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On the expectation of the norm of random matrices
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Abstract

Let X; ;, 4,5 = 1,...,n, be independent, not necessarily identically distributed random
variables with finite first moments. We show that the norm of the random matrix
(Xi,4)7 =1 is up to a logarithmic factor of the order of

B, . H(Xivj)?:le + Ez:nilaxn }|(Xi7j)?:1H2 )

i=1,...,
This extends (and improves in most cases) the previous results of Seginer and Latata.
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1 Introduction and Notation

We study the order of magnitude of the expectation of the largest singular value, i.e.
the norm of random matrices with independent entries

B ([ (@1,5900)i5-115.,5) -

where a;; € R, 4,5 = 1,...,n, g;;, %, j = 1,...,n, are standard Gaussian random vari-
ables and || ||2—,2 the operator norm on ¢5. There are two cases with a complete answer.
Chevet [2] showed for matrices satisfying a; ; = a;b; that the expectation is proportional
to

lall2llblloo + llalloollbll2,

where ||a||2 denotes the Euclidean norm of a = (a1, ...,a,) and ||a||cc = maxi<;<n |a;l.
For diagonal matrices with diagonal elements d, ..., d, the expectation of the norm
is of the order of the Orlicz norm ||(dy,...,d,)| s where the Orlicz function is given by

M(s) = \/gfos e" 2 dt [4]. This Orlicz norm is up to a logarithm of n equal to the norm

maxlgign |dl|
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Norm of random matrices

These two cases are of very different structure and seem to present essentially what
might occur concerning the structure of matrices. This leads us to conjecture that the
expectation for arbitrary matrices is up to a logarithmic factor equal to

Z:Hll’ax’n H(ai,j)?:l Hz + J:Hll’ax’n H(ai’j)?:l HQ . (1.1)

Latata [5] showed for arbitrary matrices

B (a0s90.)%5-10l,1,5) < € max [[(@)5ell, + max i@l + || (asg)imll, -

Seginer [12] showed for any n x m random matrix (X”)ILJ’Z1 of independent identically
distributed random variables

B (Xmm ), L < (E e ||(Xi)Ty |, + B max [ ( ”>?_1|2).

1<i<n 1<j<n
The behavior of the smallest singular value has been determined in [3, 7, 9, 10, 14].

Theorem 1.1. There is a constant ¢ > 0 such that for alla; ; € R, 7,5 = 1,...,n and all
independent standard Gaussian random variables g; j, i,j = 1,...,n

E (H(Cli,jgi,j)?jzl H2_>2)

( ( ||\| ,}J 11||r| )) (B (e Neawsgiaiall ) + (s gl )-

The norm ratio appearing in the logarithm is at most n2. In the same way we prove
Theorem 1.1 we can show the similar formula

’

E (H(ai,jgiyj)zr'tj:leaZ)

(a5 ll,
<c (111 < m <1_H113Xn ’|(ai7j)?=1H2 + J:Hllaxn (ai,j)?zﬂz) .

The proof of this formula is essentially the same as the proof of Theorem 1.1. Through-
out the proof we use the expression max (@i ;)7=1 ]|, instead of the expression E | max | (@s,59:.5) =1 H2> .
1=1,...,n 1=1,...,n

The inequality of Theorem 1.1 is generalized to arbitrary random variables as in [5].

Theorem 1.2. Let X, ;, i,j = 1,...,n, be independent, mean zero random variables.
Then

B (060wl ) < elinten))? (B o |6 5all, + B max 10502

On the other hand,
B (o sl ) + (e ol 12)

is obviously smaller than I (H(ai7jgi7j)2j:1 ][262). We show that the expression (1.2) is
equivalent to the Musielak-Orlicz norm of the vector (1,...,1), where the Orlicz func-
tions are given through the coefficients a; ;, i,j = 1,...,n. Our formula (Theorem 3.1)

enables us to estimate from below the expectation of the operator norm in many cases
efficiently.
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Norm of random matrices

Moreover, we do not know of any matrix where the expectation of the norm is not of
the same order as (1.2).

A convex function M : [0,00) — [0, 00) with M (0) = 0 that is not identically 0 is called
an Orlicz function. Let M be an Orlicz function and z € R" then the Orlicz norm of z,

|zl is defined by
S M <ﬁ> < 1} |
i=1

We say that two Orlicz functions M and N are equivalent (M ~ N) if there are strictly
positive constants ¢; and ¢; such that for all s > 0

Izl = inf{t >0

M(e18) < N(s) < M(cz28).
If two Orlicz functions are equivalent, so are their norms: For all x € R™

cillzllar < lzl|n < eall@lar-

In addition, let M;, i = 1,...,n, be Orlicz functions and let x € R" then the Musielak-

Orlicz norm of z, [|z([ )y, is defined by
> (B1) <1}
i=1

In this section we are going to prove the upper estimate. We require the following
known lemma. In a more general form see e.g. ([13], Lemma 10).

