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Abstract

Let the sample correlation matrix be W = YY7, where Y = (yi;)pn with y;; =
zij/\/ > -1 7. We assume {z;; : 1 < i < p,1 < j < n} to be a collection of
independent symmetrically distributed random variables with sub-exponential tails.
Moreover, for any ¢, we assume z;;,1 < j < n to be identically distributed. We
assume 0 < p < n and p/n — y with some y € (0,1) as p,n — oo. In this paper,
we provide the Tracy-Widom law (7'W) for both the largest and smallest eigenvalues
of W. If x;; are i.i.d. standard normal, we can derive the T'W; for both the largest

and smallest eigenvalues of the matrix R = RRT, where R = (7ij)p.n With r;; =
(zij — i) /() 2]y (wij — )%, T = 07! 307, iy
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1 Introduction

Suppose we have a p-dimensional distribution with mean p and covariance matrix
Y. In recent three or four decades, in many research areas, including signal process-
ing, network security, image processing, genetics, stock marketing and other economic
problems, people are interested in the case where p is quite large or proportional to
the sample size. Naturally, one may ask how to test the independence among the p
components of the population. From the principal component analysis point of view,
the independence test statistic is usually the maximum eigenvalue of the sample covari-
ance matrices. Under the additional normality assumption, Johnstone [12] derived the
asymptotic distribution of the largest eigenvalue of the sample covariance matrices to
study the test Hy : X = I assuming p = 0.
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Extreme eigenvalues of sample correlation matrices

However, sample covariance matrices are not scale-invariant. So if © = 0, John-
stone [12] proposes to perform principal component analysis (PCA) by the maximum
eigenvalue of the matrix W = YY 7, where

11 12 - Tin

[l Tlxal] [[1]]
Y = (Yij)pn = : : : : . (1.1)

Tpl Tp2 . Tpn

Mxpll TTxpll IEN]
Here x; = (41, -+ ,%in)’ contains n observations for the i-th component of the pop-
ulation, i = 1,--- ,p, and || - || represents the vector norm. Unfortunately, one can not

derive the limiting distribution of the largest eigenvalue of W by Johnstone’s machinery
for one decade.

Performing PCA on W amounts to PCA on the sample correlations of the original
data if © = 0. So for simplicity, we call W the sample correlation matrix in this paper.
From now on, the eigenvalues of W will be denoted by

0< A <A< <A

Then the empirical distribution (ESD) of W is defined by

1 P
Fy(z) = ’ D 1p<ay-
i=1

The asymptotic property of F}, was studied in [11] and [2]. For the almost sure conver-
gence of A\; and ), see [11].

In this paper, we will study the fluctuations of the extreme eigenvalues A\, A\, of W
for a general population, including multivariate normal one. The basic assumption on
the distribution of our population throughout the paper is

Condition C;. We assume z;;,1 < ¢ < p,1 < j < n to be independent symmetri-
cally distributed random variables with common variance 1. And for any ¢, we as-
sume x;1,---,x;, to be i.i.d. Furthermore, we request the distributions of the x;js
have sub-exponential tails, i.e., there exist positive constants C,C’ such that for all
1<i1<p,1<j<nonehas

P(jz;;| > 1) <e™
for all t > C’. And we also assume p/n — y as p,n = n(p) — oo, where 0 < y < 1.

Remark 1.1. The sample correlation matrix W is invariant under the scaling on the
elements x;;, so the assumption Var(z;;) = 1 is not necessary indeed. We specify it to
be 1 here just for convenience.

Remark 1.2. Owing to the exponential tails, we can always truncate the variables so
that |z;;| < K with some K > logo(l) nforalll <i < p 1 <j <n. Itiseasyto
see that the truncated matrix equals to the original one with probability 1 — o(1). Note
that z,;; are symmetric and x;1,--- ,¥;, are Li.d for any 1 < ¢ < p, thus the truncated
variables x;11{|4,. <K} > Tinl{|ai. <K} are still symmetric and i.i.d for any 1 < i < p.
Moreover, as mentioned above, the sample correlation matrix is invariant under scaling,
so we can adjust the variances of the truncated variables to be 1 by scaling. Therefore,
without loss of generality. We can always work with the condition C; and the additional
assumption that |z;;| < K with some K > logo(l) nforalll <i<p 1<j<n.
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Extreme eigenvalues of sample correlation matrices

A special sample correlation matrix model is the Bernoulli case, i.e. z;; takes value
of 1 or —1 with equal probability. Notice that if z;; are Bernoulli, we always have for all
1<i<p

HXiH2 = xz?l +oee +x?n =n.
As a consequence, the sample correlation matrix with Bernoulli elements coincides with
its corresponding sample covariance matrix for which the limiting distribution of the
extreme eigenvalues are well known under some moment assumptions. One can refer
to [4],[10], [13], [15] and [20]. We only summarize their results for the special Bernoulli
case as the following theorem.

Theorem 1.3 (Bernoulli case). For the matrix W in (1.1), if x;; are £1 Bernoulli vari-
ables, we have
n)\p _ (p1/2 + n1/2)2
(nl/2 + p1/2)(p=1/2 4 n=1/2)1/3

s T,

and

n\; — (p1/2 _ n1/2)2
(n1/2 —p1/2)(p*1/2 _ n*1/2)1/3

s Tw,.

as p,n — oo with p/n — y € (0,1).

Here T'W, is the famous Tracy-Widom distribution of type 1, which was firstly raised
by Tracy and Widom in [19] for the Gaussian orthogonal ensemble. The distribution
function F(t) of TW; admits the representation

1 o0
Fi(t) = exp(— / l4(2) + (z — t)q(z)?)dz),
t
where ¢ statisfies the Painlevé I equation
q" =tq+2¢%, q(t) ~ Ai(t),as t — oo.

Here Ai(t) is the Airy function.
The main purpose of this paper is to generalize Theorem 1.3 to the population satis-
fying the basic condition C;. Our main results are the following two theorems.

Theorem 1.4. Let W be a sample correlation matrix satisfying the basic condition C;.

We have
Mo = DB gy,
(n1/2 + p1/2)(p71/2 + n*1/2)1/3
and
1/2 1/2\2
(n1/2 Ti)\;Jz)(]()p/u; 71 ;)1/2)1/3 ~5 T
asp — oo.

Remark 1.5. For technical reasons, it is convenient to work with the continuous ran-
dom variables z;;. As a result, the events such as eigenvalue collision will only occur
with probability zero (see Lemma 3.10). Because none of our bounds depends on how
continuous the z;; are, one can recover the discrete case from the continuous one by a
standard limiting argument by using Weyl’s inequality (see Lemma 2.2), especially for
the Bernoulli case.
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Extreme eigenvalues of sample correlation matrices

If the population is normal, then we can derive the Tracy-Widom law for both the
largest and smallest eigenvalues of the matrix R = RR’, where

T11—T1 Ti2—T1 . Tin—T1
lxi—z1ll  [lx1—z4]| [lx1—21|
R = (rij)pn = : : : : : (1.2)
Tp1—Tp Tp2—Tp . Lpn—Tp
[Ixp—Zp|| [Ixp—Zpl] [Ixp—Zp|]

Here z; = n~! Z?Zl x;; and x; —T; means each element x;; of x; will be subtracted by Z;,
i=1,---,p. We denote the ordered eigenvalues of R by 0 < A\;(R) < --- < A,(R) below.
Actually R is the sample correlation matrix when the population mean is unknown.

Theorem 1.6. For the sample correlation matrix R with i.i.d N(0,1) elements, ifp/n —
y € (0,1), we have

nAp(R) — (p'/? +n'/2)?

(n1/2 + pl/2)(p=1/2  n—1/2)1/3 5 Twh.
and
nA(R) — (P2l
(nl/2 — pl/2)(p=1/2 — n~-1/2)1/3 — T
asp — oo.

Throughout the paper, We will use C, Cy, C1, Cs, C’ to denote some positive constants
independent of p, which may differ from line to line. And we will use C,, to denote some
positive constants depending on the parameter a. The notation || - ||op, || - ||» represent
the operator norm and Frobenius norm of a matrix respectively. And || - || represents a
Euclidean norm of a vector.

And we will use the following ad hoc definitions on the frequent events provided in
[16].

