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Abstract

We investigate the regularity of linear stochastic parabolic equations with zero Diri-
chlet boundary condition on bounded Lipschitz domains @ C R¢ with both theoreti-
cal and numerical purpose. We use N.V. Krylov’s framework of stochastic parabolic
weighted Sobolev spaces .?J;:g((’), T). The summability parameters p and ¢ in space
and time may differ. Existence and uniqueness of solutions in these spaces is estab-
lished and the Holder regularity in time is analysed. Moreover, we prove a general
embedding of weighted L, (O)-Sobolev spaces into the scale of Besov spaces By . (O),
1/7 = a/d+1/p, o > 0. This leads to a Holder-Besov regularity result for the solution
process. The regularity in this Besov scale determines the order of convergence that
can be achieved by certain nonlinear approximation schemes.
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1 Introduction

Let O C R¢ be a bounded Lipschitz domain, 7' € (0, 00) and let (w});e(o,7). k € IN, be
independent one-dimensional standard Wiener processes defined on a probability space
(Q2, F,P). We are interested in the regularity of the solutions to parabolic stochastic
partial differential equations (SPDEs, for short) with zero Dirichlet boundary condition
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L4(Lp)-regularity and Besov smoothness of SPDEs on bounded Lipschitz domains

of the form

du = (a9 uyiy; + f)dt + (0™ ug + ¢F)dwF  on Q x [0,7] x O,
u=0 on Q x (0,7] x 00, (1.1)
u(0,)=wuy onNxO,

where the indices ¢ and j run from 1 to d and the index k runs through N = {1,2,...}.
Here and in the sequel we use the summation convention on the repeated indices i, j, k.
The coefficients ¢/ and ¢** depend on (w,t) € Q x [0, T]. The force terms f and g* de-
pend on (w,t,z) € Q x [0, 7] x O. By the nature of the problem, in particular by the bad
contribution of the infinitesimal differences of the Wiener processes, the second spatial
derivatives of the solution may blow up at the boundary O even if the boundary is
smooth, see, e.g., [31]. Hence, a natural way to deal with problems of type (1.1) is to
consider u as a stochastic process with values in weighted Sobolev spaces on O that
allow the derivatives of functions from these spaces to blow up near the boundary. This
approach has been initiated and developed by N.V. Krylov and collaborators, first as
an Lj-theory for smooth domains O (see [31]), then as an L,-theory (p > 2) for the half
space ([36, 37]), for smooth domains ([26, 30]), and for general bounded domains allow-
ing Hardy’s inequality such as bounded Lipschitz domains ([29]). Existence and unique-
ness of solutions have been established within specific stochastic parabolic weighted
Sobolev spaces, denoted by ﬁ;’G(O,T) in [29]. These spaces consist of elements u of

the form dii = fdt + g*dwF, where @, f and §*, considered as stochastic processes with
values in certain weighted L,(O)-Sobolev spaces, are L,-integrable w.r.t. P ® dt. We
refer to Section 3 for the exact definition.

In this article we treat regularity issues concerning the solution u of problem (1.1)
which arise, besides others, in the context of adaptive numerical approximation meth-
ods.

The starting point of our considerations was the question whether we can improve
the Besov regularity results in [6] in time direction. In [6] the spatial regularity of u is
measured in the scale of Besov spaces

B2 _(0), %:%+%, a>0, (+)
where p > 2 is fixed. Note that for a > (p — 1)d/p the sumability parameter 7 becomes
less than one, so that in this case BY (O) is not a Banach space but a quasi-Banach
space. It is a known result from approximation theory that the smoothness of a target
function f € L,,(O) within the scale (%) determines the rate of convergence that can be
achieved by adaptive and other nonlinear approximation methods if the approximation
error is measured in L, (O); see [7, Chapter 4], [15] or the introduction of [6]. Based on
the L,-theory in [29], it is shown in [6] that the solution u to problem (1.1) satisfies

1 a 1

u € L(Qx[0,T],P,P®dt; B} (0)), ;:E—i—;, (1.2)
for certain o > 0 depending on the smoothness of ug, f and ¢*, k € N. In general, the
spatial regularity of u in the Sobolev scale W;(O), s > 0, which determines the order
of convergence for uniform approximation methods in L,(0O), is strictly less than the
spatial regularity of u in the scale (x). It can be due to, e.g., the irregular behaviour of
the noise at the boundary or the irregularities of the boundary itself; see [40] for the
latter case. This justifies the use of nonlinear approximation methods such as adaptive
wavelet methods for the numerical treatment of SPDEs, cf. [5, 4]. The proof of (1.2)
relies on characterizations of Besov spaces by wavelet expansions and on weighted
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Sobolev norm estimates for u, resulting from the solvability of the problem (1.1) within
the spaces 9 ,(O,T).

An obvious approach to improve (1.2) with respect to regularity in time is to try to
combine the existing Holder estimates in time for the elements of the spaces ﬁ;’)a((’), T)
(see [29, Theorem 2.9]) with the wavelet arguments in [6]. However, it turns out that a
satisfactory result requires a more subtle strategy in three different aspects.

Firstly, we need an extension of the L,-theory in [29] to an L,(L,)-theory for SPDEs
dealing with stochastic parabolic weighted Sobolev spaces ﬁ;:g (O, T) with possibly dif-
ferent summability parameters ¢ and p in time and space respectively. These spaces
consist of elements % of the form dii = fdt + §g*dw!, where 4, f and §*, considered as
stochastic processes with values in suitable weighted L,(O)-Sobolev spaces, are L,-
integrable w.r.t. P ® dt. Such an extension is needed to obtain better Holder estimates
in time in a second step. Satisfactory existence and uniqueness results concerning so-
lutions in the spaces ﬁ;:g((’), T) have been established in [28] for domains O with C*-
boundary. Unfortunately, the techniques used there do not work on general Lipschitz
domains. Also, the L,(L,)-results that have been obtained in [50] within the semigroup
approach to SPDEs do not directly suit our purpose: On the one hand, for general Lip-
schitz domains O the domains of the fractional powers of the leading linear differential
operator cannot be characterized in terms of Sobolev or Besov spaces as in the case of
a smooth domains O; see, e.g., the introduction of [6] for details. On the other hand,
even in the case of a smooth domain O we need regularity in terms of weighted Sobolev
spaces to obtain the optimal regularity in the scale (x).

Secondly, once we have established the solvability of SPDEs within the stochastic
parabolic weighted Sobolev spaces 56;:;1 (O,T'), we have to exploit the L,(L,)-regularity
of the solution and derive improved results on the Holder regularity in time for large
q. For O = Ri this has been done by Krylov [35]. It takes quite delicate arguments to
apply these results to the case of bounded Lipschitz domains via a boundary flattening
argument.

Thirdly, in order to obtain a reasonable Holder-Besov regularity result, it is neces-
sary to generalize the wavelet arguments applied in [6] to a wider range of smoothness
parameters. This requires more sophisticated estimates.

In this article we tackle and solve the tasks described above. We organize the article
as follows. In Section 2 we recall the definition and basic properties of the (determin-
istic) weighted Sobolev spaces Hgye(G) introduced in [41] (see also [46, Chapter 6]) on
general domains G ¢ R? with non-empty boundary. In Section 3 we give the definition
of the spaces ﬁ;’g(G ,T) and specify the concept of a solution for equations of type (1.1)
in these spaces. Moreover, we show that if we have a solution u € ﬁ;’:g(G, T) with low
regularity v > 0, but f and the ¢*’s have high L,(Lp)-regularity, then we can lift up
the regularity of the solution (Theorem 3.8). In this sense the spaces 53;:3((}’ ,T) are the
right ones for our regularity analysis of SPDEs.

Section 4 is devoted to the solvability of Eq. (1.1) in ﬁ;:g(O,T), O C R? being a
bounded Lipschitz domain. The focus lies on the case ¢ > p > 2 and we restrict our con-
siderations to equations with additive noise, i.e. ** = 0. In Subsection 4.1 we consider
equations on domains with small Lipschitz constants and derive a result for general
integrability parameters ¢ > p > 2 (Theorem 4.2). We use an L,(L,)-regularity result
for deterministic parabolic equations from [18] and an estimate for stochastic integrals
in UMD spaces from [49] to obtain a certain low L,(L,)-regularity of the solution. Then
the regularity is lifted up with the help of Theorem 3.8. In Subsection 4.2, we consider
the stochastic heat equation on general bounded Lipschitz domains. Here we use the
results from [50] on maximal L, -regularity of stochastic evolution equations (see also
[51] and [49]) to derive existence and uniqueness of a solution with low regularity. A
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main ingredient will be the fact that the domain of the square root of the weak Dirich-
let Laplacian on L,(O) coincides with the closure of the test functions C§°(O) in the
L,(O)-Sobolev space of order one (Lemma 4.5). This stays true only for a certain range
of p € [2,pg) with pg > 3. Thus, so does our result (Theorem 4.4). In a second step, we
again lift up the regularity by using Theorem 3.8. In both settings we derive suitable
a-priori estimates.

In Section 5 we present our result on the Holder regularity in time of the elements
of .6;:3((’), T) (Theorem 5.1). It is an extension of the Holder estimates in time for the
elements of )4(T) = 7 §(RY,T) in [34] to the case of bounded Lipschitz domains.
The implications for the Holder regularity of the solutions of SPDEs are described in
Theorem 5.3.

In Section 6 we pave the way for the analysis of the spatial regularity of the solutions
of SPDEs in the scale (x). We discuss the relationship between the weighted Sobolev
spaces H;e((’)) and Besov spaces. Our main result in this section, Theorem 6.9, is a
general embedding of the spaces H;dfyp(O), v,v > 0, into the Besov scale (x). Its
proof is an extension of the wavelet arguments in the proof of [6, Theorem 3.1], where
only integer valued smoothness parameters « are considered. It can also be seen as an
extension of and a supplement to the Besov regularity results for deterministic elliptic
equations in [12] and [9, 10, 11, 13]. To the best of our knowledge, no such general
embedding has been proven before. In the course of the discussion we also enlighten the
fact that, for the relevant range of parameters v and v, the spaces H; (O) act like

,d—v
Besov spaces B;’Q,”(O) with zero trace on the boundary (Remark 6.7). Letpus note that
related embedding results have been obtained, simultaneously with and independently
from our work, in [21].
In Section 7 the results of the previous sections are combined in order to deter-
mine the Hoélder-Besov regularity of the elements of the stochastic parabolic spaces
Z:g((’), T) and of the solutions of SPDEs within these spaces. The related result in [6]
is significantly improved in several aspects; see Remark 7.3 for a detailed comparison.

We obtain an estimate of the form

Ellullbe o150 < Ml g0y 7= 5+ 5
for certain o depending on the smoothness and weight parameters + and # and for cer-
tain k depending on ¢ and « (Theorem 7.4). Using the a-priori estimates from Section 4,
the right hand side of the above inequality can be estimated by suitable norms of f and
g if u is the solution to the corresponding SPDE (Theorem 7.5).

Let us also mention the related work [1] on the Besov regularity for the deterministic
heat equation. The authors study the regularity of temperatures in terms of anisotropic
Besov spaces of type B?/f’“((o, T) x O), 1/ = a/d+ 1/p. However, the range of admis-
sible values for the parameter 7 is a priori restricted to (1,00), so that « is always less
than d(1 — 1/p). In our article the parameter 7 in (x) may be any positive number, in-
cluding in particular the case where 7 is less than 1 and where By _(O) is not a Banach
space but a quasi-Banach space.

Notation and conventions. Throughout this paper, O always denotes a bounded Lips-
chitz domain in R, d > 1, as specified in Definition 2.5 below. General subsets of R are
denoted by G. We write 0G for their boundary (if it is not empty) and G° for the interior.
IN := {1,2,...} denotes the set of strictly positive integers whereas N, := INU {0}. Let
(Q2, F,P) be a complete probability space and {F;,¢ > 0} be an increasing filtration of
o-fields F; C F, each of which contains all (F,P)-null sets. By P we denote the pre-
dictable o-field generated by {F;,t > 0} and we assume that {(w} )c(o,7], (W)ieo,1]: - - -}
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are independent one-dimensional Wiener processes w.r.t. {F;,¢t > 0}. For k € (0,1) and a
quasi-Banach space (X, |- x) we denote by C*([0,T]; X) the Holder space of continuous
X-valued functions on [0, T'| with finite norm ||-||c«([o,r7;x) defined by

[u(t) —u(s)llx
ul o .x) = sup ————,
e o) 5,t€[0,T) |t — s|®
lulleqory:x) = sup [[u(t)lx,

t€[0,T]

lull e (jo,77,x) = llulleqo,m;x) + [wles(o,1);x)-

Forl < p < o0, L,(A, X, u; X) denotes the space of u-strongly measurable and p-Bochner
integrable functions with values in X on a o-finite measure space (4, %, 1), endowed
with the usual L,-Norm. We write L,(G) instead of L,(G,B(G), A% R) if G € B(RY),
where B(G) and B(R?) are the Borel-o-fields on GG and R?. Recall the Hilbert space
ly == l3(N) = {a = (al,a%,...) : |al,, = (3, [a*|?)'/? < oo} with the inner product
(a,b),, = >, a"b", for a,b € {,. The notation C5°(G) is used for the space of infinitely
differentiable test functions with compact support in a domain G C R?. For any distribu-
tion f on G and any ¢ € C§°(G), (f,¢) denotes the application of f to . Furthermore,

. . lal ¢
for any multi-index o = (ay,...,aq) € N&, we write D*f = M;?W for the corre-
1 O%g
sponding (generalized) derivative w.r.t. z = (x1,...,24) € G, where |a| = a1 + ... + aq4.

