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Lower bound estimate of the spectral gap for simple
exclusion process with degenerate rates
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Abstract

We consider exclusion process with degenerate rates in a finite torus with size n. This
model is a simplified model for some peculiar phenomena of the "glassy" dynamics.
We prove that the spectral gap is bounded below by Cp*/n?, where p = k/n denotes
the density of particle and C does not depend on n nor p.
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1 Introduction

Simple exclusion process with degenerate rates is one of the simplest system called
kinetically constrained lattice gases, which have been introduced in the physical liter-
ature as simplified models for some peculiar phenomena of the "glassy" dynamics (see
[1, 5D).

Simple exclusion process with degenerate rates was discussed by [1]. In [1] they
considered this process with particle reservoirs at boundary. They obtained estimates
of spectral gap and log Sobolev constant and diffusive scaling limit of tagged particle
displacement for the stationary process in infinite volume. Simple exclusion process
with degenerate rates without particle reservoirs was discussed by [3]. They considered
hydrodynamic limit of this process and obtained porous medium equation. In [3] they
considered gradient system.

In the proof of hydrodynamic limit of nongradient systems, a sharp upper bound
on the relaxation time (inverse of the spectral gap) for a generator restricted to finite
cubes is needed (cf. [4]). The proof relies on the characterization of the closed forms
of a state space and the proof of this characterization requires that the spectral gap
shrinks at a rate slower than n~2 where n is a side-length of a finite cube.

One of the difficulty in studying this process without particle reservoirs is that if the
density of particle is less than or equal to 1/3, then the ergodic component is decom-
posed into irreducible component which contains all configurations with at least one
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couple of particles at distance less or equal to two and many blocked configurations (cf.
[3]). Note that if we consider this process with particle reservoir (at boundary), then
this process is irreducible.

Thanks to the irreducibility of the process, in [1] they obtained a lower bound esti-
mate of spectral gap (and log Sobolev constant). However the notation in [1] and that
in this paper are different, in our notation, it shrinks at a rate n~2 if n tends to infinity,
where n is a side-length of a finite cube. Furthermore, it goes to 0 as p to 0 as a power
law of exponent between 1 and 2. Here p is a parameter which controls the entrance
and exit rates such that in equilibrium, the density is p.

In [3], they also obtained a lower bound estimate of spectral gap for p > 1/3, where
p is the density of particle. It shrinks at a rate n~2 if n tends to infinity, where n is a
side-length of a finite cube or the size of the discrete torus. Furthermore, it shrinks at
arate p — 1/3 as p tends to 1/3. (see Proposition 2.1 below.)

In this paper, we obtain a lower bound estimate of spectral gap estimate for all
0 < p < 1. It shrinks at a rate n~2 if n tends to infinity. Furthermore, it shrinks at a rate
p* as p tends to 0 (Theorem 2.2).

Due to the existence of the blocked configurations, we cannot give suitable mean
field type process for p < 1/3. Main idea of the proof is "freeze one pair of coupled
particles" and give usual mean field type process except this pair of coupled particles.

This paper is organized as follows: In section 2, we give our model and state our
main result (Theorem 2.2). In section 3, we give two key lemmas (Lemmas 3.2, 3.3) and
prove our main result by using these two lemmas. In section 4, we estimate variance.
In section 5, we prove Lemma 3.2. In section 6, we define sets O,,, (also @9n and @}n)
and compute some quantities of these sets. In section 7, we prove Lemma 3.3.

2 Model and result

Let us consider discrete torus 7,, = {1,2,...n} (n is identified with 0). We define
the set of configurations by ¥, := {0,1}7~, the set of configurations conditioned by the
number of particles by ,, i, := {1 € X5 o M2 = K}

Forn € ¥, and z,y € T,,, we define the configuration n*¥ € ¥,, by

ny ifz=u,
™), =9 m ifz=y,
n. otherwise,

and the operator 7Y by
TV () = f(n™Y) = f(n).
We define
c(n) =mn-1+n2.
A function f is a local function if f : {0,1}% — R depends only on {n, : = € A} for

#A < oco. Then we can regard a local function as a function of ¥,, as usual manner. Let
7. be a shift operator by

(72M)z = Ny forall z, z € Z,
1. f(n) = f(7n) for all = € Z and for all local functions f.

Given a local function g, which is strictly positive and does not depend on the value
of ng nor 7;, we define the generator of simple exclusion process with degenerate rate
L =1L, by

Lf(n) = 7alctmg(n)m™**" f(n)

zeTy,
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for all local functions f. If there is at least one particle in the neighboring sites of
{z,z + 1}, then particle can jump from = to z + 1 or « + 1 to z. If there is no particle in
the neighboring sites of {z,z + 1}, then particle cannot jump from « to  + 1 nor z + 1
to . Note that if g = 1, then this system is gradient system and if g =1 — %77_1772, then
this system is non-gradient system. In the second case, the function cg takes value 0 if
n—1 =12 = 0 and 1 otherwise.

