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Central limit theorems for Fréchet means
in the space of phylogenetic trees
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Abstract

This paper studies the characterisation and limiting distributions of Fréchet means in
the space of phylogenetic trees. This space is topologically stratified, as well as being
a CAT(0) space. We use a generalised version of the Delta method to demonstrate
non-classical behaviour arising from the global topological structure of the space. In
particular, we show that, for the space T4 of trees with four leaves, although they
are related to the Gaussian distribution, the forms taken by the limiting distributions
depend on the co-dimensions of the strata in which the Fréchet means lie.
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1 Introduction

It has become increasingly common in various research areas for statistical analysis
to involve data that lies in non-Euclidean spaces, such as manifolds or even topologically
stratified spaces. Two such examples are the statistical analysis of shape (cf. [6] & [15])
and the analysis of phylogenetic trees (cf. [4]). Consequently, many statistical concepts
and techniques have been generalised and developed to adapt to such phenomena.

In this paper we focus on developing a central limit theorem on the space of phy-
logenetic trees, which is a topologically stratified space (cf. [14]). A phylogenetic tree
represents the evolutionary history of a set of organisms, and as such, is one of the main
data objects in evolutionary biology. Some methods have been developed for statisti-
cally evaluating phylogenetic trees (cf. [7] & [23]), however, these approaches often do
not incorporate both the tree topology and edge lengths, which could represent muta-
tion rate for example, in a holistic way. Addressing this deficiency was one of the goals
of the construction of a space of phylogenetic trees [4] in which branch lengths, and
hence tree topologies, vary continuously in a natural way. This space is a piecewise
Euclidean metric space, and thus approaches from Euclidean statistics can be defined
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and generalized in it. To date, some further statistical theory, including methods for
non-parametric bootstrap and hypothesis testing, within this space has been developed
by Holmes (cf. [10], [11] & [12]), while the Fréchet mean and variance within this space
was defined in [17]. We continue with these theoretical investigations, which fit in with
the larger research goal of developing rigorous statistical analyses for topologically
stratified spaces that was initiated by the working group on sampling from stratified
spaces of the Statistical and Applied Mathematical Sciences Institute (SAMSI) 2010-11
program on Analysis of Object Data.

The main results of this paper show that central limit theorems hold for Fréchet
means in the space of phylogenetic trees with four leaves and that the limiting distri-
butions of the sample Fréchet means are closely associated with multivariate Gaussian
distributions. In particular, we prove that there is a central limit theorem regardless
of whether the Fréchet mean is in a top dimensional stratum (Theorem 3.1), in a co-
dimension one stratum (Theorem 4.4), or at the cone point of the space (Theorem 5.2).
The central limit theorems describe the behaviour of the sample Fréchet means around
the true FreChet mean, as the sample size increases. Thus, our results have implica-
tions for the statistical analysis of phylogenetic trees. One example would be hypothesis
testing: if we have samples from two potentially different distributions of trees, we may
be able to reject the hypothesis that the two distributions are the same by computing
the Fréchet means of the samples, and comparing the distance between them with that
expected under the central limit theorem.

The concept of Fréchet means of random variables on a metric space is a generalisa-
tion of the least mean-square characterisation of Euclidean means: a point is a Fréchet
mean of a probability measure ;. on a metric space (M, d) if it minimises the Fréchet
function for i defined by

xl—>1/ d(x, ') du(z). (1.1)
2 M

Various aspects of Fréchet means have been studied for non-Euclidean spaces, includ-
ing Riemannian manifolds and certain stratified spaces. Among other applications, the
first use of Fréchet means to provide nonparametric statistical inference, such as con-
fidence regions and two-sample tests for discriminating between two distributions, was
carried out in [2] and [3] for both extrinsic and intrinsic inference applied to mani-
folds, while the earlier work [8] and [9] provided similar inference restricted to extrinsic
means on regular submanifolds of Euclidean spaces. We first review some of the ideas
and results in the literature which are relevant to our investigation of Fréchet means
on tree space. When M is a Riemannian manifold with the distance function being that
induced by its Riemannian metric, the results on central limit theorems for Fréchet
means can be found in [3] and [16]. The result and the proof of the classical central
limit theorem rely on the global linear structure of Euclidean space. Hence, a crucial
step in both [3] and [16] is to find a relationship between the sample Fréchet means of
a sequence of random variables in M and the sample Euclidean means of a sequence of
appropriately defined random variables in Euclidean space. The way that [3] achieves
this is to use an embedding of the support of the distribution of the random variables
into a Euclidean space. Then, the chosen embedding maps the sequence of random
variables in M to a sequence of random variables in Euclidean space. This allows the
authors to apply known results in Euclidean spaces to the resulting sequence of random
variables to obtain a central limit theorem where, as expected, the limiting distribution
depends on the chosen embedding. Among others, [16] explores another relationship
between Fréchet means and Euclidean means to study the limiting behaviour directly
on the manifold itself. Since the gradient of the Fréchet function must be zero at a
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Fréchet mean and since
grad,d(z,2')* = 2exp, ('),

where grad; denotes the gradient with respect to the first variable of d* and exp, ' is
the inverse exponential, or logarithmic, map at a point = in M, it follows that, if z( is a
Fréchet mean of p, then

/ expy, (z') dp(z’) = 0.
M

Thus, when zq is a Fréchet mean of p on the Riemannian manifold M, the origin of the
tangent space of M at zg is the Euclidean mean of the probability measure induced
on that space by the log map cxpgjo1 from p. The difficulty arising from this method is
that the log map varies with the reference point zy. As the number of random variables
increases, their sample Fréchet mean changes. This results in the sequence of the ran-
dom variables in M being mapped to different sequences of random variables in the
Euclidean space as their number increases. Hence, the classical central limit theorem
cannot been applied directly. To deal with this, [16] uses the notion of parallel transport
in Riemannian geometry. This gives intrinsic results, which show how the global geom-
etry of the space influences the limiting probability measure defined on the tangent
space at the Fréchet mean under consideration. On the other hand, the results in both
papers imply that, since manifolds are locally homeomorphic to Euclidean spaces, the
limiting distributions for sample Fréchet means on Riemannian manifolds are usually
Gaussian, a phenomenon similar to that for Euclidean means.

The topological structure of spaces also plays a role in the limiting behaviour of
sample Fréchet means, as studied in [1] and [13]. In [13], a non-classical phenomenon
of central limit type theorems for Fréchet means is observed that does not occur in the
case of Riemannian manifolds. This applies to metric spaces with an open book decom-
position, which is isometric with a disjoint union of copies of a half Euclidean space, or
‘pages’, identified along their boundary hyperplanes to form the ‘spine’. The features,
termed ‘sticky’ and ‘partly sticky’, observed in [13] are that, under mild conditions,
when the Fréchet mean of a probability measure on such a space lies in the spine, its
iid sample Fréchet means will lie either on the spine or in one single half-space, for all
sufficiently large sample sizes. This, in particular, implies that, in this case, the support
of the limiting distribution is either the spine or on one page.

Open books are one of the simplest non-trivial topologically stratified spaces and any
stratified space that is singular along a stratum of co-dimension one is locally homeo-
morphic to an open book along that stratum. This paper is a continuation of the in-
vestigation initiated in [13], in the direction of central limit type theorems on stratified
spaces. It is also a first step towards the study of central limit type theorems for Fréchet
means on the spaces of phylogenetic trees. A space of phylogenetic trees, or tree space
for short, is formed from a disjoint union of Euclidean orthants of a given dimension
with the identification of certain sets of faces of various co-dimensions. The simplest
tree space is that for trees with three leaves and it comprises three half lines glued at
their ends, so is a special case of an ‘open book’. This paper concentrates on the space
of phylogenetic trees with four leaves to investigate how other aspects of the global
structure of the tree space influence the limiting behaviour of sample Fréchet means,
including the so-called ‘stickiness’ feature. In the case of open books, the paper [13], by
combining half-planes appropriately, in effect turns the problem into a Euclidean one
as long as the Fréchet mean does not lie on the spine. Unfortunately, this feature of
Fréchet means on ‘open books’ no longer holds for those in tree space. In particular,
the Fréchet mean of a random variable in tree space has, in general, no closed form
and the generalised log map for tree space is not linear with respect to the points at
which it is defined. The reason for this is the existence of the ‘umbral’ set, that we shall
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define, for each given point. Although the tree space is not a Riemannian manifold, the
nature of our problem is similar to that of characterising the Fréchet mean of a random
variable in a Riemannian manifold. This results in a different approach to that in [13]
and in the difference in the nature of the results that we obtain. We characterise the
Fréchet mean of a random variable in tree space in terms of the Euclidean mean of a
certain function of that random variable. Due to the global structure of the tree space,
the function obtained in this way also depends on the Fréchet mean of that random
variable in tree space. Although the technique of parallel transport used in [16] is in-
applicable here, we use the local Euclidean structure of the top strata of tree space
to analyse this dependence explicitly. Then, the various properties of such functions
enable us to derive the central limit theorems on tree space.