Definition 1.7 (Frequent events, [16]). Let E be an event depending on n.

e F holds asymptotically almost surely if P(E) =1 — o(1).

e E holds with high probability if P(E) > 1 — O(n~¢) for some constant ¢ > 0 (indepen-
dent of n).

e E holds with overwhelming probability if P(E) > O¢(n~%) for every constant C > 0.
e F holds almost surely if P(E) = 1.

The main strategy is to prove a so-called “Green function comparison theorem”,
which was raised by Erdos, Yau and Yin in [9] for generalized Wigner matrices. Very
recently, Pillai and Yin provided an analogous comparison theorem for sample covari-
ance matrices in [14]. Moreover, a rigidity result was derived for a class of matrices
including sample correlation matrices, which is crucial for our proof (see Theorem 1.5
of [14]). Different from the Wigner matrix case, the authors of [14] used a strategy to
replace the matrix entries column by column instead of replacing entries one at a time
in the swapping procedure. We will pursue this strategy to sample correlation matrices
to provide a “Green function comparison theorem” to the sample correlation matrices
obeying the assumption C; in Section 4, see Theorem 4.3. Then by the comparison
theorem, we can compare the general distributed case with the Bernoulli case to get
Theorem 1.4. And as an application, we can also get Theorem 1.6.
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Our article is organized as follows. In Section 2, we state some basic tools, which
can be also found in the series work [16], [17], [18] and [20]. And we provide some
main technical lemmas and theorems in Section 3. The most important one is the so-
called delocalization property of singular vectors, which will be shown as an obstacle
to establish the Green function comparison theorem in the sample correlation matrices
case. And in Section 4, we provide a Green function comparison theorem (Theorem
4.3). The proof is a combination of Pillai and Yin’s arguments in [14] and the delocaliza-
tion property of singular vectors proved in Section 3. In Section 5, we state the proofs
for our main results: Theorem 1.4 and Theorem 1.6.

2 Basic Tools

In this section, we state some basic tools from linear algebra and probability theory.
Firstly, we denote the ordered singular values of Y by

then we have o; = /\3 /2 If we further denote the unit right singular vector of Y corre-

sponding o; by u; and the left one by v;, we have
Yu; = o;v; (2.1)
and
YT, = oju;. (2.2)

Below we shall state some tools for eigenvalues, singular values and singular vectors
without proof.

Lemma 2.1 (Cauchy’s interlacing law). . Let 1 <p <mn

(i) If A,, is an n x n Hermitian matrix, and A,_, is an n — 1 x n — 1 minor, then
Al(An) < )\1(14"_1) < )\H—l(An) foralll <i<n.

(ii) If A, p is a pxn matrix, and A, ,—1 is a p—1xn minor, then o;(A, ) < 0;(App-1) <
oi+1(Anp) forall1 <i <p.

(iii) If p < n, Anp is ap X n matrix, and A,,_1 , is ap X n — 1 minor, then o;_1 (A, p) <
0i(An—1,) < 0i(A,p) forall 1 < i < p, with the understanding that o¢(4,,) = 0. (For
p = n, one can consider its transpose and use (ii) instead.)

Lemma 2.2 (Weyl’s inequality). Let1 <p<n

o If M, N are n x n Hermitian matrices, then ||\;(M) — X\;(N)|| < ||M — Nl||,, for all
1<i<n.
o If M, N are p x n matrices, then ||o;(M) — o;(N)|| < |[|M — N||op forall1 <i <p.

The following lemma is on the components of a singular vector, which can be found
in [18].

Lemma 2.3. [18] Letp,n > 1, and let

Ay = (Apes B)
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be a p x n matrix with h € CP, and let ( ) be a right unit singular vector of A, ,, with
singular value o;(A,,,), where x € C and u € C"~!. Suppose that none of the singular
values of A, ,,_1 is equal to 0;(A, ). Then

jof? = !
min(p,n—1 0j(Apn—1)> ’
L Somen D) o Ol gt [0 (Apn) - B2

where {vi(Apn-1),"** , Vmin(p.n—1)(Ap,n—1) € CP} is an orthonormal system of left singu-
lar vectors corresponding to the non-trivial singular values of A, ,,_, and
vj(Apn—1)-h =v;(Apn_1)*h withv;(A, ,—1)* being the complex conjugate of v;(A, n—1).

A,
Ap,n _ ( Pl*l,n>

for some | € C", and (v?,9)T is a left unit singular vector of A, ,, with singular value
0i(Ap.), wherey € C and v € CP~!, and none of the singular values of A,_1 ,, are equal
to o;(Ap ), then

Similarly, if

ol = :
- min(p—1,n 0j(Ap_1n)?
S R 1 NS R
where {u1(Ap_1,n),"** , Umin(p—1,n) (Ap—1,n) € C"} is an orthonormal system right singu-

lar vectors corresponding to the non-trivial singular values of A,_1 .

Further, we need a frequently used tool in the Random Matrix Theory: the Stieltjes
transform of ESD Fj,(z), which is defined by

sl2) = [ @)

for any z = F +in with £ € R and n > 0. If we introduce the Green function G(z) =
(W — 2)~1, we also have

sp(2) = fTrG Zakk (2.3)

Here we denote G, as the (j, k) entry of G(z). As is well known, the convergence of
a tight probability measure sequence is equivalent to the convergence of its Stieltjes
transform sequence towards the corresponding transform of the limiting measure. So
corresponding to the convergence of F,(x) towards Fi/p,(z), the famous Maréenko-
Pastur law Fysp,,(z) whose density function is given by

1
PMPy = Sy (b—z)(x —a)lyy(x), (2.4)
f )2, sp(z) almost surely converges to the Stieltjes

where a = (1 — /y)%,b
(2

=1+
transform s(z) of Fisp,(z). Her

l-—y—z2+/(-1-y?2 -4y

29z (2.5)

s(z) =
where the square root is defined as the analytic extension of the positive square root of
the positive numbers. Moreover, s(z) satisfies the equation

1

s(z) + e prp =0. (2.6)
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If we denote the k-th row of Y by yf and the remaining (p — 1) x n matrix after
deleting y} by Y(¥), one has

W 1 yi Yy
T\ YWy, yOy®T |-

By Schur’s complement,

1
1—z—ylyOT(yMYyOT — 2)-1y Dy,
1

T o1 yIyOTy O)(yWTy () — z)~1y,’ (2.7)

Gu =

The formula of G is analogous. By (2.3), we have the following lemma on the decom-
position of s, (z):

Lemma 2.4. For the matrix W, we have

P
1
; 1—z—yly®OTY ®R) (Y ROTY (k) — 2)~ly,

sp(2) =

AR

The last main tool we need comes from the probability theory, which is a concentra-
tion inequality for projections of random vectors. The details of the proof can also be
found in [16].

Lemma 2.5. Let X = (&1,---,&,)T € C" be a random vector whose entries are inde-
pendent with mean zero, variance 1, and are bounded in magnitude by K almost surely
for some K, where K > 10(E|¢|* + 1). Let H be a subspace of dimension d and 7y the
orthogonal projection onto H. Then

2

P(|||7u(X)]| - Vd| > t) < 10exp(— {573

).
In particular, one has
|78 (X)|| = Vd + O(K logn)

with overwhelming probability.

3 Main Technical Results

In this section, we provide our main technical results: the local MP law for sample
correlation matrices, and the delocalization property for the singular vectors. Both
results will be proved under much weaker assumption than C;. We form them into the
following two theorems.

Let us introduce more notation. For any interval I C R, we use N; to denote the
number of the eigenvalues of W falling into I, and use |I| to denote the length of I.

Theorem 3.1 (Local MP law). . Assume thatp/n — y with0 <y < 1. And {x;; : 1 <i <
p,1 < j < n} is a collection of independent (but not necessary identically distributed)
random variables with mean zero and variance 1. If |x;;| < K almost surely for some
K = o(p'/©§%log~'p) with some 0 < § < 1/2 and some large constant C, for all i, j, one
has with overwhelming probability that the number of eigenvalues N; for any interval

I C [a/2,2b] with |I| > Kzggfp obeys

N —p / papy(@)da| < SplT] (3.1)
I

when p is sufficiently large.
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Remark 3.2. The topic of the limiting spectrum distribution on short scales was firstly
raised by Erdés, Schlein and Yau in [6] for Wigner matrices. Such type of results are
shown to be quite necessary for the proof of the famous universality conjectures in the
Random Matrix Theory, for example, see [8] and [16].