By making slight abuse of notation, for m € INy, we write D™ f for any (generalized)
m-th order derivative of f and for the vector of all m-th order derivatives of f. E.g.
if we write D™ f € X, where X is a function space on GG, we mean D*f € X for all
o € INd with |a| = m. We also use the notation f,i,; = %, foi = gg{i. The notation f,
(respectively f..) is used synonymously for Df := D' f (respectively for D?f), whereas
[ fellx = ZzHuw x (respectively | fozl|x = Ez,]llfWNHX) Moreover, Af := Zz Jaiwis
whenever it makes sense. Given p € [1,00) and m € N, W;"(G) denotes the classical
Sobolev space consisting of all f € L, (G) such that [ f|w:(c) := suPaend, o= 1D fll 2, ()

is finite for all I € {1,2,...,m}. It is normed via ||f|\§V:l(G) = \|f||’£p(G) + |f‘€v;"(65)' We

also set |flwo(e) = [Ifllz, (). The closure of C§°(O) in W;(O) is denoted by W, (O)

and is normed by ||f|[y1 0y = (3121l (O))l/l’. If we have two quasi-normed spaces
P P

(Xi, I'llx,), ¢ = 1,2, X1 — X, means that X; is continuously linearly embedded in X5.
For a compatible couple (X, X») of Banach spaces, [Xi, X»],, denotes the interpolation
space of exponent n € (0, 1) arising from the complex interpolation method. In general,
N will denote a positive finite constant, which may differ from line to line. The notation
N = N(ay,aq,...) is used to emphasize the dependence of the constant N on the set
of parameters {a1,as,...}. In general, this set will not contain all the parameters N
depends on. A ~ B means that A and B are equivalent.

2 Weighted Sobolev spaces

We start by recalling the definition and some basic properties of the (deterministic
and stationary) weighted Sobolev spaces H;}G(G) introduced in [41]. These spaces will
serve as state spaces for the solution processes u = (u(t));c[o,r] to SPDEs of type (1.1)
and they will play a fundamental role in all the forthcoming sections.

For p € (1,00) and v € R, let H) := H}(R?) := (1 — A)77/2L,(R) be the spaces of
Bessel potentials, endowed with the norm

el iy = 111 = A) 2l may = IF L+ €12 2F (@) (€]l ma)

where F denotes the Fourier transform. It is well known that if v is a nonnegative
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integer, then
HY={u€L,: D*ue€ L, forall o € Nj with |o| <7}

Let G C R? be an arbitrary domain with non-empty boundary 0G. We denote by
p(x) := pg(x) := dist(z, 0G) the distance of a point z € G to the boundary 0G. Further-
more, we fix a bounded infinitely differentiable function ) defined on G such that for all
x €@,

p(z) < Nyp(x), p(x)™ HD™p(x)| < N(m) < oo for all m € Ny, (2.1)

where N and N(m) do not depend on x € G. For a detailed construction of such a
function see, e.g., [46, Chapter 3, Section 3.2.3]. Let {( € C§°(R4) be a non-negative
function satisfying
> ¢(e™) > e>0forallt € R. (2.2)
nez

Note that any non-negative smooth function ¢ € C§°(R,) with ¢ > 0 on [e™!, ¢] satisfies
(2.2). For z € GG and n € Z, define

Then, there exists ky > 0 such that, foralln € Z, supp(, C G, :={z € G : ek <
p(x) < e~mtko} e, ¢, € C5°(G,,). Moreover, |D™(,(x)] < N(¢,m)e™ for all z € G and
m € No,and ), ., Cu(z) > > 0forallz € G. Forp € (1,00) and 7,6 € R, we denote by
H) ,(G) the space of all distributions u on G such that

lalls ) = D2 eI nlem™ ey < ox.
' nez

It is well-known that
Lyo(G) := Hp 4(G) = Ly(G, p"~du),

and that, if v is a positive integer,

H) o(G) = {u € Lyp(G) : p'D*u € L, 4(G) for all a € N with [a] < 7},

el e ~ 22 /G!p'“'Daul%e—ddx; (2.3)

la|<vy

see, e.g., [41, Proposition 2.2]. This is the reason why the space H;,(,(G) is called
weighted Sobolev space of order v, with summability parameter p and weight parame-
ter 6.

For p € (1,00) and v € R we write H)({2) for the collection of all sequences g =
(9%, 4%, ...) of distributions on R* with g* € H) for each k € N and

o 1/2
gl ey 1= Ngllarg aseny = 1L = A7 2gles 1, = || (3210 = 2)7212) 7| < oo
k=1 P

Analogously, for 6 € R, a sequence g = (¢',¢? .. .) of distributions on G is in H) ,(G; (2)
if, and only if, ¢ € H) ,(G) for each k € IN and

”9”%3(@;@2) = Z ene||Cfn(en')g(en')”11){g(g2) < 0.
nez

Now we present some useful properties of the space H;’H(G) taken from [41], see
also [32, 33].
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Lemma 2.1. Let G C R?Y be a domain with non-empty boundary 0G, v,0 € R, and
p € (1,00).

(i) The space C¢°(G) is dense in H)) ,(G).

(ii) Assume that v — d/p = m + v for some m € Ny, v € (0,1] and that i,j € N are
multi-indices such that |i| < m and |j| = m. Then for any u € H, ,(G), we have

Yl Dy e C(G), ™t HP DIy e CY(G),
|w|i\+0/PDiu|C(G) + [wm+u+9/iju]Cu(G) < NHUHH;”Q(G)'
(iii) v € H ,(G) if, and only if, u,yu, € H),'(G) and
||U||H;,9(G) < NkuwHH;’gl(G) + NHUHH;’EI(G) < N||“||H;,9(G)~
Also, u € H) ,(G) if, and only if, u, (u), € H) 5" (G) and
lullzy (@) < NI@Wwell i ey + Nlwl gy < Nllulla @)
(iv) Forany v,y € R, vVH ,(G) = H ), ,,(G) and

[l a2y

p,0—pv

@ S NIl o < Nlullay,_, @)

pv

) Ify € (y0,7) then, for any € > 0, there exists a constant N = N(~o, 71,0, p, ), such
that

HUHH;’Y{,(G) < €||U||H;}0(G) + N(v0,71,0,p, €)||UHH;99(G)~
Also, if 0 € (6, 61) then, for any € > 0, there exists a constant N = N (6, 61,7, p,¢€), such
that

lullmy @) < €llullay, @) + N (o 01,7 p,8)l[ullmy, (@)

(vi) There exists a constant ¢y > 0 depending on p, 6, v and the function 1 such that,
for all ¢ > ¢y, the operator 1>A — c is a homeomorphism from H;gl(G) to Hg;l(G).

Remark 2.2. Assertions (vi) and (iv) in Lemma 2.1 imply the following: If u € H;efp(G)
and Au € H ,, (G), thenu € H;’ZEP(G) and there exists a constant N, which does not

p,0+p
depend on u, such that

||U||H;;27P(G) < Nl[Aullwy,, @)+ Nlulla, -
A proof of the following equivalent characterization of the weighted Sobolev spaces
H) ,(G) can be found in [41, Proposition 2.2].
Lemma 2.3. Let {&, : n € Z} C C§°(G) be such that for alln € Z and m € N,
|ID™¢,| < N(m)c™™  and  suppé&, C {x € G: "7k < p(x) < ¢ o} (2.4)

for some ¢ > 1 and ko > 0, where the constant N(m) does not depend on n € Z and
x € G. Then, for any u € H) ,(G),

Yo (e yue ), < N lullz -
neZ Y

If in addition
> &u(z)=d>0forallzeG (2.5)
neZ

then the converse inequality also holds.
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Remark 2.4. (i) It is easy to check that both

{el) = e™(Cu)ws :n€Z} and {€P = e 2 (Co)pins : N E L}
satisfy (2.4) with c := e. Therefore,
>~ e (Il (Condas (e Yl gy + €2 (Gonatas (™ Yule™ )2y ) < Nl .
nez

(ii) Given k; > 1, fix a function 5 € C§° (R4 ) with
~ 1
((ty=1 forall te |—27" N(0) 2’f1},
N
where N and N(0) are as in (2.1). Then, the sequence {&, : n € Z} C C§°(G) defined by
&ni=C2"(), nez,

fulfils the conditions (2.4) and (2.5) from Lemma 2.3 with ¢ = 2 and a suitable ko > 0.
Furthermore,
€n(z) =1 forall zep t(27"[27F,2M]).

In this paper, © will always denote a bounded Lipschitz domain in R?. More
precisely:

Definition 2.5. We call a bounded domain ©® C R¢ a Lipschitz domain if, and only if,
for any xq = (v}, ) € 0O, there exists a Lipschitz continuous function y : R¥~! — R
such that, upon relabeling and reorienting the coordinate axes if necessary, we have
() ON By (xg) ={z = (m z') 6 By (o) : @t > po(2')}, and
(i) [po(2") — po(y')| < Ko

where rg, K are independent of x.

Remark 2.6. Recall that for a bounded Lipschitz domain O C R4,

WH0) =H} , ,(0)

p

with equivalent norms. This follows from [38, Theorem 9.7] and Poincaré’s inequality.

3 Stochastic parabolic weighted Sobolev spaces and SPDEs

In this section, we first introduce the stochastic parabolic spaces ﬁ”’q(G T) for ar-
bitrary domains G ¢ R? with non-empty boundary in analogy to the spaces 5'37"1( ) =
55 4(R4,T) from [34, 35]. Then we show that they are suitable to serve as solution
spaces for equations of type (1.1) in the following sense: If we have a solution u €
fﬂ’q(G T) with low regularity v > 0, but f and the g*’s have high L,(L,)-regularity,
then we can lift up the regularity of the solution (Theorem 3.8).

Definition 3.1. Let G be a domain in R¢ with non-empty boundary. For p,q € (1,0),
7,0 € Rand T € (0,00) we define

H4(G,T) = Ly(Q x [0,T),P,P ® dt; H) (G)),
H)5(G, T bs) == Ly(Q x [0,T], P, P ®dt; H) 4(G; £2)),
UJH(G) = Lo(Q, Fo, Py 2117 *(G)).
If p = q we also write H ,(G,T), H) ,(G,T;¢>) and U) ,(G) instead of H)'¢(G,T),

)4 (G,T;t) and U) ) (G) respectlvely
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From now on let
pE2,0), ¢gE€2,0), YER, H€R.

Definition 3.2. Let G be a domain in R? with non-empty boundary. We write u €
9,4(G,T) if, and only if u € H)§ (G,T), w(0,-) € U)J(G), and there exist some

feH2U(G,T) and g € H),"(G,T; {y) such that

du = fdt + g" dwf

in the sense of distributions. That is, for any ¢ € C§°(G), with probability one, the
equality

wwmw=wmmw+4ummww+§;£@@»wmw
k=1

holds for all t € [0,T), where the series is assumed to converge uniformly on [0,T] in
probability. In this situation we write Du := f and Su := g. The norm in §)¢(G,T) is
defined as

lulloracr = llullwys @)+ ||Du||H;’;)iZ(G,T) + HSU”H;’;“’(G,T;EQ) + [0, ) l[urae)-
If p = q we also write $) ,(G,T) instead of ) 5(G.,T).

Remark 3.3. Replacing G by R¢ and omitting the weight parameter § and the weight
function < in the definitions above, one obtains the spaces H}%(T) = H}“(R%T),
H)9(T; 0y) = H)9(R, T3 0y), Uyt = UJ9(RY), and ;%(T) as introduced in [35, Def-
inition 3.5]. The latter are denoted by H})*(T) in [34]; if ¢ = p they coincide with the
spaces H;(T) introduced in [32, Definition 3.1].

We consider initial value problems of the form
du = (6 ugiy; + f)dt + (6% uy: + g%)dw?, u(0, -) = uo, (3.1)

on an arbitrary domain G C R? with non-empty boundary. We use the following solution
concept.

Definition 3.4. We say that a stochastic process u € ﬁ;:g(G, T) is a solution of Eq. (3.1)
if, and only if,

uw(0,) =ug, Du=a"uyi,; +f, and Su= (crikumi —|—gk)k€]N,

in the sense of Definition 3.2.

Remark 3.5. Here and in the sequel we use the summation convention on the repeated
indices i, j, k. The question, in which sense, for a bounded Lipschitz domain © C R¢,
the elements of $)'¢(O, T) fulfil a zero Dirichlet boundary condition as in Eq. (1.1), will
be answered in Remark 6.7.

We make the following assumptions on the coefficients in Eq. (3.1). Throughout this
paper, whenever we will talk about this equation, we will assume that they are fulfilled.

Assumption 3.6. (i) The coefficients a” = a'/(w,t) and o'* = o'¥(w, t) are predictable.

They do not depend on z € G. Furthermore, a”/ = a’® fori,j € {1,...,d}.

(ii) There exist constants dy, K > 0 such that for any (w,t) € Q x [0,7] and X € RY,
SolAP < @ (w, NN < ¥ (w, NN < KIAP,

where @' (w,t) := a¥ (w,t) — 1 (0% (w,t), 07 (w,t))e,, With 0% (w,t) = (0" (w, 1))

keN € lo.
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We will use the following result taken from [34, Lemma 2.3].
Lemma 3.7. Letp>2,meN, and, fori =1,2,...,m,
A €(0,00), i €R, u eHITHT), uP(0,)=0.