The paper is organised as follows. In Section 2, we introduce the space Q;, a sub-
space of R? consisting of a cycle of five quadrants, and concentrate on the characteri-
sation of, and the central limit theorem for, Fréchet means in Q5 that do not lie at the
origin (Proposition 2.2). Although Q)j is globally flat away from the origin, the result and
the methods used in this section make it clear that the central limit theorem for Fréchet
means in Q; takes a different form from its counterpart in Euclidean space. In addition
to their intrinsic interest, the results and the approach in this section also form a basis
for our investigations of T}, the space of trees with four leaves, in the following sections.
The three remaining sections of the paper study the limiting distributions for Fréchet
means in T} for the three possible co-dimensions of the strata on which they can lie. In
particular, we relate Ty to Q5 in such a way that the result for the top-dimensional strata
is a direct consequence of that in Q)5 (Section 3). Note that, although the main idea here
follows closely that of general central limit theorems for M-estimators in statistics as in
[3], the functions involved here are neither diffeomorphisms as in [3], nor second order
differentiable like general M-estimators, except for the special case where the support
of the distribution is diffeomorphic with a Euclidean space. The cases when Fréchet
means lie either on co-dimension one strata (Section 4) or at the cone point (Section
5) require additional analysis and the results there take different forms. We show that,
when a Fréchet mean lies on a co-dimension one stratum, the limiting distribution can
take one of three possible forms, distinguished by the nature of its support. This sup-
port may be either the one-dimensional Euclidean space containing the co-dimension
one stratum where the Fréchet mean lies, or a two-dimensional half Euclidean space
whose boundary contains that co-dimension one stratum, or the union of two such half
spaces. In contrast, when a Fréchet mean is at the cone point, the intersection of the
support of the limiting distribution with any given quadrant can be either an empty set
or a cone. In all these cases, the limiting distributions are linked closely with Gaus-
sian distributions in Euclidean spaces. The Appendix contains a brief account of the
underlying geometry of tree spaces.

2 Fréchet means in Q;

Let Q5 be the union of the five quadrants embedded in R3, with coordinates u, v, w as
shown in Figure 1, and let dg denote the intrinsic metric on Q5. Without its cone point
(0,0,0), Q; is a flat non-complete Riemannian surface. However the inclusion of the
cone point, by allowing the realisation of geodesics through that point, makes Q5 into
a geodesic metric space of non-positive curvature or a so-called C AT(0) space (cf. [5]).
Nevertheless, it still has the isometry that permutes the five quadrants cyclically in the
obvious fashion, fixing the cone point. This implies, in particular, that the square of the

distance from a fixed point in Q5 remains differentiable on each of the open semi-axes.

In this section, we assume that p is a probability measure on Q5 such that its Fréchet
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Figure 1: The space Q5.

function is finite and that {¢;} is a sequence of iid random variables in Q; with prob-
ability measure p. Then, the fact that Q5 has non-positive curvature implies that the
Fréchet mean (4, ?,w) of u exists and is unique, and that, when it lies in the region
where @Qj; is a Riemannian manifold, i.e. when (4, 9, @) # (0,0, 0), it is characterised by

[ arad,(dola.6?) ap(€) = 0 @.1)

5 q=(a,9,w)

(cf. [20] & [16] respectively). We shall exclude the case where the Fréchet mean is at
the cone point. Then, the symmetry of the five quadrants of Q5 implies that, without loss
of generality, we may restrict ourselves to the case where (4, 9, W) lies in the interior of
the subset of Q5 determined by w = 0.

Consider Figure 1 for a fixed uy > 0 and vy > 0. The geodesic in Q5 from the point
(ug, v, 0) to a point in the (closed) dark shaded areas either is a straight linear segment
in the full (u, v)-plane, or becomes a straight linear segment when the relevant quadrant
is ‘folded down’ into the (u, v)-plane. The light grey shading in Figure 1 shows the set of
points ¢ in @5 from which the geodesic to (ug, v, 0) is a bent line that is the union of two
segments: one from (ug, vg, 0) to the origin and the other from the origin to q. We denote
the union of the darker (open) shaded regions by 79 and the ‘umbral’ set, the union

(uo,v0)
of the (closed) lighter shaded regions, by U(C,i 0.00)" For example, in the extreme case

when vy = 0, and so a = 0 in Figure 1, Z/lgm ) is the back quadrant defined by v < 0,

v=0w>0and I
can easily derive the forms of I(% 0,00) and L{(% 0,00) for other possible (ug,vy) for which

Vo

(ug, vo,0) lies in the interior of the subset of Q@ determined by w = 0.

»Vo

is the union of the other four quadrants. By the symmetry, we

For points (ug, vo, 0) in Q5, we define a map W (4g,00) from Q5 to R?, that is an isometry
on I((‘iwo) and collapses L{(ﬁi 0,%0) to the line ugv = vou, isometrically on each relevant ray
through the origin. We shall see that this map is closely related to the expression for
the gradient of the squared distance function d2Q at points with zero w-coordinate. It is

defined by

‘l/(’ug,vo)(u7 u? w)
[[(u, v, w)|

; Q
- (uo,vo) if (u,v,w) €U’ 2.2
— ||(UO;UO)H ( ) ( ) goﬂo) ( )
QD(UO,UO)(U,U,UJ) if (u,v,w) € I(onvo)
where ||(ug,v9)| is the standard norm in R? and similarly ||(u, v, w)| =
EJP 18 (2013), paper 25. ejp.ejpecp.org
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Vu? 4+ v? 4+ w? is the distance of (u, v, w) from (0,0,0) in @5, and where

(u,v) ifw=0

(u,—w) ifw>0,v=0and vy >0
Pluoo) (U, v, w) = (—w, —u) ifw>0,v=0v <0anduy >0

(—w,v) ifw>0,u=0andwuy >0

(—v,—w) ifw>0,u=0,uy <0and vy > 0.

It can easily be checked that W, .,)(uo,v0,0) = (uo,vo) and that W ,; vo) = ¥ (e, fOT
all s > 0. The squared distance function from (ug, vg,0) with, for example, vy > 0 and
vo > 0 to any point (u,v,w) in Q5 can be expressed explicitly as

do((uo,v0,0), (u, v, w))?

(up — u)? + (vg — v)? ifw=0
(ug — u)? + (vo + w)? ifw>0,v=0 53
B and — w/u < vo/ug (2.3)
) (w0 +w)?+ (vo —v)? ifw>0,u=0
and —v/w > vo/ug
(o, vo) | + || (u, v, w) [} iF (w,0,w) €U, .
From this, we deduce that
%gradldQ(Q7 (U,U,w))2
q=(u0,v0,0)
Ug — U, Vg — U ifw=0
( )
(up — u,vo + w) ifw>0,v=0
and —w/u < vg/ugp
= (up + w, vy — v) ifw>0,u=0
and —v/w > vo/ug
w0, 0)] } | !
14+ —— 5 (ug,v if (u,v,w) el ,
L+ g (o) 8 o) 2
so that in particular
1
——grad,do(q, (u,v,w))Q’ W (1,00) (U Uy w) — (g, Vo). (2.4)

2 q=(u0,v0,0)
It can be checked that (2.4) holds for all (ug,vo,0) in the interior of the subset of Q5
determined by w = 0. For such (ug, vo,0), R? may be identified with the tangent space
to Q5 at that point and so equation (2.4) implies that we may regard ‘Il(uo.,uﬁ)(') — (ugp, vo)
as a generalised log map for Q5 at (uo,vo,0). In particular, W, .)(u,v,w) — (ug,vo)
is the tangent vector, at (ug,vp,0), to the geodesic from (ug,vp,0) to (u,v,w) in Q;,
whose length is the same as the distance between those two points. However, although
W (u0,00) 18 surjective, it is not injective: the exponential map itself is only defined on the
subspace of the tangent space corresponding to Iﬁomo).