Remark 3.3. The local MP law for sample covariance matrices was proved in [8], [18]
and [20]. And a strong type of the local MP law has been established for more general
matrix models in a very recent paper of Pillai and Yin, see Theorem 1.5, [14]. In fact,
from Theorem 1.5 of [14], one can get a more precise bound than that in (3.1) if we
replace parp,(x) by the nonasymptotic MP law pw (x) defined in Section 4. Moreover,
Pillai and Yin’s strong local MP law also provides some crucial estimates on individual
elements of the Green function G, which will be used to establish our Green function
comparison theorem in Section 4.

Theorem 3.4 (Delocalization of singular vectors). Under the assumptions of Theorem
3.1 and ]Ex?j = 0, if we assume x;js are continuous random variables, then with over-
whelming probability all the left and right unit singular vectors of W have all compo-
nents uniformly of size at most p~1/2KC0/210g%W) p.

Remark 3.5. Note that a little weaker delocalization property for the left singular
vector v; can also be found in Theorem 1.2 (iv) of Pillai and Yin [14].

Now if we denote

Jn o vn

¥ — ) ) ) ) 7
Tpl  Tpz . Tpn
Jn  Jn vn

then S := X X7 is the sample covariance matrix corresponding to W. We further denote
the ordered eigenvalues of S by 0 < A\; <--- < A, and introduce the matrix

By Theorem 5.9 of [1], we have 5\1, = b+0(1) holds with overwhelming probability. In fact,
it is easy to see A\; = a + o(1) holds with overwhelming probability as well by a similar
discussion through moment method. Observe that W = DSD, and ||D — I||,p, = o(1)
holds with overwhelming probability. By Lemma 2.2, we also have

M =a+o(l), Ap=b+0(1) (3.2)
holds with overwhelming probability. So below we always assume \; € (a/2,2b),1 <14 <
p.

The proof of Theorem 3.1 is partially based on the lemmas of Section 2. It turns out
to be quite similar to the case of sample covariance matrices and Wigner matrices, see
[71, [8], [18] and [20]. However, the delocalization of the right singular vector u; of Y is
an obstacle, owing to the lack of independence between the columns of Y.

For the convenience of the reader, we provide a short proof of Theorem 3.1 at first.
Our main task in this section is the proof of Theorem 3.4, more precisely, the right
singular vector part of the theorem.
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Proof of Theorem 3.1. To show the local MP law, we will pursue the approach provided
in [8]. Though the argument in [8] was presented for the sample covariance matrices,
with slight modification it can also be used to the sample correlation matrices. We need
the following crude upper bound on Ny at first.

Lemma 3.6. Under the assumptions of Theorem 3.1, we have for any interval I C R
with |I| > K?log® p/p, and large enough C > 0

N < CplIj
with overwhelming probability.

Proof. Firstly we introduce the notation
W) — Y(k)y(k)T’ wk) — y(k)Ty(k)’ Gk — (W(k) _ z)fl, g(k) — (W(k) _ z)fl.

Let \),a = 1,---,p — 1 denote the eigenvalues of the (p—1) x (p — 1) matrix W,
Thus )\él),a =1,---,p — 1 are also the eigenvalues of the n x n matrix W), whose
other eigenvalues are all zeros. We further use v, to denote the eigenvector of W)
corresponding to the eigenvalue )\&1), and introduce the quantity

n

n 2 ~
Xy val? = g (3.3)
Talz el = e

ga = nb’l : Va|2 =
We can rewrite (2.7) as
1

1 -1 APe,
1-2— L300] 2g5ke

G = (3.4)

By Cauchy’s interlacing law, we also have )\((11) € [a/2,2b] with overwhelming proba-
bility. Then for any z = E + in such that E € [a/2,2b], we have

1 < Cipn

M =
n yp-1 Ao 'Ea NINE)
N+t a1 (/\&l)jE)Q-s-n? Za,\,\a —E|<n £a

ISGri| < (3.5)

for any k € {1,--- ,p}. Now we set I = [E — /2, E + n/2]. Notice that there always
exists some positive constant C5 such that

P
N; < CopnSsp(z) = anz SGrr. (3.6)
k=1

If we set C3 = (13, it follows from (3.5) and (3.6) that

P(N; > Cpn)

P
— IP(ZSGkk > C;'Cpand Ny > cpn>

k=1
< PP ) &< G0 'ppand Np> Cpn)
A —E|<n/2
n nd _
< ‘”]P<|x|2 Y & <CCT'ppand Np> Cpn>
D Ej<n/2
< pP([x1|* > 2n) + pP > & <2050 ppand Ny > Cp77>~ (3.7)
a: A —E|<n/2
EJP 17 (2012), paper 88. ejp.ejpecp.org
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The first term of (3.7) is obviously exponential small by the Hoeffding inequality. For
the second term, we use Lemma 2.5. Now we specialize X in Lemma 2.5 to be x; and
the subspace H to be the one generated by eigenvectors {v, : )\&1) € I'}. Thus one has

d= N; > Cpn > CK?log”n.

Then by Lemma 2.5 we have

S &= lmu@)? > S0

a:[ A —EB|<n/2

with overwhelming probability. This implies that the second term of (3.7) is exponential
small when C' is large enough. So we conclude the proof of Lemma 3.6. O

Now we proceed to prove Theorem 3.1. We follow the strategy in [8] to compare
sp(#) and s(z) with small imaginary part . In fact, we have the following proposition.

Proposition 3.7. Let 1/10 > n > % and Ly,Ls,¢,0 > 0. Suppose that one has the
bound

lsp(2) —s(2)| <0

with (uniformly) overwhelming probability for all z = E + in such that E € [L;, Lo| and
Sz > n. Then for any interval I C [Ly + ¢, Ly — €] with |I| > max(2n, 2 log 3 ), one has

|Ny — n/pMpyy(x)dx| < énll]|
I

with overwhelming probability.

Remark 3.8. Proposition 3.7 is an extension of Lemma 30 of [18] up to the edge, whose
proof can be found in [20]. In fact, the proof can be taken in the same manner as that
of Lemma 64 in [16] for the Wigner matrix.

So in view of Proposition 3.7, to prove Theorem 3.1, we only need to prove that the
bound

lsp(2) —s(2)] <0 (3.8)

holds with (uniformly) overwhelmlng probability for all z = F + in such that F € [a/2 —
€,2b+¢jand 1/10 > n > K> log . To prove (3.8) we need to derive a consistent equation
for s,(z), which is similar to the equation (2.6) for s(z).

Firstly by Lemma 2.4 we can rewrite s,(z) as

1 <& 1
splz) = — _—,
D=3 Ty

with
d = yT W g

Then the proof of (3.8) can be taken in the same manner as the counterpart of the
sample covariance matrix case (see the proof of formula (4.12) of [20]). We only state
the different parts below and leave the details to the reader. We remark here that we
consider the domain [Lq, Lo] = [a/2 — ¢,2b + €] rather than [a,b] in [20]. However, if
one goes through the proof in [20], it is not difficult to see that the proof towards any
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domain [L;, Ly] containing [a, ] is the same. The only minor difference between our
case and the sample covariance matrix in [20] is the estimation of d;. We will only deal
with d; in the sequel. The others are analogous. By (3.3) and (3.4), we have

1
d = - —_ + — (3.9)
a=1 /\g) -z n a=1 )‘g}) -z n a=1 )‘Otl) <
For the first term of (3.9) we have
124 )\S) p—1 P 1 p—1
=Y ==l =+ 2 (2),
[ )\&1) -z n " j=1 /\((11) -z n g

where

=
@ =-=7>

1
= Ag)—z

is the Stieltjes transform of the ESD of W(1). Then by the Cauchy’s interlacing property,
we have

1 1 1 1
52’*17*5(1)2:0*/76193:07.
() = (1= )o@ = O | o de) = 0( )
Consequently one has

1 AP —1

— AT + zgsp(z) + 0(6?). (3.10)

n AL n n

a=1 «

Now we provide the following lemma on the second term of (3.9).