Denote A; := (\; — A)Y/2. Then

T m
B[ [ TTIaau®),a
0 =1
m T
< NZE{/O (I8 DU, + 1891 o)) H 14,8097 ]
i=1

]751
N Y | / 18PN o 1491 o H [ApAu®) di],
1<i<j<m
k;éz,j
where [ := Du® —arsul?) ., g0k .= 86y — ok and L, (£,) = H)((3). The constant

N depends only on m, d, p, 6o, and K.

Now we are able to prove that if we have a solution u € ﬁg;l’q(G, T) to Eq. (3.1) and
if the regularity of the forcing terms f and g is high then we can lift the regularity of
the solution. Note that in the next theorem there is no restriction, neither on the shape
of the domain G C R? nor on the parameters 6,y € R.

Theorem 3.8. Let G C R? be an arbitrary domain with non-empty boundary. Lety € R,

p > 2 and g = pm for some m € N. Let f € ), (G, T), g € ]H”H’q(G T;¢5) and let

u € H)519(G, T) be a solution to Eq. (3.1) with ug = 0. Then u € 57+27q(G T), and

el 2.0y < (HUIIHW sy T Mg, em) + I\g\\%ﬁ)l,q(awz)),

where the constant N € (0,00) does not depend on u, f and g.

Proof. The case m =1, i.e., p = q is covered by [29, Lemma 3.2]. Therefore, let m > 2.
According to Remark 2.2 it is enough to show that

18ulli iy < NIl s r + 17l ) T 160Gz

Using the definition of weighted Sobolev spaces from Section 2, we observe that

1Aully s (o) = E[ /0 ' (Z e””ﬂ’)||(<,nAu(t))(en-)||§;;)mdt]
nez
<NE| / (3 e (A ) (e Ik
nez

A€y + ICmatea () (™) ) ) ]

(Here (_,,u, is meant to be a scalar product in R?.) Now we can use Jensen’s inequality
and Remark 2.4(i) to obtain

T m
8l @ < NE[ [ (e IACue) eI, )

nezZ

+ Hu(t)HiI;,e,p(G) + Hum(t”ﬂqs(g)dt
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An application of Lemma 2.1(iii) and (iv) leads to
1Aulfyy m < NE| / (30 e atcwu@) )5 ) " at] + Nl o
nez
Therefore, it is enough to estimate the first term on the right hand side,

e[ [ > e“<9+p>|\A<<fnu<t>><e"->Hzg)mdt]

0 nez

/ Z STy ne) (64+p) H”A(g,mu(t))(e"i,)||§){g dt].

N1, €Z

Tonelli’s theorem together with the relation
u(c )2, = P77 — A)Y2u|f}  for ¢ € (0, 00), (3.2)
P P

applied to Au(™) with (") := ¢_,u for n € Z, show that we only have to handle
> elzmm)ewn-og] [* HH(e*Qni — AP AU @), di]
NiyeeesNn €Z =1

Note that since u € ﬁ;;l’q(G,T) solves Eq. (3.1) with vanishing initial value, u(™ is a
solution of the equation

dv = (a"vgrgs + fO)dt + (6Fvgr 4+ g™F)dw?, v(0,-) =0,
on IRd where f(") =20 (C—p)zstigr —a"*(Con)arast+Conf and g(")k —o"™ (¢ ) ru+

C_ng®. Furthermore applylng [32, Theorem 4.10], we have u(™ e 7—[7+2( ). Thus, we
can use Lemma 3.7 to obtain

T m
]E[/O E||(6_2m _A>’Y/2Au(n, ( )”p dt} < NZ InL +En1> +N Z mmnj

1<i<j<m

where we denote

T m
L= B[ [ 18w @1, TLIA, A 0], a1

=1
J#i
1, =K / 10,68 (12, gy TL 1A, AuC (1), ]
j=1
i
B, = B[ [ g O, s g O, @2)H||AnkAu(”k><>||p ).

k#m

with A,, := (e~?" — A)?/2, Thus, it is enough to find a proper estimate for

m

Y dmmmone (S an) s Y L)
Ni,...,Nm €Z i=1 1<i<j<m
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Applying (3.2) first, followed by Tonelli’s theorem, then Holder’s and Young’s inequality,
leads to

m

Z (s ni) (0+p+py—a) Z I,

N1y €Z i=1

= % dmmmemsp] [T e T s e

nl,...,nmEZ
J#l

=NE [/ (2 el ) (3 1 e el )" ]

nez

< N(e) E[/O (Z eTL(a+p)||f(n)(t7en')HZI)_I;)% dt}
nez i » ( %
+EE|:/O (Ze" P ||Au”)(t,e”.)||1;13) dt]

nez

Using the definition of f(") and arguing as at the beginning of the proof, we obtain

> e DN e < N (@ o+ IO, )+ 1FOI:, o)

nez

< N (flut >||Hv#;1p(c> HAOl, @)

Moreover,
> e TPAuM (e < D7 e P ACu(B) ()
neZ nez
+ Z en(0+p) ”(C—nxux(t))(en)ni[;
neEZ
£ 3 MO (¢ Au) (e 2,
neEZ
(IIU( We, @ Tl )+ ”A“”%;,HAG))

< N(nu( >||le Al ).

Combining the last three estimates, we obtain for any ¢ > 0 a constant N(¢) € (0, 00),
such that

Z (T n:) (0+p+py—0) ZI’“ <e ||Au||?m,g

L (G.T)
N1y €Z i=1

q q
() (‘lf"ﬂ;f:g+p(G,T) + Hu”l}lgﬁ)lg(c,T))'

Using similar arguments we obtain

Z 6( Sy m) (0+p+py—d) ( i Eni + Z Mninj)

Niyeees N €24 i=1 1<i<j<m

q q
s ellfull g, @ TN E) (”g”H;;WG,T;ez) * e n)
which finishes the proof. O
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Iterating this result has the following consequence.

Corollary 3.9. Let G C R? be an arbitrary domain with non-empty boundary. Fixy > 1,
p € [2,00) and ¢ = mp for some m € IN. Furthermore, assume that f € H',>%(G,T),

p,0+p
g € H) (G, T;(,), and that w € H)'§_ (G, T) satisfies Eq. (3.1) with ug = 0. Then
u € 5’3%‘1((}’ T), and

p9p

e e 1 [ I
where the constant N € (0,0c0) does not depend on u, f and g.

Remark 3.10. An extension of the results above to the case where the coefficients
depend on the space variable x € G can be proved along the lines of [27, 29]. Also, the
symmetry of a*/ can be dropped. To keep the expositions at a reasonable level, we do
not discuss these cases.

4 Solvability of SPDEs within $)/(0,T)

In this section we prove existence and uniqueness of solutions to equations of the
form (3.1) on bounded Lipschitz domains @ C R¢ in the spaces 9,4(0,T). We are
mainly interested in the case ¢ > p. The main ingredient will be Corollary 3.9 which
allows us to lift up the regularity of the solution once we have established a certain low
Ly(L,)-regularity and if f and the g*’s have high L,(L,)-regularity. In this section we
restrict ourselves to equations of type (3.1) with ¢ = 0 and vanishing initial condition,
i.e., we consider the problem

du = (6T ugiy; + f)dt + gFdwt,  u(0,-) = 0. (4.1)

We expect, however, that the lifting argument in Corollary 3.9 can be used to derive
similar results for general equations of type (3.1). We establish existence of solutions
with low Ly(L,)-regularity in two different ways which correspond to two different re-
strictions in our assumptions. First, in Subsection 4.1 we consider Lipschitz domains
with sufficiently small Lipschitz constants. Here we use an L,(L,)-regularity result for
deterministic PDEs and basic estimates for stochastic integrals in UMD Banach spaces
to derive a result for general integrability parameters ¢ > p > 2. Then, in Subsection 4.2
we consider the case of general bounded Lipschitz domains. Applying techniques from
the semigroup approach to stochastic evolution equations in Banach spaces, we are
able prove existence and uniqueness of solutions of the stochastic heat equation in
ﬁ;:g((’), T) for integrability parameters p € [2,pg) and g > p.

4.1 A result for domains with small Lipschitz constant

We need the following result concerning existence and uniqueness of solutions to
SPDEs of the form (3.1) in 5"jp 00, T) = f_)%p((’) T), i.e., for the case p = ¢. It is taken
from [29], see Theorem 2.12 and Remark 2 13, as well as Theorem 2.15, therein. Note
that it also holds under weaker assumptions on the parameters and for more general
equations than stated here.

Theorem 4.1. Let O be a bounded Lipschitz domain in R? and v € R. For i,j €
{1,...,d} and k € N, let a*/, o'* be given coefficients satisfying Assumption 3.6.

(i) For p € [2,0), there exists a constant k € (0,1), depending only on d, p, 6y, K and
O, such that forany 0 € (d+p—2—ro,d+p—2+ro), f € H) ;, (0,T), g € H;;l(O,T;Eg)
and ug € U;gz((?), Eq. (3.1) has a unique solution u in the class 5’3;’;2((’)7T). For this
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solution

02200y < N (U1 0y + 191 0y + 0l s2)) 42
where the constant N depends only ond, p, v, 8, §p, K, T and O.

(ii) There exists py > 2, such that the following statement holds: if p € [2,pg), then
there exists a constant k; € (0,1), depending only on d, p, 69, K and O, such that for
any0 € (d—ky,d+r1), f €H) 4. (O,T), g€ HL(O,T:4y) and ug € U} ;*(0), Eq. (3.1)
has a unique solution u in the class ﬁ;f(@, T). For this solution, estimate (4.2) holds.

Here is the main result of this subsection.

Theorem 4.2. Let O be a bounded Lipschitz domain in R? and let v > 0. For given
coefficients a*, i,j € {1,...,d}, let Assumption 3.6 be satisfied with ¢ = 0. Then, for
2 < p < ¢q < oo, there exists a constant ¢ = ¢(d,p, q, 0o, K), such that, if the Lipschitz
constant K in Definition 2.5 satisfies Ky < c, the following holds: For

s 0, 1, 1, .
fe®)d, (O, T)NHG(O,T) and ge M) WO, Tilo) NH,G (O, T;ty),

Eq. (4.1) has a unique solution u € QZ;Q’Q(O,T). Moreover, there exists a constant
N € (0,00), which does not depend on u, f and g, such that

Il 2oy < N (I Iy, 0. + 1 o0,

(4.3)
+ ||g||]I-IZ:;1"1(O,T;€2) + ||9||H;:g (o,T;zQ))-

—-P

Remark 4.3. We note that every bounded C'-domain @ C R is a Lipschitz domain
where the Lipschitz constant K in Definition 2.5 can be chosen arbitrarily small. There-
fore, the assertion of Theorem 4.2 holds for any bounded C'-domain.

Proof of Theorem 4.2. Since ug = 0 € Uy *(0), f € HS, (O0,T) < H} ,,,(0,T), and

g € ]H;EL‘Z(O,T;EQ) — ]Hg;l(O,T; ¢5), there exists a unique solution u € 5'3;’;2((’)7T)

to Eq. (4.1) by Theorem 4.1(i). Furthermore, since HZ;%Z(O,T) — ]H%E%Q((’),T), this

solution is the only candidate for a solution to Eq. (4.1) in the class 55;’1}2"1((’), T). Thus,
we only need to show that u € 5’9222"1(0, T) and that it satisfies the estimate (4.3). For
all ¢ € C3°(0), with probability one,

= ‘ aijS’LLi ilS S S 3 t kS ’LUk .
(u(tw)—/o( (8)ttatas (3) + F(5), 9)d +;/ ("(s), ), te[0.T]
Let us define - ,
w = kS w
(1) ;/Ogmd :

as an infinite sum of, say H21,d_2(0)—valued stochastic integrals. This sum converges in

H; , ,(O,T) due to 1t6’s isometry since g € ]H;:Z_p(O,T;ZQ) = Hy 4 5(0,T;la). We fix

a continuous modification of the H, , ,(O)-valued process (w(t)):ejo,r] from now on,
which is well-known to exist. For all ¢ € C§°(0O), with probability one,

0ot
> [ (F6ho)dut = wv.e). te0.7)
k=170

Therefore, setting @ := u — w, we know that for all ¢ € C§°(0O), with probability one,

(a(t), p) = /0 (a¥ (8)lgizi () 4+ F(8) 4+ a" (8)wyizi (), p)ds, te€[0,T]. (4.4)
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It follows that @ is the unique solution in $j 4(O,T) to
div = (Y giz + [+ aVwyiys)dt, 4(0) =0 (4.5)

We are going to consider (4.5) w-wise and apply an L,(L,)-regularity result for de-
terministic PDEs from [18]. To this end, we have to check that in the present situation
our notion of a solution fits to the one described therein. Since @, w € ]H%’d_g((lT)

and f € ]Hg:g(O,T) — Hgd(O,T), we know that, for almost every w € 2, the map-

pings ¢ — u(w,t,-) and t — w(w,t,-) belong to Ly([0,T]; Hy 4 5(0)) and t — f(w,t,-)
belongs to Ly([0,T); L2(O)). In particular, by Lemma 2.1, @i, (w) and w,i,i(w) belong
to LQ([O,T];H;,;H(O)) foralli,j =1,...,d, so that

/ {0 (w, 8)lgigs (W, 8) + f(w,s) + a (W, $)wyiy (w,s)}ds =: / D (w, s)ds
0 0

exists as an H,, : +2(0)-valued Bochner integral. This and (4.4) imply that, for almost all
w € Q,

(a(w,t),gok) = (/0 @(w,s)ds,gpk), keNN, tel0,T],

where {¢}}rew € C5°(O) is supposed to be dense in Hy ; ,(O). As a consequence,

a(w,t) :/0 ®(w, s)ds, te€][0,T).