Hx||(Mi)i = inf {t >0

2 The upper estimate

l n—l
; | S
Lemma 2.1. Let 2V = W(l,...,l,(), ..,0), 1l =1,...,n, and let By be the convex hull of

O] @
(61.%#(1) g oony €n$ﬂ,(n)

Let || || be the norm on R™ whose unit ball is By. Then, for all x € R™

[zll2 < llzllr < VIn(en)||z[|2-

) , wheree; = £1, i = 1,...,n, and = denote permutations of {1,...,n}.

Proof. The left hand inequality is obvious. Let z € R". Then zj,...,z), denotes the
decreasing rearrangement of the numbers |z,|,...,|z,|. Let ax = vk — vk — 1 for k =

1,...,n. Then, for all x € R™
lzllr = ai(Vk - VEk-1).
k=1

. 1
Slnce\/E—x/k;—lgﬁ

-
|

||x|Ts(Z|¢%—¢k—1|2> ||x||2s< ,1) lzll2 < v/IGen) >

k=1 k=1

We denote

5;—1 = {x = (x1,..,xy) €S Fi=1,..,n

1
i=1,.,njlz;,=x— 7| =1 o,
g =27} =i}
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the set of extremal points of By. Then by our previous lemma we have

|Ally_y = sup [Az|y < /In(en) sup |Az],. (2.1)
zeSn—1 zesnt

We use now the concentration of sums of independent gaussian random variables
X =>"" | gi% in a Banach space ([6], formula (2.35)): For all ¢ > 0

t2
POLX 2 BIX] +1) < o (- 570505 ) 2.2)

where

[N

o(X)= sup <Z|£(Z’)|2> ) (2.3)

ll€]l=1

Applying (2.2) to

SIS
V]

n
2 2 _ 2 2
E|Gz|2 < Z a;;T; and o(Gzx)= Imax Za»»m ,

i,j=1 =1
we immediately get the following lemma.
Lemma 2.2. Foralli,j =1,...,nleta;; € R, let g; ; be independent standard gaussians,

i=1,...,n J

G = (ai;gi;)} ;-1 and letz € BY. Forall 3 > 1 and all v+ with max (Z a%ﬁjﬂ) >0 we

have

P {IGal, > 6 (B | mox [Jasoms)iall] + B | mox Do)zl )}

N

n
8 (E L_Hll?«?in||(ai,jgi,j)?—1||2:| +E[ max ||(ai,jgi,j)?—1||2]> - (Z a?,j»””?)

1 1,j=1
2 noo,
max > a; T
yeees =1

Proposition 2.1. For all i,j = 1,...,n let a;; € R, let g;; be independent standard
gaussian random variables and let G = (ai,jgi,j)ﬁj:y For all § with g > \/g

{||G|M>W7 (B ] o, Nansanims ] + B | mox essoen)ioill| )}
< Zexp (l In(2n) — zﬁ2>

=1

Furthermore, we get for 8 = /37 In(2n)

P {61, > Varta(en) (1 |
K]

1

ﬁ.

:Hllftfn H(amgm j= 1”2] + I [ maxn |(ai,j9i,j)?—1|2:|>}

.....
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i=1,.

x € By \ {0}. By (2.1)

1Gllys2 < VIn(en) sup |Gl .
zeSyT?

Proof. We shall apply Lemma 2.2. We may assume that max <Z a?’jx2> > 0 for all

Therefore, for 5 € R~(, we have

P (161 > ov/iten) (B (o 0005l ) + 8 (o essoei0imil) ) )

s1P< sup (Gl > 6 (B (o [lasigs)imal,) + B ( ||<ai,jgi,j>?_1||2>)>.
wesn! =L

.....