By (2.1), a direct consequence of (2.4) is the following characterisation of the Fréchet
mean of i, when it is away from the cone point, in terms of the Euclidean means of the
random variables {¥(,.)(§) | v > 0,v > 0}, where { is a random variable in Q5 with
probability pu.

Lemma 2.1. Let u be a probability measure on Q5 such that its Fréchet function is
finite. Then, (4, ?,0) # (0,0,0) is the Fréchet mean of 1 if and only if

(8,0) = / Vo0 () dule). 2.5)
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Recalling that ¥, ,)(-) = Wy, (-) for all s > 0, this result also implies that (u,?)
is the Fréchet mean of p if and only if it is identical with the Euclidean mean of the
random variable ¥, ) (§).

To study the fluctuations of the sample Fréchet means of {{;} around the true
Fréchet mean (4, 0,0), we first examine, for fixed (u,v,w) € Q5, how the corresponding
vector Wy, ,,)(u,v,w) changes as (ug,vo) changes. For two points (u,,v,,0) # (0,0,0)
inQ@;,r=1,2,

{\I}(uz,vz) - \Ij(u1,v1)} (u,v,w)

(0,0) f (u,v,w) € Iﬁ{l o NI, o)
B D ug,vz) (U v, W) + W(ul,vl) if (u,v,w) € (u1 o) ﬁI(%Q’vz)
N —P(uyv0) (U, v, W) — %(U%’Ug) if (u,v,w) € u1 1) mugzm

vl { sy - ez} i evw) €U, ) NUG

(u1 v1 (u2,v2)"

When (uz,v9) is sufficiently close to (u1,v1), the second and third expressions above
differ, on the relevant domains, from the fourth by terms Wthh are  o(|[(us — wuy,
ve — v1)|)) [[(u,v,w)||. For example, when (u,v,w) € Z/{(Ci1 oy 1 I(u2 sp), the summand
@(uzm)(u,v,w) lies in a wedge centred on the origin with edges determined by the
vectors —(u1, v1) and —(ug, v2) and distant || (u, v, w)|| from the origin. On the other hand,

the first order Taylor expansion of the vector-valued function (u,v)/||(u,v)|| results in

(UQ,UQ) _ (U1,U1)
[ (uz,v2)[| (w1, v1)]]
= (uz — u1, va — V1) My, o) + o(||(u2 — u1,v2 —v1)]]),

where the matrix M, ,) is given by

1 —v
M) = W ( " > (—v,u). (2.6)

Note that |[(u,v)||M(,,.) is the projection map to the line through the origin orthogonal
to (u,v). Thus, for (us,vs) sufficiently close to (u;,v;), we have

\Il(uw,z)(u, v, w) — \Il(uhvl)(u, v, W)
= [[(u, v, w)[[{=(u2 — u1, v2 = v1) My, v,) + 0o([[(ug — u1,v2 —v1)|])} (2.7)

x1 Q .
{(u,v,w)elxl(ul v1) (uz»vz)}

This analysis leads to the following central limit theorem for Fréchet means in Q;,
away from its cone point.

Proposition 2.2. Let ;1 be a probability measure on Q5 with finite Fréchet function and
with Fréchet mean (4, v,0) lying in the interior of the subset of Q5 determined by w = 0.
Also, let {§} be a sequence of iid random variables in Q5 with probability measure
and ({y,, Oy, W,) be the sample Fréchet mean of &y, -- ,&,. Then,

V(i — @, Oy — 0) - N(0,ATVA),  asn— oo,
where V' is the covariance matrix of the random variable ¥ ; ;(£1),

A= {I—i— E {Hfl“ l{gleu(“ 1,)}] M(ﬁ’ﬁ)}_l

and M(u,v) is given by (2.6).
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Proof. Since the sequence of the sample Fréchet means (4, 0,,W,) converges a.s. to
(@,0,0) (cf. [20] & [22]), it follows that (@, Uy, Wy,) lies a.s. in the interior of the subset
of Q; determined by w = 0 for sufficiently large n. Applying Lemma 2.1 to discrete
probability measures on Q5 it follows that, for n sufficiently large such that w,, =0,

u'ruvn = Z\D(un Dn) gl

Hence, for sufficiently large n,

1 .
= 715 l;{‘lf(an,on)(fl)—(uw)} 2.8)
= r {@a0(&) - (a, ﬁ)}+*f2{‘1’(umvn (&) — P (&)}-
=1

By (2.7), the second summand on the right hand side of the above expression is

% Z {00 (&) — Yo (&)}
=1

= *\/ﬁ(ﬁn - ﬂa @n (u D) Z Hfl” 1{&6“ & v)UUQ

(@n v)}

n
+0(||(un T ’0)”)% IZ: |£l|| l{gleu(u v)UU((in vn,)}.

(2.9)

+o(| (@, 0,9 le el teeue , Flieeze e, )

From E [II&IPI{&@,Q } < E[|l&1]12] = [ do((0,0,0),€)2du(¢) which is finite by assump-
n

tion, it follows tha T > {II&H Leeuz .y~ F {||§1|| 1{516%521@}” converges in distri-
-

t
bution. However, ||(i, f) —¥)|| = 0 a.s., so that

. L . 1 < P
ol n = 0n = D))= S {6 geug ) = B I Lereug 1|} 0
=1 '

as n — oo. Since I(u ) N Z/{(u &,) converges to the empty set as n — oo, by replacing it
for sufficiently large n with an approprlately defined cone D¢ where, for a given € > 0,
De has a sufficiently small angle that

El||¢ll1pe] < e and var[|[{||1p] <,

we also have that, in distribution and so in probability,

\/> Z ||£l|| 1{§l€I(u ,>ﬂ1/{Q h — 0, as n — oQ.

(i ,on)
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i1 A% J1
N
-

i J
Figure 2: Labelled Peterson graph

On the other hand, {¥;4)(&)} is a sequence of iid random variables in R? with the
Euclidean mean (4, 9) by (2.5), so we can apply the classical central limit theorem to
the first summand on the right hand side of (2.9) to get

1 < o d
7 > {0 (&) - (4,8)} = N(0,V),  asn— .
=1
The required result then follows from (2.9) above. O

3 Fréchet means in a top stratum of 7,

The tree space, T}, is the moduli space of labelled n-trees, the moduli or parameters
being the lengths of the internal edges. A labelled n-tree with unspecified edge lengths
determines a topological type, modulo its leaves and root. Then T, is a stratified space
with a stratum for each topological type, such that a topological type with &k internal
edges determines a stratum with & positive parameters ranging over the points of an
open k-dimensional orthant. It is known (cf. [4]) that T;, is a CAT(0) space. A brief
description of tree space is given in the Appendix and, for a more comprehensive study,
we refer readers to papers such as [4], [18], [19] and [21].

The space T} can be visualised and described via the link T} of its cone point, which
is the tree whose internal edges all have zero length. The link T} is the set of trees in
T, whose edge lengths sum to 1. The entire space T} is the infinite cone on this link:
for each point in the link there is a semi-infinite line in T, through this point to the cone
point. This link is a finite graph, namely the Peterson graph, as illustrated in Figure 2:
the quadrants of T, become edges of T, and the semi-axes become vertices. As in the
general case, each co-dimension one orthant, or semi-axis, is in the boundary of three
quadrants so that the graph T} is trivalent. A pentagon in T, corresponds to a cycle of
five quadrants in T}. In T}, each edge lies in four pentagons and each vertex lies in six
of them. The four pentagons containing a given edge are disjoint except for that edge
and the neighbouring edges, and their union includes all the vertices and all but two
edges of Ty.

