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Correlation functions for zeros of a Gaussian
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Abstract

We show that the zeros of the random power series with i.i.d. real Gaussian coeffi-
cients form a Pfaffian point process. We further show that the product moments for
absolute values and signatures of the power series can also be expressed by Pfaffi-
ans.
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1 Introduction

Zeros of Gaussian processes have attracted much attention for many years both from
theoretical and practical points of view. The first significant contribution to this study
was made by Paley and Wiener [16]. They computed the expectation of the number of
zeros of (translation invariant) analytic Gaussian processes on a strip in the complex
plane, which are defined as Wiener integrals. Their work was motivated by the theory,
developed by Bohr and Jessen, of almost periodic functions in the complex domain aris-
ing from Riemann’s zeta function. Kac gave an explicit expression for the probability
density function of real zeros of a random polynomial

fulz) = Z apz”
k=0

with i.i.d. real standard Gaussian coefficients {ax}}_, and obtains precise asymptotics
of the numbers of real zeros as n — oo [9]. Rice also obtained similar formulas for the
zeros of random Fourier series with Gaussian coefficients in the theory of filtering [17].
Their results have been extended in various ways (e.g. [3, 12, 18]) and generalizations
of their formulas are sometimes called the Kac-Rice formulas. A recent remarkable
result on zeros of Gaussian processes is that the complex Gaussian process f¢(z) :=
ZZ‘;O (2" with i.i.d. complex standard Gaussian coefficients form a determinantal point
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process on the open unit disk D associated with the Bergman kernel K(z,w) = m
which was found by Peres and Virdg [15]. Krishnapur extended this result to the zeros
of the determinant of the power series with coefficients being i.i.d. Ginibre matrices

[11].

In the present paper, we deal with the Gaussian power series
o0
f(z2) =Y art, (1.1)
k=0

where {a;, }° , are i.i.d. real standard Gaussian random variables. The radius of conver-
gence of f is almost surely 1, and the set of the zeros of f forms a point process on the
open unit disc D as does that of fc. The primary difference between f and f¢ comes
from the fact that f(z) is a real Gaussian process when the parameter z is restricted on
(=1,1) and each realization of f(z) has symmetry with respect to the complex conjuga-
tion so that there appear both real zeros and complex ones in conjugate pairs.

Our main purpose is to show that both correlation functions for real zeros and com-
plex zeros of f are given by Pfaffians, i.e., they form Pfaffian point processes on (—1,1)
and D, respectively. The most known examples of Pfaffian point processes appeared
as random eigenvalues of the Gaussian orthogonal/symplectic ensembles. Real and
complex eigenvalues of the real Ginibre ensemble are also proved to be Pfaffian point
processes on R and C, respectively [1, 5]. Recently, it is shown that the particle posi-
tions of instantly coalescing (or annihilating) Brownian motions on the real line under
the maximal entrance law form a Pfaffian point process on R [19], which is closely re-
lated to the real Ginibre ensemble. Our result on correlation functions of zeros of f is
added to the list of Pfaffian point processes, which is also obtained independently in
[4] via random matrix theory. Here we will give a direct proof by using Hammersley’s
formula for correlation functions of zeros of Gaussian analytic functions and a Pfaffian-
Hafnian identity due to Ishikawa, Kawamuko, and Okada [8]. This is a similar way to
that which was taken in [15] to prove that the zeros of f¢ form a determinantal point
process, and in the process of our calculus for real zero correlations, we obtain new
Pfaffian formulas for a real Gaussian process. The family {f(¢)}_1<t<1 can be regarded
as a centered real Gaussian process with covariance kernel (1—st)~!. We show that, for
any —1 < t1,t2,...,t, < 1, both the moments of absolute values E[|f(t1)f(t2) - - f(tn)]]
and those of signatures E[sgn(f(t1))---sgn(f(¢,))] are also given by Pfaffians. We stress
that it should be surprising because such combinatorial formulas cannot be expected
for general centered Gaussian processes. These are special features for the Gaussian
process with covariance kernel (1 — st)~*.

The paper is organized as follows. In Section 2, we state our main results for corre-
lations of real and complex zeros of f (Theorems 2.1 and 2.7), and we give new product
moment formulas for absolute values and signatures of f (Theorems 2.5 and 2.6). Also
we observe a negative correlation property of real and complex zeros by showing nega-
tive correlation inequalities for 2-correlation functions. The asymptotics of the number
of real zeros inside intervals growing to (—1, 1) is also shown. In Section 3, we recall the
well-known Cauchy determinant formula and the Wick formula for product moments of
Gaussian random variables. In Section 4, after we show an identity in law for f and f’
given that f is vanishing at some points, we give a preliminary version of Pfaffian formu-
las (Proposition 4.4) for the derivative of the expectation of products of sign functions.
In Sections 5, 6 and 7, we give the proofs of our results stated in Section 2.
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2 Results
2.1 Pfaffians

Our main results will be described by using Pfaffians, so let us recall the definition.
For a 2n x 2n skew symmetric matrix B = (b;;);"}_,, the Pfaffian of B is defined by

PE(B) =Y e(m)by(iyn(@) bu@ma) -~ nczn—1yn(zn);
n

summed over all permutations n on {1,2,...,2n} satisfying n(2i — 1) < n(2i) (i =
1,2,...,n) and n(1) < n(3) < --- < n(2n — 1). Here ¢(n) is the signature of 7. For
example,

Pf(B) = b11 ifn=1 and Pf(B) = b12b34 — b13b24 + b14b23 if n=2. (21)

For an upper-triangular array A = (aij)1§i<j§2n, we define the Pfaffian of A as that
of the skew-symmetric matrix B = (b;;)?"’_,, each entry of which is b;; = —b;; = ay; if
1 < jand b; = 0.