Standard arguments lead to
T T
¢ (u(w,t)dt = — [ ¢t)P(w,t)dt + ¢(T)u(w,T), ¢ € C3°(R),
0 0

where the integrals are H,_ Cll 42(0)-valued Bochner integrals. We obtain

T 9
t(w)=hdxdt
JAyRIEr

T .. .o
_ / / (0 ()it (@)has — F(@)h + a9 (@), (w)hae) dardt + / (w, T)A(T)dz
0 (@)

(@]

(4.6)

for all test-functions h = ¢®¢, ¢ € C§°(R), ¢ € C3°(O). Using approximation arguments
one can verify that (4.6) even holds for all test-functions A which belong to the space
H3 5((0,T) x O) considered in [18] and which vanish on (0,7') x O in the sense that

h(t) € WHO) = Hj 4_5(0) for almost all ¢ € (0, T). Moreover, for almost all w € §, (w)
belongs to the space 7—7%72((0,T) x ) as defined in [18] and it vanishes on (0,7") x 90.
Thus, for almost all w € Q, @4(w) is the unique solution in ?315,2((0, T) x O) to

—%v + 0" (W) Vi s = div(a (w)ws (W), . .., a¥ (w)wy; (w))T — f(w) in (0,7)x O
v=0 on (0,7) x 00

in the sense of [18]. Now we can apply [18, Theorem 8.1] and use the fact that the
coefficients a*/ are uniformly bounded due to Assumption 3.6 to obtain

| Du(w) ||z, o,13:L,0)) < N (IDw(w)llL, o,13:2,0)) + I1f (@)L, (o.17:L,(0))) (4.7)

for almost all w € 2, where the constant N does not depend on w. We remark that the
assumption on the Lipschitz constant Ky comes into play at this point: Theorem 8.1 in
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[18] implies that there exists a constant ¢ = ¢(d, p, q, oo, K) such that, if Ky < ¢, then
estimate (4.7) holds. Integration w.r.t. P and Hardy’s inequality yield
||uHH2:§7p(O,T) < NHDUHH&Z(OI)
< N (IIDllgoq0.r) + 1 Dwllgog 0,7)) (4.8)
<N (||f||1szg(o,T) + HDwHHgg(O,T)>-
The term ||Dw|\]Ho,gl (o,) can be estimated with the help of an inequality for stochastic

integrals in UMD Banach spaces with type 2 taken from [49]. To this end, let us write

~v(le, H p 4—p(0)) for the Banach space of y-radonifying operators from /5 to Hp i—p(0),

see [48] for a survey on this class of operators. Furthermore, let {e }rcv be the standard
orthonormal basis of the Hilbert space /5. Then, the stochastic process

b:Qx[0,T] = v(a, H pd »(0)),

given by

o0
z:aekg2 (w, 1), acly,
k=1

is well-defined, and
be L,(2x[0,T],P, P& dt;vy(ls, H pd p(C’)))).

Moreover,

”b”Lq(Qx[O,T];V(ZZ,H})Ydfp(O))) ~ ||g||IH;:i117P(O’T;[2)7 (4.9)
see [6, Remark 3.7]. We remark that H;)dfp(O) = Wpl(O) is a UMD Banach spaces with
type 2, since it is a closed subspace of the classical Sobolev space WZ}((’)). Therefore, by

[49, Corollary 3.101, (b(t))¢cjo,1) is L4-stochastically integrable w.r.t. the {»-cylindrical
Brownian motion (W, (t)):c[o0, 1) given by

(a,ep)pwr, ac /.

NE

Wgz (t)a =

>
Il

1

By [49, Corollary 3.9], for every ¢ € [0,T],

¢ 00t
/ b(s) dWy, (s Z/ g"( =w(t) P-as., (4.10)
0 =170
where the series converges in L, (£2; H;d_p((’))). Thus, we can apply [49, Corollary 3.10]
and obtain
HDwH]HO q(O T) < N Hw”]H%Zﬁp(O T) < N ||b||L (2% [0,T];v(£2, Hl a p(o))) < N ||g||]1’11’737p((9,T;22)’

where we have used the norm equivalence (2.3) for the first and (4.9) for the last es-
timate, respectively. Combining this with (4.8) and applying Corollary 3.9 finishes the
proof if ¢ = mp with m € IN. We can get rid of this restriction by following the lines of
[34, Proof of Theorem 2.1, p. 7] and applying Marcinkiewicz’s interpolation theorem. O
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4.2 An L,(L,)-theory of the heat equation on general bounded Lipschitz do-
mains

In this subsection we present a first L,(L,)-theory for the stochastic heat equation
du = (Au+ f)dt + g~ dwF,  (0,-) =0, (4.11)

on general bounded Lipschitz domains O C R?. We start by presenting the main result
of this subsection, which we will prove later on.

Theorem 4.4. Let O be a bounded Lipschitz domain in R¢ and let v > 0. There exists
an exponent py with py > 3 when d > 3 and py > 4 when d = 2 such that for p € [2,p)
and p < q < oo, Eq. (4.11) has a unique solution u € 55;22"]((9, T), provided

, 0, 1, . 1, .
femlyd (O, T)NH)Y(O,T) and ge M) (0, Til) NH)E_ (O,T;ls).
Moreover, there exists a constant N € (0,00), which does not depend on u, f and g,
such that

lellgyzao.zy < N (1flms, 00 + 1 ls 30,19

p,d+p

(4.12)
+ ||9||H;;1~4(0,T;52) + ||g||H;:27p(O,T;€2))'

For bounded C! domains G C R¢ this result has been already proven in [28]. Un-
fortunately, the techniques used there will not work if the boundary is assumed to be
just Lipschitz continuous. Therefore, we choose to take another way. We will mainly use
the fact that the domain of the square root of the negative weak Dirichlet-Laplacian
on L,(O) coincides with the closure of the test functions in the L,(O)-Sobolev space of
order one, at least for the range of p allowed in our assertion.

Let O be a bounded Lipschitz domain in R%. As in [52, Definition 3.1], for arbitrary
p € (1,00), we define the weak Dirichlet-Laplacian Agw on L,(0O) as follows:

D(AD ) :={ue W}(0) : Aue L,(0)},

D
Anwu

Au = 5ijumimj 5

where ¢;; denotes the Kronecker symbol. If we fix p € (po/(po — 1), po) wWith po = 4 + 0
when d = 2 and py = 3 + 6§ when d > 3 where § > 0 is taken from [52, Proposition 4.1],
then, the unbounded operator Agw generates a strongly continuous, analytic semigroup
{Sy(t)},5, of contractions on L,(O), see [52, Theorem 3.8 and Corollary 4.2]. Thus,

(=AD )2, the square root of the negative of AY

»a0 Can be defined as the inverse of the
operator

(—AD )= w*l/z/ t7128,(t) dt = L,(O) — L,(O) (4.13)
0

with domain
D((_Aﬁw)l/g) = Range((_Agw)_1/2)7

see [44, Chapter 2.6]. Endowed with the norm

Hu||D((—A£w)1/2) = ||(*A£1,))1/2UHL,,(0)7 u € D((*A;?,w)l/z)a

D((—Agw)l/ 2) becomes a Banach space. Exploiting the fundamental results from [52]

and [22], we can prove the following identity, which is crucial if we want to apply the
results from [50] in our setting.
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Lemma 4.5. Let O be a bounded Lipschitz domain in R?. There is an exponent p, with
po >4 when d = 2 and pg > 3 when d > 3 such that if p € [2,po)

D((-AD,)?) = Wi(0) (4.14)
with equivalent norms.

Proof. We fix p € [2,py) with pg = 4 + 6 when d = 2 and pgp = 3 + § when d > 3 where
d > 0 is taken from [52, Proposition 4.1]. As a consequence of [22, Theorem 7.5] we
have

(—AR ) TV2L,(0) = W (0) (4.15)

and

|(—AD,)1/2 , ~ |1Dullz, ), u€Wy(O). (4.16)

uHLP(O

Moreover, by [52, Proposition 4.1] the semigroups {Ss(t)},., and {S,(¢)},., are con-
sistent, i.e., B a

So(t)f = Sp(t)f,  fe€Ly(O), t>0,
and therefore
(AP TV2F = (=AR)TVPL, feLy(0)
according to (4.13). Thus, by (4.15), Wpl((’)) — Range((—AP,)~1/2) = D((~AP,)1/2),

p,w W
and the norm equivalence follows immediately from (4.16). O

Remark 4.6. The comparison of the L,-norms of (—L)'/?u and Du for second order
elliptic operators L is known as Kato’s square root problem in L,. On the whole space
R¢ and for p = 2, equivalence of the norms for uniformly complex elliptic operators
in divergence form with bounded measurable coefficients has been established in the
seminal work [2]. Also, on bounded Lipschitz domains it has been proven in [3], among
others, that for symmetric real-valued elliptic operators with zero Dirichlet boundary
condition, the equivalence ||(—L)'/? ||, o) ~ [|D:|z,(0) holds for certain p > 2. We
expect that, if the results concerning the semigroup generated by A}’Zw from [52], which
we use in the proof of Lemma 4.5 and in the proof of Theorem 4.4 below, extend to
second order elliptic operators, then Theorem 4.4 remains valid for equations of the
type (4.1). In order to keep the exposition at a reasonable level we do not go into
details here.

Now we are ready to prove our main result in this subsection.

Proof of Theorem 4.4. As in the proof of Lemma 4.5 we fix p € [2,pg) with pg = 4+ 0
when d = 2 and pg = 3+ when d > 3 where § > 0 is taken from [52, Proposition 4.1]. We
start with the case v = 0. L.e., we assume that f € ]HE:Z(O,T) and g € ]H;:g_p((lT; 03).
Recall the corresponding notations (b(t)):cjo,1), (w(t)):efo,r) and Wy, introduced in the
proof of Theorem 4.2 and their properties. Note that the analytic contraction-semigroup

{Sp(t)}t>0 on L,(0O) is positive in the sense of [19, p. 353], see [52, Lemma 4.4]. There-

fore, by [25, Corollary 5.2], (—A[,,) has a bounded H>-calculus of angle less than 7 /2.
In particular, it has bounded imaginary powers. This implies

[L,(0), D(=AL,)] D((=AD ), (4.17)

1/2 =

see [46, Theorem 1.15.3]. Hence, by Lemma 4.5 and Remark 2.6 we have

[LP(O)’ D(_A;[?,w)] = H}%,dfp(O)'

1/2
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SO, — ensely, since is contained in There ore, we
Also, D(AP ) <+ L,(O) densely, since C§°(O d in D(AP,). Theref

can apply [50, Theorem 4.5(ii)] and obtain the existence of a stochastic process
u€ Ly(Q x [0,T],P,P ®dt; D(-AD,)) (4.18)
solving the stochastic evolution equation

du(t) — AD ju(t)dt = f(t)dt + b(t) dWe,(t),  t€0,T]
u(0) =0

in the sense of [50, Definition 4.2] with X, := L,(O). Moreover, there exists a version @
of u, such that the following equality is fulfilled in L,(O) P-a.s. for all ¢ € [0, T] at once:

_/OtAﬂ(s) ds+/0tf(s)ds+/otb(5) AW, (s).

We can fix a continuous versions of the stochastic process (w(t)):cjo,7], so that by (4.10)
P-a.s.

= /t Ad(s)ds + /t f(s)ds+w(t) forallte [0,7]in L,(O).
0 0

Therefore, by Lemma 4.5 and (4.18), u € )’);’3((’) T) and solves Eq. (4.11) in the sense
of Definition 3.4. Since ’q((’) T) < Y 3((’) T), the uniqueness follows from [29, The-
orem 2.12]. Thus, in order to finish the proof of the basic case v = 0, we show the a
priori estimate

[l (4.19)

q
]Hzlqu (0, T) (Hf”]HO ’-1(0 T) + ||gH]H;’Z(O,T/2))7

which implies estimate (4.12) for v = 0. To this end we will use the fact that the stochas-
tic process V : [0,T] x Q — L,(O) defined as

¢
:/ Sp(t—9)f der/ Sp(t — s)b(s) dWy,(s), te[0,T],
0

is a version of u, see [50, Proposition 4.4]. Since —Agw has the (deterministic) maximal
regularity property (see [52, Proposition 6.1]) and 0 € p(Agw), we obtain

‘t»—)/St—s s)d ‘

where we used again Lemma 4.5 and [38, Theorem 9.7]. Simultaneously, notice that

APD » and g (respectively b) fulfil the assumptions of [51, Theorem 1.1]; we have already

checked them in our explanations above. Thus, applying this result, we obtain

<N 4.20
Lo(0T}H) p<0>>1 120, (#:20)

(4.21)

q
t S, (t — 5)b(s) dW, ‘
’ i—>/ S 22( ) L, ((0,T):H Pd p(o))] ||g||]HO q(OT@)

The constants in (4.20) and (4.21) do not depend on f and g. Therefore, using the last
two estimates we obtain the existence of a constant NV, independent of f or g, such that

q q
Vltes om <N (17000 + 1905000 e )

Since V is just a version of the solution u, Eq. (4.19) follows.
In order to prove the assertion for arbitrary v > 0 and 2 < p < g < co we can argue
as we have done at the end of the proof of Theorem 4.2. O
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5 Holder-Sobolev regularity of elements of )7(0,7) and implica-
tions for SPDEs

In this section we analyse the temporal Holder regularity of functions in 53;:3((’), T),
where O is a bounded Lipschitz domain in R¢. Our main interest lies on the case q #
p. As an application, we obtain Holder-Sobolev regularity for the solutions to SPDEs
presented in Section 4. In combination with the Sobolev type embeddings for the spaces
H;G(O) from Section 2, we also obtain assertions concerning the Holder regularity in
time and space for elements of 55;;3 (O, T) (Corollary 5.2). Here is the main result of this
section.