The ergodic component of the system is complicated (see [3]). If the density of
the particle is large, precisely if & > n/3, then %, ;. is an ergodic component. If the
density of the particle is small, precisely if k¥ < n/3, then %,, 1, is decomposed to blocked
configurations and a component which contains all configurations with at least one
couple of particles at distance at most two. We define

S0 =1 € Zuks D (Mtets + Manara) > 0,

z€T,

Shg = {n € Znk; Z (NaMa41 + NaMzy2) = 0}
z€Ty
Note that Z}% . is set of all blocked configurations. We also note that if £ > n/3 then
29, = X, k. Itis not difficult to see that E%,k is an ergodic component of the system.
Let st = p,x be a uniform probability measure on %) - Then it is easy to see that L
is reversible with respect to y. Let L, ; be the restriction of L on £? ,. Then we can
consider the spectral gap of —L,, ,, which is defined by '

E[f?]
Proposition 2.1. [3, Proposition 6.1]. Suppose that k > n/3. Then there exists a
constant C' not depending on n nor k such that

p—1/3
n2p

A= A(n, k) := inf{

We refer the result for & > n/3 by [3].

A(n. k) > C

)

where p = k/n.
We give our main result.

Theorem 2.2. There exists a constant C' not depending on n nor k such that
ot
Aln, k) > Cﬁ

where p = k/n.
Remark 2.3. By combinatorial methods, we have

1 n(n—2k—1)!
#nk = El(n — 3k)!

Therefore if k is large enough, then #Y%, | < #X,) = #%) ;. In this case, jin is
approximated by canonical Bernoulli measure. Therefore we set

buln) == Y £ = p),

xzeTy,
T ifo<z<1/4,
f@) =< —z+1/2 if1/4 <z <3/4,
T —2 if3/4 <z <1.
EJP 17 (2012), paper 92. ejp.ejpecp.org
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Then we have

Ep, [an(*Lnk)(ybn]
EL[¢7)
for g = 1. This estimate does not make sense if k is small.

E,[én] =0, ~ 192%,

Remark 2.4. We consider simple exclusion process with degenerate rate on the torus.
It is easy to consider this process on finite interval with some boundary conditions.
Then we have the same result.

We can also consider similar process on d-dimensional torus or cube as follows. Let
e; (1 =1,2,...,d) be positive unit vectors along i-th axes. We define

ci(n) = N—e; + N2e; + Z{nej FN—e; + Nejte; + nel'*ej}-
J#i
Given a set of local functions g = {g; : i = 1,2,...,d}, each g; is strictly positive and
does not depend on the value of 79 nor 7.,, we define the generator of simple exclusion
process with degenerate rate L = L, by

d
Lf() = > Y mulci(ma(m)a™+ f(n)

zeTd i=1

for all local functions f. If there is at least one particle in the neighboring sites of
{z,x + e;}, then particle can jump from = to « + ¢; or x + ¢; to x. If there is no particle
in the neighboring sites of {z,z + ¢;}, then particle cannot jump from = to z + e; nor
x + e; to x. Then we have similar results. Namely we consider this process on d-
dimensional torus {1,2,...,n}¢. Then there is critical number kq(n), which is at most
n?/(2d + 1) such that if & > ky(n) then this system is irreducible and if k < kq(n)
then the state space is decomposed into blocked configurations and a component which
contains all configurations with at least one couple of particles at distance at most
two. Furthermore our proof below is applicable and we obtain the same lower bound
estimate of the spectral gap;

Remark 2.5. There exists a constant C = Cy not depending on n nor k such that

N

p
> A
A(n, k) > Cn
where p = k/n?.

3 Outline of the proof

From now on we use the notation p = k/n. We pick and fix py; with 1/3 < ppr < 1/2.
(For example, we set pyy = 5/12.)
First, we give a simple corollary of Proposition 2.1.

Corollary 3.1. There exists a constant C'y not depending on n nor k such that for any
n and p > pys, we have

1 ot
A(n, k) > Clﬁ > Clﬁ-
Second we give two lemmas.

Lemma 3.2. There exists a constant C; not depending on n nor k such that for any n

and k, we have )
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Lemma 3.3. There exists a constant C3 not depending on n nor k such that for any
0<po<pm, n>ng=128/p¢ and po < p < pyr, we have

I

Finally, combining these corollary and lemmas we conclude the proof. We have only
to consider three cases as follows; i) p > pyy, ii) p < par and n < 128/p?, and iii) p < pas
and n > 128/p%. In the case i), we can apply Corollary 3.1. In the case ii), we apply
Lemma 3.2, with n < 128/p?. Then we have

1 pf

1
>C0y— > Co—
)\(n,kz) = an4 = 02(128)2 n2

In the case iii), we apply Lemma 3.3 as py = p. Then we have

ot
A(n.k) > Cs' s

Therefore we set o
C = min{Cy, —=—,C
mln{ 1, (128)27 3})
then we have 4
P
Aln, k) > Cﬁ

for all n, k. O

4 Computation of variance

As being mentioned in the Introduction, the main idea of the proof in this paper is
that we "freeze" one pair of coupled particles and give usual mean field type process
except this pair of coupled particles. In this section, in order to "freeze" one pair of par-
ticles, we "search" pairs of particles at distance less or equal to two in the two distinct
configurations and "move" them to the "same point". In sections 5, 7, we "freeze" these
particles and give usual mean field type process.

We set ¢, (1) := 72(c(n)g(n)). Then we have

Bulf(=Lap) fl = 2B S eal)(root £)?).

2
zeTy,

It is standard to see that

VIl =2B,(f — E)T= D > (f) = FE) um)n(®).