In view of the symmetries among the edges and vertices of the graph, we may take
the vertices labelled ¢ and j in Figure 2 to be the two vertices of an arbitrarily chosen
edge; then 7. (j.), r = 1,2, will be the two vertices which share an edge with ¢ (j); and
finally £, will be the vertex together with which the vertices 1, j, ¢, js form a pentagon
in Ty. Following the method of depiction in [4], the first four diagrams in Figure 3
illustrate the four cycles in T} of five quadrants that correspond to the four pentagons
in the Peterson graph to which the (¢, j)-edge belongs. In each of these representations,
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we indicate the first four semi-axes, and hence the first three quadrants, as lying in a
plane and the fifth semi-axis, and hence the remaining two quadrants, orthogonal to that
plane. Then, the shaded quadrants of these four 5-cycles give 13 distinct quadrants of
T,. The two remaining quadrants in T, can be described using the further two 5-cycles
in which the vertex ¢ (or j) lies, as shown in the last two diagrams of Figure 3. Thus,
these 15 shaded quadrants, any two of which have, apart from the cone point, at most
a semi-axis in common, together form the entire space T}.

Each point in T} can be specified by the quadrant in which it lies and its coordinate
in that quadrant. Hence, it can be specified by a pair of non-negative numbers (z,, x5),
where r # s are the labels of the vertices of an edge in the Peterson graph. In general
the ordering of r and s is unspecified so that both (x,,zs) and (x4, x,) represent the
same point in T;. However, for our purposes, when working in any 5-cycle based on the
(,7)-quadrant as above, we shall take the axes in the cyclic order 4, j, j,, ksy, is, 4. This
implies that the point (x;,0) in the i-semi-axis of the (i, j)-quadrant will be represented
as (0,x;) in the (i,,7)-quadrants. We regard the j,.-semi-axis as the negative i-semi-axis
and the i,-semi-axis as the negative j-semi-axis so that, for example, the point (z;, , ;)
in the (i,,4)-quadrant has coordinate (z;, —x;, ) with respect to the i- and j-semi-axes.
We also regard the k,-semi-axis as the orthogonal semi-axis through the origin of the
(i, 7)-plane.

The metric dpr on T, is obtained by identifying each quadrant with the principal
quadrant in R? thus inducing the Euclidean metric on it, and by defining the length
of any rectifiable curve in T, to be the sum of the lengths of the segments into which
it is broken by the axes of the quadrants. Then, analogously to the dichotomy in Q5
we have, on the one hand, the union of the dark shaded areas in Figure 3, where the
geodesic in Ty to (x;, z;) in the (closed) (7, j)-quadrant either is a straight linear segment
or becomes one when the relevant quadrant is ‘folded down’ and, on the other hand,
the union of the light shaded areas, the ‘umbral’ set U, ..,), of points from which the
geodesic in Ty to (z;,z;) passes through the cone point. Note that Up,0) = () and that
U(se, sa;) = Uz, ,z;) for s > 0. Note also that, for each non-cone point (z;,7;), U, ;)
accounts for 2/5 of the total area of T}.

For a chosen (i, j)-quadrant in T}, labelling the remaining axes and quadrants as in
Figure 3, we define the following map %;; from T} to Q5. The shaded areas in the first
four 5-cycles in Figure 3 are mapped isometrically onto their corresponding quadrant in
Q5. so that they overlay one another. The shaded areas of the two remaining quadrants
in Figure 3 are mapped to the w-semi-axis by identifying each ray through the cone
point isometrically with the w-semi-axis. More precisely, 1;; is given by

(@i, 25) = (25,25,0);
(xj,25,) — (—xj.,2;,0), r=12;

(zj,,zx,,) +— (—z;,0,zg,.,), 7,5=12;

(2g,.,xi,) — (0,—x; 2z ), 7,8=1,2; (3.1
(zi,,x;) +— (x4,—z,0), r=1,2;

(Thos Thy) (0,0, \/m> , r,s=1,2andr # s.

Note that 1);; is continuous, so measurable, and that v;; depends on the chosen (4, j)-
quadrant, but is independent of points in that chosen quadrant. In terms of the mapping
;j, the metric dr on T} is related to the metric dg on Q5 by

dr(ty,t2) = do(ij(t1), ¥ij(t2)), (3.2)
where t; is a point in the (4, j)-quadrant and ¢, is arbitrary. However, if ¢; is not in the

(i, j)-quadrant, this relation does not necessarily hold.
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ko1 koo

11 i 11

Figure 3: A decomposition of T} with respect to the (i, j)-quadrant: the fifteen shaded
quadrants that form T; geodesics from (x;, z;) to the light shaded areas pass through
the cone point.

We now consider central limit theorems for Fréchet means on the tree space T}.
Hence, for the remainder of the paper, we shall assume that p is a probability measure
on T, such that its Fréchet function is finite and that {¢;} is a sequence of iid random
variables in T, with probability measure .

In this section, we consider the case that the Fréchet mean f of p lies in a top
stratum. For this, by the symmetry of T);, we may without loss of generality assume that
£ lies in the interior of the (i, j)-quadrant with coordinates (i;, #;), so that both #; and ;
are positive. Then, since the squared distance from a fixed point in T} is differentiable
at (&;,;), it follows from a similar argument to that used in the previous section that
(Z;,2;) is characterised by the analogous condition to that given by (2.1) in Q5. Note

that, similarly to the case for Q;, although Jgrad,dr(t,-)? 1) is a surjective map
t=(24,2;

from T to R?, it is not injective and we may regard it as a generalised log map for T}

at (2;,2,). Hence, by defining

1 A
q)(ii,ij)(‘) = *§grad1dT(t7 ')2 b= (@1.5) + (gjivgjj)v (3.3)
we have that (2;, &;), where both Z; and Z; are positive, is the Fréchet mean of {; in T}
if and only if

[ @€ dle) = (12 o

This, as for Lemma 2.1 in the case of Q;, gives the relationship between the Fréchet
mean of &; in T, when that mean lies in a top stratum, and the Euclidean means of the
random variables ®.(¢;). The expression for dr can be obtained from the expression
(2.3) for dg using the map 1);; defined by (3.1) and the relationship between them given

EJP 18 (2013), paper 25. ejp.ejpecp.org
Page 11/25


http://dx.doi.org/10.1214/EJP.v18-2201
http://ejp.ejpecp.org/

CLT for Fréchet means in the tree space

by (3.2). In particular, for (z;,z;) in the (¢, j)-quadrant of T, we have ¢;;(z;,z;) =
(z;,2;,0) and, with a certain abuse of notation, we may identify ¢;;(z;, z;) with (x;, z;)
when (z;,z;) is in the (¢, j)-quadrant of Ty. Then, a direct computation shows that
®(3,,2,) defined by (3.3) is the same as ¥ (;, ;) composed with ;;:

Pa;.25) = Yoy (2:.5) © Vig (3.5)

where V is given by (2.2). When é lies in a top stratum of T}, this relationship between &
and ¥, together with Proposition 2.2, gives the central limit theorem for Fréchet means
as follows. Since the sample Fréchet means &, of {&} converge to £ a.s., &, will lie in
the interior of the (7, j)-quadrant when n is sufficiently large. Hence, in the following
without loss of generality, we assume that that is the case for all n, so that the sample

means fn have coordinates én = (@& A;’) with both 27" and z7 positive.

Theorem 3.1. Let i be a probability measure on T, with finite Fréchet function and
with Fréchet mean { = (&;,&;) lying in the interior of the (i, j)-quadrant. Also, let {{;}
be a sequence of iid random variables in T, with probability measure p and &, be the
sample Fréchet mean of &1, --- ,&,. Then,

Vi, — &) = Vn(@Ep — &4, 7 — 35) —5 N(0,ATVA),  asn— oo,

J

where V' is the covariance matrix of the random variable ®;, ;,)(£1),
-1
A= {IJF E {||51|| 1{5leu(ii@j)}] M(gzi,azj)} (3.6)
and M, . is given by (2.6).