Theorem 5.1. Let O be a bounded Lipschitz domain in R%. Let2 < p < q < 00, v € N,
0 €R, andu € 9)4(0,T). Moreover, let

2/qg< B<B<1.
Then there exists a constant N, which does not depend on T' and u, such that

B-1,14
E[y u]cg/zfl/q([o,T];H;}ﬂ(o))

(B=B)a/2 (||| 1 P >y
p— (I q
< NT (HUHJHZ:{;LP(O,T) + HD“”m;;ig(o,m T ”SUHH;;L"(QT;@))’
and
B—1, |14
Elly “”Cé/z—l/q([o,T];H;;B(O))
< NTB-Pa/? <E||1/;B*1u(0, ')“?ﬁ;ﬁ(o) (5.2)

+ulls o+ DUl +lsul

q q
By i (0.7 HZEI’(’(QT;ZZ)))'

Theorem 5.1 and Lemma 2.1(ii) yield the following so-called interior Schauder esti-

mates of functions in §4(O,T).

Corollary 5.2. Given the setting of Theorem 5.1, letu € $)4(O,T) and y—f—d/p = k+e

where k € Ny and € € (0,1]. Then for v := 3 — 1 + 0/p and multi-indices i, j € IN¢ such
that |i| < k and |j| = k, we have

“up [ D (u(t, ) — uls, )IEoy + [ TIIHEDI (ult, ) — uls, '))]qca(o)l

E _
o |t — s|(Ba/2—1)

q q q
< N (s com+ DUl 2000y + 180l 71y

where the constant N € (0,00) does not depend on u. In particular, if ug = 0,7 > 1,
0 <dandry:=1-2/q—d/p >0, then for any r € (0,7)

t —u(t q
E|sup sup [u(t, 2) u( Yl < 00,
t<T 2,ycO |z —y|"
tox) — q
E| sup sup [ut, ) — uls, z)] < 00,
z€O t,s<T ‘t - S|rq/2

see [35, Remark 4.8] for details concerning the last implication.

Combining Theorem 5.1 with the results of Section 4, we immediately obtain the
following result on the Holder-Sobolev regularity of solutions of SPDEs.
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Theorem 5.3. Let O be a bounded Lipschitz domain in R?. Let 2 < p < q < oo, v € INy,
0 € R and

2/qg<B<B<1.

(i) Given the setting of Theorem 4.2, the solution u € 53;:;2"1((9, T) of Eq. (4.1) fulfils

B—-1, 119 q q
E”d} u||c/§/271/q([O’T];H;,ZZ—B(O)) S N(Hf||]HZ:§+p(O,T) + HfHHS’?Z(O’T)

(5.3)
q q
19500 ) + ol s rier):

where the constant N € (0, 00) does not depend on u, f and g.
(ii) Given the setting of Theorem 4.4, the solution u € ,6;’22"’((9, T) of Eq. (4.11) fulfils
estimate (5.3) with a constant N € (0, 00) which does not depend on u, f and g.

For the case that the summability parameters in time and space coincide, i.e., ¢ = p,
a result similar to Theorem 5.1 has been proven in [29], see Theorem 2.9 therein. The
proof in [29] is straightforward and relies on [35, Corollary 4.12], which is a variant of
Theorem 5.1 on the whole space R¢. However, we are explicitly interested in the case
q > p since it allows a wider range of parameters 5 and 3, and therefore leads to bet-
ter regularity results. Unfortunately, the proof technique used in [29, Proposition 2.9]
does not work any more in this case. Therefore, we take a different path: We use [35,
Proposition 4.1], which covers the assertion of Theorem 5.1 with Ri instead of O, and
the Lipschitz character of O to derive Theorem 5.1 via a boundary flattening argu-
ment. To this end, we need the following two lemmas whose proofs are postponed to
the appendix.

Lemma 5.4. Let GV, G® be domains in R® with non-empty boundaries, and let ¢ :
G — G® be a bijective map, such that ¢ and ¢~ are Lipschitz continuous. Further-
more, assume that there exists a constant N € (0,00), such that

1
Nﬁcm(dfl(y)) < pae (y) < Npgay (¢ (y)) forally € GP,

and that the (a.e. existing) Jacobians J¢ and J¢~' fulfil
|Det J¢| =1 and |Det Jo~ | =1 (a.e.).

Then, for any v € [—1, 1], there exists a constant N = N(d,~,p, 0, ¢) € (0,00), which does
not depend on u, such that

1 _
~ el ooy < llued ey < Nlullay o

in the sense that, if one of the norms exists, so does the other one and the above in-
equality holds.

Lemma 5.5. Let G G be bounded domains in R? and let ¢ : GV — G? satisfy
the assumptions of Lemma 5.4. Furthermore, let u € ﬁ;:g(G(l),T) with2 < p < ¢ < <.

Thenuog¢~t € 5311):‘;(61(2), T) with deterministic part D(uo¢~!) = Duo¢~! and stochastic
part S(uop~') = Suo¢~'. In particular, for any ¢ € C§°(G?), with probability one, the
equality

(u(tv ) o ¢_17 4,0)
(0. 0610+ | (Du)(s.) 0 6L ) ds +3° [ ((SFu)(s, ) 0 6L ) dut P
= (u(0,-) 0 ¢ ’*"H/O(GD )(s,) 007 p)d +1;/0((S )(s,) 0 ¢, @) dut

holds for all t € [0,T].
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Now we are able to prove our main result in this section.

Proof of Theorem 5.1. Let us simplify notation and write f := Du and ¢ := Su through-
out the proof. We will show that (5.1) is true by induction over v € IN; estimate (5.2) can
be proved analogously.

We start with the case v = 1. Fix zp € 9O and choose r» > 0 small enough, e.g.,
r = 19(10Ko)~! with 79 and Ky > 1 from Definition 2.5. Let us assume for a moment
that the supports (in the sense of distributions) of u, f and g are contained in B,.(z¢) for
each t and w. With po from Definition 2.5, we introduce the function

¢: G = 0N B, (x)) — G :=¢(ONB,,(x0)) C REL
r=(zh2") — (2! — po(z'), "),

which fulfils all the assumptions of Lemma 5.4. Note that, since r has been chosen
sufficiently small, one has po(z) = pom (z) for all x € O N B,.(xp), so that one can easily
show that the equivalence

||v||Hgyé(O) ~ HU”H;(;(G(U)v v € D'(0), suppv € Br(),
holds for all v, § € R and p > 1. Together with Lemma 5.4 we obtain for any v € [-1,1],
[vllez o) ~ llve ¢71”H;é(6‘(2>)a v e D'(0), suppv C By(x).

Thus, denoting @ := uo ¢!, f :== fo¢ ' and § := go ¢!, by Lemma 5.5 we know
that on G(® we have du = fdt + g°dwF in the sense of distributions. Furthermore, since
pae (y) = PR (y) for all y € ¢(O N B,-(zg)), the equivalence

lvo ¢_1||H;‘§(G(2)) ~ Jlvo ¢_1||Hg?§(]Rj)7 v € D'(0), suppv C B, (z0),

holds for any v € [—1,1], where we identify v o ¢~! with its extension to IRi by zero.
Therefore, by making slight abuse of notation and writing @, f and g for the extension
by zero on ]Ri of u, f and g respectively, we have

e HY

ph_,RLT), w(0) € UydRY), feWH, gl (RE,T), geH §R,T;l),

p,0+p

and du = fdt + gFdwy is fulfilled on RY in the sense of distributions. Thus, we can
apply [35, Theorem 4.1] and use the equivalences above to obtain estimate (5.1) in the
following way:

Efu]? .
tesre vy o)

-4

= NE[u]05/2-1/q([0,TJ;H;;iP(B,1)(Ri))
B-B)a/2 (|72 g _y

< NPV (il 1l ey + 180500 000 1)

< NT(ﬁ*B)Q/Q( q q a )

= ||UH]H;137P(O,T) + Hf”H—I;)lgﬁp(OyT) + ||g||]H2:g(O,T;€2)

Now let us give up the assumption on the supports of u, f and g. Let &y,&1,...,&n, be

a partition of unity of O, such that & € Cg°(0), and, fori =1,...,m, & € C§°(B,(z;))
with x; € 0. Obviously, d(&u) = & fdt + & gFdwf for i = 0,...,m. Since

B-1,14 B=1(¢ )19
]E[’L/} u]CB/Q*Uq([O,T];H;;ﬁ(O)) S N(maq) ZOE[’M} (62“)]05/271/q([0,T];H;‘—aﬁ(O));
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we just have to estimate E[)%~1¢&;u]? foreachi € {0,...,m}. Fori >

CB/2=1/a((0,T);H, .7 (0))
1 one obtains the required estimate as before, usmg the fact that C§°(O)-functions are
pointwise multipliers in all spaces HI’;,(;((’)), v,0 R, p> 1, see, e.qg., [41, Theorem 3.1].
The case i = 0 can be treated as follows: Since £, has compact support in O, for all
v,0 € R and p > 1, we have

[véollz> o) ~ IWollmymey, v € D'(0), (5.5)

and consequently

B—1
L 50“]26/2—1/4<[O,T];H;Teﬁ(on Bl&0] 521 a 10,7132 ey

By [35, Theorem 4.11], a further application of (5.5) and the fact that C§°(O)-functions
are pointwise multipliers in all spaces HI’)_’ g(O), we obtain

[Sou]cﬁ/2 1/a([0,T);Hp " (R4))

< NT(B s q/2(||§0u”Hl YR, T) + ||€0qu S L4 (Ra,T) + ||€Og||(91Hg’q(]Rd,T;Z2))
S NT(ﬁ_B)q/Q(Hw_ fOuHHl’g(O,T) + ||z/]§0f||?}1*1,¢1(0’T) + ||€Og||ﬁ’lo'3(o,T;€2))

< NI P2 (10wl 0y 10 W00y + 19003 02 )-
This finishes the proof of estimate (5.1) for the case v = 1.

Next, let us move to the inductive step and assume that the assertion is true for some
vy=ne€c N Fixu e ﬁ;jgl’q(O, T). Then v := Yu, € H,(0,T) and dv = 1 fdt + Pgkdwk
(component-wise). Also, by Lemma 2.1 (iii) and (iv),

B—1,14 B—1
L “]cﬁ/?-l/q([o,T};H;@“ﬁ<0>> = N( b s 2o, Hy 7 (0)

B—1

BTG s o 5(@)))
Using the induction hypothesis and applying Lemma 2.1(iii) and (iv) once more, we see
that the induction goes through. O

6 Besov spaces and their relationship to weighted Sobolev spaces
We turn our attention to the scale of Besov spaces

1 a 1

BS (0), —=—=4+-, a>0, *
O, S=54 )
where p > 2 is fixed and O C R? is a bounded Lipschitz domain. As pointed out in the
introduction, our motivation for considering this scale is its close connection to non-
linear approximation theory. The main result of this section, Theorem 6.9, is a general

embedding of the weighted Sobolev spaces
H’Y

p,d—vp

(0), ~,v>0, (6.1)

into Besov spaces of the scale (x). In the previous sections we have seen that the
stochastic parabolic weighted Sobolev spaces ﬁ;:g((’lT) are suitable for the analysis
of SPDEs of the type (3.1). The elements of these spaces are stochastic processes with
values in the spaces H) , (0) = H) ; , (O) with v = 1+ (d—0)/p. Thus, by proving the
embedding mentioned above, we show that the regularity analysis for SPDEs of type
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(3.1) in terms of the scale (%) can be traced back to the analysis of such equations in
terms of the spaces (O, T).

The outline of this section is as follows. In Subsection 6.1 we give a definition of
Besov spaces and describe their characterization in terms of wavelets. Based on this
characterization and some auxiliary results, we investigate the relation of the scales
(6.1) and (%) in Subsection 6.2. Here we will also see that, for the relevant range of
parameters 7 and v, the spaces H) , , (O) act like Besov spaces B)/}"(O) with zero
trace on the boundary (Remark 6.7).

