1)dy) =exp( [ (10 = 1)y
Rd

R4
:]E{ei f]Rd f(y)w(dy)}’

SO T O T, = .

For ergodicity, if AN B = ), w(A) and w(B) are independent, so mixing property
implies ergodicity.

For stochastic continuity, by approximation, we can assume that

G(w) = G( " o1 (x)w(dx),. .., . on(x)w(dz))

for some test functions G, ¢;, hence we only need to show that
oi(z)(Thw)(dz) — oi(z)w(dx)
R R

in L?(r), and this comes from the fact that

51 [ oemean) - [ o) )= [ 66+n - oe)ia o

as h — 0. O
To summarize, we could apply Proposition 4.1 to V(w f]R" ¢(—y)w(dy), which leads
to V(z) = V(1_,w) = [pa ¢(z — y)w(dy). We only need to recall (4. 5) that
- 4 Ry () 4 R(¢)
02 =2(—L"'V,V) = / VS ¢ = / d¢
< ' T e TP T @ e TP

to complete the proof.
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Remark 4.4. We point out that by martingale approximation, the results obtained in
[5] is stronger than the annealed convergence. It is weak convergence in measure, see
[5, Remark (1.10)].

Remark 4.5. When d = 2, by Remark 3.9, we could derive (4.3) and prove the con-
vergence of the finite dimensional distributions in the Poissonian case by the method of
characteristic functions. When d = 1, the estimation turns out to be more involved and
our method does not lead to (4.3). In both cases, the proof of tightness as in Proposi-
tion 3.10 fails to hold. To use the same fourth moment method, for technical reasons

we need the more restrictive condition that |$(¢)||¢|~2 = / R(€)|¢|~2 is integrable.

5 Conclusions and discussions

In this paper, we have proved an invariance principle for Brownian motion in a Gaus-
sian or Poissonian scenery in all dimension. The result is consistent with the discrete
case [4, 2] and other types of potentials in the continuous case [9, 5]. Our main contri-
bution is the non-degenerate case d = 2, where a logarithm scaling shows up and the
functional central limit theorem for martingale can not be applied as in [5]. It is natural
to expect the invariance principle to hold as long as the random scenery is sufficiently
mixing, e.g. in our case, the covariance function R(z) is compactly supported. In the
non-degenerate case, when d = 1, the limit is of the form [; L;(x)W (dz) for Brown-
ian local time L;(z) and independent white noise W (dz), and when d > 2, the limit is
Brownian motion. However, as observed in [3], when the random scenery is long-range
correlated, such convergence does not hold and depending on the tail of covariance
function, we need to choose different scaling factors.

In the degenerate case, i.e., R(0) = 0 with R(£)|¢|~2 integrable when d = 1,2, we
have derived the limits with scaling factor n~2. The results are essentially the same
as in d > 3 and all directly come from [5], since under the general assumption of sta-
tionarity and ergodicity, the only requirement for their result to hold is the finiteness
of asymptotic variance, i.e., integrability of ]%(5 )|€|~2. Brownian motion turns out to be
the limit for d = 1 as well.

A Technical lemmas

Lemma A.1. Assumed = 2,a > 2,c > 0. Then we have the following inequalities

1 1 1
IN———)|loglylldy < —+ —logn, (A.1)
fo (0 e s n
/ 1A ! |1 |Hd < 1+1‘1 | ||+1] 1 (A.2)
Tl — e ) 11© —+ —|log |x|| + —logn , )
R? lVn(z —y)|* EWIGY ~ 5 T R1o8 08 zl< 2
1 1 1
/ lloglylldy < —+ —|log|z||+ —lognl,c2c, (A.3)
le—yl<% n. o n n v
/ (1/\ ! )ll |Hd < 1+1‘1 |||—|—1] 1 (A.4)
— | lloglylldy < —+ —|loglz||+ —lognl ;. 2, .
lo—yl< [V/nyl n'n n o)< 22
/Il | II(IA . )1 lyl|d
0g1r—Y = | [og |yl|dy
R? lvnyl s

1 1 1 1 1 1
S—+ —logn+ —|loglz|| + —logn|loge|| + —(log[2])* + —(logn) 1), < 1.
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Proof. For the first inequality, we have

1 v 1 [~ 1
1A —— ) |logly|ldy = — rlogrdr + —« ——|log r|dr,
R2 vyl 0 nt Joret!