2.2 Notation

We will often use the following functions: for —1 < s,t < 1,

1 s—1
o(s,1) =1 p(s,t) = T (2.2)
(12
c(s.t) = o(s,t) _ (1-s)(1—t¢ )’ (2.3)

Vol(s,s)o(t,t) 1—st

where o(s,t) is the covariance function for the real Gaussian process {f(t)}_-1<t<1 and
(s, t) is the correlation coefficient between f(s) and f(¢). We define the skew symmetric

matrix kernel K by
Ki1(s,t) ]K12(87t)>
K(s,t) =
( ) (]Kzl(&t) ]KQQ(S,t)

s—t 1—-t2 1
Kii(s,t) = 5 5 e Kio(s,t) =\ — =+
(1—-82)(1—t)(1 — st) 1—s21—st

1-s2 1
Ko (s,t) =—4/ ?;m, Koo(s,t) =sgn(t — s)arcsin ¢(s, t),

where sgn(t) = |t|/t for t # 0 and sgn(t) = 0 for ¢t = 0. Note that K;o(s,t) = —Koy (¢, s)
and 52 )
7.0t Ka2(s, 1) ]K22(87t)>
K(s,t) = 95 os . (2.4)
( ) ( %KQQ(S, t) ]KQQ(S, t)

For —1 < t1,to,...,t, < 1, we write (]K(ti;tj))?;j:l

with

for the 2n x 2n skew symmetric

matrix
K(t1,t1) K(ti,te) ... K(t1,tn)
K(ta,t1) K(to,ta) ... K(ta,tn)
K(tn,t1) K(tn,t2) ... K(tn, tn)
and denote the covariance matrix of the real Gaussian vector (f(t1), f(t2),..., f(t,)) by
Y(t) = S(t, ..o tn) = (0(ti, )7 j=1- (2.5)
Throughout this paper, X, denotes the set of all sequences t = (t1,...,t,) of n

distinct real numbers in the interval (—1,1). If t € X,, then X(¢) is positive-definite.
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2.3 Real zero correlations

Our first theorem states that the real zero distribution of f defined in (1.1) forms a
Pfaffian point process.

Theorem 2.1. Let p,, be the n-point correlation function of real zeros of f. Then

pn(tla R ,tn) =7 " Pf(]K(ti,ﬁj))ijl (—1 <tlyeeaytn < 1).

For example, the first two correlations are given as follows:

p1(s) = 1 Kia(s, 5),
pQ(S, t) = 7T72{]K12(S, S)]Klg(t, t) - ]Ku(s, t)KQQ(S, t) + ]K12(S, t)]Kgl(S, t)}, (26)

from which we easily see that

pr(s) = ﬁ pa(s,t) = MM — s+ O(|t — sf?)

as t — s. The first correlation is observed by Kac and many others although Kac consid-
ered the random polynomial with i.i.d. real Gaussian coefficients. The second asymp-
totic expression means that the real zeros of f repel each other as expected. Moreover,
we can show that the 2-correlation is negatively correlated.

Corollary 2.2. Let R(s,t) = % be the normalized 2-point correlation function.
Then, R(s,s) = 0, R(s,+1) = 1 and R(s,t) is strictly increasing (resp. decreasing) for

t € [s,1] (resp. t € [—1,s]). In particular, pa(s,t) < p1(s)p1(t) for every s,t € (—1,1).

By using (2.6), we can also compute the mean and variance of the number of points
inside [—r, r].

Corollary 2.3. Let N, be the number of real zeros in the interval [—r,r] for 0 < r < 1.
Then,
1 1+r

2
EN, = _logi——,  VarN,=2(1-2)EN, +0(1)
us 1—7r m

asr — 1.

Remark 2.4. The kernel K in Theorem 2.1 is not determined uniquely. For example,
we can replace K by KK/, which is defined by

s—t 1
Ki(s,1) T (- st)?’ Ki(s,t) = =K (t,5) = 1=t
/ sgn(t — s) .
K5(s,t) = arcsin ¢(s, t).

(1—s2)(1—1¢2)

In fact, if we set

V1-—1t2 0
Q(S7 t) = 6St < 0 1
1—¢2
then (Q(ti,tj));szl . (]K(ti,tj))ﬁjz1 . (Q(ti,tj))ﬁjzl = (]K’(ti,tj))ﬁjzl, and therefore two
Pfaffians associated with IK and IK’ coincide from the following well-known identity: for
any 2n x 2n matrix A and 2n x 2n skew symmetric matrix B, Pf(ABA") = (det A)(Pf B).
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2.4 Pfaffian formulas for a real Gaussian process
As corollaries of the proof of Theorem 2.1, we obtain Pfaffian expressions for aver-
ages of [f(t1) - f(t,)| and sgn f(t1) - - -sgn f(t).

Theorem 2.5. Fort = (t1,...,t,) € X,,, we have

™

B 0)f(t2) - f(ta)] = (2)"/2 (det ()~ PEK (b1, £))7 .
Theorem 2.6. For (t1,...,tsn) € Xa,, we have
Elsgn f(t2) sam £(t2) - sgn f (t2n)]
= (i)n I sen(t; —t:) - Pf(Kaa(ti 1), - (2.7)

In particular, if —1 <t; <ty <---<t9, <1, then

Elsgn f(t1)sgn f(t2) -+ -sgn f(tan)] = (i) Pf (arcsinc(ti, 7)) < j<on - (2.8)

where c(s,t) is defined in (2.3).

We can easily see that F[sgn f(t1)---sgn f(t,)] = 0 when n is odd. More generally, if
(X1,...,X,) is a centered real Gaussian vector, then E[sgn X - --sgn X,,] = 0 for n odd.
The formula (2.7) with n = 1 says that E[sgn f(s)sgn f(t)] = 2 arcsinc(s, t), and hence
(2.8) can be rewritten as

Elsgn f(t1) sgn f(t2) - -sgn f(t2n)] = Pf (Elsgn f(t:) sgn f (1)) <icjcon -

As explained later, the Wick formula (3.6) provides us a similar formula for products of
real Gaussian random variables, however, such neat formulas for F[|X; X>--- X,,|| are
not known for general n except the cases with n = 2,3 ([13, 14]). Similarly, there is no
known formula for E[sgn X; sgn X5 - - - sgn Xo,,] except the n = 1 case

g12
)
V011022

where 0,; = E[X;X,] for i,j = 1,2. Theorem 2.5 and Theorem 2.6 state that the mo-
ments F[|X; --- X,,|] and E[sgn X - - - sgn X,,] have Pfaffian expressions if the covariance

matrix of the real Gaussian vector (X, ..., X,,) is of the form ((1 —¢;t;)~")7;_;.