Lemma 3.9. Forall 2 = E + in with E € [a/2 — ¢,2b+ | and n > £Z1og"n

uniformly in z with overwhelming probability.

Proof. We set R; = (¢; — 1). By (3.3) and the fact that

n K?log’n
=14+0(——) (3.11)
[l vn
holds with overwhelming probability, we have for any 7' C {1,--- ,p — 1}
n
SR = e S b T .12)
JET JET
By using Lemma 2.5, we have
Z\xl~1/j|2:T+O(ﬁKlogan210g2n>, (3.13)

jeT
where a V b = max(a, b). By inserting (3.11) and (3.13) into (3.12), we have
TK*log"n
>R lel~uj|2|T+0(ﬁ).

JET JET
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o)

If we choose T = log n, we always have

DRy = b wl? — [T] + 0(6%).
JeT JeET
Then the following part of the proof is the same as that in the sample covariance matrix

case. One can refer to the proof of Proposition 4.6 of [20] for details. O

Now we proceed to the proof of Theorem 3.1. By (3.9), (3.10) and Lemma 3.9 we
can get the following equation

1
= 3.14
(%) + B ytz—1+428s,(2) +0(0?) ( )
Now we claim that there exists a sufficiently large constant L > 0 such that
2sp(2)] < L (3.15)

if s,(2) satisfies the relation (3.14). Note that z = E + in, where F € [a/2 —¢,2b+ €| and
1/10>n > %. Thus we have

max{|z|,|§+z—1+o(52)|} <C (3.16)
for some constant C' > 0. From (3.14), we have
[sp(2)[|2285(2) + £ + 2 = 1+ 0(8%)] = 1.
n n
Thus by (3.16) one has
2sp(2)(B2sp(2) + 7 42— 14 0(0?)) < C
which implies

p p
2sp () Elzsp(2)] = 12+ 2 = 14+ 0(8?)] < C.

By assumption, for p large enough we have p/n > ¢ for some positive constant ¢, thus
it is elementary to see that there exists some positive constant L such that |zs,(z)| < L
by using (3.16) again. With the aid of (3.15) and the fact that |p/n — y| = o(1), we have

1 p—
y+z—1+yzsy(z) +0(62)

sp(2) + (3.17)
when p is sufficiently large such that |[p/n — y| = 0(6?). Then by a standard comparison
of (3.17) and (2.6) (see [20] for example), we have (3.8). Thus by Proposition 3.7 we
conclude the proof of Theorem 3.1. O

Now we turn to the proof of Theorem 3.4. At first, we introduce the matrix /V[7(n) =
}7(”)5}(3;) with

T11 12 Ti,n—1
a0l (1] [1%1]]
R To1 T2 T2,n—1
Ty = | TRl T el |
{pl I/\pZ wp/,\nfl
1%pll  [I%pll IEA
where
B T
Xj = (@1, %2, Tjn-1)

We will need the following lemma on eigenvalue collision.
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Lemma 3.10. If we assume the random variables z;js are continuous, we have the
following events hold with probability one.

i): W has simple eigenvalues, i.e. A\; < Az < -+ < A,.

ii): W and W () have no eigenvalue in common.

iii): W and W(n) have no eigenvalue in common.

The proof of Lemma 3.10 will be postponed to Appendix A.

Proof of Theorem 3.4. The proof for the left singular vectors is nearly the same as the
sample covariance matrix case shown in [20] by using Lemma 2.3, ii) of Lemma 3.10
and Theorem 3.1. Moreover, as we have mentioned in the Remark 3.5, a slightly weaker
delocalization property for the left singular vectors has been provided in [14]. So we
will only present the proof for the right singular vectors below.

Below we denote the k-th column of Y by hj, and the remaining px (n—1) matrix after
deleting hy by Y(;). Note that Y, is not independent of the last column h,,. However,
for the sample covariance matrix case, the independence between the column and the
corresponding submatrix is essential for one to use the concentration results such as
Lemma 2.5. To overcome the inconvenience caused by the dependence we will use the
modified matrix Y(n) defined above. Notice that the matrix Y(n) is independent of the
random vector (z1,, Ty -+ , Tpn) L.

Now we define

A1 =YY =¥,

n)

Yin),
and R
Dy =Y =Y. (3.18)
The following lemma handles the operator norms of A; and As.
Lemma 3.11. Under the assumption of Theorem 3.4, we have

K2
1A1lop: [[A2lop = O(=~)

with overwhelming probability.
Proof. Observe that
T T T % UT AT
Ay = (Yv(n) - Yr(n))yv(n) + )/(n) (Y—(n) - Yv(n)) = A2}/’(n) + Yv(n)AQ :

We only discuss the second term since the first one is analogous. It is easy to see the
entries of AZ satisfy

Tij T ij (1% = 1%l *) 2 i

— — m

il (1%l xalllRall(beall + 11201 [l (el |+ T1%all) (1%l
It follows that

OT AT . _OT AT
YAz = =Y AsYim),
where Aj is a p x p diagonal matrix with (¢,4)-th entry to be

2
Lin

[l (1]l | + [1%ill)”

Thus it is easy to see

K2
‘|A3||0p - O( )
with overwhelming probability. Together with the fact that H}A’(n)Hop < C holds with
overwhelming probability, we can conclude the proof of Lemma 3.11. O
EJP 17 (2012), paper 88. ejp.ejpecp.org
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Now we proceed to the proof of Theorem 3.4. If we denote

where z is the last component of u;. Without loss of generality, we can only prove the
theorem for z. Notice that u; is the eigenvector of W = YTY corresponding to the
eigenvalue )\;. From

T T
o ) )
z) "\z)
WY,y  hlh,
we have
Y YW + 2Y iy hn = AW, (3.19)
and
hEY W + zhlh, = Nz (3.20)

(3.19) can be rewritten as
(Y(n) )+ AW+ x(Y(”) + Ag)hy, = Aiw.
It follows that

(?@)fﬁn) —Ai)w = —xf/(ﬂ)hn —xlohy, — Agw. (3.21)

Note that }Af(z)f/(n) share the same nonzero eigenvalues with /W(n), so by iii) of Lemma

3.10, we can always view that the matrix 57(2)}7(”) — \; is invertible. Consequently,

Wl = [aY i+ 280k + Arw]T (Y Vi) — X) "2 [aY (5 i + 2800, + Agw]

n)

If + = 0 then Theorem 3.4 is evidently true. Consider x # 0 below. Together with the
fact that 22 = 1 — ||w||?, we have

9 1

xr = e~ = = =
+ D/(Z:)hn + Agh,, + l'ilAlW]T(Yv(Z:))/(n) - )\1)72[}/—(£)

hn + Ath + $71A1W] .

Now if we use 5\j to denote the ordered nonzero eigenvalue of 37(2)17(”) and 4; the
corresponding unit eigenvector. And set the projection

p

D _ A AT

P=1- g Ujt; .
Jj=1

Then by the spectral decomposition one has

1
2= , (3.22)
1+37% iy A |, - (Y(n hp + Dohy + 271 A1 wW)|2 + A

where

1 ~ ~

A= P||P(Y(£)hn + Aghy + 27 A W) 2

(2

EJP 17 (2012), paper 88. ejp.ejpecp.org

Page 14/32


http://dx.doi.org/10.1214/EJP.v17-1962
http://ejp.ejpecp.org/

Extreme eigenvalues of sample correlation matrices

Therefore to show |z| < n=Y/2K%/210gM p, it suffices to prove

p

1 ~
Z mh}a . (}/(Z;)hn + Ath + x_1A1W)|2 Z TLK_CU logfo(l) n. (323)
j

j=1

To verify (3.23), we need to separate the issue into the bulk case and the edge case.
Before that, we shall provide the following lemma which will be used in both cases.

Lemma 3.12. If we denote the unit eigenvector of W(n) corresponding to 5\j by 9,
under the assumption of Theorem 3.4 we have for any J C {1,---,p} with |[J| = d <
nk =3,
VALY (65 - ha)?M? = Vi 4 O(K logn)
jeJ
with overwhelming probability.
We will postpone the proof of Lemma 3.12 to Appendix B. In fact, it can be viewed

as a minor modification of Lemma 2.5.