Proof. By (3.4), the sample Fréchet means satisfy

1 n
= > Din,am) (&),
1=1

so that
\/171{56 — &, 27 —Z;}

JN 3.7
72{ (j:?,ﬁ:}")(gl)_(xi?xj)}' 37

=1

However, the point ¢;;(z,, z,) in the interior of the subset of Q5 determined by w = 0 is
the Fréchet mean in Q5 of ¢;;(&;) if and only if

/‘I’wi,-(x,.,xs) 0 i (§) du(§) = Yij(zr, x4)

by (2.5). Since v;;(Z;,2;) = (&;,%;,0), it follows from (3.4) and (3.5) that &; is a random
variable in T; with Fréchet mean (;, Z;), where both Z; and Z; are positive, if and only
if (&;,;,0) is the Fréchet mean of ,;;(£1) in Q5. Hence, we can re-express (3.7) as
Vn{al — 2 27 =25}
= f{¢zg( ?ai' ) %J(ﬂ?uﬂfg)}

= % l:Zl {\Ifwij(i;@y)(%j(fl)) - wij(‘%i@j)} :

Comparing the second equality with (2.8) and noting that Z/I&@j) = Py (L{(ii@j)) and
that [[§1]] = [lv; (&), i =
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Recalling that U(;, z,) counts for 2/5 of the area of T} and since ¥ ;, ;) collapses

Ll(% 5) to the line #;v = Z;u, isometrically on each relevant ray through the origin, it
follows that the distribution of @3, ; ) (&1) has positive mass on the half line #;v = &;u
with sign(u) = —sign(#;), as long as u(U, 3,)) > 0. In this case, the distribution of
@(ii@j)(fl) is singular. Note also the role played by U;, ;,) in the expression for the

matrix A defined by (3.6).

Although Theorem 3.1 concerns the case that Fréchet means lie in the manifold part
of T and, as noted earlier, ®(,, . )(-) — (24, ¥;) plays a similar role to that of the log maps
for Riemannian manifolds, neither the result nor the proof of Theorem 3.1 is a special
case of [16], as [16] deals with complete and simply connected Riemannian manifolds
and as ®;, z,) is generally not a CZ%-injective map on the support of ; except in very
special circumstances. For the case that ®;, ;) is an injective map on the support
of u, the support of © would be so restricted that one would be able to deduce the
result directly from the classical central limit theorem for random variables in Euclidean
space. The result of Theorem 3.1 also differs from that of [3] since, in addition to the
fact of its being neither C? nor injective, the map (4, 2,;) also depends on the point

(miij)'

4 Fréchet means in a co-dimension one stratum of 7,

We now turn to consider the case where the Fréchet mean f of the probability mea-
sure p on Ty lies in a co-dimension one stratum. Without loss of generality, we assume
that it lies on the open i-semi-axis, the co-dimension one stratum corresponding to the
i-vertex in the Peterson graph. Then, in terms of the coordinate system on T that we
adopt, there is more than one way to represent é : either as (#;,0) in the boundary of
the (i, j)-quadrant or as (0, #;) in the boundary of the (i,,i)-quadrant for » = 1,2, where
Z; > 0. To indicate explicitly the quadrant in which we are considering 5 to lie, we shall
write (&;,0) as (&£;,0;) when it is to be regarded as a point in the (4, j)-quadrant and, sim-
ilarly, write (0, #;) as (0;,.,#;) when it is to be regarded as a point in the (4,,¢)-quadrant.

Note that, when é = (&;,2;) lies on the open i-semi-axis, we can regard the union of
the three half planes that are bounded by the full ¢-axis and contain, respectlvely, the
(4,4)-, (i1,4)- and (i, )-quadrants in which ¢ lies as ‘the tangent space’ of T at £. How-
ever, since it is no longer true that any neighbourhood of 5 is a manifold, the criterion
equivalent to (2.1) for a point to be the Fréchet mean of u cannot be applied. Instead,
it may be characterised by requiring the non-negativity of the directional derivatives,
along the j-, i;- and is-semi-axes, of the Fréchet function for u, as given by (1.1), to-
gether with its derivative along the i-semi-axis being zero, at (Z;,0;). By continuity, the
directional derivative with respect to the first variable of Sdr(t, (:cr, )% att = (&4,05)
along the j direction has the same expression as Wy, (3, 0,) © %ij — (£,0;). Since (4, )
is arbitrary, there are similar expressions for the directional derivatives along the i,
r = 1,2, directions. Thus, using the relationship (3.5) to extend the definition of é(i“ij)
to any point (#;, ;) lying in the closed (¢, j)-quadrant, the requirement that these three
directional derivatives be non-negative may be re-expressed as

the 2nd coordinate of E[® 3, 0,)(£)] <0,

the 1st coordinate of E[® (o, 4,)(£)] <0, “.1)

where r = 1,2 and £ is a random variable in T with probability measure p. Writing

I, = / +/ +/ Ty dp
(i1,i)-quadrant (k11,31)-quadrant (k12,i1)-quadrant
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Iiz = / +/ +/ Ly d,u
(i2,i)-quadrant (ka1,i2)-quadrant (kaa,iz)-quadrant

I, = / + / + / i dp
(i,5)-quadrant (,51)-quadrant (4,j2)-quadrant

then, a direct computation using 1;; and (3.2) shows that the three inequalities in (4.1)
are equivalent to

Iil —|—112 > Ij I; +I] > Iil and Ij +Izl = Iig- 4.2)

Hence, we have the following result to characterise a point in the open i-semi-axis of T
as the Fréchet mean of u.

Lemma 4.1. A pointf = (2,,0;) on the open i-semi-axis is the Fréchet mean of . if and
only if the three inequalities in (4.2) are satisfied, together with z; satisfying
w=1f D3
(i,7)—quadrant

/ Z; d/L
r=1 (i7‘ ,i)—quadrant
2

2
- sodn- Y [ 2, di 4.3)
; /(j}j,,.)quadrant Z (kys,ir)—quadrant

r,s=1
—/ 1@, ) || dps.
U-

3

2

Note that ¢/; now becomes the union of six quadrants: the (Jrs ksr)- (K11, koo)- and
(k12, k21)-quadrants, where 7,s = 1,2.

From the proof of Theorem 3.1 and the result of Lemma 4.1, we obtain the following
relationship between the Fréchet means of y in Ty and of p o 1%1 in Q5. Note that, if £
is a random variable in T, with probability measure (x, then v;;(¢) is a random variable
in Q5 with probability measure 4 o 1);;".

Corollary 4.2. Assume that the Fréchet mean of u lies in the (i, j)-quadrant.

(a) The Fréchet mean of u is (Z;,2;) with &; > 0 and &; > 0 if and only if (Z;,%;,0) is
the Fréchet mean of o ;"

(b) If the Fréchet mean of i is (%;,0;) with &; > 0, then &; is the first coordinate of the
Fréchet mean of 1o 1);;".

(c) If the Fréchet mean of u is (#;,0;) with &, > 0 and if I; = 0, then (&;,0,0) is the
Fréchet mean of 1o 1;;".

In general, if (£;,0;) with &; > 0 is the Fréchet mean of p, (£;,0,0) is not necessarily
the Fréchet mean of HO%?: since away from its cone point, Q5 is a Riemannian manifold
so that the criterion (2.1) holds there.

The conditions (4.2) also have the following consequence for the behaviour of the
sample Fréchet mean &, of &1, - - ,&,, analogous to the result of Theorem 4.3(1) in [13]
for open book decompositions.
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Lemma 4.3. Letf = (&;,0;) on the open i-semi-axis be the Fréchet mean of . and
assume that the first of the inequalities (4.2) is strict. If {;} is a sequence of iid random
variables in T, with probability measure p then, for all sufficiently large n, the sample
Fréchet mean én cannot lie in the interior of the (i, j)-quadrant.