6.1 Besov spaces: Definition and wavelet decomposition

Our standard reference concerning Besov spaces and wavelets is the monograph
[7]. Throughout this subsection, let G C R4 be an arbitrary domain.
For a function f : G — R and a natural number n € IN let

1) = [[le+ i) -3 (7;) (—1)" f(a+ jh)
1=0 ]

j=0

be the n-th difference of f with step h € R?.
For p € (0,00), the n-th order L,-modulus of smoothness of f is given by

wn(t7 f) G)P = wn(t7 f)p = ;;Tp H AZf ||LP(G) ) t>0.
<t

One definition of Besov spaces that fits in our purpose is the following:

Definition 6.1. Let s,p,q € (0,00) and n € N with n > s. Then B, ,(G) is the collection
of all functions f € L,(G) such that

Bj ,(G) "= (/OOO [t‘sw"(af)pr%)l/q < o0.

These classes are equipped with a (quasi-)norm by taking

| f

I flBs ) = Iflr,e) + [l @) -
Remark 6.2. For a more general definition of Besov spaces, including the cases where
p,q =00 and s < 0 see, e.qg., [47].

We want to describe B;yq(]Rd) by means of wavelet expansions. To this end let ¢
be a scaling function of tensor product type on R? and let «;, i = 1,...,2¢ — 1, be
corresponding multivariate mother wavelets such that, for a given r € IN and some
M > 0, the following locality, smoothness and vanishing moment conditions hold: for all
i=1,...,29 -1,

supp ¢, supp¢; C [—M, M1, (6.2)
' wl S CT(Rd)7 (63)
/x’l Yi(z)de =0 forall a € IN¢ with |a| < 7. (6.4)

We assume that

{wkawi,j,k : (iajv k) € {1, te a2d - 1} X ]NO X Zd}
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is a Riesz basis of Ly(R?), where we used the abbreviations for dyadic shifts and dila-
tions of the scaling function and the corresponding wavelets

or(z) == oz — k), z € RY, for k € Z%, and (6.5)
Vi) =22 (2w — k), x € RY,  for (i,5,k) € {1,---,22 =1} x Nx Z%.  (6.6)

Further, we assume that there exists a dual Riesz basis satisfying the same require-
ments. More precisely, there exist functions ¢ and 1;, i = 1,...,2% — 1, such that condi-
tions (6.2), (6.3) and (6.4) hold if ¢ and v are replaced by ¢ and i[:z and such that the
biorthogonality relations

(Brs Vi k) = Wijkrok) =0, (Brr o) = Okts  (Dijibes Yurwd) = i O bt

are fulfilled. Here we use analogous abbreviations to (6.5) and (6.6) for the dyadic
shifts and dilations of ¢ and ¢; , and d;; denotes the Kronecker symbol. We refer to [7,
Chapter 2] for the construction of biorthogonal wavelet bases, see also [14] and [8]. To
keep notation simple, we will write

Wijhp = 93d(1/p=1/2),, ik and {Xj” fp = de(l/p',l/z)@ ik

sJs

for the L,-normalized wavelets and the correspondingly modified duals, with p’ :=
p/(p—1)ifp € (0,00), p# 1,and p' := 00, 1/p' :=0if p=1.

The following theorem shows how Besov spaces can be described by decay proper-
ties of the wavelet coefficients, if the parameters fulfil certain conditions.

Theorem 6.3. Let p,q € (0,00) and s > max{0,d(1/p—1)}. Choose r € N such that
r > s and construct a biorthogonal wavelet Riesz basis as described above. Then a
locally integrable function f : R? — R is in the Besov space B;q(IRd) if, and only if,

291
f = Z <f7 6k> Pk + Z Z Z <fa Ji,j,k,p’>7pi7j,k,p (67)
kezd i=1 jeN kezd
(convergence in D' (R%)) with
- 1/p 21 . ~ a/p\1/4q
(S reor) "+ (32 S 2 X W dugwal?) ) <00, (68)
kezd =1 jE€Ng kezd

and (6.8) is an equivalent (quasi-)norm for B;yq(]Rd).

Remark 6.4. A proof of this theorem for the case p > 1 can be found in [43, §10
of Chapter 6]. For the general case see for example [39] or [7, Theorem 3.7.7]. Of
course, if (6.8) holds then the infinite sum in (6.7) converges also in B;q(IRd). If s >
max {0,d (1/p — 1)} we have the embedding B; ,(R%) C Ls(R*) for some s > 1, see, e.g.
[7, Corollary 3.7.1].

A simple computation gives us the following characterization of Besov spaces from
the scale () on R<.

Corollary 6.5. Letp € (1,00), & > 0 and 7 € R such that1/7 = «/d+1/p. Chooser € N
such that r > « and construct a biorthogonal wavelet Riesz basis as described above.
Then a locally integrable function f : R* — R is in the Besov space B2 (R*) if, and only
if,

241
F= e+ D D > (f Wijhp) ijikp (6.9)
kez? i=1 jENg keZd
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(convergence in D' (R?)) with

(X 1rear) (22_1 S X b)) <. 610

kezd =1 jENo keZd

and (6.10) is an equivalent (quasi-)norm for B;‘."T(]Rd).

6.2 From weighted Sobolev spaces to Besov spaces

In this subsection we will prove two embeddings of weighted Sobolev spaces into
Besov spaces. We first focus on the case where the integrability parameter p € [2, 00)
of the weighted Sobolev spaces and the Besov spaces under consideration coincide,
see Lemma 6.6. This will pave the way for proving a general embedding of weighted
Sobolev spaces into the Besov spaces from the scale (x) in Theorem 6.9. Remember that
in this article © c R? always denotes a bounded Lipschitz domain.

Lemma 6.6. Let O be a bounded Lipschitz domain in R?. Let v,v € (0,00) and p €
[2,00). Then the following embedding holds:
O) — BIA(0). (6.11)

H;dfup(

Proof. We start the proof by considering the case where v = v, i.e., we prove that for
v > 0 and p > 2 we have

H;,d—w(o) — Bg,p(o)‘ (6.12)

It is well-known, see [38, Theorem 9.7], that for k € IN,

HE 1) (0) = WHO0), (6.13)
where Wf(@) denotes the completion of C§°(O) in the classical L,(O)-Sobolev space
W} (0). We use the convention W) (O) := L,(O). Since p > 2 we have W} (O) < BE (0),
see, e.g., [46, Remark 2.3.3/4 and Theorem 4.6.1(b)] together with [17]. We therefore
obtain (6.12) for k¥ € INy. In the case of fractional v € (0, 00)\IN we argue as follows. Let
~=k+nwith k € Ng and 5 € (0, 1). By [41, Proposition 2.4],

HE (0) = [Hp g1, (0), Hy i (0)]

p,d—(k+mn)p P p,d—(k+1)p n’

Using (6.13) we have

HM (0) = [WE(0), Wr(0)]

pod—(k+n)p = [WF(0), Wy (0)], .

n n

For any k € NN, it is well-known that the Sobolev space W}f((’)) coincides with the Triebel-
Lizorkin spaces F;Q(O), see, e.g., [47, Theorem 1.122]. Moreover, we have L,(0) —
F£72((’)), see [47, (1.2) together with Definition 1.95]. Thus,

k+ k
HEE o (O) <5 [FE5(0), EE51(0)],

The fact that Triebel-Lizorkin spaces constitute a scale of complex interpolation spaces,
see, e.g., [47, Corollary 1.111], leads to

k+ K+
H, 3" oimp(0) = F57(0).

For p > 2, it is well known that F;,(O0) — B, ,(O) for any s € R, see, e.g., (1.299) in
[47] together with [17]. Therefore,

k4 k+
Hp7d—](k’+n)p(o) = Bp,pn(o)v
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and (6.12) is proved for general v > 0. The embedding (6.11) for v # v follows now by
using standard arguments. Indeed, since v > v A v we have

~
Hp,d*l/p

(0) = Hy 3, (0),

p,d—vp

see [41], the line after Definition 2.1. Furthermore, d — vp < d — (v A v)p implies

HY (O) — HY (0),

p,d—vp p,d—(yAv)p

see [41, Corollary 4.2]. A combination of these two embeddings with (6.12) finally gives
(6.11). O

Remark 6.7. Since O C RY is assumed to be a bounded Lipschitz domain, we know
by [24, Chapter VIII, Theorem 2] that for 1/p < s the operator Tr, initially defined to

C>(0) as the restriction on 90, extends to a bounded linear operator from B, ,(O)
to By,'/?(00). In this case we denote by BS_ ,(O) the subspace of Bs ,(0) with zero

) P,p,0
boundary trace, i.e.,

BS

P,p,0

1 1
(0) = {uEB;’p(O) : Tru =0}, 5<s< 1—1-5.

By [22, Theorem 3.12] these spaces coincide with the closure of Cg°(0) in B; ,(0), i.e.,

p,p,0

o S 1 1
Bp}p(O) = CO (O) 5.p(©) = (O) for ; <s<1 + 5.

Thus, if1/p <y Av <1+ 1/p, Lemma 6.6 together with Lemma 2.1(i), lead to

HW

7 10y (0) = BIN(0) = B} (0) = {u € B} (0) « Tru=0}.

P,p,0

In Section 4 we considered SPDEs in the setting of [29]. The solutions to these equations
are stochastic processes taking values in H) ; ,, (O) withv := 1+ %, where the value
of 6 never leaves the range d — 1 < § < d + p — 1, compare also [37]. This condition is
equivalent to 1/p < v < 1+ 1/p with v as introduced before. Hence, if v > 1/p we deal
with solutions with zero boundary condition, in the sense that the well defined linear
and continuous boundary trace Tr equals zero.

In the second part of this subsection we investigate the relationship between weight-
ed Sobolev spaces and the Besov spaces from the scale (x). In [12], the scale (x) is used
to analyse the regularity of harmonic functions on a bounded Lipschitz domain © ¢ R<.
Denoting by ©(0O) the set of harmonic functions on O we can formulate the main result
therein, [12, Theorem 3.2], as follows:

1 «

©(0)N By, (0) = B2,(0), - = =

nfmg )
= sup min {m,v—— r.

1 d
—, f 110
+p, or a <a<ud T 1

-1 meN

One of the main ingredients for the proof of this statement is the fact that harmonic
functions contained in By ,(O) have finite weighted Sobolev half-norm

fulig, 0= ([ 0le)*D%ule)|p(o)7ds)

ozG]Ng
|a]=m

1/p

for any m € NN, see [12, Theorem 3.1] for details. It turns out that arguing along the
lines of [12, Theorem 3.2] one can even show that for v > 0 and m € N,
1 a 1 d

Paen(O) N By, (0) < B (0), =T+, forall 0<a < min {m,um}.
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Combining this with Lemma 6.6, we obtain

«

d

m o 1 1 i d

Pien(0) < BL(O), T =+, forall 0<a<min {m, y—= 1}. (6.14)
In what follows we give a detailed proof of the extension of (6.14) to arbitrary

smoothness parameters v > 0 instead of m € IN. To this end, let us fix some notations.

We will use a wavelet Riesz-basis
{Sﬁkv q/}i,j,k : (iajv k) € {L e 32d - 1} X INO X Zd}

of Ly(R¢) which satisfies the assumptions from Section 6.1 with O C [-M, M]¢ and r
large enough—we will always clarify what we mean by that in the particular theorems.
Given (j, k) € Ny x Z4, let

Qii =279k +279 [-M, M),

so that supp; jx C Q. foralli € {1,...,2¢ — 1} and supp px C Qo for all k € Z.
Remember that the supports of the corresponding dual basis fulfil the same require-
ments. For our purpose the set of all indices associated with those wavelets that may
have common support with the domain O will play an important role and we denote it
by

A={(i,5,k) € {1,...,27 = 1} x Ng x Z*| Q;, N O # 0}.
Furthermore, we want to distinguish the indices corresponding to wavelets with support

in the interior of the domain from the ones corresponding to wavelets which might have
support on the boundary of O. To this end we write

pik = dist(Q; %, 00) = inf p(x),
TEQ  k
Aj = {(i,l,k‘) eA: l:j},

Nj={(i,4,k) €Aj + m277 <pjp < (m+1)277},

Ag) = Aj \Aj70,
0._ 0
A= | A,
JENg

where j,m € INy and k € Z?. Later we will also use the notation
I:={keZ: QurnO #0}.

The following lemma paves the way for proving (6.14) for arbitrary v > 0 instead of
just v = m € IN. It establishes an estimate for, roughly speaking, a discretization of a
weighted Sobolev norm in terms of the supports of the wavelets in the interior of O at
a fixed scaling level j € INy. For better readability, we place the quite technical proof in
the appendix. Remember that we write A° for the interior of an arbitrary subset A of
R4,

Lemma 6.8. Let O be a bounded Lipschitz domain in R%. Let p € [2,00), v € (0, 00) and
v € R with v > v. Furthermore, assume that u € H;d_yp(O). Then, for all j € INy, the
inequality

- P
Z (P},kV|U|Bg,p(Q_;k)) < NH“HZ[){;)(FW(O)
(4,4,k)EAY

holds, with a constant N € (0,00) which does not depend on j and u.
Now we can prove the main result of this section. We use the convention ‘1/0 := oo’
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Theorem 6.9. Let O be a bounded Lipschitz domain in R?. Let p € [2,00), and 7,V €
(0,00). Then
!

1 1 d
0) = B, (0), Z =7+, foral 0<a<min{~y,yd_1}.