2
Elsgn X7 sgn X5] = — arcsin
7r

2.5 Complex zero correlations
The complex zero distribution of f also forms a Pfaffian point process. Put D, =
{z € C||z] <1, Sz > 0}, the upper half of the open unit disc. We write i = /—1.

Theorem 2.7. Let pf, be the n-point correlation function for complex zeros of f. For
21,22, .--,2n € Dy,

C 1 - 1 C n
oo zn) = g L gy P

where K¢(z,w) is the 2 x 2 matrix kernel

zZ—w Z—wW
K (2, w) = (“x% “xz”) :

(1—zw)? (1—zw)?
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For example, the first two correlations are given by

2~
C _
) =T e

2
Z—w

552 w) =% ()% (w) + . (

2|1 — 22||1 — w?|

_ 2
Z—W
12111’ )

It is easy to verify that p§(z,w) < p§(2)p§(w) for z,w € D,, which implies negative
correlation as well as the case of real zeros.

As we mentioned, Theorem 2.1 and Theorem 2.7 are obtained independently in [4]
via random matrix theory, but Theorem 2.5 and Theorem 2.6 are new.

1—zw

3 Cauchy’s determinants and Wick formula

In this short section, we review Cauchy’s determinants and the Wick formula, which
are essential throughout this paper.

3.1 Cauchy’s determinant and its variations
The following identity for a determinant, the so-called Cauchy determinant identity,
is well known in combinatorics, see, e.g., [2, Proposition 4.2.3].
1 " H1§11<j§n(xi — ;) (Yi — Y5)
det [ ——— = n D
L=y ) ; =1 [Lizi [T (1 — =)

Here the x;, y; are formal variables, but we will assume that they are complex numbers
with absolute values smaller than 1 when we apply formulas contained in this subsec-

(3.1)

tion. For eachi =1,2,...,n, we define ¢;(x) = ¢;(z1,...,2,) by
1 Ti— Tk
gi(x) = —— BaLEEELLE (3.2)
i(@) 1—a? 1<1;[<n1—xixk
ki

Using (3.1), we have

n

D1 (@)02(®) - ga() = (—1)"0~ /2 dey (_;) (3.3)

ij=1

Recall the definition of Hafnians, which are sign-less analogs of Pfaffians. For a
2n x 2n symmetric matrix A = (a;;)77_,, the Hafnian of A is defined by

HEA =) ayyn(@@n@n@) Gn@n-1yn(n), (3.4)
n
summed over all permutations n on {1,2,...,2n} satisfying 7(2i — 1) < n(2i) (i =
1,2,...,n)and n(1) < n(3) < --- < n(2n —1).
A Pfaffian version of Cauchy’s determinant identity is Schur’s Pfaffian identity (see,

e.dg., [8]): ,
.r< _x n J/‘ _.r
o e — = Rl
(1—1‘1'1']‘) H —xixj

o 4 1

2,j=1 1<i<j<2n
The following formula due to Ishikawa, Kawamuko, and Okada [8] will be an important
factor in our proofs of theorems.

1 2n 2n
H T — x5 Hf ( ) - Pf (51:11732) ] (3.5)
I<i<i<om 1— 2 1— a5 i1 (1 —ziz;) i1
EJP 18 (2013), paper 49. ejp.ejpecp.org
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3.2 Wick formula

We recall the method for computations of expectations of polynomials in real Gaus-
sian random variables. Let (Y7,...,Y},) be a centered real Gaussian random vector.
Then E[Y; ---Y,] = 0ifn is odd, and

E[Y1Ys--Y,] = HE(E[YY))]

i,j=1

(3.6)

if n is even. For example, F[Y1Y2Y3Yy] = E[Y1 Y2 | E[Y3 Y4+ E[Y Y3 E[Y2 Y4+ E[Y1 Y, E[Y2Y5).
See, e.g., survey [22] for details.

4 Derivatives of sign moments

In this section, we provide a preliminary version of Pfaffian formulas for Theo-
rem 2.6.

4.1 Derivatives of real Gaussian processes

The derivative of the product-moment of signs of a smooth real Gaussian process is
given by a conditional expectation in the following way.

Lemma 4.1. Let {X(t)}_1<i<1 be a smooth real Gaussian process with covariance ker-
nel K. Let (t1,t2,...,tn,81,52,...,8m) € Xnim and suppose thatdet K (t) = det(K(t;,t;));' ;-1
does not vanish. Then,

mE[SgHX(h) ---sgn X (t,)sgn X (s1) -+ -sgn X (8]
B <i> (et K(£)) FBX (1) X (1) sgn X (s1) -5 X (53) | X(12) = - = X(t) = 0],

Proof. We will give a heuristic proof. The derivative of sgnt is % sgnt = 2do(t), where
do(t) is Dirac’s delta function at 0. Hence, if we abbreviate as Y (s) = sgn X (s1) - - - sgn X (sp),
then

atlatfﬁE[san(tl) <sgn X (t,) - Y(8)]
= 2" B[00 (X (t1)) X' (t1) -+ 60(X (tn)) X' (t5) - Y (8)]
=2"E[X'(t1) - X'(tn) - Y(8) | X(t1) =+ = X(t,) = 0] - p£(0),

where p;(0) is the density of the Gaussian vector (X (¢1),..., X (¢,)) at (0,...,0). Since
pe(0) = (271)~™/%(det K (t))~'/2, the claim follows.

The above formal computation can be justified by using Watanabe’s generalized
Wiener functionals in the framework of Malliavin calculus over abstract Wiener spaces
[20, 21]. O

4.2 Conditional expectations

Recall the Gaussian power series f defined in (1.1) and functions o(s, ) and u(s,t)
defined in (2.2). The process {f(t)}_1<t<1 is centered real Gaussian with covariance
kernel o(s,t). The following identity in law is a crucial property which the Gaussian
process with covariance kernel o(s,t) enjoys.

Lemma 4.2. For given (t1,ts,...,t,) € X,, we have
(fIf(t2) = - = F(ta) = 0) £ (- 0)f, 4.1)

EJP 18 (2013), paper 49. ejp.ejpecp.org
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where p(s,t) =[]\, u(s, ¢;). Moreover,

(f7 f/(tz)77' = 1; B an|f(t1) == f(tn> = 0) g (H’(?t)fa QZ(t)f(tl)7Z = 15 v ,’fl),
where ¢;(t) = q;(t1, ..., t,) is defined in (3.2).