Proof. The assumption that the first of the inequalities in (4.2) is strict implies that
the second coordinate of E[W,,; (s, 0,)(%i;(§1))] is negative. Then, by the law of large

1
numbers, the second coordinate of — >~ Wy, (. 0,)(¢i;(&)) is also negative when n is
n =1

sufficiently large. On the other hand, since én converges to f = (&;,0;), the continuity
of ¢;; implies that wij(én) will be close to (Z;,0,0) for large n. In particular, for large n,
the first coordinate of wij(én) is positive and the third zero. Thus, it follows from (2.7)
that, for large n and for 1 <1 < n,

the 2nd coordinate of {\If oo Wi () = Wy a0, (3 (gl))}

. 2 1
~ —the 2nd coordinate of ;; (&) % ||1:;(&)]] El{wiﬂ' (51)6”3”-<ii'oj>uufij(én>}'

This implies that

1 n
the 2nd dinateof — > U - i
e 2nd coordinate o 71”; iy (6 (Wi (&1))
~ the 2nd coordinate of — > Wy, (s, 0,)(¥i;(&))
M=t (4.4)
— the 2nd coordinate of v;;(§,,) % =

1 n
X z; ||7’Dij(fl)H1{%(5’)Guﬁuwi,oj)uufﬁ(gn)}'
Suppose, if possible, that fn lies in the interior of the (i, j)-quadrant with coordinates
(#}',27), so that 7 > 0. By Corollary 4.2(a) it would follow that (£,,0) is the sample
Fréchet mean of ¢;;(&1), -+, ¥i;(€,). Then, the left hand side of (4.4) would be equal to
27 which is positive. However, the right hand side of (4.4) is negative by the negativity
of its first term on account of the given assumption. This contradiction shows that, for
all sufficiently large n, &, cannot lie in the interior of the (i, j)-quadrant. O

Analogously, if the second, respectively third, inequality in (4.2) is strict then, for all
sufficiently large n, &, cannot lie in the interior of the (i1,i)-quadrant, respectively the
(i2,4)-quadrant. Similar generalisations will hold for the following theorem on the form
of the central limit theorem when f lies in a co-dimension one stratum, where @ is the
extension to the closed quadrant that occurs in (4.1).

Theorem 4.4. Let i be a probability measure on T, with finite Fréchet function and
with Fréchet mean & = (%;,0) lying on the open i-semi-axis. Also, let {{;} be a sequence
of iid random variables in T, with probability measure i and En be the sample Fréchet
mean of &1, -+ ,&p.

(a) If all three inequalities in (4.2) are strict then, for all sufficiently large n, én will
lie on the i-semi-axis and the sequence \/n{i} — &;} of the first coordinates of
Vn{€,—£} converges in distribution to N (0,02) asn — oo, where o2 is the variance
of the first coordinate of the Euclidean random vector ®;, ,)(£1)-
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(b) If the first inequality in (4.2) is an equality and the other two are strict then, for
all sufficiently large n, &,, will lie in the (i, j)-quadrant and

Vil — €} = Va{(@2,27) — (2:,0;)} -5 (g1, max{0,72}), asn — o,

where (n1,712) ~ N(0, ATV A), V is the covariance matrix of ®;, o,)(£1) and A is as
in (3.6) with £; = 0, and where ‘=’ is understood to hold for all sufficiently large
n.

(¢) Ifthe first two jnequa]itjes in (4.2) are equalities and the third is strict then, for all
sufficiently large n, &, will lie either in the (z j)-quadrant or in the (i1,1)-quadrant
and the limiting distribution of \/n{, — £}, as n — oo, takes the same form as
that given in Theorem 3.1 with ; = 0, where the coordinates of fn are taken
as (27,27), respectively (&}', —17,), if €, is in the (i, j)-quadrant, respectively the
(i1,1)-quadrant.

(d) If all the equalities in (4.2) are actually equalities, then we have the same result
as in (a).

Proof. (a) By Lemma 4.3, when n is sufficiently large én must lie on the i-semi-axis so
that it has coordinates (27, 0;) (equivalently (0;,,27})). By Corollary 4.2(b), &7 is the first
coordinate of the sample Fréchet mean of ¢;;(&1),- -+ ,v4;(§,) in Q5. Thus, by (2.7),

the 1st coordinate of {\I/wij (én)(wij (&) = Wy, (2,0,) (Vi (&))}

~ ”U’ZJ (&)l o(llgn — €I 1 {i; (gl)gu 3 (54.0;) Mfij(én)}.
Then a modification of the argument of Section 2 to restrict it to the first coordinates of
{v:;(&)} gives the required limiting distribution of /n{£} — &;}.

(b) By Corollary 4.2(c), (&;,0,0) is the Fréchet mean of ¢;;(£1). On the other hand, we
deduce from the assumed strict inequalities and Lemma 4.3 that, when n is sufficiently
large, én can only lie in the (closed) (i, j)-quadrant, so that it has coordinates én =
(:2?,:2;?) where we may assume that 27 > 0. Then, by Corollary 4.2, £} is the first
coordinate of the sample Fréchet mean of v;;(&1),- -+ ,v:;(£,). However, 27 > 0, if and
only if both of the first two coordinates of 1;; (fn) are positive and by Corollary 4.2(a), in
that case, (2}, 2},0) is the sample Fréchet mean of ;;(&1), -+ ,4;(§n). Thus, 27 is zero
if and only if the second coordinate of the sample Fréchet mean of ¢;;(&1), - - ,ww (&) is
non-positive. Hence, Proposition 2.2, the central limit theorem for the sample Fréchet
means of {1;;(&)}, gives the central limit theorem for the sample Fréchet means of {¢;}.

(c) In this case, by Corollary 4.2(c), (é, 0) is the Fréchet mean both of 1;;(&;) and of
¥;,.i(&1) in Q5. So that

(%%=A¢mw@W@wﬂ%mFA@mm@W@-

Moreover, the integral I;, becomes zero and so, since the integrand is non-negative,
w#(C) = 0 where C, the domain of integration of I;,, is the union of the (iz,i)-, (k21,i2)-
and (ka2,72)-quadrants with the i-, ko;- and koo-semi-axes removed. It is now more
convenient to represent the union of the (¢, j)- and (i1,%)-quadrants by coordinates in
the (z,y)-half-plane with = > 0. For this, we map:

(@i, xj) = (x5, ;) and (24, x;) = (@, —24,) = (@i, 25) R, (4.5)
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-1 -
where R is the rotation matrix <(1) 0 > Similarly we define maps @, ,) to accord with

this by (4, —a,,) (") = P(a,, ) ()R, while B4, 4y = Py, ;). Since u(C) = 0 and since,
restricted to C, the complement of the set C, ®(;, 0,)(") = ®(0;, 2,) ()R, the map D is
indeed a.s. well defined for points (z;,0). Under this new coordinate system we have,

in particular, that £ = (#;,0;) = (#;,0;,) and that

y =Ty

€= (#,0) = /T B0, (€) dpu(€). (4.6)

By Lemma 4.3, the given assumption also implies that, for sufficiently large n, §n
will a.s. lie either in the (7, j)-quadrant or in the (i1, ¢)-quadrant. If &, lies in the interior

of the (4, j)-quadrant with coordinates ¢, = (2}, 2}), then 2} > 0 and

A;La A;L Zq)(a: 2T gl Z(I) (z3,87 gl (4.7)

and, if &, lies in the interior of the (i1,1)-quadrant with (original) coordinates & =
(z,21), then

217

A’IL A’n
7,1’ 7,

3\'—‘

n
E (& ,27) gl
1

i.e.

D(ap,—an ) (&) (4.8)

, s

3
:\'—‘
M:

=1

If fn lies on the open i-semi-axis with coordinates (Z,0) then since, locally there, the
support of 4 is diffeomorphic with R?, we also have

(#1,0) Z%n, (&) = Zq)(wn 0(&) as. (4.9)
Recalling that, under the new coordinate system defined by (4.5),
£ = (@7, 27) if €, is in the (4, j)-quadrant
"7 (@r,—ar) ifé&, isin the (i1,i)-quadrant

we have by (4.6), (4.7), (4.8) and (4.9) that, in terms of the new coordinates,

\/ﬁ{én - é} = \F Z {(I)(r7 0) fl (xlv )}

+ \FZ{ = Pz,0 (fz)}-

Hence, a similar argument to that of the proof for Theorem 3.1, we see that the central
limit theorem now takes the same form as in that theorem with z; = 0.