For all [ = ,n let M; be the set of z(V) ¢ ST ! such that gcl

e {o, i\[} for all
=1 ..n. Now we apply Lemma 2.2 and get
P {161, > Bvien) (B | o [0s00,)5mal, ]+ || o es00,0iil) )}
<P { sup (Gl > 8 ([ @i ima ;] + B e osso)all] }
resn" i=1,...,n
Z Z P {‘ G{E(Z)H2 > ﬁ (]E |:iI1ilaXn ||(a”g”);l_1”2:| +E |: max ||(a1’ng’])?_1||2:|>}
I=1 2O eM,; T

. | (e e sl | + B | e sl )
<> Y exp{—--1|8

2 3
1=1 () e M, n
max > a
i=1,...,n . I
j€{klag#0}
l 2
2
1 n 2
Vi Z > a;i ;
=1 jek|zl £0}
1
2
n
max > ay
i=1,..., ) 1 ’
je{klal)#0}
We have

Nl

Z Yoooah| < max (el < max (ag)il,

. () Jj=1,...,n
e{k|z{" #£0 ree
i= 1J€{k|az(l)7$0} ekl }

and by triangle inequality

V

i=1

1
n 2
2
B max [(aij95)i=ll, 2 j_ffllfﬂ}?in]E<§ az‘,jgz‘,j|> (2.4)

v

1
2
2
max <§ |am E|gm ) > ;jzﬂll%_?fn||(azpj)?:1||2~
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Therefore, we have for all g with 5 > \/g

=

n 2
PE max 1(ai,;9i,5)i=1lly — Z Z a;; | =0.

Jj=1,..., n ;
=1 je{kle £0}

Thus

{||G|M>W u(en ( [max H(ai,jgi,»?_lng}w[ max |<ai,jgi,j>?_1||2])}

n . EL_@% (@i i9:.)5- M

< E E expq —5 ! . T
2 3

=1z eM, n

max > ay

Juax :

je{klz) #£0}

Again, by (2.4) we have for all 3 with § > /7
P {161, > Vi) (B | o [0s00,)5ma ]+ | os0e0ial) )}
IB2 n L /62
< ) <0 e
_ZZexp(lw)_Z nexp(lﬂ)

1=1 s eM; 1=1

= exp (l In(2n) — zﬁ2>
=1

We choose 8 = /37 In(2n), thus such that 3In(2n) = %z Then
P {||G|H > i) (B | max ass)iall,| + B | o gl ) |
n l 1 oo 1 l 1
< —2[1In(2 = < — -] < —=.
yoeotcamen =3 () =52 (i) <

Therefore

P {G||2_,2 > /3 In(en) <1E {

< 1
_n2'

wax assaigjl,| + | max Iasig)ials) )}

i=

Proposition 2.2. Leta;; € R, 4,j = 1,...,n and g;,, ¢,j = 1,...,n, be independent
standard Gaussian random variables, then

E (H(ai,jgi,j)ﬁjﬂ ||2_>2)

; (\/Z e vaminen)) (B[ mox sl + B[ mex lasmi] )
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Proof. We divide the estimate of It (H(ai,jgi,j)ﬁj:l ||2H2) into two parts. Let M be set of
all points with

[(ai39:.3)75=11l 5,0
< V37 In(en) (]E max [(aijgii)iil, + E max ||(ai,j9i,j)?1|2) .
Clearly,

B (|1(as5905)% -1l X0

..........

Furthermore, by Cauchy-Schwarz inequality and Proposition 2.1 we get

B (| (@191l o) < VB L) (B ([ (019071113 2))

2 2

1 2 ;1< 2
2 _ 2 2
= E (E (”(ai’jgixj)ZJZIHHS)) T n Z ‘ai’j| = llg?é)ib Zl |ai,j
=

4,J=1

1
2

Asin (2.4)

Jmax [ (aiz)j= ||, + jmax [(aiz)izll,

..........

Altogether, this yields
s
E (H(ai,jgi,j)zjzlngﬁg XM0> < \@E (i_fglff?fn [(@i,59i,5)5=1]], + jdmax I(ai,jgi,j)?_12) :

Summing up, we get

E (H(ai,jgi,j)?,j:l ||2—>2)

™ n n
< (/5 + ) (8] mox ool +8 [ mox el )

O

Proof. (Theorem 1.1) Wl.o.g. we assume 0 < a;; < 1, 7,5 = 1,...,n and that there is a
coordinate that equals 1. Foralli,j = 1,...,n and k € IN we define

1 e 1 1
k _{ o Hif 5r <ai; < grer

a; . =
J 0 ,else.