Proof. If a Gaussian process X has a covariance kernel K(x,y), then that of the Gaus-
sian process (X|X (t) = 0) (i.e. X given X (¢t) = 0) is equal to K (z,y)— K (z,t) K (t,y)/K(t,t)
whenever K (t,t) > 0. In the case of the kernel o(z,y), we see that

= p(z, t)u(y, t)o(z,y).

This implies that (f|f(¢) = 0) £ u(-,¢)f as a process. Hence we obtain (4.1) by induction.

As f’ is a linear functional of f, we also have the identity in law as a Gaussian system

o 1 F0) == f(ta) = 0) 2 (u( 0 f 1/ (S0 f + ) ).

Since u(t;,t) = 0 and p/(¢;,t) = ¢;(t) for every i = 1,2,...,n, we obtain the second
equality in law. O

4.3 Pfaffian expressions for derivatives of signs

The following lemma is a consequence of Lemmas 4.1 and 4.2.

Lemma 4.3. Let (¢,8) = (t1,t2,...,tn, 81,52, ., 8m) € Xpntm. Then

%mfﬁE[Sgn F(t1) - -sgn f(tn)sgn f(s1) - -sgn f(sm)]
= (e T T sents — 10

i=1j=1
n/2
X (727) (det S(8))/2E[f(t1) - f(tn) sgn f(s1) -~ sgn f(sm)]

with X(t) defined in (2.5).

Proof. From Lemma 4.2 and (3.3) we have

E[f'(t1) - f'(tn) sgn f(s1) - -sgn f(sm) | f(t1) =+ = f(tn) = 0]
=TI sennts; t) - [La(®) - EL(t) - f(ta) sgn fls1)---sgn /()
j=1 i=1
= [T 1L sen(s; —ti) - (=)™ =D/ det S(#) - B[ (t1) -+ f(tn) sgn f(s1) - sen f (5m)].
We have finished the proof by Lemma 4.1 with X (¢) = f(¢). O

Proposition 4.4. Fort = (t1,...,l2,) € X2,, we have

8277,
Ot10ty - - - Otay,

9 n 2n 1 bt 2n
_ (2 son(t; —t;) - - - .Pf 7 . 4.2
(F> H sgn( J ) 21;[1 —2 t% ((1 _ titj)2>i7j_1 (4.2)

1<i<j<2n

Elsgn f(t1) sgn f(t2) - - - sgn f(t2n)]

EJP 18 (2013), paper 49. ejp.ejpecp.org
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Proof. Lemma 4.3 with m = 0 and with the replacement n by 2n gives

82n
Oty - - - Otap,

™

lﬂ%nf@ﬂ-~$mf@mﬂ]=(—D"(2)nﬁhtE@D”?EUUﬂ-~fﬁMﬂ~

Here the Wick formula (3.6) gives

2n

B(f(tr) -~ F(t2n)] = BE(E[f (1) f(t)])202y = HE (1~ tit;) ™))
and Cauchy’s determinant identity (3.1) gives
t: —ts
(—=1)"(det 2(t)) /2 = H sgn(t H H Lizty
1<i<j<2n m 1<i<j<2n 1-— titj

Hence we obtain

aZn
Ot10ty - - - Otay,

2\ " an t; —t; 1 2"
<7r> [I sentt 1;[ 1—t2 1 1—tz‘t]j'Hf(1_titj>J

1<i<j<2n 1<i<j<2n i,j=1

Elsgn f(t1)sgn f(t2) - - -sgn f(tan)]

The desired Pfaffian expression follows from the Pfaffian-Hafnian identity (3.5). O

5 Proof of Theorems 2.5 and 2.6

5.1 Some lemmas

Proposition 4.4 can be expressed as

aQn
00ty a1y, Len f(t) sen f(t2) - sn £ (t2n)]
= (i) H Sgn(tj —t; ) Pf (]Kll(tz,t ))1] 1

1<i<j<2n

_ (%) 11 (t-—t-)~LPf(]K (ti, t;))>"
- T SgN(1; i 8t1 22\li, ij=1"

Ot
1<i<j<2n 2n

If we remove the differential symbol W in the above equation, then we get the
equality in Theorem 2.6. The goal of the present subsection is to prove that this obser-
vation is veritably true.

For each subset I of {1,2,...,2n}, we define the 2n x 2n skew symmetric matrix
LI = LI(t), the (i, j)-entry of which is

]Kll(tiatj) - Bt é)t ]K22(t17t ) 1fZ7,7 S Ia
Kio(ti,t;) = 2-Koo(ti, t; ifielandje I
L = r2(tify) ot 2llity) /] (5.1)
]Kgl(ti,tj):aftj]Kgg(ti,tj) ifi e I°¢ andj el,
Koo (ti, t5) ifi,jeI°.
In particular, we put LI¥ = L7 if I = {1,2,...,k} and LI = 1.7,
Lemma 5.1. The following two claims hold true.
1. Foreachk =0,1,...,2n —1, at - PfLM = P,
2. PfLI* is skew symmetric in t1, t2, ...,tr and in tg4q,tg4o, . . ., tan, respectively.
EJP 18 (2013), paper 49. ejp.ejpecp.org
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Proof. Recalling the definition of the Pfaffian, we have

0 o -
PFILIM — Lt
3tk+1 ; Othy1 H n(2i—1)n(24)

For each i < j, we see that:

if 7 9 (K] [k+1]
if j=Fk+1, then atkH]Li,kﬂ = atk+1]K12(tiatk+1) =K1 (ti, tes1) = Ly 1115
if g 0 K 9 [ot1]
ifi1 =k + ]., then atk+1 ]Lk'+1,j = 8tk+1 ]Kgg(tk+1, ) ]K12(tk+1, ) ]L 1,50
0
if i,j # k + 1, then H=o.
b1
Hence we obtain
9 s [k+1]
PrLF = Lt — pryF+1
6tk+1 Z 11;[1 n(2i—1)n(21) ’

which is the first claim.