and by integrations by parts, we have — fo rlogrdr S Llogn and f T Lrllogrldr <
NG

L(1 4 logn).
n

For the other inequalities, they are all in the form of convolutions and are proved in
a similar way. We only present the proof for the second one. We have

/( I\f(1 )|>|10g|y||dy—() (I1),

where
m -/ Pog ol
|z— y|<
1 1
an - - — L Joglylldy.
| y|>ﬁ |z —yl
Let p = (z,r) =y : |z —yl <r} () ={y: |yl <y —=|}, (@) ={y:

ly| > |y—=|}. We divide R? into three disjoint parts, A; = B(0, p) (i), A2 = B(z, p) (i),
and A3 = Rd\(Al U AQ)

For (I), when y € Ay, |y — x| > §,s0 p < % and [, [loglylldy < [ [logr|rdr =
p*(; — 3logp), so we have [, |logly|ldy < (1 + 1ogn)1p§%. When y € A, 2p >

lyl > &, so |loglyl| < . thus [, |loglylldy < (1 + [logp|). Wheny € A;,

2
p <yl <2ly—z| < 3=, s0 fAs |log |y||dy < fpﬁ r|logr|dr < %(1—Hogn1p§%). Therefore,
we have shown that

1
(1) S ~(L+[logp| +lognl,c 2 ).
For (I1), similarly, when y € Ay,
Prllogr|dr < 1

~ n’

vyl >4, s0ifp>1, — [, =lloglylldy <

else if p € (2,1], we have n%fAl gl loglylldy S (1 +

ﬁ7
), and for the last case p < f we have = fa, r 1y|w|log|y||dy < Jiy<p 108 lylldy <
L+ logn1p< 2 ). When y € A, |logly|| S 1+ |log p|, so = fA2 |x7y‘a|log|y||dy <

(1 + |log p|) When y € As, |logly|] S so we only need to estimate

o o BV —=(1 + |logr|)dr. Following the same dlscussmn as in A, and considering
vn

n2

the different cases p > 1,1 > p > ﬁ and W > p, we can show n—% fp\/ﬁ T,,—,l(l +

|log r|)dr < +(1+ |logp| +lognl, ). Therefore, we have obtained that

5\

(II) S =1+ |logp| +logn1pg%).

3=

The proof is complete. O

Lemma A.2. Let V(z) be a mean zero stationary random field with E{V (z)®} < oo
satisfying the mixing property (2.3) with positive, non-increasing mixing coefficient .
Then we have

B{V (z)V (22)V(z3)V (@)} <C > 03 (lyn — 1292 ([ys — wu)B{V (2)°}5. (A.6)
{yk} {Ik}

EJP 19 (2014), paper 1. ejp.ejpecp.org
Page 18/19


http://dx.doi.org/10.1214/EJP.v19-2894
http://ejp.ejpecp.org/

Brownian motion in random scenery

Thus, (A.6) holds for the Poissonian potential V(z) = [z ¢(z — y)w(dy) — ¢, when ¢ is
continuous and compactly supported, and the mixing coefficient ¢ could be chosen as

some continuous, compactly supported function as well.

Proof. Let y; and y, be two points in {zj}1<x<a such that d(yi,y2) > d(z;,x;) for all

1 <4,j <4 and such that d(yi,{y3,va}) < d(y2,{y3,va}), where {yr}1<r<s = {Tr}1<k<a-
We assume d(ys, y1) < d(ya,y1). Therefore by (2.3), we have

£ = |B{V (21)V (22)V (w3)V (2a)}| S 0(2lya—ys ) (ELV (11)2}) (B{(V (42)V (43)V (y))?})

The last two terms are bounded by E{V (z)%}s and E{V ()¢} respectively. Because
©(r) is decaying in (0,00), we have £ < o(|ly, — y3|)E{V(2)°}3. On the other hand, if
y4 is (one of) the closest point(s) to yo, the same argument shows that & < ¢(|y2 —
ys|)E{V (2)}5. Otherwise, y3 is the closest point to 2, and we find £ < ¢(2|y2 —
y3|)E{V (x)%}5. However, by construction, we have

N

Wi W

ly2 — yal < |y1 — el < |y1 — usl + ly2 — y3l < 2ly2 —yal,

so we still have € < ¢(|ys — y4|)E{V (2)°}3. To summarize, we have
1 1 2
£ S e (ly1 — ysDe? (ly2 — ya ) E{V (2)°} 5,

and this completes the proof. O
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