NEX, €LY

We define

04(77) = O‘n(n) = Z (77:8773:-&-1 + 17(16777)-‘!-2)'
z€Ty

This quantity describes the number of particles at distance less or equal to two, that is
number of particles that can move according to the dynamics. By the definition of a we
have

Wi = Y Y G- 0
nex?  exl |
X >wer, Mallot1 + Nalat2) Xper, (Cabar1 + Eobota)

e "G () (§)
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We set

Vi

Vs

Vs

Vi

Then we have

DD (f(??)—f(ﬁ))znxnxﬂﬁyﬁyﬂﬁu(n)u(ﬁ%

2€Ty, y€Ty nexy | £€x0 (ma(§

DD (f(n)*f(é‘))2mnm+2€y€y+1mu(n)u(é‘),

z€Ty, yeTy ’17622’,6 {GE?L’,C

DD (f(??)—f(f))277mnx+1£y£y+zmu(n)#(@,

€Ty y€Tn neD | €57 |

Z Z Z Z (f(77) - f(f))ann$+2§y€y+2 OL(’U;OLM(”)M(S)

z€Tn yeTn nex) | £ex? |

2V[f]=Vi+Va+ Vs + Vi

Here we have "searched" pairs of particles at distance less or equal to two in the two
distinct configurations. There are 2 x 2 cases, i.e., for each configurations, there is a
pair of particles at distance one and that at distance two. For each cases, we "move"
them to the "same point".

Usually we exchange the occupancy of particles at the pair of sites (z, y), and denote
it by n®¥. Here, we exchange the occupancy of particles at two pair of sites (z,y) and
(z,w), and denote it by n®¥**. Namely, for n € ¥, and z,y, z,w € T, such that = # 2
and y # w, we define the configuration n*¥*% € ¥, by

nz,y;Z,w _ (nsz)r’y if Yy==z,
(p™¥)=™w  otherwise.

Note that (n™¥)*™ # (n*")*¥ in general. We also note that 7,1, = (n™¥%%), (n™¥#™),,.

We set

Vs

Ve

Vz

%Z S3N YT (f) - et

2€Ty, x€T,, yeT,, nezgwk fezh

X NeNet1€y€yt1 mu(n)u(f)

%Z DTN N (fgnEmthatl) - pevEvilat))?

z€Ty, x€T, yeT, WEZ%,IC 562?%,6

X NeNet1€y€yt1 mu(n)u@

rDID DD VD DD WRVCEE S EYC

z€Ty, x€T, yeT, nez}%,k £exo

1 Wk
X NeNr418ySy+1 mﬂ(n)ﬂ(f)-

Since (f(n) — f(€))2 < 3(f(n) — f(n=metlatiN2 4 3(f(pmmatlatly _ f(guzytlatly2 4
3(f(gr=ytlatly — £(€))? we have

Vi <3{Vs+ Vs + V7}.
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Similarly, we set

93D 3D MID MED SECU BV Uit

2€Tn 2€Tn y€Tn nexl) | £€80 |

1

X "7177:¢+2§y€y+1 mﬂ(ﬁ)ﬂ(f) )

LYy S Y Y S g - )

z€T, z€T,, yeTy, neE%Tk §€E?}Wk

1
X %%+1§y§y+2m#(n)ﬂ(f)-

S
[

Then we have
Vo <3{Ve+Vs+Vz}, Va<3{Vs+Vs+Vo}, Vi<3{Vs+Vs+Vo}.

Therefore we have

VIf] <3Vs+6Vs + 3V7 + 3Vs + 3V (4.1)
Since a(n) > 1and >, .7 g’f(gl <1, we have

ED D B DD SIS BRI BRIk

z€Ty €T, yeT, "76291,,1@ EEE(BI,,IC

1
X NNz +18yEy+1 Mﬂ(ﬁ)#(f)

% Z Z Z 77z771+1(f(77) - f(le’Z;zH’ZH))zu(n).

z€T,, x€Ty, "1622,1@

By using standard moving particle lemma (cf. [1, Lemma 3.3]), there exists a con-
stant C4 not depending on n nor k such that

Vs <Cun® > Y (@ () ea(n) (). 4.2)

2€Tn 7]62" k

By changing the variables n and &, we also have

Ve<Cn® Y Y (@ () ea () (4.3)

z€Tn nex? |

Similarly, by using standard moving particle lemma and change of variables, there exists
a constant C5 not depending on n nor k such that

Vs < Csn® Y > (7™ () ea(n)p(n), (4.4)
zETnneEO

Vo < Gsn? ) Y (" () ea(n)p(n) (4.5)
€Ty nexl |

We recall that n,n, = (n?%"%),(nP%"*),. Hence we have

%Z Z Z Z Z (f(puzethztly _ f(gyzytlztlyy2

2€Tn x€Th y€Tyn neX) | £€X7 |
% (nx,z;w-i-l,z—i-l)z(nw,z;x+1,z+1)z+1(gy,z;y-l-l,z—i-l)Z(é-y,z;y—&-l,z-&-l)erl

1

X mﬂ(n)ﬂ(f)~
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i i i 0 S@T,8)\ 4,38, T — i i
Since f is uniform measure on X , and (nP4me)2PsT = change of variable yields

AEEED S DI DI DI SN0/ B3 e

z€T,, z€T, yeT, nezgwk 562‘7’“,9

1
X a(nz’w%m“)a(527y;z+17y+l)u(n)u(é).

It is not difficult to see that

max max max 7,7.41|a(n) — a(n®@F LT =6,

n,k x€Ty, Wezﬂ,,k

since maximum is attained by n > 12,6 <k <n —6,

z — z| > 6 and 7 satisfying
Ne—2 =Nzl = Nz = Nop1 = Nat2 = Nat3 = 1,
Ne—2 = Nz—1 = Nz = Ne+1 = Nze4+2 = Na4+3 = 0.