Pfaffians are skew symmetric with respect to the change of the order of rows/columns,
i.e., Pf(ay(in)) = €(n) PfA for any 2n x 2n skew symmetric matrix A = (a;;) and a
permutation 7 on {1,2,...,2n}. Hence the second claim follows from the definition of
LIk, O

Put
X5, ={(t1,- . ton) € Xop [ t1 <+ < tan}.

Lemma 5.2.
Jim - Blsgn (1) 50 S (tan)) = 0.
(t1,e.- t2n)ex2n

Proof. If we put X(t) = v/1 —¢2f(t), then
Elsgn f(t1) - --sgn f(t2n)] = Elsgn X (1) - - - sgn X (t2n )]

and E[X (t;)X (t;)] = c(t;,t;) with ¢(s, t) in (2.3). Furthermore, since limy,, 1 ¢(t;, t2n) =
di,2n, the random variable X (¢3,,) converges in distribution to a standard Gaussian vari-
able independent of other X; (¢ < 2n), which means that F[sgn X (t1) - -sgn X (t2,,)] —
0. O

Lemma 5.3. Foreachk=0,1,2...,2n—1,

lim PrLLF = 0.
ton—
(t17.~-,t2n)6x2<n

Proof. Taking the limit ¢,,, — 1, each entry in the last row and column of L!*! converges
to zero, and thus so does Pf L[], O

Lemma 5.4. Let (t1,...,t2,) € X5,. Foreachk =0,1,...,2n,

8k

2 n
S _ (% (k]
8t1-~-8tkE[Sgnf(tl) sgn f(t2,)] (W) Pf LIk, (5.2)

EJP 18 (2013), paper 49. ejp.ejpecp.org
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Proof. Consider the function Z*! on X, defined by

ZW (b, tay)
_LE[ f(t1)---sgn f(tan)] — 2 ! H (t; —t;) - PEILI¥
= Bt, - ol sgn 1 sgn f(tay - sgn(t; i .

1<i<j<2n

Since L*" = (]Ku(ti,tj))??:l, Proposition 4.4 implies that Z[>") = 0 on X,,. Let k €

{0,1,...,2n — 1} and suppose that Z*+!l = 0 on X5 . Our goal is to prove Z*| = 0 on
X5,

From the first statement of Lemma 5.1, ﬁ_“ZW (t1, ... ton) = ZFH(t, . top),
and hence our assumption implies thﬂ Z K] (t1,...,t2,) = 0. Therefore 7% is indepen-
dent of t;.4,. From the second statement of Lemma 5.1, Z* is symmetric in ¢, 1, ..., %2y,
and therefore Z[* is also independent of ¢,,,. However,

lim  ZF =90
t2n_>1
(t1,eoton)€EXS,
by Lemmas 5.2 and 5.3. Hence, Z!* must be identically zero on X5, . O

5.2 Proof of Theorem 2.6

Proof of Theorem 2.6. Lemma 5.4 for k = 0 implies
2 " 2n
Elsgn f(t1)---sgn f(tzn)] = | — ) PIEKaa(ti 1)))ilj=1

fort; < -+ < ta,. Since Pf(Kaa(t;, tj))ff;:l is skew symmetric in ¢q,...,t2,,

H sgn(t; — t;) - PE(Kaa(ti,t5))77_,
1<i<j<2n

is symmetric and coincides with E[sgn f(t1) - - - sgn f(t2,,)] on X2,. Thus we have obtained
Theorem 2.6. O

The following corollary is a consequence of Theorem 2.6.

Corollary 5.5. For (t1,...,tan) € X2, and a subset I = {i; < iz < -+ < iy} in
{1,2,...,2n},
ok 2\" s
mE[sgn f(t1)---sen f(tan)] = - H sgn(t; —t;) - PfLY,
1<i<j<2n

where 1. is defined in (5.1).
Proof. Observe that % PfI? = PfIL.. O
1 'k

Note that if ¢, = t, for some r # s then the both sides in the equation of the corollary
vanish.

5.3 Proof of Theorem 2.5
Lemma 5.6. For (t1,...,t,) € X,

n

slgglw 'SHE{EH} mE[sgn f(t1) - -sgn f(tn)sgn f(s1) -+ sgn f(sn)]
2\" n
= <> Pf(]K(tivtj))i,j:I'
™
EJP 18 (2013), paper 49. ejp.ejpecp.org
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Proof. Take —1 < t; < 81 < t3 < 89 < -+ < t, < s, < 1. Corollary 5.5 with I =
{1,3,5,...,2n — 1} and with the replacement (¢i,...,t2,) by (t1, S1,-..,tn, Sn) gives

on E[sgnf(tl) ... 8gn f(tn) Sgllf(sl) - 8gn f(Sn)] = (i) Pf(ﬁij)ﬁjzlv

Oty - - Oty
where
R = (Kll(ﬁzﬁtj) ]K12<tia5j)> .
J Koi(si,t;) Koal(si,s;)
Taking the limit s; — t1,...,8, — t,, it converges to (2)" PE(K (4, t5))7 =, for t; <
- < t,. From the symmetry for ¢;,...,¢,, the achieved result holds true for every
(t1,. .. tn) € Xn. O

Proof of Theorem 2.5. We use Lemma 4.3 with m = n. The identity in the lemma holds
true for —1 < #; < 51 <ty < 82 <--- < t, <, < 1. Note that [[}_, H?Zl sgn(s; —t;) =

(—1)™»=1/2_ Taking the limit s; — t1,...,5, — tp,
g imn eee Mmoo mE[Sgnf(tl) -+ -sgn f(tn)sgn f(s1) - - sgn f(sn)]

n/2
_ (i) (det S(E))Y2E(|f(t2) -~ £ (tn)]]

for -1 < t; < --- <t, <1. From the symmetry for ¢4,...,t,, the above equation holds
true for every (t1,...,t,) € X,,. Combining this fact with Lemma 5.6, we obtain Theorem
2.5. O

6 Proofs of Theorem 2.1, Corollary 2.2 and Corollary 2.3
6.1 Proof of Theorem 2.1

Hammersley’s formula [6] describes correlation functions of zeros of random poly-
nomials, which was observed by Hammersley and it is extended to Gaussian analytic
functions as Corollary 3.4.2 in [7]. The following lemma is a real version of Hammers-
ley’s formula for correlation functions of Gaussian analytic functions.