(d) Noting that all integrands in (4.2) are non-negative, the three equalities will
together imply that 4 must be concentrated on the union of the i-semi-axis and Uz, o,)-
Then, p must have positive mass on the i-semi-axis. Otherwise, it would contradict
(4.3), as its left hand side is positive by the assumption and its right hand side would
become negative. This results in <I>(i7.,10_7.)(§1) being a one-dimensional random variable
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on R with mean (#;,0;). Hence, the measure induced on R? from p by Dz, 0, for
(x;,z;) in the (4, j)-quadrant has support contained in the half plane with non-positive
second coordinate. Similarly, for r = 1,2, the measure induced on R? from y by Dz, i)
for (z;.,z;) in the (i,,i)-quadrant has support contained in the half plane with non-
positive first coordinate. This constraint on p implies that én lies on the i-semi-axis
for all sufficiently large n. Otherwise, if &, = (27,27) lies in the interior of the (i, j)-
quadrant, say, then, on the one hand, i? > 0 and, on the other hand, on account of the
features of i, we must have

1 n
2 = the 2nd coordinate of - Z é(@y,fc;)(fl) <0.
1=1

Thus, the argument for (a) implies that, when the inequalities in (4.2) are all equalities,
the central limit theorem for the sample Fréchet means takes the same form as that
when the three inequalities are all strict. O

5 Fréchet means at the cone point of T,

The cone point o being the Fréchet mean of p is equivalent to the fact that, for any
i, j and any non-cone point (z;, z;) in the (¢, j)-quadrant, we have

dr((zi,25),€)%dp(€) > [ dr(o,£)*du(€),

Ty Ty

which is equivalent to all possible directional derivatives of the Fréchet function for
being non-negative at the cone point. Recalling that W, .,y = ¥,y ), s > 0, for ¥ defined
by (2.2), it then follows from the relationship between ® and ¥ that @, ».) = Ps(s, ;)
for any s > 0, ® here being the extension to the closed (i, j)-quadrant defined at the
beginning of the previous section. Using this invariance, it is more transparent to write
P (4, ,2;) = Po,,; in studying the limiting behaviour of the sample Fréchet means én when
¢ is at the cone point, where 0;; € [0,7/2] is determined by tan6;; = x;/x;,. With this
new notation, the above condition for the cone point o to be the Fréchet mean of y is
equivalent to the fact that, for any (7, j)-quadrant and any 6;; € [0, 7/2],

<(COS Qij,sin&j), /T (Dgu (f) d,u(f)> g 0. (51)

For 6;; € (0,7/2), the condition (5.1) implies that, if both of its coordinates are non-
negative, then [, ®g,;(£) du(¢) must be at the origin. On the other hand, if at least one
of the coordinates of fT4 Dy, (£) du(&) is negative, it follows from (3.4) that, when n is
sufficiently large, the sample Fréchet mean én of &, -+, &, will not be on the half line
in the (¢, j)-quadrant determined by 6,;. Note that, when §,; varies, the distribution of
®y,, (&) generally varies too.

Fix an arbitrary (i, j)-quadrant and let
©ij={0i; € [0,7/2]| [7, ®o,;(€) dpu(€) = 0 when 6;; # 0,7/2; the 1st

(5.2)
(2nd) coordinate of [, ®g,; () du(¢) = 0 whend;; = 0(7/2)}.

Lemma 5.1. The restriction of ©;; to (0,7/2) either is the empty set, or forms an
interval, where the latter includes the case of a single point.
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Proof. If ©;; N (0, 7/2) is not an empty set, let 0 < 0@ 9(2.) < 7/2 be two distinguished

angles within this set and let (z E )7 ;l)) [l = 1,2, be two points close to the cone point in

the (i, j)-quadrant lying on the two corresponding half lines. Then, it follows from (2.7)
that

([ {200© - 2@} aute) (- sine) st} )

- 1 (1) My (@ _ M @) (1)
~ 7M <(7Sln9U ,COSH ) ( i 71'7; s J . )>
i Yy

Ve e o ot o 6)

By the definition of ©;;, the left hand side of the above is equal to zero. Since

<(_ sin 95})7 cos 95]1))7 @ — 21, x;z) _ x§1>)> #0,

2

©;; contains two distinguished points o, 1 = 1,2, only if

74] 4
/I’ Hgn 1{§€U(m(1) r(l))UZ/{(x(g) 1(2))}d/’l/(§) =0. (53)
4 i g i 07

However, for all 0;; € [9(]1),05]2)] Ucos 0:;,sin0:;) < U( W 4 UL{( @) @) . Then (5.3) im-
plies that the random variables ®,,(£) have the same dlStI‘lbut;OH ]as that of <I>0(1> €),
where ¢ is a random variable 1n T, with probability measure u. Hence, in partlcular
Jir, ®e,,(€) du(€) = 0, so that [0},07]  ©; O

ij 27

Theorem 5.2. Assume that the Fréchet mean é of u is at the cone point. Let {£;} be a
sequence of iid random variables in T, with probability measure p and &,, be the sample
Fréchet mean of &, - -+ ,&,. With ©;; defined by (5.2):

(a) if ©;; = 0 then, for all sufficiently large n, the only position for &, to be in the
(i,j)-quadrant is at the cone point;
(b) if©;; N (0,7/2) # O then, for any Borel set B C R?,

nILH;oP (\/ﬁfnl{éneinterior (i,)-quadrant} © B) = P(Z € BN Cy),

where C;; is the cone spanned by the cone point and the angles in 0;; N (0,7/2),
Z ~ N(0,V), V is the covariance matrix of ®¢,,({1) and 0;; € ©;; N (0,7/2).

s =win{ | [ G (@) |6 < 0om/21}.

If ©,; = 0, so that an Py, (£) du(f)H > 0 for all 6,; € [0,7/2], it follows from the conti-

muity of | [, @, (€) du(¢)
Choose a finite set O;; {00?) | k=1,---,K;;} C [0,7/2] such that, for any §,;; €
[0,7/2], there is a 0( ) e ©;; satisfying both

Proof. (a) Let

in Hij that dij > 0.

k
05— 05571 < dig/ (10 B[] (5.4)
and
||s(cosb;j,sin0;;) + d;;(— sin 955), cos 955))\\ > d;;/2, Vs > 0. (5.5)
EJP 18 (2013), paper 25. eip.ejpecp.org
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By the classical central limit theorem there is an ny such that, for all n > ng and for all
9 ) e or

'LJ’

<dij/4

%Z‘I’ez? (&) = /T D00 (€) dpa(€)
=1 h u ¥
and

< Efll1]1/4-

| Z &l = EQll&]

For any given 0,; € [0,7/2], if 0»} € ©}; such that (5.4) and (5.5) hold then, for n > no,
(oD, o) =

we have, by applying (2.7) and using the relationship between ¥ and ® with

(2)7x§2)) (cosB;,sin6;;), that

(cosb;j,sinb;;) and (x; i

12%(50 —/ P: (£) du(f)H

Zq)em & - Zq)e* gl

n Z%; (&) —/ Doy, (€) du(€)
=1 Ty

. 1 n 1 di'
< 2|9ij - 6ij|ﬁ Z &1+ zdij < 7]
=1

However, if there were s > 0 and §,; € (0,7/2) such that

1 n
- > ®o,; (&) = s(cos b5, 5 0,),

=1

then by (5.5) we would have

1 n
0 26~ /T P, (€ d(©)

> ||s(cos 0ij,sin 0;5) & dij(—sin 0], cos 07;)|| > dij /2,

contradicting (5.6). Thus, it follows from (3.4) that, for n > ng, {n does not lie on the
open half line determined by any 6;; in (0, 7/2).

For 0;; = 0 (respectively m/2), the condition (5.1) implies that the first (respectively
the second) coordinate of fT4 By, (€) duu(€) is non-positive and, since ©;; = (, it must be

negative. The result of Lemma 4.1 then implies that, when n is sufficiently large, én will
not lie the boundary of the (4, j) quadrant determined by x; = 0 (respectively x; = 0).

(b) If ©;; N (0,7/2) = [91(]1 ,9” ], then the above argument shows that, for any ¢ > 0,
there is an ng such that when n > ng if §n is in the (4, j)-quadrant, it must lie in the cone
in spanned by the cone point and angles [9(1) —€, 91(]2 ) 4 €] N [0,7/2]. The arbitrariness of
e means that, given it lies in the (4, j)-quadrant, the probability that fn lies in the cone
C;; tends to one as n — oo.