By using this and a(n***T1#+1) > 1 for all 5 such that 1, = 7.1 = 1, we have

z,ac;z+1,m+1) 4 6) z,fc;z—&-l,x—&-l).

Nznz410(n) < 1znza(an < Tnanssr0(n
Since 7,7,+1 only takes 0 or 1, we have

™

1
NeMetl ooy < MMl —
ZT R e I 0)

Hence we have

2

Gan S S S () = FOP bt k). @6)

2€Tn ’7622,,& 562%,k

5 Proof of Lemma 3.2

We note that if € ¥ , then a(n) > 1. Plugging this into (4.6), we have

o<aon® S ST ST (70) — SO mn il ran ().

2€Th nexl | €ex? |

Since E,[nom] > 0 and p is shift invariant, we can rewrite right hand side above by

49n2(E/1«[7]0771])2% Z Z Z (f(ﬁ) _ f(g))2nz77z+1,u(77) £z€z+lu(€)

€T, nest , cex0 Eu[nznz+1] Eu[§z§z+1]

We can regard 7,7,4+14(n)/E.[n:n.+1] as conditional probability with condition 7, =
1N.+1 = 1. Hence we can treat

S (f) — f(e) ) b 1iiE)

nexo , eex Eﬂ[nznﬁ-l] Eﬂ[€z£z+1]

as conditional variance with the same condition. If we assume that n, = 1,41 = 1, then
a(n) > 1 and n € XY ,. Since y is uniform measure on ¥ ,, the conditional prob-

ability 7.7.1114(n)/Eu[n:1241] is uniform probability measure on {0,1}7\{=*+1} with
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erTn\{z 1} e = k — 2. Therefore we can apply spectral gap estimate for mean field
type simple exclusion process [2]. We conclude that

Vo < 49n2(E,fom)) Z IS S ()P RSO
el - Eun:m:+1]
z z,y€Tn \{2,2+1} nex? ok
= 490’Ep.[nom] - Z — > > @) 0z p(n).
e, z,y€Tn\{z,2+1} nexy

By using standard moving particle lemma, there exists a constant Cs not depending
on n nor k such that

% > ni2 > > (@ F(0) 0z g1(n)

zeT, z,y€T, \{z,2+1} nEEO
<Cen® Y D (@) e (n)p(n). (5.1)
€Ty, 7762“ &

Therefore we conclude that

Vs < 49Cgn* Z Z 7= ()2 en (n)p(n). (5.2)

z€Th nexl

Plugging (4.2), (4.3), (4.4), (4.5) and (5.2) into (4.1), we have

V[f] < 6{Cun® + Csn® +49Cen*} Y >~ (7" f () ca(n)p(n).

€Ty nezn k

We set Cy := 1/(18 max{Cy, C5,49Cs}), then we have

1
Aln. k) = Ca—.

6 Combinatorial results

In Section 5, we should estimate n/a(n) by its maximum n. If n is large enough,
then thanks to the law of large numbers, «(n) is approximated by its expectation and
it may be also approximated by 2p?n. This implies that the set {n € £ , : a(n) < an}
for some small a (which may depend on the density p) is negligible. To Verify this idea,
in this section, we give a family of sets 0,,, (and also @9n and 9%) and compute some
quantities. By using these results, in the next section, we prove Lemma 3.3.

From now on, in order to simplify our notation, we shall omit the symbol [z], the
largest integer which is less than or equal to x.

We have picked and fixed ps with 1/3 < ppr < 1/2. (For example, we set pyr = 5/12.)
From now on, we also pick and fix pp with 0 < py < pas. Furthermore we set a = a(po),
b =b(po) and ng = no(po) by

a:p—%, b:p—g, noz%.
64 32 P2
Since py < 1/2, we have b < po/4. However we do not use ng in this section (we
need restriction on n in order to estimate W7 ,, in the next section (Section 7)), it is
convenient to define it here.
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6.1 The definition of ©,,

Since the cardinality of the sets {n € X0 , : a(n) = m} is difficult to treat, we define
sets ©,,, for even n and 0 < m < k/2 by

(n—2)/2
@m - @n,k,z,m = {77 S Eyol,k Nz = MNz41 = ]-7 Z Nz+22Mz422+1 = m}7
=1
and 09, ©L for odd n and 0 < m < k/2 by
(n—2)/2
@gl = G)?L,k:,z,m ={ne Z’I(’)L,k} i =141 =1,mm1 =0, Z Net2uTzt20+1 = MY,
z=1
(n—2)/2
G}n = 63L,k,z,m = {77 S Z%,k Nz =Mz41 = Nz—1 = 1a Z Nz422T2422+1 = m}
=1

It is easy to see that if n € ©,,, n € %, orn € O}, then a(n) > 1+ m.