Now we decompose the proof of Theorem 3.4 into two parts: bulk case and edge
case.

e Bulk case: \; € [a +¢,b— €] for some e > 0

Note that the local MP law (Theorem 3.1) can also be applied to the matrix XA’(?TL)}A/(H).

Thus we can find a set J C {1,---,p} with [J| > K2log?’n such that \; = \; +
O(K?1og®° n/n) for any j € J when ), is in the bulk region of the MP law. It follows that

1 ~

jeJ ()‘J - >‘2)2
2
n ~ S —

jeJ

By the singular value decomposition, we have

iy - Y ho = A 205 - . (3.25)
Now we compare
> liy - Yo hal* =D 185 - bl (3.26)
JjeJ jeJ
with
> iy - (Dghy + 27 Ayw)|? (3.27)

jeJ

for any J C {1,---,p} such that K2?log?’n < |J| < nK 3.

If || < n~1/2K%%/210g°M p, then we get the conclusion for the bulk case. So we
assume |z| > n~1/2KC0/2 1og®™M) n below to get (3.23). By Lemma 3.11, if we choose
Cp > 20 (say), we have

(3.27) 2171(182lopl hnl)? + 22721 |([| As [lop | 1W]])?

<
< \J|n_1K_C°/2 logfo(l)n (3.28)
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with overwhelming probability. On the other side, Lemma 3.12 implies
(3.26) = Cn~Y(|J| + O(K*log® n)) (3.29)
with overwhelming probability. So one has

> ity Y bl > ity - (Aghn + 27 Ayw) %, (3.30)
JjeJ jeJ

where > means “much larger than", i.e.

(Z ;- (Aghy, + x_1A1W)|2)/<Z a; %hnﬁ) — o(1).

JjeJ jeJ

Notice that for any real number sequence {51, -+, S, } and {T1,- -+, T,,,} with }7" | S? >
S, T?, there exists some ¢ near 1 such that /", (S; + T;)? > ¢>_i" | S?. Therefore by
(3.29),(3.30) and (3.24) we can obtain

1 ~
g —— |, - (Y(z)hn + Aghy + 271 AwW)|2 > CnK 2 log™ " n,
jeJ ()‘J - )‘1)2

which implies (3.23) directly. So we conclude the proof for the bulk case.
Next, we turn to the edge case.
e Edgecase: a —o(1) < \; <a+eorb—e <\ <b+o(1) with some € > 0.

For the edge case we also begin with the representation (3.22). By (3.21), we have

w = —2(Y5 Yy = A) TV b+ Dshyy + 27 Ay w). (3.31)

n)
Inserting (3.31) and (3.18) into (3.20) we find
(}?(Z)hn + Ath)T(i}(E)/Y\'(n) - Al)il(i}(jnw)hn + Aghy, + xilAlw) = hghn — A
Furthermore,

e Wl AT (VE Yy = M) (Vo o + Dohyy + 271 Ay w))|
2 TAT —2 2 1 —2?
= 27w Ay wl < [a| T Adllop W™ = 1A flop——5—
Thus one has
(Y b+ Dol + 27 Ay w) T (VE Yy = M) (Y i + Dahyy + 27 Ay w)
1— a2
=hlh, =X+ 0 <||A1||opxz>. (3.32)
Similarly to the bulk case, we only need to get (3.23). Below we also assume |z| >
Cn=1/2KC0/210g%M) p to get (3.23). Similar to (3.28), by using Lemma 3.11 we have

iy - (Dohy, + 27 A w)[2 < n LK C0/210g70W g, (3.33)
Moreover, by Lemma 3.12 and (3.25), we also have

;- Y hal? = A0y - h| < O K2 log?n (3.34)
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with overwhelming probability. Thus to provide (3.23), it suffices to show

1 N
mmg‘ (Vb + Dohy + 27 Ayw)|* > K902 1og™ %Wy
1 J T

p

J

instead. By the Cauchy-Schwarz inequality, we only need to prove

1 ~
> mmj (Y b+ Dohy + 27 Ayw)|? > log W n (3.35)
i—T_<j<i4+Ty 17N — M

with overwhelming probability for some 1 <7 < T, < K? logo(l) n.
Notice that under the assumption |z| > Cn~/2K%%/210g°" n, by Lemma 3.11 we
have
1— 22
HA1||0107 = o(1).
Moreover, it is not difficult to see hlh, =y + o(1) with overwhelming probability. Thus
by (3.32), we have with overwhelming probability

p
1 R ~ o 1 ~ ~ o
J N v

j=1

= hihn = Xi + O(| At [op—5—) =y = Xi + 0(1).

1— 22
22

Observing that
PY{ hy =0
and
I1P(Ashy + 27 Agw)|[> < n 7,

we also have

~

i (Yoo + Dohy + 27 Ay w)|? =y — A + o(1). (3.36)

p
j=

1 N
Ai\u
1 ()‘j - )‘i)
So to prove (3.35) we only need to evaluate
1 ~
> i - (Y5 b + Dol + 27 Ay w) 2. (3.37)
j<i—T_ or j>i+Ty ()‘j - A\i)

To do this, we let A > 100 be a constant large enough. For any interval I of length

|I| = K2log” n/n, we set d; := w where

dist(A;, I) = meujl [Ai — xlsgn(A;, I).

Here sgn(\;, I) = 1(resp. —1) when ); is on the left (resp. right) hand side of I.

By Theorem 3.1, the interval I with |d;| < logn contains at most K2 1ogo(1) n eigen-
values. So we can set T_, T accordingly so that such intervals don’t contain any 5\j if
j<i—T_orj>i+T;. Inthe following we only consider I such that |d;| > logn in the
estimation of (3.37). Note that for ;\j el,

1 1 1
@)
Ol

).

A= dild|
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Using (3.33) and (3.34) again one has
2\(ity - Y5y ) (i1 + (Dah + 27 Ayw)| + [dy - Aok + 27 iy - Aywl?
< Cn K90 1og70(1) n
when |z| > n"1/2K%/216g°1) . Thus we can find

1 Lo N - N “1g
2 e 2l FEhn) - (Bahn +a™ 1wl + [ Aok +7'a - Arw?)
jelr 1N — M

< CiNl K—°Wm log_o(l) n < CLK_O(I) log_o(l) n. (3.38)
|dr||I|n |dr]
Here we used Lemma 3.6 in the last inequality. Now we partition the real line into
intervals I of length K2 logA n/n, and sum (3.38) over all intervals I with |d;| > logn.
Then

Z iK_O(l) log %M n = o(1).
T

So we can evaluate

1 .o Aj .
X gl Ykt = D0 sl (339)
j<i—T_ or j>i+Ty \"\Jj i J<i—T_ or j>i+Ty \\J i

instead of (3.37). The evaluation of (3.39) is really the same as the counterpart in the
sample covariance matrix case (see (4.5) in [20]) by inserting Lemma 3.12, so we omit
the details here. In fact, we can finally get

A

j<i—T_ or j>i+T4 ( Y /\l)

b
T
P-U/a ymPMP,y(x)derO(l)

b
Y+ N p.v./ wdm +0(1)
a xTr — )\1

where p.v. means the principal value.
Using the formula for the Stieltjes transform s(z), one can get from residue calculus
that for \; € [a,b],

p.v. /ab 7'01;4113’;?) dx = 17y=A _2‘7;)\: )\i,
and for \; ¢ [a, b]
p. /: punyle)y, 1=y=dit é(;;i 1=y — 4y
Consequently by the definition of a and b, if |\; — a| < o(1), we have
(3.36) = —1+2/5 +o(1), (3.39) = /5 + o(1).
And if |A\; — b| < o(1), we have

(3.36) = =1 — 2/y +o(1), (3.39) = —/y + o(1).