Let G = (a;59i)i'j=1 and G* = (af ;g; ;)i";—,. We denote by ¢(k) the number of nonzero

entries in (af;)7';_, and we choose v such that ||(a; ;)7 ;—||, = 27||(ai;)i"j= || - Thus,
n

we get ¢(k)r = Y. af; < 27 and therefore ¢(k) < 2"7. Therefore, the non-zero
i,j=1
entries of G* are contained in a submatrix of size 2¥*7 x 2¥*7. Taking this into account
and applying Proposition 2.2 to G*
E||G*

H2—>2

< <\/Z+ \/377r1n(62’“+7)) E ( max ||(af7jgi_,j);-’:1“2 +j:nllaxn H(aﬁjgi,j)?_1||2> .

i=1,...n " TSR =T
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Since
1 1
\/§+ V3 In(e2"7) < 1—3 + %(1 +1n(2"7)) < 8(k +7)
we get
J_k
EHGkHQHQ kj-i—’y I Z |azjg%] (k"i"}/) ; 2.
1,j=1

Therefore,

k+ =k
Z EHGksz 8 Z ’Y Z?
k=

k>2~ k>2~

Since one of the coordinates of the matrix is 1

> 2
B, = [ o=y

Therefore, there is a constant ¢ such that

E(Gl,,, <2E| ) G +2 ) B|GHama < B> GF

k<2~ k>2y k<2~

2—2 2—2

The matrix Y, _,, G* has at most

Yook < Y <2< ( @i )igmll ) (2.5)

k<2v E<2vy H ai,;j) T =1 ||Oo

entries that are different from 0. Therefore, all nonzero entries of >, . G* are con-
tained in a square submatrix having less than (2.5) rows and columns. We may apply
Proposition 2.2 and get with a proper constant ¢

@)zl )’
E (|Gl,,,) <c \/?Jr\/%ln e.2<”]1 %
(” “2»2 2 ||(Clz',j)?,j:1“oo

n n

koo
B max | > af0i + max || > alljgi
<2y j=1lly S i=1ll2

3 The lower estimate

Theorem 3.1. For alli,j = 1,....,n let a;; € R>o and g; ; be independent standard
gaussians. Foralli=1,...,n and all s with0 < s < ||(a7;7j)§?:1||;1

1
Ni(s) = § Max aijexp | — 5 o 7
j=1,..n "J
and for all s > H(ai,j)?:lH;
_:max Qq, 5 H(ai :)”, H2 3
Nj(s) = 2=beon exp IR 2 )
i(s) |‘(ai7j)?:1|‘2 jg,aina?’j e ||( 1,])]—1”2 H (as.;) " 1H
EJP 18 (2013), paper 29. ejp.ejpecp.org
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Moreover, J\Nf i = 1,....,n, are defined in the same way for the transposed matrix
g J yeeey y 14

a; i)%"._y. Then N;,i=1,...,nand N;, j =1,...,n, are Orlicz functions and
J/7,i=1 J

(|| i= 1||(N)1 + H J= 1” (N; )])
<E (z aXﬂ ||(ai,j9i,j)?—1’|2) +E (g X |(ai’jgi’j)?_1”2>

1,.

< e (1Ol + 10l )

where ¢ and co are absolute constants.

The following example is an immediate consequence of Theorem 3.1. It covers
Toeplitz matrices.

Example 3.2. Let A be an X n-matrix such that foralli,=1...,nandk=1,...,n
. b }
2 2
> lai gl =D lajxl
j=1 =1
and
a = ma
1212( lai il = r<n]X lajkl
Then

B (o lewssially) + 8 (pax @00l

1
2

n
~ max ( E |al,j2> ;Vinn 121;2(71 la1,;1
j=1 =7=

We associate to a random variable X a Orlicz function M by

:/ / |X|dPa. (3.1)
0

+<1X|

We have

M(S)Z/S / | X |dPdt

|X|> ) / (1X] > u)du | dt.

(3.2)

Lemma 3.3. There are strictly positive constants ¢, and co such that for alln € N, all
independent random variables X1, ..., X,, with finite first moments and for all x € R"

er Wl < B max 0. < ca ol g,

where M, ..., M,, are Orlicz functions that are associated to the random variables (3.1).

Lemma 3.3 is a generalization of the same result for identically distributed random
variables [4]. It can be generalized from the /,,-norm to Orlicz norms.
We use the fact [11] that forall z > 0

V2 1 2 o 1.2
il e 2% < \ﬁ/ e 2% ds < \/71 -3’ (3.3)
(r— 1Dz + Va2 + 27 T Jz

EJP 18 (2013), paper 29. ejp.ejpecp.org
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Proof. (Theorem 3.1) We apply Lemma 3.3 to the random variables

2

n
> laiigi sl i=1,...,n.
=1
Now, it is enough to show that M; ~ N; foralli = 1,...,n. We have two cases.

l —1
We consider first s < % <1E (Z?:l a?’j 91'2,]') 2) . There are constants ¢y, co > 0 such

1
n 2
that for all u with v > 2IE (Z a; ng>

u?