Lemma 6.1. Let X(¢) be a random power series with independent real Gaussian coeffi-
cients defined on an interval (—1, 1) with covariance kernel K. Ifdet K (t) = det(K (t,t;))}'
does not vanish anywhere on X,,, then the n-point correlation function for real zeros of

f exists and is given by

_ B[X'(t1) - XT(tn)| | X(81) = -+ = X(tn) = O]
(2m)"/2\/det K (¢)

pn(tla . ,tn)

fort = (t1,...,t,) € X,.

Proof. This can be proved in almost the same way as in the proof of (3.4.1) in Corollary
3.4.2 in [7]. The only difference is that the exponent of | X' (¢1) --- X'(¢,)| is 1 in the case
of real Gaussian coefficients instead of 2 in the complex case. This is due to the fact that
the Jacobian determinant of F(¢t) = (X (¢1),..., X (¢,)) is equal to | X'(¢1) - - - X' (¢,,)| when
X is a real-valued differentiable function while | X’(¢;)--- X'(¢,)|*> when X is complex-
valued. O

Proof of Theorem 2.1. From Lemma 4.2 and (3.3) we have

Ellf'(t)--- f )l | ft1) == f(tn) =0 = |q1(t) - - qu )| E[| f(t1) - - - f(tn)]]
=det () - E[|f(t1) -+ f(ta)]],

EJP 18 (2013), paper 49. ejp.ejpecp.org
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and it follows from Lemma 6.1 that

pr(ty, .. tn) = (2m) 2 (det S(2)) 2 E[| f(t1) - f(tn)]]-

Hence Theorem 2.1 follows from Theorem 2.5. O

6.2 Proof of Corollaries 2.2 and 2.3
Proof of Corollary 2.2. From (2.6) we observe that

R(s,t) = 1+ |u(s,t)|c(s, t) arcsin (s, t) — c(s, t)?,

and so R(s,s) =0 and R(s,£1) = 1. A simple calculation yields

9 ~ sgn(t — s) 9 a9 _sga(t—s)
2t ) =B s a2 Do,y = B s e, 1),

0 . sgn(t — s)
g 2resin c(s,t) = —Wc(s,t)

and hence we obtain

where
g(s,t) == {c(s,t)? arcsin c(s, t) — |u(s, t)|* arcsin c(s, t) + c(s, t)|pu(s, )|}

Since g(s,+1) = 0 and

0 —4 t—
D gty = 2B s ), 1 awesin s, 1),
we have g(s,t) > 0. This implies the claim. O

Proof of Corollary 2.3. The first equality immediately follows from EN, = ffr p1(s)ds.

Recall that
r r r T 2
Var N, :/ / pg(s,t)dsdt—i-/ p1(8)ds — (/ p1(8)d8) .
—Tr J =T T T

We recall the 2-correlation function

pa(s,t) = m 2 {K1a(s, 8)Kya(t,t) — Kyi(s, ) Koo (s, t) + Kio(s, 1)Koy (s,1)}
from (2.6). Taking the discontinuity of Ks5(s,t) at s = ¢ into account and using integra-
tion by parts together with (2.4), we have

]KH (8, t)]KQQ (8, t)dt

-Tr

s 5 T 92
_ / O Ko () Kan(s, t)dt + / O T (o ) Kans. )t

_, OsoOt s 0sOt
oK _ K . v
= [ 2 (5. ) Kaa(s, D22+ [ 22 (5. ) Ko, Dm0 — | Kaals, 1) Kan (s, 1)t
= {]Klg(s, 7“)]K22 (S, 7“) — ]K12(8, —’I“)]KQQ(S, —7”) — 71']K12(S7 S)} — ]Klg(s, t)]K21(S, t)dt.
EJP 18 (2013), paper 49. ejp.ejpecp.org
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It is easy to see that

/T ds{Kia(s,r)Kaa(s,7) — Kia(s, —1r)Kaa(s,—r)}

T

_ %[]}{22(5,7“)2 Ko (s, =) = Kaa(r,r)? — Kaa(r, —r)% = O(1).

Hence, we obtain

T T

Var N, =272 (7‘(’ Kia(s, s)ds +/

—rJ—r

]Klg(s, t)]Kgl (S, t)det) + O(l)

147 1+72
_o -2
=27 <7710g1_T—210g1_r2>+O(1).

This implies the assertion. O

7 Proof of Theorem 2.7

7.1 Complex-valued Gaussian processes

Let X = {X()\)}rca be a centered complex-valued Gaussian process in the sense
that the real and imaginary parts form centered real Gaussian processes. Here we say
that a complex-valued Gaussian process is a complex Gaussian process if the real and
imaginary parts are mutually independent and have the same variance.

For a complex-valued Gaussian process X, we use three 2 x 2 matrices

_(BXNX()] EXN)X ()]
Mx (A, ) (E[X(A)X(u)} E[X(/\)X(u)]>
_(BIXO)X ()] EXO)X ()] 01
]MX(A,M)(E[X(A)X(M)} E[X(A)X(u)]> IMx (A, p) (1 o>,
ERX(NRX (1)) E[RX (\)SX ()]
Mx (A, p) (E[%X(/\)%X(H)} E[%X()\)%X(N)D

For A1, Aa,..., A, € A, the matrix (]MX()\i,/\j))Z]-:l is Hermitian, (M\X()\“Aj))?:jzl is

complex symmetric, and (Mx (\;, A; )it j—1 is real symmetric. The real Gaussian vector

RX (A1), SX(A1),...,RX(A\n), SX(\n))

has the covariance matrix (M x(Aiy Aj))7 ;. We can see that

ij=1

~ 1
Nx(h ) = TUMx(L 0", U = ( L ?). (7.1)

—1 1

A (centered) complex-valued Gaussian process is uniquely determined by M x or M X-
Lemma 7.1. For \1,..., )\, €A,

E[IX (M) -+ X (An)[*] = HEMx (A, A))F (7.2)

i,j=1"

Proof. Let Y (A) = RX(N\) + aSX()) for a € R. It follows from the Wick formula (3.6)
that

E[Ya(Al)Yb()‘l) T Ya(/\n)n()‘nﬂ - Hf@jij)?,j:lv (7.3)
where

9, = (E[Ya(Ai)Ya()‘j)] E[Ya(/\i)Yb(M)}> .
T\ EM)Ya(N)] B[ (A)Yh(A)]

By analytic continuation, the formula (7.3) still holds for a,b € C. Therefore, by setting
a = —b = i, we obtain the result. O

EJP 18 (2013), paper 49. ejp.ejpecp.org
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7.2 Conditional expectations for complex cases

Let D be the open unit disc D = {z € C | |2| < 1}. We naturally extend the definition
win (2.2) to D:

zZ—w

Wz, w) = 1— 2w (z,w € D).
For zy,...,z, € Dand ¢ =1,2,...,2n, we consider
qi(2) = qi(21, -+, 2ns Znt 1, -+ Z2n)

defined in (3.2) with z;4, :=%; (j =1,2,...,n).