Then it is easy to see when 0 < y < 1, (3.35) holds with overwhelming probability
for the case where |\; — a| = o(1) or |\; — b| = o(1). Moreover by continuity we can
adjust the value of € to get the conclusion for the general case a —o(1) < A\; < a+e€or
b—e <\ <b+o(1). Thus we complete the proof of the delocalization for u;. O
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4 Green function comparison theorem

In this section, we provide a Green function comparison theorem for the sample
correlation matrices satisfying C;. The proof heavily relies on the recent results of
Pillai and Yin [14] on sample covariance matrices and the delocalization property for
the right singular vectors proved in the last section. At first, we will borrow some
results from [14] directly with only minor notation change. In fact, by Theorem 1.5 in
[14], it is not difficult to see Theorem 1.2 and Theorem 1.3 of [14] also hold for sample
correlation matrices under our basic condition C;.

To state the results in [14], we need to introduce some notation. Define the param-
eter

¢ == (logp)'°s'os?,
and
A= (1 (2)1/2)2,
n

Moreover we introduce the “nonasymptotic Marchenko-Pastur law ”

VO —2)@ = A)1p s (@)

n

pw (z) = Smap

and the corresponding distribution function Fy (z) and Stieltjes transform

SW(Z):/]RpW(x)dx.

T —z
For ¢ > 0, define the set
S(C):={2€C:0<E <t Spt<n< 10(1+%)}. 4.1)

And we say that an event ) holds with (-high probability if there exists a constant C' > 0
such that

P(0Q°) < p© exp(—¢°) (4.2)

for large enough p. Note that (4.2) implies that the event 2 holds with overwhelming
probability if { > 0. We further denote

Ag = max |Grr — sw(2)], Ap:= 1212(|le|, A=sp(2) — sw(2)].

Lemma 4.1 (Theorem 1.5, [14]). Under the condition C;, for any { > 0 there exists a
constant C; such that the following events hold with (-high probability.
(i) The Stieltjes transform of the ESD of W satisfies

1
N {A(Z) < wc‘} :
2€8(C¢) pn
(ii) The individual matrix elements of the Green function satisfy
) 1
N {Ao<z> + Aa(2) < 0% ( Sswlz) | ) } .
2€8(Ce) pn b1
(iii) Uniformly in E € R,
|Fp(E) — Fw (E)| < ¢%p~".
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We also need the following lemma on sy (z).

Lemma 4.2 (Lemma 26, [14]). Set x := min(|]A\y — E|,|E — A_|). For z = E +in € S(0),
(see (4.1)) we have the following relations:

lsw(2)] ~ 1, |1 = sty (2)] ~ VE+1, (4.3)
s if k>n and |E|¢ -\
Ssw(z) ~ (4.4)

VE+T1 if k<mn and |E]€[A_, (]
where A ~ B means C~'B < A < CB for some constant C. Furthermore

Ssw(2) Ssw(2)

pn
Now we set YV = (y};) := (23;/[[x}||)p,n, with elements z}; satisfying our basic con-
dition C;. Correspondingly we let WY = YVYVT, GV(z) = (WY — 2)~! and s)(z) =
]%TTG"(Z). Define the matrix WV, the Green function GV (z) and the Stieltjes trans-
form s)/(z) analogously for another random sequence {z}}} satisfying C; which is in-
dependent of {z};}. The aim in this section is to prove the following Green function
comparison theorem.
Below we only state the results and proofs for the largest eigenvalue. The smallest
one is just analogous.

1
ZO(};) and Oy <0.

Theorem 4.3 (Green function comparison theorem on the edge). . Let F': IR — R be a
function whose derivatives F(®) satisfy

max [F((2)|(Jz| + 1)"* < €1, a=1,2,3,4

with some constant C; > 0. Then there exists ¢y > 0 depending only on C such that for
any positive € < ¢y and for any real numbers E, F, and E, satisfying

B —Ap| <p 23T, By — Ay | < p 23T, By — Ay | < p /R

and n = p~2/3~¢, we have
[EYF(pnSsy (2)) — EYF(pnSsy ()| < Cp~ /079 2 = E+in, (4.5)
and
E2 E2
E"F(p/ dzSsy (x +in)) — E“’F(p/ daSsY (x +in)) | < Cp /010 (4.6)
E1 El

for some positive constant C' and large enough p.

Proof of Theorem 4.3. The proof is similar to that of Theorem 6.3 of [14]. Moreover, the
proof of (4.6) can be taken in a same manner as that of (4.5), so we will just present
the proof for (4.5) below. The basic strategy is to estimate the successive difference
of matrices which differ by a row. For 1 < v < p, we denote by Y, the random matrix
whose j-th row is the same as that of YV if j <+ and that of YV otherwise; in particular
Yo=YVandY, =Y". And we set

W, =YY
We shall compare W, _; with W, by using the following lemma. For simplicity, we denote
sé)(z)ZETrG()(z), sé)(z):sé)(z)f];.
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Lemma 4.4. For any sample correlation matrix W with elements satisfying the basic
assumption Cq, if |[E — Ay| < p~2/3t¢ and p=2/3 > n > p~2/3¢ for some small enough
€ > 0, then we have

EF(pnSsp(2)) — BF (S5 (2)) = AV, my,ma) + O(p~7/07¢)
where the functional A(Y(i),ml,mg) only depends on the distribution of (¥ and the
first two moments m, my of ;;.
Remark 4.5. We always assume m; = 0, my = 1 in our case.

Note that

M _
w W§7),

y—1 7
thus Lemma 4.4 implies that
EF (nSTr(W,_1 — 2)"") — BF (STr(W, — 2)~") = O(p~/6+7%).

Then the proof of Theorem 4.3 can be completed by the telescoping argument.

Therefore it suffices to prove Lemma 4.4 in the sequel. To do this, we need to provide
some bounds about G(*). We only state the result for i = 1 as the following lemma since
the others are analogous.

Lemma 4.6. Under the assumptions in Lemma 4.4, we have for ¢ > 0 small enough,
Iy (GM) 2y | < p/3ree 4.7)
and
(6Nl <P 1612y < pM/PHCe (4.8)
hold with overwhelming probability.

The proof of Lemma 4.6 will be postponed to the end of this section. Now we begin
to prove Lemma 4.4 assuming Lemma 4.6.

Proof of Lemma 4.4. The proof is in a similar manner to that of Lemma 6.5 in [14]. At
first we rewrite (2.7) as

1
G = 4.9
Uy T (2)yy 9
by using the facts that
WG (z) =T+ 260 (2), yly1=1.
Moreover, by Schur’s complement, we also have
Ty (T ((1))2y (1)
TrG — TrGW = Gy + 22 (T 3 Y1 (4.10)
—z—zy1 GW(2)y1
Inserting (4.9) and the identity
y(l)T(G(l))2y(1) - W(l)(g(l))2 =gW 4 Z(g(l))Z
into (4.10) we can get
TrG —TrGW + 271 = 2611 (y T (6M)2(2)y ). (4.11)
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Now we define the quantity B as

B = —zsw(2) {leg(l)(z)yl - (ZSV‘VI(Z) - 1)} .

Thus by (4.9) we have

RN iy e

By (i¢) of Lemma 4.1 and (4.4) we can get
|B‘ < p—1/3+Qe <1

with overwhelming probability. Thus we have the expansion

_swiz) k
Gll = B 1 = Sw(z) Z(—B) . (4.12)

Now we set

¢ :=n(TrG — TrGM + 271,

It follows from (4.11) and (4.12) that

¢ =nzGny; (G1)? Zm,

where

on = nzsw (2) (= B)*'y1 (G v
Since z and sy (z) are O(1) by (4.3), by definitions and Lemma 4.6, we have

|¢k| < O(p—k/3+Ce) and ‘(bl < O<p—1/3+Ce) (4.13)

with overwhelming probability. Thus we have

with overwhelming probability.

Similarly to the counterpart proof of Lemma 6.5 in [14], we only need to show
EF® (pnSs) (2))(S)" = AV, my,ma) + O(p~*/3C9), k=1,2,3 (4.14)

with some functional A, only depending on the distribution of Y(!), m; and ms.
Since the proof of (4.14) is similar to the counterpart in [14], we will only state the

proof for £ = 3 below. We use IE; to denote the expectation with respect to y; in the
sequel. By using (4.13) we obtain

FO (oS50 (2))(S9)? = FO (mS3lH (2))(S61)? + O(p*/31C<) (4.15)
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with overwhelming probability. If we write 1 = R(nzsw(2)),r2 = S(nzsw(z)), then we
have

Ei(3¢1)° = Evri(S(yi(GW)*y1))* + Eird(R(y{ (GV)*y1))?
+3Erir2(S(yT (W) y1)*(R(yT (W) %y1))
+3Emr3 (ST (G) y1) (R(yT () %y1))?