We assume that n is even. For each n € ©,,, we regard that there are m "pair of
coupled particles", (k — 2) — 2m "uncoupled particles" and (n —2)/2 — (k — 2) + m "pair
of vacant sites" in T}, \ {#, z + 1}. Namely we have

n—2
#Hr:1<z< T,nz+2x + Nayoes1 = 2} =m,

n—2
#r: 1<z < T,?]z+21+7]2+2m+1 =1}=(k—2)—2m, (6.1)
n—2

n—2
#{x:1§x§ Tanz+2&7+nz+2m+1:0}: 7(k72)+ma
for n € ©,,. By using combinatorial method, we can compute the cardinality of ©,,:
First, for each 1 < x < (n — 2)/2, we choose one of "pair of coupled particles (7,42, +
Nezt204+1 = 2)", "uncoupled particles (1,42, +1.+42:+1 = 1)" or "pair of vacant sites (1,42, +
Nx+20+1 = 0)" with the conditions (6.1). Due to the conditions (6.1), there are

{(n—2)/2}!
ml{(k —2) —2m}{(n—-2)/2 — (k—2) + m}!

possibility. Second, for each z assigned to "uncoupled particles (7,42; + Nz42:41 = 1)",
we choose one of 1,49, = 1,m.42,41 = 0 0T 1,49, = 0,7,42,41 = 1. For each x assigned
to "uncoupled particles" there are two possibility. By these procedure, we can pick up
all configurations in ©,, without double count. Therefore we conclude that

_ {(n—2)/2) o
Ly (T T [ ey R A

Suppose that m + 1 < bn. Then we have
#0O,, 4(m+1){(n—2)/2—(k—2)+m}

#0601 {(k—2)—2m}(k—2)—2m -1}

In our assumption, (kK —2) —m > 0 and k — 2m — 3 > npo/2, m + 1 < bn < np2/16.
Therefore we have

Om 8 1 1
i < —2m o (6.3)
#Omi1 — pg N 2
As a corollary of this inequality, we have
#Oan 1
< . 6.4
#0,, — 20-an ©4
EJP 17 (2012), paper 92. ejp.ejpecp.org
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Similarly, we assume that n is odd. Then we have

H#OD o = H#On 1 kms HOn ko m = FOn_1k—1,m;
#69, 8m+1 1  #6L 8m+1 1
(._.)O S ) S 57 @1 S ) é 57
# m+1 Po n # m+41 Po n
#Oan 1 #Oan 1
0 = (b—a)n’ 1 = (b—a)n”
#an 2 #@bn 2

6.2 The definition of ¥, ¥_
We define I(n) = 1.(n) by

(n—2)/2
()= Y Mes2elletorir.

z=1

Then it is easy to see that if n is even and 1, = n,+; = 1, then n € ©,, and I() = m are
equivalent. It is also easy to see that if n is odd and 7, = 7,41 = 1,7,_1 = 0, then n € ©Y,
and I(n) = m are equivalent and if n is odd and 7, = 7.1 =7._1 = 1, then n € O} and
l(n) = m are equivalent.

We assume that n is even. We define ¥, and V_, by

Vi(n) = {n"" € Op4r: 2,y € Tn\ {z,2 +1}},
U_(n) :={n"" € Oypy-1:x,y € T \ {2, 2+ 1}}.

Suppose that € O,,, then we see that there are m "pair of coupled particles", (k —
2) — 2m "uncoupled particles" and (n — 2)/2 — (k — 2) + m "pair of vacant sites" in
T,\{z,2+1}. We pick up an "uncoupled particle" and rearrange and couple it to another
"uncoupled particle". This manipulation coincides with the choice of "n™¥ € ©;(;)41" in
the definition of ¥, . Also we pick up a "pair of coupled particle" and choose "one of
a particle" there, pick up a "pair of vacant sites" and choose one of "vacant site", and
move "the particle" to the "vacant site". This manipulation coincides with the choice of
"n*Y € Oy()—1" in the definition of ¥_. Therefore we have

B0 (n) = {(k— 2) — 20n)}{(k — 2) — 20(n) — 1}, 6.5)
4 () = A {"=2 — (k- 2) + 1)} (6.6)

Furthermore we have

Yoo tmo=Y. > o, (6.7)

NEOm £€V 4 (n) §€EOm11 NEY_(E)

for any function f.
Similarly, we assume that n is odd. We also define U9, % ¥} ¥! by

WY () o= {n"" € Oy 2,y € Tn \ {2, 24,2 — 1}},
‘1’2(77) = {ﬁx’y € 9?(77)71 HEANTRS Tn \ {Z,Z + 1,2’ - 1}}3
L) = {n"" € Oppr 2,y € T\ {z,2+ 1,2 - 1}},
Ul (n) = {n™Y ¢ 911(,7)71 cx,y €Ty \{z,2+1,2z—1}}.
EJP 17 (2012), paper 92. ejp.ejpecp.org
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Lower bound estimate of the spectral gap for SEP with degenerate rates

Then we have

#2(n) = {(k — 2) — 2Am)H(k — 2) ~ 2U(n) — 1},
#0 () = 41G){" 5> — (k= 2) + 1)),
#UL () = {(k — ) — 2Am)}H(k — 3) — 20(n) — 1},
#UL ) = 41){" > — (k= 3) + 1)),

Furthermore we have

> fmo= > ané“

n€BY, £€VY (n) £€0),  , neTY
> 2 o= X Z . 9),
neO, €€l (n) £€O] el (¢)

for any function f.