On the other hand, the proof of Lemma 5.1 shows that, for all §;; € @ii\, the random

variables @y, (&1) have the same distribution. Thus, as before, given that &, is in Cij,
1 & 11w
1=1 =1
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where tan0;;, = :Ic(”) / :%E”) Moreover, the definition of ©;; implies that the Euclidean
mean of &y, (£1) is at the origin for all §;; € ©;; N (0,7/2). Hence, the classical central
limit theorem gives that, for any Borel set B C R?,

nler;OP (ﬁgnl{é ¢ interior (i, j)-quadrant} < B )

= nlbﬂ;QP( Z 9(1) fl GBQCZ]>.

The required result follows by noting that \f Z <I>9<1) (&) tends, in distribution, to the

2-dimensional Gaussian N (0, V), where V is the covarlance matrix of @, (§). O

Note that the above proof shows that, if ©,; N (0,7/2) contains only one single angle
0;j, then @y, () must be a one-dimensional random variable and the limiting distribution
must be one-dimensional Gaussian. The following result is a direct consequence of that
of Theorem 5.2(a).

Corollary 5.3. Assume that the Fréchet mean é of 11 is at the cone point. If ©,; = () for
all (i, j)-quadrants of Ty, then the sample Fréchet mean &,, will be at the cone point for
all sufficiently large n.

We note finally that the proof of the central limit theorem when the Fréchet mean of
a probability measure on T} is at the cone point can easily be simplified to obtain similar
results for the central limit theorem when the Fréchet mean of a probability measure
on Qj is at the cone point of Q5.

Appendix: The tree space

A tree is a contractible graph, that is, a connected graph with no circuits. An n-tree
has n + 1 vertices of degree 1, one of which is distinguished as its root, the others be-
ing termed leaves. We are interested in labelled trees for which the names, generally
a,b,c,---, of the leaves matter. However, since all our trees are labelled, we shall gen-
erally omit that adjective. The remaining internal vertices all have degree at least 3. If
both vertices of an edge are internal, then that edge is also called internal. A tree in
which all internal vertices have degree 3 is called a binary tree and such an n-tree has
n — 1 internal vertices and n — 2 internal edges, giving a total of 2n vertices and 2n — 1
edges. Note that it does not matter how the tree is oriented in the plane.

The tree space, T),, is the moduli space of labelled n-trees, the moduli or parameters
being the lengths of the internal edges. A labelled n-tree with unspecified edge lengths
determines a topological type, modulo its leaves and root, that we shall refer to as an
n-tree-type, or just n-type. Then T, is a stratified space with a stratum for each n-type,
such that an n-type with k internal edges determines a stratum with k positive param-
eters ranging over the points of an open k-dimensional orthant. The top dimensional
strata correspond to the binary tree-types and, if 3,, is the number of binary labelled
n-tree-types, then any edge, internal or not, of a binary labelled (n — 1)-tree may be re-
placed by three edges, an internal vertex and a new leaf n, to give a well-defined binary

labelled n-tree:
I ’_) % n .

The procedure being reversible, we see that 8, = (2n — 3)8,-1. Thus, 5, = (2n —
I =(2n—-3)(2n —5)---5- 3, since B = 1. These (2n — 3)!! top dimensional strata all
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have dimension n — 2. If we also specify the lengths of the non-internal edges, those
with leaves or the root attached, we obtain the ‘full tree space’, which is the product
T, x(R4)™. In this paper, we shall only consider T, since a central limit theorem on the
full tree space may be derived from the corresponding one on T,.

Such an n-tree-type can be represented as a particular product of the leaves that,
assuming commutativity, is determined by an appropriate sequence of associations.
Thus,

= ~ a(bc) = (cb)a # (ab)c ~ etc.

The boundary relation in the stratification of T}, corresponds to a parameter becoming
zero. That is equivalent to removing a bracket from the associative pattern and corre-
sponds to the two vertices of an edge in the corresponding n-type coalescing to form a
single vertex. For the top stratum, that new vertex will have degree 4. Such a vertex
may be resolved in three ways to re-establish a binary tree:

X X X X
A B C A B C B C A C A B

where A, B, C are subtrees, possibly just leaves, and X is a subtree containing the
root and any leaves that are not involved in A, B or C. Thus each such stratum of co-
dimension one lies on the boundary of three top dimensional strata. On the other hand
each top dimensional stratum has n — 2, the number of internal edges of the binary
n-type, such co-dimension one strata forming its boundary. Thus there are 2z2(2n — 3)!!
co-dimension one strata. At the other extreme, each T;, has a single zero dimensional
stratum, a vertex representing the tree with no internal edges and a single internal
vertex of degree n + 1. The one dimensional strata correspond to just one bracket
enclosing two or more, but not all, leaves so that there are 2" — n — 2 of them. Note
that two such strata may belong to the same tree-type if, and only if, the corresponding
brackets are not linked: either one includes the other or their contents are disjoint. We
shall refer to the top dimensional strata as cells, specifically (n — 2)-cells, and the co-
dimension one strata as their faces. We shall often refer to the one dimensional strata
as semi-axes, since that is indeed what they represent in T,,. Note that T3 is special
in that the 1-cells are the three one-dimensional strata and the only face is the unique
zero-dimensional stratum.

An alternative notation for a tree-type arises from the observation that an internal
edge partitions the full set of leaves, including the root, into two subsets and a tree-
type may be specified by the set of such partitions, or splits, that correspond to its
internal edges. This notation is more apposite when one is not distinguishing the root.
The correlation is that the bracket that determines a semi-axis in the former notation
contains the members of the subset that does not contain the root in the split notation.

Following [4], we introduce a metric dr on T, by identifying each (n — 2)-cell with
the principal orthant in R"~2 with the Euclidean metric, and defining the length of any
rectifiable curve in T, to be the sum of the lengths of the segments into which it is
broken by the faces of the cells. Since each orthant is a cone with vertex at the origin,
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Figure 4: The structure of T, represented on the Peterson graph

this makes T,, into an open infinite metric cone with its vertex at the origin which, to
avoid confusion with vertices in trees, we shall refer to as the cone point. Given trees
t1, t2, there is always a path from ¢; to t3 comprising the ray from ¢; to the cone point
followed by the ray from the cone point to ¢;. In a good number of cases - 40% in T -
this will be the geodesic from ¢; to 5. Obviously, however, this is not the geodesic when
t; and ¢, lie in the same cell. Moreover, if they lie in (n — 2)-cells o and o5 that share a
common face f;,, then the union of these cells may be isometrically embedded in R"2
in the obvious way and the geodesic in T, will correspond to the straight line in R" 2.
Similar considerations give rise to further examples in T,,.

When we restrict attention to T, just one more feature occurs as follows. In Ty the
2-cells are now plane quadrants and their faces are the two semi-axes. Given a chain
of three quadrants with consecutive quadrants sharing a semi-axis, their union may be
embedded in R? by omitting, say, its +— quadrant. If the geodesic starts in the interior
of the first quadrant, then it can be realised as a straight linear segment to some points
in the third quadrant, but must pass through the cone point for the rest. Any such
sequence of three quadrants lies in a unique cycle of five quadrants in Ty. Thus, to
describe the geodesics in T} in general, it will be convenient to embed such 5-cycles in
R? as the space Q5.

We now describe these 5-cycles, and how they all fit together in Ty. A quadrant in
T, will correspond to a 4-type with bracket notation of the form ((ab)c)d or (ab)(cd).
The quadrant ((ab)c)d) has the two semi-axes (ab)cd and (abc)d. This first semi-axis is
shared by the quadrants ((ab)d)c and (ab)(cd), while the second is shared by (a(bc))d and
((ac)b)d. Choosing the sequence ((ab)d)c, ((ab)c)d, (a(be))d, the ‘free’ semi-axes at each
end, which are not part of the quadrant ((ab)c)d, are (abd)c and (bc)ad. The only edge
with which these are both compatible is (ad)bec, giving the other two quadrants in the
5-cycle. The same is true for any sequence of three contiguous quadrants in 7: there
is a unique choice of two further quadrants to give a cycle of five quadrants in which
cyclically consecutive members share a semi-axis. However, there are two independent
choices for each of the quadrants cobounding, i.e. sharing a semi-axis with, the central
of the three initial quadrants. This implies that each quadrant will lie in four such 5-
cycles. It is convenient to visualise and describe these details of the structure of T} via
the Peterson graph which is the link T} of its cone point, as illustrated in Figure 4. The
labelling given there is not unique, but all possible labellings are equivalent.
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