2
2 u 2 2 2
o | A | SP | Dedls | zufsew|—dm ) G
j=1,..n "J j=1 j=1,..n "J
The right-hand side inequality follows from (2.2). The left-hand side inequality follows
from
n
Zazz,jgzz,j > a?,19i2,1~
j=1

45,39i,5
Jj=1
1 1
S n 2 1 oo 2
1 2 2
Mi(S):/ EIP Za”g” ZE +/]P Za”g” >u | dupdt
0 J=1 1
t
; 2 7 2
1 & U
g/ —exp | — 2 5 —|—/exp —c5 5> | du ¢ dt
t t? max aj; max a;j
0 j=1,...n 7 1 j=1,...n 7
By (3.3)
; 2 2
1 c t c
M;(s) < Zexp | ——2—— | + — max a2 exp | ———2—— dt.
i(s) < ¢ P 2 max a?, 2c2 j=1,..n P 12 max a?,
0 j=1,...,n © j=1,...,n ©J
n
Since 1 > 2E [ Y- a? 97, \/7| |(aij)j—1]],, we get
Jj=1
Lo max a? < b \f e a2 < €.
c3 = 3 V 2 |(ai )} 1H
where c is an absolute constant. Altogether, we get
[ e & T e Gu?
M;(s) §/fexp ——— dt:/fexp - | du.
t t?2 max a7, U max a;
0 j=1,...n 7 1 Jj=1,..., n

1 —1
Passing to a new constant cs and using (3.3) we get forall s with 0 < s < % (E (Z;L a2 g91 ]) 2>

o0
1 c2u? s c2
Mi(s)<c [ —exp | ———=2—— | du < —( max a”)exp 72722 (3.5)
U max aj ; Co j=1,...,n §° max aj ;
1 j=1,...,n "I j=1,..,n "I
EJP 18 (2013), paper 29. ejp.ejpecp.org
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From this and the definition of N; we get that there is a constant ¢ such that for all s

1N —1
with 0 < s < 3 (E (Z?:l a?,ﬂ%j) 2)
Mi(s) < Ni(es).

1
2

3 (Z;’L:I |am'|2) :

Indeed, the inequality follows immediately from (3.5) provided that é <
<

_1 1\ —1
If % (Z;}Zl |ai,j|2) 2 <s< % <IE (Z?:l aijgﬁj) 2) then, by (3.5) and \/gmaXlgjgn Qi <
1
2
B (S5 ad0%)
1
(B (Z;'lzl a?,ﬂ%) )’ _ Vo

2 max a;;
j=1,....,n exp | —
4 max a?; 2

n 2 2 _ 2,7
B (Ej:l ai’jgm) j=1,..m

Moreover,
v 2T V2T 01—
<N; Tor + 1) (ai)j= ]It | -

D=

C2
Therefore, with a universal constant ¢ the inequality M;(s) < N;(cs) also holds for those
values of s. The inverse inequality is treated in the same way.
1\ 1 1
n 2 n 2
Now we consider swith s > 1 [ E '21 a3 ;9 and denote o = I '21 a3, 93,
j= j=

The following holds
1 1
S 1 n 2 1 oo n 2
Mi(s):/ gIP Zaf,jgf,j > n +/IP Zaijgzj >u | dupdt
0 J=1 1 J=1
t
1 1 1
7l " o) T . 2
— 2 2 2 2
_/ EIP Zai,jgi,j 2; +/IP Zaijgij >u | dupdt
0 i=1 1 j=1
t
1 1
S 1 n 2 1 [ee) n 2
+/ E]P Zaijgzj > n +/IP Zaijgzj >u | dupdt
L Jj=1 1 j=1
[e% t

The first summand equals Mi(%). Therefore, by (3.5) the first summand is of the order
2

2

n
2 2
B\ X ai;0;
max Qs j j=1
) ey T ’ 2

Jj=1,..
T exp | —¢5 5
3 max aj ;
j=l,...n “J

We estimate the second summand. The second summand is less than or equal to
2

2

s n n
dt < /3E Z aijgij dt < 3E Za?,jg?,j s.
j=1

j=1

1 ~ i
/ ;HE > a0l
j=1

L
2c

1
2c
ejp.ejpecp.org
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-1

1
2
n
Therefore, with a universal constant ¢ we have forall s withs > 1 | E ( > ai j g%-)
i=1

N
=

n n

M;(s) < (c—1)s Z la; ; 2 < cs Z la; ;

Jj=1 Jj=1

21 —1< Ni(cs).

[no

Now, we sketch a proof of a lower estimate. By (3.1), for all s with s >
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The rest is done as in the case of the upper estimate. O
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