7 Proof of Lemma 3.3

We have picked and fixed ps with 1/3 < ppr < 1/2. (For example, we set pyr = 5/12.)
We have also picked and fixed py with 0 < py < pps. Furthermore we have set a = a(po),
b= b(po) and ng = no(po) by

2 2 12
a:@, b:@, noz—f.
64 32 0%
We recall (4.6);

2

AEIED DD SIS (F) = FOPnneir e s ) (6)

z€Ty 7762%,k 562%,k

We set

U Gma A = (Llj Gma
m=0

m>an

if n is even and
an

A= J (% ue),), A= []@©%uel),

m>an m=0

if n is odd. We set

W= 23S S0~ SO nne il i)
z€T, n€EAEEA

Wy = % ZZ(f(n)—f(&))annzﬂfzﬁzH%u(n)u(&)
2E€T, nEA £€ Ae

Wo = 23 3 3 (0~ SO nnn b s ni(e)

2€T, n€Ac £€Ac

and C7 = 49/a?, Cs = 98/a, Cy = 49. We have «(n) > I(n) + 1 > an for n € A. Therefore
we have
Ve < CyW7 + CsWo + CoWs. (7.1)

EJP 17 (2012), paper 92. ejp.ejpecp.org
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Lower bound estimate of the spectral gap for SEP with degenerate rates

We can rewrite W; by

LD DD DI DR ({13 S WS MO

2€Th nex? | €ex? |

= (Bunom) Z Y Y )2 N1z 1(1) €€t 1p1(E)

" let, neEDY, ) EEXD 4 Epn=nz1] Eyl&:8-41]

Then we can treat 7.7,+14(n)/Eu[n.1-+1] as conditional probability with condition 1, =
1n.+1 = 1. Hence we can treat

STOST () — £ B ) Lo pl)

neso , €eso E, [772772+1] E, [€Z£Z+1]

as conditional variance with the same condition. If we assume that n, = 7,41 = 1, then
a(n) > 1, and € ¥ ,. Since y is uniform measure on X ,, the conditional prob-
ability 7.7,+1/4(1)/E,[n:1:41) is uniform probability measure on {0,1}7=\{=2+1} with
2 zeT\{»2+1} e = k — 2. Therefore we can apply spectral gap estimate for mean field
type simple exclusion process [2]. We conclude that

Wi < By [nom]— Z — ) > @) nenaan(n).  (7.2)

zeTn z,y€Tp\{2,2+1} nex? .

We assume that n is even. Since «(§) > I(§) + 1 =m + 1 if £ € ©,,, by the definition
of A and ©,,,, we have

% D00 D (- f(f))277ﬂ)z+1€z£z+1#Hu(n)u(ﬁ)'

z€T, NnEAM=0£€0,,
We set W5 ,,, by
1 9 n
== D (F) = FE)meme 1 €aberr ———p(m)p(6).
n m+1
2€T, N€EA £€6,,
Note that

Wo=Y Wapm. (7.3)

m=0

By the definition of ¥, 6,, and (6.5), we have

(k—2)—2(m+1
W, = 33y 3 AR v

2€T, nEA £€O,, CmFlew | (€)

(f(n) - f(g)) nznz+1§z€z+1 M(U)M(f)-

"
m+1
Inductively, we have

{(k — 2bn}!
SR PIDIDIE = D SEND SIS
z2€T, NEAEEO,, CmHlew, (€) ¢mt2el (¢t Chbnew  (¢bn—1)
() = F () M1 &€ =g () (E).
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Lower bound estimate of the spectral gap for SEP with degenerate rates

We set

DD e - D DD DENNSID DEND

ZET” 7]€A Cb'n E@b wa 16\1, Cbn) C?n+1 e\l;_(g7n+2) EG\P_(CNL+1)

(f(n) — f(Cbn)) NeNz1€2€01———p(n) (),

m—+1
{(k —2) —2bn}!
- Ly yliromie e sy
z€Ty nEA €O C7"+16‘I’+(5) ¢mt2ew (¢mtt) Chrew (¢hnt)
(f(cbn) - f(f)) NaMet18841 ——— mt 1 () p(§)-

Since (f(n) — £(€))* < 2(f(n) — F(¢""))* +2(f(¢"") — £(€))?, by using (6.7), we have
WQ,m < 2W4,m + 2W5,m- (74)

Since 4 is uniform measure and &, = (¥, and &.41 = (¥, by the definition of ¥, by
using (6.2), (6.6) we have

Wim < m”H o LSS ST () - M) e O ().

2€Tn NEA (P €Oy,

Since Oy, C A, we have

n
W4,m S Cbn))annszldzm giw(n)ﬂ(cbn)
S o P> 2, 2 )
_ n #em

By using (6.3) and (6.4), we have

an

an an
Z n  #0Oy, < Z n #Oun < n 1 < an? 1 '
— m+ 1 #06y, — M+ 1 #6y, — m+ 1 2(b—a)n 9(b—a)n

A

Since b = 2a¢ and a = g?u we set

1 1 256 1
Cho = C =256 > ? = -
10 10(po) P2 = ig% WS —aye (elog2)? p?