H;,dfl/p(

Proof. Let us start with the case v > . Then, for any 0 < a < y, we have

o 1 « 1
H;,dfup(o) — B) ,(0) = B2 _(0), e + 7’

where we used Lemma 6.6 and standard embeddings for Besov spaces. Therefore, in
this case the assertion of the theorem follows immediately. From now on, let us assume
that 0 < v < v. We fix a and 7 as stated in the theorem and choose the wavelet Riesz-
basis of Ly(IR) from above with r > ~. We also fix u € H) ; , (O). Due to Lemma 6.6
we have u € Bj ,(0). As O is a Lipschitz domain there exists a linear and bounded
extension operator £ : By (O) — By (R?), i.e., there exists a constant N > 0 such that:

Eulp=u and  [[Eullpy @) < Nlulls (o)

see, e.g., [45]. In the sequel we will omit the £ in our notation and write u instead of u.
Theorem 6.3 tells us that the following equality holds on the domain O:

Z<U (Pk: Yk + Z wz ,J,k,p’ /(/)’L,j k,p»

kel (2,5,k)EA

where the sums converge unconditionally in Bg’p(]Rd). Furthermore, cf. Corollary 6.5,
we have ~
lulBe o) <N (3 Hw @l + 3l Giga)l7),
kel (2,5,k)EA
see also [17]. Hence, by Lemma 6.6, it is enough to prove that

D @)l < Nl

kel

B () (6.15)

and

> bl < N (el

aeup(©) T ||U\|B;,p(0)) : (6.16)
(6,7, k) €A

We start with (6.15). The index set I' introduced above is finite because of the bound-
edness of O, so that we can use Jensen’s inequality to obtain

> Hu, @)™ < N<(Z <U,§5k>|p)l/p)T < Nllulgy (o)

kel kel

In the last step we have used Theorem 6.3 and the boundedness of the extension oper-
ator.

Now let us focus on inequality (6.16). To this end, we use the notations from above
and split the expression on the left hand side of (6.16) into

Z |<u7 JiJ:k’P» "+ Z ’<’U,, &LJJ%P') !

(i,5,k)€A0 (i,5,k) EA\AO

=I1+1 (6.17)

and estimate each term separately.
Let us begin with I. Fix (i, j, k) € A°. As a consequence of Lemma 6.8, we know that

U € By ,( ; ). By a Whitney-type inequality, also known as the Deny-Lions lemma,

Qjx
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see, e.g., [16, Theorem 3.5], there exists a polynomial P;; of total degree less than v,
and a constant /V, which does not depend on j or k, such that

|u — Pjx

‘LP(ijk) S N2_J7|U‘B;,p(Q§,k)'
Since 1’/;1;,j7k,p/ is orthogonal to every polynomial of total degree less than v, we have
| (s ik )| = | = Py ik pr)

< lu=Prllr, @0 1Vigmkw L, @50
< N2,
P

#(Q2,)

=3V = Y
SN2 i o3k lul gy s,

Fix j € INg. Summing over all indices (i, j,k) € A? and applying Hoélder’s inequality with
exponents p/7 > 1 and p/(p — 7) one finds

Z ’<u7'(z;i,j,k,p’>’7—

(i,5,k) €AY

—jyr =T (y=)T| T
SN 2o el e

(4,5,k)EAT
N " o sy 50
= ( Z (pj,k |“’Bg,p(Q;yk)) ) ( Z 20Ty ) .
(4,5,k) €AY (4,4,k) €AY

(6.18)

Now we use Lemma 6.8 to obtain
, (w=ytp\ B=T
T ot P
<Ny, o X 27700 ) 7,

> e
p,d—vp

(4,5,k)EAY (i,d,k) EAY

with a constant /N, which does not depend on the level j. In order to estimate the sum
on the right hand side we use the Lipschitz character of the domain O which implies
that

|Ajm| < N27W@=1 forall j,m € No. (6.19)

Moreover, the boundedness of O yields A, = (0 for all j,m € INy with m > N27, where
the constant NV does not depend on j or m. Consequently,

(v—)pT

p—T N2J p—T
P (v—y)pr P
—iT —i
(X o) < (3 X aE

(4,5,k) €AY m=1(i,j,k)EA; m
Ak : e\ 7 (6.20
- N( 3 gy Q—J;E,(mz—j)pif> (6.20)
m=1
=7
< N(Qj(d_l_;p:) + 2-7'(d—lpi)> ,
Now, let us sum over all j € INg. Inequalities (6.20) and (6.18) imply
it T i(d—1—xpT i(d— 2PT ;T -
S G <N Y (2a( 227 4 9i pT)) i
(i,7,k)€A° j€ENg
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Obviously, the sums on the right hand side converge if, and only if, « > 0 is strictly less
than min{'y, Vﬁ } Finally,

S i)

(i,4,k)EA°

T < T .
< NHU”H;d_W(o)

Now we estimate the second term I in (6.17). First we fix j € INy and use Holder’s
inequality and (6.19) to obtain
p) i

S i) < N2j(d71)%( Yo K n)

(1,3,k)EA; 0 (i,3,k)EA; 0

Summing over all ;7 € Ny and using Holder’s inequality again yields

S biee)| =Y [ S [ i) T]

(i,5,k)EA\AO JeNo  (i,5,k)€Aj,0
NS PFE( S b))
j€Ng (1,5,k)EAj,0
(A=) (o1 7 , ~ v
N (TP T (S S udunl)
jE€Ng J€No (i,5,k)EAj,0

Using Theorem 6.3 and the boundedness of the extension operator, we obtain

p—T

~ T . i(d=1p=7) .\ p_ P
0 Tl < Nl o (3 2505t ) T

(4,3,k) EANAC JE€Ny

The series on the right hand side converges if, and only if, o € (0, 1/%). We thus have

| (s i)

(4,9,k)EA\AOC

T T T
< Nlulsy o) < Nllullz, o) -

7 Holder-Besov regularity for elements of ) 7(0,T) and implica-
tions for SPDEs

In this section, we state and prove our second main result concerning the time-space
regularity of the solutions to SPDEs of the form (1.1) on bounded Lipschitz domains. We
use the scale (x) to measure the regularity in space, whereas the time-regularity will be
measured in terms of Holder norms. Since the stochastic parabolic weighted Sobolev
spaces ﬁ;:g((?, T) are the right spaces to construct a solvability theory for SPDEs, we
will first formulate our results in terms of these spaces. As a consequence, each result
about existence of solutions to SPDEs in these spaces automatically encodes a state-
ment about the Holder-Besov regularity of the solution. The corresponding results for
the solutions in the different settings from Section 4 will be presented here in detail.
We will use the following short form:

Lq(QTWB;:YT(O)) = Lq(Q X [OvT]vple ® dthg,T(O))

Let us first clarify for which range of o > 0 a stochastic process u € ﬁ;:g (O,T) takes
values in By (0), 1/7 = a/d+1/p.
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Theorem 7.1. Let O be a bounded Lipschitz domain in R?. Let v + 2 € (0,00), p,q €
2,00), 0 € R, and u € H)}*4(O,T). Then,

1 1 d—1§6 d
u € Ly(Q7; BY(0)), - = %+5, forall 0 <a< min{v—i—Q, <1+T>m} (7.1)
Moreover, for o fulfilling (7.1), there exists a constant N which does not depend on u,
such that

T
E| I | < N1l o o2
e oy de] < Nl o

Proof. This is a direct consequence of Theorem 6.9. O

Combining this assertion with the results from Section 4 we obtain the following
spatial regularity results for SPDEs.

Theorem 7.2. Let O be a bounded Lipschitz domain in R?.
(i) Let v + 2 € (0,00). As in Theorem 4.1, let a”’ and o'* be coefficients satisfying
Assumption 3.6 and let either

e pE[2,00) and b € (d+p—2—kKo,d+p—2+ ko) with ko € (0,1) as in Theorem 4.1(i),
or, alternatively,

* p€[2,po) and b € (d — k1,d+ k1) with py > 2 and k1 € (0,1) as in Theorem 4.1(ii).
Then, for any f € W), (O,T), g € lH;j;l(O,T; 03) and ug € U;;Q(O), the unique solu-

tion u € ﬁ;EQ(O,T) to Eq. (3.1) fulfils (7.1). Moreover, for any « in (7.1), there exists a
constant N, which does not depend on u, f, g and ug, such that

T
E| / et W0y 2] < N (s, o+ 190010 iy + 0002 312 )

(ii) Let the setting of Theorem 4.2 be given. That is, fixy > 0 and 2 < p < ¢ < o0, and
let a* be coefficients satisfying Assumption 3.6 with ¢ = 0. Furthermore, assume that
the Lipschitz constant K, from Definition 2.5 satisfies Ky < ¢ with ¢ = ¢(d, p, q, 6o, K)
from Theorem 4.2. Then, forany f € 7, (O, T) ﬂngifl(O, T)andg € H—I;;l’q((’), T;42)N
]H;:Z_p(@, T;(3), the unique solution u € 5’);;“((9, T) to Eq. (4.1) fulfils (7.1) with 6 = d.
Moreover, for any « in (7.1), there exists a constant N, which does not depend on u, f,

and g, such that

T
YK q q
E[ [ lutt ), o dt] <N (Il 0m + 1Toy0
0 (7.2)
q q
+ ||gH]H,Z,tl’q(O,T;€2) + HgH]H;V,?i—p(OvT"[?)).

(iii) Let the setting of Theorem 4.4 be given. That is, fix v > 0 and p € [2,py) with

po > 3 whend > 3 and py > 4 when d = 2 as in Theorem 4.4, and let p < q¢ < co. Then,
) 0, ) . ) .

for any f € H)%, (0,T)NH)4(O,T) and g € H) 110, T;45) NH4_ (O, T; L), the

unique solution u € 53;;2’(’(0,T) to Eq. (4.11) fulfils (7.1) with = d. Moreover, for any

« in (7.1), there exists a constant N, which does not depend on u, f, and g, such that

estimate (7.2) holds.
Proof. The assertions are immediate consequences of Theorem 7.1 and the correspond-

ing existence results from Section 4. O

EJP 18 (2013), paper 82. ejp.ejpecp.org
Page 32/41


http://dx.doi.org/10.1214/EJP.v18-2478
http://ejp.ejpecp.org/

L4(Lp)-regularity and Besov smoothness of SPDEs on bounded Lipschitz domains

Remark 7.3. A result similar to Theorem 7.2(i) has been proved in [6, Theorem 3.1,
see also Theorem B.3]. There are three major improvements in Theorem 7.2(i) com-
pared to [6, Theorem 3.1]. Firstly, we have no restriction on v € (0, c0), whereas in [6]
only integer v € Ny are considered. Secondly, we obtain L,-integrability in time of the
B (O)-valued process for arbitrary p € [2,00). With the techniques used in [6] just L, -
integrability in time can be established. Thirdly, we do not need the extra assumption
u € Ly([0,T] x & By ,(0)) for some s > 0. It suffices that u € H;’;Q_’g(O,T). Note that,
obviously, this improvements also hold for the solutions of more general equations as
considered in [6, Theorem B.3].

Here is the main result of this section. It concerns the Holder-Besov regularity of
processes in §'7(O, T).

Theorem 7.4. Let O be a bounded Lipschitz domain in R%. Let2 < p < ¢ < oo, y+2 € NN,
R, andu € ﬁ;?’q(o, T). Moreover, let

[\)

- <B<min{1,l+$}.

)

Then, for all « and T with

%:%ﬂ% and 0<a<min{7+275,(1+$*5)%}, (7.3)

we have

q q q q
Blu]s/2-1/a 02135, 0y < N @) (H”HHZKZ(o,T) +IDulyyg om + ||$u||ﬂl,*;1’“(0ﬂ”%fz))’
and

q
Ellulles 21700, 11:82 0y =
The constants N(T') are given by N(T') = N supge(a 1 {T(B_B)q/Q}, with N from (5.1)
and (5.2) respectively.

Proof. The assertion is an immediate consequence of Theorem 5.1 and Theorem 6.9. O

We obtain the following implications concerning the path regularity of the solutions
of SPDEs from Section 4.

Theorem 7.5. Let O be a bounded Lipschitz domain in R?.
(i) Given the setting of Theorem 4.2 with v € Ny, letu € .6;22”((’), T) be the solution of
Eq. (4.1). Assume furthermore that 2/q < B < 1, and that « and 7 fulfil (7.3). Then,

q q q
EHu||CB/2_Uq([O,T];Bfﬁ(O)) S N (Hf”]HZJngP(O’T) + Hf”ng';‘,i(O,T)

(7.4)
ol ssaiomen 190 o)

d—p

where the constant N does not depend on u, f and g.

(ii) Given the setting of Theorem 4.4 with v € Ny, let u € ﬁ;;Q’q(O,T) be the solution
of Eq. (4.11). Assume furthermore that 2/q < B < 1, and that o and 7 fulfil (7.3). Then,
estimate (7.4) holds with a constant N which does not depend on u, f and g.

Proof. The assertions are immediate consequences of Theorem 7.4 and the correspond-
ing existence results from Section 4. O
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A Appendix

Proof of Lemma 5.4. We consider consecutively the cases v = 0,1, —1. For fractional
~ € (—1,1), the statement follows then by using interpolation arguments, see [41, Propo-
sition 2.4]. Furthermore, we resume ourselves to the proof of the right inequality in the
assertion of the Lemma, i.e., that there exists a constant N = N(d,~,p,0,¢) € (0,00),
such that for any v € H ;,G(G(l)) the following inequality holds:

luo ¢~ @@y < Nllulgr, o).