6 3
= Z El H || H in—lain
=1 =1

3(
3(

6 3
+T§ HéR (g(l))Q)k2L717k2’L
ki, ,k =1 =1
6
+3r173 Z El(H ||I;1€1|)H§R((g(l))2)kzl 1 km(\((g 1))2)195,1%
ki, ,ke i=1 i=1
6 2
st 3 B TIS0 ), 0 RSV, 10
ki, ke i=1 i=1

Notice that if there exists a k; which appears only once in the above product, then
by the assumption that x;; is symmetric, we have

6
L1k,
E L) =0 =m,. 4.17
Al =o=m 417

So we first consider the case where k; appears exactly twice. Note that

6 __ 2 2 2 e 2 2 2 2 2 2
[[x1]|” = E T1hy T1ho Tlky = E Tk Tk Tlky T E T1hey Thog L1k s
ki,ka,ks (1) (2)

where the first summation goes through the indices kq, ks, k3 such that they are not
equal to each other, and the second summation goes through the left part of the indices.
Then it is not difficult to see the number of the terms in the second summation is of the
order O(n?). By the exponential tail assumption and the Hoeffding inequality, we can
see

2 2 2 o(1)
gy Tk, L1k log”" "' n
Eq =2 % — O ).
>ttt ot
Furthermore, since x11,--- ,x1, are i.i.d., we have for k1, k2, k3 not equal to each other
2 .2 .2 o(1) 3 o(1)
T Tk, L1k 1 log”" /' n ms log”""/'n
E 1 2 3 _ 1—-0(—=— )= —=24+0(—=——). (4.18
L a6 n Dy O ) = FO). d8)

Therefore by (4.16), (4.17), (4.18) and the fact that G(!) only depends on Y ("), we have

IE1(S61)% — As(YW 1y, ma)|
log o),

< TWSW DD MG ks ko [(GD) Tk s (D) o
(3)
6
+C|77ZSW( Z H g(l)) ] 17162[(g(l))z]k&’m[(g(l))2]/€57k5(4'19)
(4),(5) =1
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with some functional A; only depending on the distribution of Y(), m; and m,. Here
the first summation 3) in (4.19) goes through the terms such that each k;,i =1,--- ,6
appears exactly twice. It is easy to see that there are O(n?) such terms totally. And the
second summation goes through the terms such that (4) no k; appears only once and
(5) at least one k; appears three times. Thus we have the total number of the terms in
the second summation is of the order O(n?). Then by using Lemma 4.6 and the fact

6 o(1)
Tik log n
E
' E 1] —
we have
Eq(S¢1)° = AB(Y(l)»ml,mﬂ + O(p~2+¢) (4.20)

By inserting (4.20) into (4.15), we can get (4.14) for k = 3. The casesof k =1 and k = 2
can be proved similarly by inserting Lemma 4.6. So we conclude the proof. O

Now we begin to prove Lemma 4.6.

Proof of Lemma 4.6. The proof of (4.7) is the same as the counterpart in [14], (see
(6.36) of [14]). So we only state the proof of (4.8) below. For the ease of the presenta-
tion, we prove (4.8) for G = (W — 2)~! := (Y'Y — 2)~! instead of G(!). By the spectral
decomposition, we have

L 1 1
:Zmu;cug-f-wp, a:1,2,
k=1

where the projection P =1 — Z’,;Zl ukuf Consequently, we have

< —2) T (et

p
k=

Note that |P;;| < 1,|z| > A} /2. By the delocalization property of u; in Theorem 3.4 one
has

logo(l) P p 1
G%)ijl < +C
with overwhelming probability. For « = 2, by using ) of Lemma 4.1 and (4.4) we have

1
_ —1cx e 1 4/3+Ce
§ =pn Ssp(2) <p'pn T —<p )

which implies

1(6%)i5] < p!/7+C<.
For a = 1, we have

p
1 1
| aF, ().
27 [ i)

Observe that
1 Fy(z) — F
b [ erte) -» [ G garvl < op [ G = <ot
— Z —Z
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with overwhelming probability. Here we used (iii) of Lemma 4.1 in the last inequality.
Consequently, we have

1Gi3] < (10g2® p) /

It remains to estimate | ‘x%z‘dFW(z). For E < A, such that \| — F < p~2/3+¢

1 2E—\y Ap 1
/7|I_Z|de(x) = (/A +/2EA+) —(z—E)2+n2dFW(l)'

By the formula for the MP law, one has

2E—X, 2E—\y —
dFW < C v A
A 1/ 1‘— —.’17

2E—X}
C/
I’

At At
) <n 1/2 dFw () = o1).

282y V(x—F +77 E—-Xy

When E > A, we still have (4.21). Therefore, we have

|z = 2|

A

IN

S dr=00), @21

and

1Gij| < p°°
with overwhelming probability. Thus we complete the proof. O

Theorem 4.3 is proved. O

5 Proofs of main theorems

In this section, we provide the proofs of Theorem 1.4 and Theorem 1.6.

Proof of Theorem 1.4. The proof of Theorem 1.4 is totally based on Theorem 1.5 of [14]
and our Theorem 4.3. Let WY and WY be two independent sample correlation matrix
satisfying C;. We claim that there is an £ > 0 and ¢ > 0 such that for any real number s
(which may depend on p) one has

PY(p* 3 (A, = Ap) < s—p ) —p P S PY(pPP(N, — Ap) < 9)
< IPV(pQ/B(/\p —A) <s+p7°) +p° (5.1)

for p > po sufficiently large, where pg is independent of s. The proof of (5.1) is inde-
pendent of the matrix model and totally based on Theorem 1.5 of [14] and our Theorem
4.3, we refer to the proof of Theorem 1.7 of [14] for details.

Now if we choose WV to be the Bernoulli case, it is not difficult to get Theorem 1.4
by combining (5.1) and Theorem 1.3. O

Proof of Theorem 1.6. Set the matrix

1 1 1 1
N vn Vn vn
1 _ 1 0 0
V2 V2
A 1 1 2 0
- V32 V32 V32
1 1 1 R e S
\/n(n—l) \/n(n—l) \/n(n—l) vn(n—1)
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It is easy to see A is an orthogonal matrix. Moreover, it is elementary that

- —\T T
A(xint — &gy Tin — T3)" = (0,251, , Zin—1)"

where 2;1,- -+, zin—1 1S a sequence of i.i.d N(0, 1) variables. Further, if we denote the

vector z; = (21, - ,zm,l)T, we also have

n—1
s = 2l [P = > 2 = Il
k=1

Thus one has

R = RRT = RATART =: z.

Here
z2=277
with
211 212 . Zl,n—1
llz1]l  llz1]] [|z1]]
7 = .
Zp1 Zp2 . Zp,n—1
llzpll  llZpll IEM]

Consequently, in the Gaussian case, R is also a W-type sample correlation matrix de-
fined in (1.1) with parameters p,n — 1. Thus by Theorem 1.4, we have
(n = DX(R) — (p'/* + (n = 1)'/?)?
((n— D2 4 p2)(p=1/2 + (n — 1)-1/2)1/3

A rw, (5.2)

and

(n—DM(R) — (p'/* — (n —1)'/?)?
(n—1)1/2 = pl/2)(p=1/2 = (n — 1)~1/2)1/3

A Tw,. (5.3)

as p — oo. Replacing n—1 by n in (5.2) and (5.3), we can complete the proof of Theorem
1.6. O

A Appendix A

In this appendix we prove Lemma 3.10

Proof of Lemma 3.10. At first we prove 7). Note that W = DSD. For W and SD? share
the same eigenvalues, it is equivalent to prove that the eigenvalues of SD? are simple.
We further introduce the polynomial P;(X) of {z;;,1 <i<p,1<j<n}as

p
Pi(X) = [T Il
k=1
It is easy to see P;(X) vanishes with zero Lebesgue measure, so we can always assume
P;(X) # 0. As a consequence, we can reduce our problem to prove the matrix
Q := SD*P(X)

has no multiple eigenvalue. Now we denote the discriminant of the characteristic poly-
nomial of @) by Py(X). Observe that all the entries of () are polynomials of {z;;,1 <1 <
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p,1 < j < n}, so Py(X) is also a polynomial of {z;;,1 < i < p,1 < j < n}. For the set
of zeros of any non null polynomial in real variables only has zero Lebesgue measure, it
suffices to prove that Py(X) is not a null polynomial. In other words, it suffices to find
a family {x;;,1 <i <p,1 < j < n} such that Py(X) # 0. It is equivalent to show that W
has no multiple eigenvalue for one sample of the collection {xij, 1<i<pl<ji<n}
such that P;(X) # 0.