Then we conclude that

> Wi < CroWi. (7.5)

m=0

If we set

1 k—2)—2bn}!
Wom = HZMZ > Y. D

2€Ty £€EO,, <m+16\11+(f) (mE2ew, (¢mt) Chnew, (¢hn-1)
(F(C"™) = f(€)2&:6 1 ———=p(8),
m+ 1
then, by summing up over n, we have
WS,m S WG,m- (76)

EJP 17 (2012), paper 92. ejp.ejpecp.org
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Lower bound estimate of the spectral gap for SEP with degenerate rates

We set

1 {(k—2)— 2bn}!
Wom = 203 (9 —am)l 2= 2. ),

2eT), o em €O pmq1 (2T (¢t Chrew, (¢bn—1)
n
(F(S*™) = FC™I)PCm et ™y > meoR

EeV_(¢mT1)

(k—2)—2bn}!
Wam = QZ{__Qm}};Z D

2€T, £con CRHEEHEHTIACELT)  ret ()

(f(Cerl) - f(g)) E:6-11 mt lﬂ(f)
Since we have (f(¢"") — f(£))? < (f(Cb") — F(C™FN)2+2(f(¢C™F) = f(€))?, v is uniform
measure and &, = (", £y = CZ+1 by the definition, by using (6.7), we have
Wﬁ,m S W?,m + WS,m-
By using (6.6), we have

{(k=2)=2(m+1}m+2 (m+2){n/2—k+m+2}
Z 2 {(k—2) —2m}! m+1§8 (k —2m)?

eV _(¢m+1)

In our setting, if m < bn then K —m > 0 and k — 2m > npy/2. In our assumption,
n > ng = 128/p3, we have

(m+2){n/2—k+m+2} 2.16 3
sup 8 <b+-)= < -.
ogmgbn (k —2m)? ( n) pg 4

Therefore we have

k—2)—2bn}!
72{ k—2)—2(m+1)}! > > >

Cm,+1 €@7n+1 <m+2€\P+(CnL+1) Cb"€@+(<b"71)

(F(C™) = )2ttt = (et

o 42
{k=2)=2(m+ 1} m+2
Z 2 {(k—=2)-2m} m+1

EEY_(¢mTL)
3
< ZW6,m+1, (7.7)

for 0 < m < bn.
By using (6.5), we have

{(k —2) —2bn}! n
TR TR R s

COmEREwL () Ctrew (¢

n 1
1 {(h=2) = 2m{(k—2) —2m 1}’
In our setting, k — 2m — 3 > npy/2. Hence we set a constant Cy; = 8/p2, then we have
sup 2 r ! < 8 = “u
o<m<bn m+1{(k—2)—2m}{(k—2)—2m—1} ~ pén n
By using this inequality and the definition of ¥, we have

Wem < Cnn S0 3 ()~ FPELsan(©)

2€T,  £€O,, (mF1el, (€)

C“% > 2 % > (@€ b an(€). (7.8)

2€T, €Oy z,yeT, \{z,2+1}

IN
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Lower bound estimate of the spectral gap for SEP with degenerate rates

By the definition of W ,,, Ws ., we note that
1
We pn—1 = §W8,bn—1~

By using (7.7) and by the definition of W ,,,, W7 1., Ws 1, we have

bn—2 bn—2

ZWGmS ZWGmS Z (We.m + Ws.m)

bn—2 bn—2 bn—2 bn—2

< %WGJ + Z Wem + Z Wgm < Z Wem + Z Wg.m
bn—;nzl m=0b7z—2 3 bn—2 bn—2 bn—2
> > Z (i) W6,bn 1+ Z (Z)m Z W&m Z Z WSm
m=0 m=0 m=
bn—2
S 4 Z W8 m
m=0

By using this inequality and (7.8) we conclude that

an bn—1

D Wem <4 Wam

m=0 m=0

<a0n - 3Y Y WA 6L anle). (7.9)

2€Tn eex? | 2y€Tn\{z,2+1}

Similarly, we can rewrite W3 as

2

RS DD > (F0) = S nmen&eben s nue)

2€Tn nEAC E€AC
2

% Z Z Z Z Z (f(ﬁ) - f(g))277z77z+1§z€z+1mu(n)u(f).

2€T, j=0n€O©; m=0£€60,,

We also set W3 ; ., by

2

W3, jm Z Z Z )*12m2 4182641 ml;lm#(n)ﬂ(f)-

ZETn neEO; £€O,,

Then we have
an an

=> > Wsjm. (7.10)

=0 m=0

By the definition of ¥, O,, and (6.5), we have

(k—2) —2bn}!
T DI = D VD DI
z€T,, 1€V, WIHLEW (1) w2y (witl)  whnel, (win-1)
{(k —2) —2bn}!
PO e D SEND SENIED S

¢€0m (LWL (€) (MWL (CHY) (el (¢ )

) = F©)P21ms € ——o——u(m)lE):

G+ DH(m+1)
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Lower bound estimate of the spectral gap for SEP with degenerate rates

We set

—2) — 2bn}!
DI AT Y
2€T, €0, WItLEW (n) wit2EW 4 (witl)  whnEW (won—1)
{ —2 —2bn}'

£€Om COmHERL () CMIEVL () (el (¢

(f0n) = f<wb”>>2nznz+1az5z+lM‘mmm(e),

1 {(k — 2) — 2bn}!
Wiogm = + D 3 Fo—g—otr 2 > X
n {(k=2)—25}! | i ;
j WItLEV, () WITIEU L (@IH)  whned (wn )
(k — 2) — 2bn}!
S D D >
CrHLEYL(€) CrI R (M) (et ()

n2

(f(wbn) - f(Cb"))znznszz&zﬂm

—2) —2bn}!
Witjm = *Z 2{2‘7}]; +Z Z Z

€T, nE®, LEW, () wit2eW, (witl)  whneW (wbn1)