Recall that D, is the upper half of the open unit disc: Dy = {z € D | $(2) > 0}.
If f is the Gaussian power series defined by (1.1), then {f(z)}.cp, is a complex-valued
Gaussian process with

1 1
My (z,w) = (1_1zw l_fw) :

1-Zzw 1-zw

Lemma 7.2. Forne D,

(f | f(n) = 0) = pu(,n)u(- ) f. (7.4)

Moreover,
(fl(z)i=1,2....n| f(z1) == f(2) =0) = (¢s(2) f(2:),i = 1,2,....n). (7.5)

Proof. The real Gaussian vector (Rf(z),Sf(w)), given Rf(n) = Sf(n) = 0, has the
covariance matrix

D (2, w) — My (2,1) Dy (n,7) "My (n, w)

1 _ *
= UMM (2, w) — Dy (2, )My (n,7) "My (n, w)]U
by (7.1). A direct computation gives
Mf('z? w) - Mf(zv 77)]Mf(777 77)71]Mf(77a w) = Mgn (Z» w)

with ¢, (2) = pu(z,n)u(z,7)f(2), and we obtain (7.4). The remaining statement follows
from (7.4) in a manner similar to the proof of Lemma 4.2. O

7.3 Correlation functions for complex zeros

We finally compute the correlation function p¢(z1,...,z2,) for complex zeros of f.
Our starting point is the following Hammersley’s formula (complex version), see [7]
and compare with Lemma 6.1:

_ Bl G- [ f(2) = - = f(z0) = 0]

o (21,0 2n) — (7.6)
(2m)m/det (M (20, 27)7 oy
Note that (27)~"[det(IM/(z;, z;))]~/2 is the density of the real Gaussian vector
(Rf(21),Sf(21), .-, Rf(20), S (20))
at (0,0,...,0,0)
EJP 18 (2013), paper 49. ejp.ejpecp.org
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Proposition 7.3. Let

M(z) = (1 —12,@)2" and  M(z) = (1 —lzizj)%

4,j=1 4,j=1

Then

(=1)"det M(z) - Hf M(z)

(21,0, 2n) =
Pnlz1 ) det M (z)

Proof. Let us compute the numerator on (7.6). Equation (7.5) gives

E(|f'(z1) - f' () | f(21) = -+ = f(2n) = 0 = |a1(2) -+~ au(2)PE[ f(21) -~ f(z) IP].

Here, since ¢;(z) = ¢;4n(2) for j =1,2,...,n, it follows from (3.3) that

1 (2) - qu = (—1)" det M (z).

Furthermore, from (7.2) we have
E([f(z1) - f(zn) ] = BED (21, 2))71 = HEM(2).
On the other hand, the denominator on (7.6) is computed by using (7.1):
det(DMy(2i, 7))}y = 47" det M(z).
Consequently, we obtain the result from (7.6). O

Proof of Theorem 2.7. By the Cauchy determinant formula (3.1),

2n 1 5 5 2
det M (z) = Lo
¢ (Z) 1—2 H (1—ZZZ]> ’

i=1 l 1<i<j<2n
2 — 2
v/det M H H LI
1= ‘Zl|2 1<i<j<2n 1 =2z
By noting that z;,4, = 2; (i =1,2,...,n), We can see that
det M(Z) - n(n 1)/2 H H -z H Zi — Zj
detM(z) |1—z 2i = 2l \ | Siean L~ 2%
Since |Z zl = i for 3z > 0, from Proposition 7.3 and Pfaffian-Hafnian identity (3.5) we
see that

n 2n
. _ ( 1 n(n—1)/2 Zi — 2
pn(Zb”qzn)_ H Il—Z (1—ZiZj)2

ij=1

By changing rows and columns in the Pfaffian, we finally obtain

. 1 4 1 . n
pn(zlr . .,Zn) = (7T1)n U |1 _ Zz2| - Pt (]K (Zi7zj))i,j:1 .

EJP 18 (2013), paper 49. ejp.ejpecp.org
Page 16/18


http://dx.doi.org/10.1214/EJP.v18-2545
http://ejp.ejpecp.org/

Correlation functions for zeros and Pfaffians

References

[1] Borodin, A. and Sinclair, C. D.: The Ginibre ensemble of real random matrices and its scaling
limits. Comm. Math. Phys. 291, (2009), 177-224. MR-2530159

[2] Ceccherini-Silberstein, T., Scarabotti, F. and Tolli, F.: Representation theory of the sym-
metric groups. The Okounkov-Vershik approach, character formulas, and partition algebras.
Cambridge Studies in Advanced Mathematics 121, Cambridge University Press, 2010. MR-
2643487

[3] Edelman, A. and Kostlan, E.: How many zeros of a random polynomial are real? Bull. Amer.
Math. Soc. (N. S.) 32, (1995), 1-37. MR-1290398

[4] Forrester, P. J.: The limiting Kac random polynomial and truncated random orthogonal ma-
trices. J. Stat. Mech., (2010), P12018, 12 pp.

[5] Forrester, P. J. and Nagao, T.: Eigenvalue statistics of the real Ginibre ensemble. Phys. Rev.
Lett. 99, (2007), 050603, 4 pp.