The left inequality can be proven analogously. For v = 0, the assertion follows imme-
diately by using the assumptions of the Lemma and the change of variables formula
for bi-Lipschitz transformations, see, e.g., [20, Theorem 3]. Let us go on and look at
the case v = 1. Because of the density of the test functions C5°(GV) in H] ,(GW), it
suffices to prove the asserted inequality for « € C§°(G"). In this case, because of the
assumed Lipschitz-continuity of ¢!, the classical partial derivatives of uo ¢! exist a.e.
and

s oo | =[ 32 () oot o <N S| () oo tae
i=1 i=1

Thus, using e.g. [42, Section 1.1.3, Theorem 2] we can conclude that these a.e. existing
classical derivatives coincide with the weak derivatives, so that

HU o (2571”][])-[;)9(6;(2))

< N(/G(z) ‘ (uo¢>_1) W)IPpae (v ddy—|— Z/<2)
< N(/c<2> [(woo™) WFpae(y dy+/Gm Z‘ (89:1 > 71(y))‘ppa(2) (y)erOfddy)
<N ( [ @) Ppo 0 ds + Z i

< NHUHZ; (G

agga 0" (y)‘ppcm (y)p+9_ddy>

83:7 PG<1> € )pw*ddff)

(1)

Finally, for v = —1, we can use the fact that H;,,G,(G) is the dual space of H;é(G), if
1/p+1/p' =1and 0/p+ 0'/p’ = d, see [41, Proposition 2.4], and fall back to the cases
we have already proven. O

Proof of Lemma 5.5. We set f := Du and ¢ := Su. Since u € Sﬁl’q(G(l) T), Lemma 5.4
guarantees that f o ¢~" € H 9+p(G(2) T), goo~te ]I-IO’q(G(2 T;¢3) and u(0,-) 0o ¢~ 1 €

3,3 (G®). Therefore, we only have to show that for all ¢ € C§°(G?)), with probability
one, the equality

u . (] = (\u . o] ‘ S, (o) S > ' kS' o) 'U}k .
(u(t, ) 0 0 6) = (u(0, ). ¢)+/0 (f(s.)spod)d +k§j/0 (¢"(s, )00 ) dub (A1)

holds for all ¢ € [0, 7). Thus, let us fix ¢ € C5°(G(?)). We consider first the case p > 2.
By Lemma 5.4, p 0 ¢ € H1 (G(1 ) for any p € (1,00) and § € R, hence also for
p = 2p/(p—2) and 0 := 29’(p —1)/(p—2) —dp/(p — 2), where 0/p + 0'/p’ = d with
1/p+1/p’ = 1. Moreover, by Lemma 2.1(i) we can choose a sequence %, C C5°(G™1)
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approximating po ¢ in H; ,(G(l)) Furthermore, a consequence of our assumptions is,
that for all n € IN, with probability one, the equality

(u(t,-),%)z(u(07~>,¢n)+/ (f(s,-),sén)ds+2/ (9" (5,-), n) dul (A.2)
0 =170

holds for all ¢ € [0,7]. Thus, if we can show that each side of (A.2) converges in
L2 (Q;C(]0,T])) to the respective side of (A.1), the assertion follows. To this end, let
us fix an arbitrary v € H_ L —_,(G(l)). A standard estimate yields

sup ‘/ ds
teOT

Also, using Doob’s inequality, Itd’s isometry and Holder’s inequality we get

< NI

S (GO, T)HUHHl (GO

/ol

t
B[ sup / 7" dWH<Ng s ran 103, jeon: (A3)
t€[0,T7] /%\1 0 ( (5,),9 I H]HO ()7T,52)” ||LM(G<1>)

Furthermore, an application of [29, Proposition 2.9] and the fact that ¢ > p lead to
B[ sup [(ut,,9)[*] < (B] sup et I o)) I ccon
5 = ’ 1 /g
te[0,T) te[0,T) Lpo(GM) Ly o (G)

S N”“H%:’vg(g(l),’f) ||77||%p,19,(g(1))

S NHU’H?’J:}'Z(G(U,T) ||,l_)||ip’,9/ (G(l)).

Hence, since H;Aéiﬁ(G(l)) is continuously embedded in H}, 5 _,(GM) N Ly o (G) N
Lﬁ,g(G(l)), the assertion follows for the case p > 2. The same arguments can be used to
prove the case p = 2: Just replace p by 2, and 6 by 6/ = 2d — 0 and use the estimate

]E{ sup Z/Ot (9"(s,"),0)

te[0.T] ' L eN

2
k 2 —112
s } < N||9||]}[3:3((;<1)7T;52)”UHLN),(G(U)

instead of (A.3). O

Proof of Lemma 6.8. Let us fix j € INg. We use the notations introduced before Lem-
ma 6.8. Remember that M > 0 has been chosen in such a way that O C [-M, M]?. Let
us fix k1 > 1 such that

2+ 2MVd < 21, (A.4)
and construct a sequence {&, : n € Z} C C§°(O) as in Remark 2.4(ii). In order to prove
the assertion we are going to show the estimates

— P TRV
S (P sy @e,) SN DD 20O Ll s (A5)
(4,4,k) €A n€lNy
and

|§j_nu|%;’p(ﬁd) < N2*(j*n)(dfw)||§j_n(2*(j*n) .)U(Q*(j*”) ) p (A.6)

ez Ry
where the constant N does not depend on j and n. This will prove the assertion since,
assuming that (A.5) and (A.6) are true, their combination gives

Z (P;'Y,;U|U|B;",,(Q§’,k))p <N Z Qf(jfn)(d—up)||§j_n(2*(j*n) ) ( (—n) | )|‘H7(Rd
(i,j,k’)eA? nelNg

<N 2@ e (20 u( ) |

nez

<N ||u||];{; 4O
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In the last step we used Remark 2.4(ii) and Lemma 2.3.

Let us first verify inequality (A.6). To this end, let » be the smallest integer strictly
greater than . For the sake of clarity we use here the notation Aj}[f] for the r-th dif-
ference of a function f : R? — R with step h € R¢, whereas A} [f](z) denotes the value
of this r-th difference at a point z € R?, compare Subsection 6.1. Writing out the Besov
semi-norm and applying the transformation formula for integrals we see that

|§jfnu‘%gyp(1[{d)

_/0 tP lil‘lftHAh[éJ*"u]HLp(Rd)

—(j—n > — r —(j—n dt
o [ [ [t )

|h|<t

oo
:2*(J’*n)d/ t~  sup {/
0 |h|<2i-nt b JRa

A further application of the transformation formula for integrals yields

@
t

A [e-n (2757 a2 )] (@) d) %_

[&i-ntls; ey

o0
- 2—(j—n)d2(j—n)7p/ + sup
0 |h|<t

poodt
L,(R4) t

AL [gjin(g—(j—n) Du(27Gm) )H

Al TN RIS I SIS |

which implies (A.6) since the space H) (R?) of Bessel potentials is continuously em-
bedded in the Besov space Bg’p(]Rd), see [46, Theorem 2.3.2(d) combined with Theo-
rem 2.3.3(a)].

It remains to prove inequality (A.5). Recall that the index ¢ referring to the different
types of wavelets on a cube (), ranges from 1 to 2¢ — 1. Since Ag-) consists of those
indices (7,7,k) € A; with 277 < p; 1, we have

Yo Ok ulsg )" = @1 =1) D () lulsy00)" (A7)
(i.5,k) €AY KEAT
where we used the notation
Ay ={kez: (i,j,k) € A}

Now we get the required estimate in four steps.

Step 1. We first show that the cubes supporting the wavelets fit into the stripes where
the cut-off functions (¢,) are identical to one. More precisely, we claim that the proper
choice of k1, see (A.4), leads to the fact that, for any k € Aj there exists a non-negative
integer n € INy such that

Qjk C Sjon = p 1 (27U [277 2k ]),
To prove this, we first note that, since k; > 1 fulfils (A.4),
J
U Qj7k c U ijn = U ijn-
keAj nelNg n=0

Fix k € A} and let n* be the smallest non-negative integer such that Q;x N S;_n- # 0,
ie.,
n* = inf{n eN: QjrNSj—n # (Z)} <j.
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Then, there are two possibilities: On the one hand, @); might be contained completely
in S;_p-, i.e., @jr € Sj_n-. Then we are done. On the other hand, it might happen
that @ is not completely contained in the stripe S;_,-. In this case, we claim that

Qjk € Sj—(n=11), i€,
p(m) c [2*j+n*+127k172*j+n*+12k1} for all z € ij

Let us therefore fix x € Q; ;.. Then, since the length of the diagonal of @Q); 1, is 2-92MV/d,
we have

p(z) < pjr +2772M V.
Also, pjj < 277+ 2k since Q;x N S;_, # (). Hence,
pz) < 279Fn 9k 4 9=IoNV/d.

Since 2M+V/d < 2¥1, we conclude that

- 1 2M+Vd - 1 1 .
—j+n +19k —j+n +19k —Jj+n 419k

It remains to show that p(z) > 277+ +127%1_We argue as follows: Since @, ;. is not com-
pletely contained in S;_,-, there exists a point zy € Q;; such that p(zg) > 2-dtn" gk
Therefore, since the length of the diagonal of @, is 2-72M+/d, we have

92k1 B 2M+/d 2k

p(x) > 279t 9kv _opf\/d2=7 > 9=itn Hlg—k ( 5 YRS

) > g itni gk

In the last step we used (A.4).

Step 2. We rearrange the cubes supporting the wavelets in classes containing only
cubes with disjoint interiors. More precisely, let eq, ..., eq be the canonical orthonormal
basis in R%. Since Q; = 277 (k + [-M, M]?) it is clear that, for all k € Z and [ €
{1,...,d},

2k N (277 (2M)er + Q3,,) = 0.
Consequently, setting {a,, : m = 1,...,(2M)4} := {0,...,2M — 1} and denoting
Rim =1{Qjx : k€ an +2MZ*} for m=1,...,(2M)",

we cover the whole range of cubes, i.e.,

(2M)?
U @ix= U Bim:
kezd m=1

and for any fixed m € {1,...,(2M)%}, if Q;x, Qjr € Rjm With k # £, then Q3 , N QS , = 0.
In the sequel, we write

R;,m = {kEA; : Qj7k€Rj,m}, mE{O,...,(QM)dfl}.

Step 3. Let us fix k € A; and concentrate on the Besov semi-norm of the restriction of
u to the corresponding cube Q; .- Using the Peetre K-functional

Ko (t,u,Q%,), = 'f{— t}
(t,u, Q5 k) . lw = 9llL, @0 +tlalwg s,
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and applying [23, Lemma 1] leads to

e dt
p — vp
a0 = [ QT

dt

<N/ R 0, Q55
_N/ t P 1nf {HU—g”L (Q )+tT|g|W1(Qo )}p@
9EW(Q3 1) Tt PRt

dt
<N/ t—P inf {uf P +t"P pr ° }
sEWE(Q2 ) ” 9”[ Qjx) |g| (Q24)

where the constant N depends only on 7, d and p. (Recall that r is the smallest integer
strictly greater than ~.)

Step 4. Now we collect the fruits of our work and approximate the right hand side of
(A.7). Because of the first step and since k; > 1 it is easy to see that

i @Mm)?

=U U SR,

n=0 m=1

where
Sr,={kelA}:QjreSj_n}, nelg
Thus,
, I e
Z (P}’;”IulBg,p(Q;,k)) < Z Z (pgvk ”p|u|%;7p(Q5lk)>. (A.8)
kEA® n=0 m=1 keS; NR% . ’

Letus fixn € No such that S%,, # @ aswellasm € {1,..., (2M)%}. Then, p; , < 2k1270=")

for k € S7,,, and using the third step we obtain
(v—v)p
Z (pjk |U|B;p Qs k))
keS: MR

J,m

_ o0 dt

—(F—n)(y—v)p —vp ; rp

<N D (2 /0 e lgl(fQ {Ilu 9L, (@, T 19l @2 )} t)
kESY AR}, W

- dt
< N27(J*n)(7*l’)P / inf { u— qllP 4P p o } dt
- keS*Z;R* 0 gEW;(O) || g” k) |g| (Q ) P

Furthermore, since {;_, = 1 on @, for any k € S}, and since Q3, N Q5, = 0 for
k.t € R}, if k # {, we can continue our estimate as follows:

Z (pgvk o |“|B”p(Q° )) < NamOmmom
keSx NRx

Jyn J,m

o dt
—P : X _ p TP L|P -
x/o ! gevlvn,:fw){ > (lmnu— ol g, + 0l e, }

kesSy, NR:
o0
< Ng*(jfn)(vfu)p/ =P inf {ng_nu_gHI]: o +trp|g|€vr o }@
- 0 gGWpT(O) »(O) p( ) t
~G-m-vp [ - . dt
< N2 UmmOmIr [ 6, O))
0
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By [23, Theorem 1], we know that there exists a constant NV, depending only on r, p and
O, such that
K’f (tr> é-jfnua O)P S Nwlr(t7 é-j*’nuﬂ O)p

Putting everything together, we have shown that there exists a constant N which does
not depend on j, n or m such that

—v —(j—n —v > - r dt
Z (pg_’vk )p |U‘IJ}B;,,(Q§’,,€)) < N2—G-m)(y )p/o tPW" (¢, €, (’))57

keSy  NR:
= NQ_(j_n)(w_y)pM%g,p(O)-
Hence, (A.5) follows after inserting this estimate into (A.8) and using (A.7). O
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