PP e SED SUND DANNSIED D

£€€Om (mHlely (§) (mi2ev (¢mtt) (e (¢tnT)

p(m)p(§),

n2

G+DH(m+1)

Since (f(n) = £(£))* < 3(f(n) = f(w")>+3(f (W) = F(¢"))?+3(f(¢"") = f(€))?, by using
(6.7), we have

(f(cbn) - f(g))2772772+1£z§z+1 p(n)p(§)-

W3.5m < 3Wo jm +3Wiojm + 3Wit jm- (7.11)

By using the same argument in the estimate of W, ,,, we can estimate Wy ;, and
> .m Wio,5m by

Wio,j,m < Wi,

an an

SN Wiggm < CH WL (7.12)

j=0m=0

It is easy to see that

{ —2) — 2bn}!
Wosw = 23 Y Wiaoanr O 2. )
2€T, 1€0; wj+1€‘ll+(n)wj+2€\ll+(wj+1) whn T, (whn—1)

n

1t m+1 > Gbepnlé

£€EO,

(f(n) = flw bn )) UPUEES Sy

Since p is uniform measure, by using (6.3),(6.4), we have

an an

n n
3 ED DL
m:0m+1“(®m)—m:0m+1 = o

Therefore we conclude that

Z Wo jm < CroWe ;- (7.13)

m=0
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Lower bound estimate of the spectral gap for SEP with degenerate rates

Similarly, we have
ZWH,j,m < C1oWe,m- (7.14)
j=0
By using (7.2), (7.3), (7.4), (7.5), (7.6) and (7.9), we have

2010W1 +2 ) Wom
m=0

{2C10E . [nom] + 8C11}

X% > ﬁ > Z TV ()P nenzgp(n). (7.15)

2€Tn ©,y€Tp\{2,2+1} nex?

Wa

IN

IN

Similarly by using (7.2), (7.10), (7.11), (7.12), (7.13) and (7.14), we have

an

Wy < 3CHW1+6C0 Y Wem
m=0
< {3CYE.lnom] +24C10Ci1}

S Y Y @ (). (7.16)

z€T, z,y€T, \{z,2+1} 77620,
By using (7.1), (7.2), (7.15) and (7.16), we conclude

Vs CyW1 + CsWo + CoW3

<
< {C:E.[nom] + 2CsCioE,[nom] + 3CoCToE,unom] + 8(Cs + 3C10)Ci1 }

Ay LYY e Praant). 717

z2€Ty z,y€Tp\{z,2+1} nex?

By the definition of C;, Cg, Cy, C1g, C11, if we set C1o = 13496320, then we have

1
C7EH[170771] + 208010Eu[770771] + 3090120E,J[77()771] + 8(08 + 301())011 < Clgg. (7.18)
0

We recall (5.1). By using standard moving particle lemma, there exists a constant Cjy
not depending on n nor k£ such that

DI 3 0 ety

z€T, z,y€Tp \{z,2+1} nEE
<Cen® > Y (@ f(n) z(n)u(n)-
zeT, 17620,

Plugging (4.2), (4.3), (4.4), (4.5), (5.1), (7.17) and (7.18) into (4.1), we have

TL2
VI < 6{Cin® + Csn® + CoCrag} 3 3 (™ L f () ea(mnln).

0 2eT,nexo ,

We set C§ :=1/(Cy + C5 + CsC12)), then we have

p4
A(n, k) > c;;g,

if n is even.
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Lower bound estimate of the spectral gap for SEP with degenerate rates

We assume that n is odd. We set

W= 2SN S (0 — S et n)n(E),

zETn neA m=0¢cO0

m

an

4% = Z Z Z Z £)) Uzﬂz+1§z§z+1mL_|_1N(77)#(§)’

zET,L neAm=0¢cOol,

W?(’)() = l Z Z Z Z Z f(n) — f(f))zﬁz??zﬂﬁzﬁzﬂmu(ﬁ)u(f%
zET,L] 0nee) m=0¢e0f,
n2
W?(’)l = - Z Z Z Z Z f(ﬂ) - f(g))2772772+1§z€z+1mﬂ(n)u(f)a
zET,L] 0nee) m=0¢eo],
v _ 1o _
AP 5P 3PS Zgz@: (O et Gy Gy O
TL2
W311 = % Z Z Z Z Z (f(ﬂ) - f(g))2nz77z+1£z€z+lmﬂ(n)u(s)'

2€T, j=0neo} m=0¢eco],
Then we can rewrite W5, W3 by
Wy < W9+ Wy, Wi < WP+ Wl + w30+ wil,

Then we can use the same argument for W9 W3, W W Wi and W4l. Therefore
we have

VIf] < 6{Can® + Csn® +4CsCrar} S N7 (f0n) — F(n™* 1)) 2ea(n)uln).

0 €Ty, 7762% &

We set C§ := 1/(Cy 4+ C5 + 4CsC12), then we have
A(n.k) > 0325 po

if n is odd. Finally, we set C3 = min{C%,C$} = C¢ = 1/(Cy + C5 + 4CC2), then we
conclude that

A(n,k) > Cs 25 i
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