[6] Hammersley, J. M.: The zeros of a random polynomial. Proceedings of the Third Berkeley
Symposium on Mathematical Statistics and Probability, 1954-1955, vol. II, pp. 89-111, Uni-
versity of California Press, Berkeley and Los Angeles, 1956. MR-0084888

[7]1 Hough, J. B., Krishnapur, M., Peres, Y. and Virdg, B.: Zeros of Gaussian analytic functions
and determinantal point processes. University Lecture Series 51, American Mathematical
Society, Providence, RI, 2009. MR-2552864

[8] Ishikawa, M., Kawamuko, H. and Okada, S.: A Pfaffian-Hafnian analogue of Borchardt’'s
identity. Electron. J. Combin. 12 (2005), Note 9, 8 pp. (electronic). MR-2156699

[9] Kac, M.: On the average number of real roots of a random algebraic equation. Bull. Amer.
Math. Soc. 49 (1943), 314-320. MR-0007812

[10] Kahane, J. P: Some random series of functions. D. C. Heath and Co. Raytheon Education
Co., Lexington, Mass, 1968. viii+184 pp. MR-0254888

[11] Krishnapur, M.: From random matrices to random analytic functions. Ann. Probab. 37,
(2009), 314-346. MR-2489167

[12] Logan, B. F. and Shepp, L. A.: Real zeros of random polynomials. II. Proc. London Math.
Soc. (3) 18, (1968), 308-314. MR-0234513

[13] Nabeya, S.: Absolute moments in 2-dimensional normal distribution. Ann. Inst. Statist.
Math., Tokyo 3, (1951), 2-6. MR-0045347

[14] Nabeya, S.: Absolute moments in 3-dimensional normal distribution. Ann. Inst. Statist.
Math., Tokyo 4, (1952), 15-30. MR-0052072

[15] Peres, Y. and Virdg, B.: Zeros of the i.i.d. Gaussian power series: a conformally invariant
determinantal process. Acta Math. 194, (2005), 1-35. MR-2231337

[16] Paley, R. and Wiener, N.: Fourier transforms in the complex domain. Reprint of the 1934
original. American Mathematical Society Colloquium Publications 19, American Mathemat-
ical Society, Providence, RI, 1987. MR-1451142

[17] Rice, S. O.: Mathematical analysis of random noise. Bell System Tech. J. 24, (1945), 46-156.
MR-0011918

[18] Shepp, L. A. and Vanderbei, R. ]J.: The complex zeros of random polynomials.
Trans. Amer. Math. Soc. 347, (1995), 4365-4384. MR-1308023

[19] Tribe, R. and Zaboronski, O.: Pfaffian formulae for one dimensional coalescing and annihi-
lating system. Electron. J. Probab. 16, (2011), no. 76, 2080-2103. MR-2851057

[20] Watanabe, S.: Lectures on stochastic differential equations and Malliavin calculus. Notes
by M. Gopalan Nair and B. Rajeev. Tata Institute of Fundamental Research Lectures on
Mathematics and Physics, 73. Published for the Tata Institute of Fundamental Research,
Bombay; by Springer-Verlag, Berlin, 1984. iii+111 pp. MR-0742628

[21] Watanabe, S.: Analysis of Wiener functionals (Malliavin calculus) and its applications to heat
kernels. Ann. Probab. 15, (1987), 1-39. MR-0877589

EJP 18 (2013), paper 49. ejp.ejpecp.org
Page 17/18


http://www.ams.org/mathscinet-getitem?mr=2530159
http://www.ams.org/mathscinet-getitem?mr=2643487
http://www.ams.org/mathscinet-getitem?mr=2643487
http://www.ams.org/mathscinet-getitem?mr=1290398
http://www.ams.org/mathscinet-getitem?mr=0084888
http://www.ams.org/mathscinet-getitem?mr=2552864
http://www.ams.org/mathscinet-getitem?mr=2156699
http://www.ams.org/mathscinet-getitem?mr=0007812
http://www.ams.org/mathscinet-getitem?mr=0254888
http://www.ams.org/mathscinet-getitem?mr=2489167
http://www.ams.org/mathscinet-getitem?mr=0234513
http://www.ams.org/mathscinet-getitem?mr=0045347
http://www.ams.org/mathscinet-getitem?mr=0052072
http://www.ams.org/mathscinet-getitem?mr=2231337
http://www.ams.org/mathscinet-getitem?mr=1451142
http://www.ams.org/mathscinet-getitem?mr=0011918
http://www.ams.org/mathscinet-getitem?mr=1308023
http://www.ams.org/mathscinet-getitem?mr=2851057
http://www.ams.org/mathscinet-getitem?mr=0742628
http://www.ams.org/mathscinet-getitem?mr=0877589
http://dx.doi.org/10.1214/EJP.v18-2545
http://ejp.ejpecp.org/

Correlation functions for zeros and Pfaffians

[22] Zvonkin, A.: Matrix integrals and map enumeration: an accessible introduction. Combi-
natorics and physics (Marseilles, 1995), Math. Comput. Modelling 26, (1997), no. 8-10,
281-304. MR-1492512

Acknowledgments. The first author (SM)’s work was supported by JSPS Grant-in-
Aid for Young Scientists (B) 22740060. The second author (TS)’s work was supported
in part by JSPS Grant-in-Aid for Scientific Research (B) 22340020. S.M. would like to
thank Yuzuru Inahama for his helpful conversations. The authors appreciate referee’s
kind comments and suggestions.

EJP 18 (2013), paper 49. ejp.ejpecp.org
Page 18/18


http://www.ams.org/mathscinet-getitem?mr=1492512
http://dx.doi.org/10.1214/EJP.v18-2545
http://ejp.ejpecp.org/

	Introduction
	Results
	Pfaffians
	Notation
	Real zero correlations
	Pfaffian formulas for a real Gaussian process
	Complex zero correlations

	Cauchy's determinants and Wick formula
	Cauchy's determinant and its variations
	Wick formula

	Derivatives of sign moments
	Derivatives of real Gaussian processes
	Conditional expectations
	Pfaffian expressions for derivatives of signs

	Proof of Theorems 2.5 and 2.6
	Some lemmas
	Proof of Theorem 2.6
	Proof of Theorem 2.5

	Proofs of Theorem 2.1, Corollary 2.2 and Corollary 2.3
	Proof of Theorem 2.1
	Proof of Corollaries 2.2 and 2.3

	Proof of Theorem 2.7
	Complex-valued Gaussian processes
	Conditional expectations for complex cases
	Correlation functions for complex zeros

	References