Now we choose the sample as

- 1, j=ioret+1
Y00, others

with 1 <7 <p,1 <j <n. Then it is not difficult to see

N[ =
— o=
o=

N—= .
(ST
— N

which is a Jacobi matrix with positive subdiagonal entries. Such a Jacobi matrix has
simple eigenvalues, for example, see Proposition 2.40 of [5].

Next we turn to the proof of 7). We use X(P) to denote the submatrix of X with
p-th row deleted, and use D® to denote the p — 1 x p — 1 upper left corner of D. And
we set S = X@® X®T thus one has W® = D® @) D®)  Similar to the proof of
i), we can prove that SD?P;(X) and S®(D®)2P;(X) have no eigenvalue in common
instead. It is easy to see the resultant of the characteristic polynomials of SD?P;(X)
and S® (D®)2P,(X) is a polynomial of {z;;,1 <i < p,1 < j < n}. Therefore, it suffices
to show the resultant is a non null polynomial. Equivalently, we shall provide a sample
of {z;;,1 <i<p,1<j<n} suchthat W and W) have no eigenvalue in common.

Using i) to W®) we can denote the ordered eigenvalues of W) by A&p ) < /\gp )

- < )‘1(71)—)1- By Cauchy’s interlacing property, one has

0< A <A < <<l < (A1)

Moreover, we know that WW(®) shares the same nonzero eigenvalues with W), So we
can provide an example such that V and W®) have no nonzero eigenvalue in common
instead. Note

W =W 4y, yT (A.2)
Taking trace on both side of (A.2), we obtain
M4+, = )\(1") S /\(") (A.3)

Now if we fix {z;;,1 < i < p—1,1 < j < n} such that /\gp) < )\ép) < e < )‘;(11:)1 and
let {zp;,1 < j < n} vary. When {z,;,1 < j < n} runs through the set R", the ordered
nonzero eigenvalues of VW describe the set of families A, - - - , A, of real numbers obeying
(A.1) and (A.3), see the proof of Lemma 11.2 of [3] for example. Thus it is easy to find a
family Aq,---, A, such that

A N PP AP L =0
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Now we prove iii). We set X,,) to be the submatrix of X with the n-th column deleted
and set

B

[1%p]]

Let S = X(n)Xg;L). It is obvious that S(n)f)%n) shares the same eigenvalues with W(n)
Now we introduce the polynomials

p
Py(X) = TT llxull? - I1al >
k=1

To prove that W and ﬁ/\(n) have no eigenvalue in common, we only need to show S$D?
and S(n)ﬁ?n) have no eigenvalue in common. Moreover, if P»(X) does not vanish, it is
equivalent to prove that the matrices T' := SD?P,(X) and JA“(H) = S(n)ﬁ?n)PQ(X) have
no eigenvalue in common. Note that the event P»(X) = 0 has zero Lebesgue measure.
What’s more, it is not difficult to see the entries of 7" and f(n) are all polynomials of the
elements of X, thus the resultant R(X) of the characteristic polynomials of 7" and 7,
is also a polynomial of the elements of X. Therefore, we only need to show R(X) is a
non null polynomial, it suffices to give only one example of X such that W and /W(n) do
not have eigenvalue in common. For example, we can choose

S 1, j=idiorj=mn,
71 0, others

Then we have W(n) = I, and

1 1

R

3 1 3

W = - )
11

2 2 1

Thus it is easy to see /V[7(n) and W have no eigenvalue in common for det(W — I) # 0,
which implies that R(X) is not a null polynomial, so we conclude the proof. O

B Appendix B

In this appendix, we prove Lemma 3.12. If we denote

7 Tin T2n LTpn \T
b = (= 2L T
Rl T I
Set
1
C; = — — .
[l |- 11l - ([l + 1%l 1)

By the Hoeffding inequality, we have

1 KOW]oegPWy

C; = n3/2 n2 (B.l)

holds with overwhelming probability. It is not difficult to see
b hn =05 h — 05 - (a3, cpad,)T =05 - hy + dj. (B.2)
EJP 17 (2012), paper 88. ejp.ejpecp.org

Page 28/32


http://dx.doi.org/10.1214/EJP.v17-1962
http://ejp.ejpecp.org/

Extreme eigenvalues of sample correlation matrices

By (B.1), we can write d;

1
dj = 5505 (@5, 2 )"+ (B.3)

Observe that

S ha)? =S (0 ha)? 423 di (0 ha) + S 2.

jeJ jeJ jeJ jeJ

Since (23, - -, xf;n)T is also a random vector with mean zero and finite variance entries,
Lemma 2.5 can be used to the first part of the right hand side of (B.3). Thus if we set

the projection
Py=> ;] (B.4)
jed
then we have

/]

KOW 1og?M p
) HO——7—):

n3

1
D& < C—|Py - (e ap) TP+ CY = 0(57) +0(

jeJ jeJ

with overwhelming probability. Here we have used the fact that for any J

0(1) 1o p 2 0(1) 159
fo < C’K log n 6 O(K log n)

n in n3

jed i=1
with overwhelming probability. Since
1/2 1/2
Sy ) < () (X h?)
JjeJ jed jed
it suffices to prove the following lemma instead.

Lemma B.1. Using the notation in Lemma 3.12, we have for any J € {1,--- ,p} with
|J| =d <nK~3,

V[ (8 - h)?? = Vd 4 O(K logn)

jEJ
with overwhelming probability.

Proof. Observe that

.2 Vi1 Do s
by = (g %2 e T T
I = R TRl TRl )
Now we set
_ 01 Djo Ujp \1
U,:\/ﬁ( 7 J J )
! %l I1%2f” 7 1%
and
Bn = (xln: 7xpn)T'
It follows that
g 1. -
] n:%'l)j hn

We use the following concentration theorem, which is a consequence of Talagrand’s
inequality, (see Theorem 69 of [16]).
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Theorem B.2 (Talagrand’s inequality). . Let D be the disk {z € C, |z| < K}. For every
product probability i on DP, every convex 1-Lipschitz function F : CP — R, and every
r >0,

p(|F — M(F)| > r) < dexp(—r?/16K?),
where M (F) denotes the median of F'.
Remark B.3. In fact, here we only need the real case of the theorem.

It is easy to see

V> (0 b))V =1 (05 ha)?)M? = F(hn)
jeJ jeJ
is a convex function of the vector Bn. Note

|F(hy) = F(ha)| _ [E(hy,) = F(ha)| [Vl = /]|

)

|7, = T lv/nhl, = /|| |hl, = hal|
where

N x! ! -

h/ — /\ln /fm T h/ —_ / / T

TRl TR T o)

Since F(Bn) is the norm of a projection of the vector \/ﬁfzn, it is always 1-Lipschitz with
respect to v/nh,. And by the Hoeffding inequality, we also have

||Vl = v/ihall _
1B, = hall

with overwhelming probability. So F(hn) is a 2-Lipschitz function with overwhelming
probability. Thus we can always consider F'(h,) as a 2-Lipschitz function below. By
Theorem B.2, we have

P(IF () — M(F(Ry)| 2 1) < 4exp(—r2/64K?).
So to conclude the proof of Lemma B.1, we only need to show that
M (F(h,)) - V] < 2K.

Note that

\/ﬁiln = . hn = bﬁn

9

Xpll
So we have F2(h,) = ny el ho|? = Yies hI DT Dh,, := hI DP;Dh,,, where P; is
the projection defined in (B.4). Let .DPJD (mkl)lg k,1<p, then we have

E MEILknTln = E mkkﬂﬁkn+ E MEITknTin-

1<k,I<p 1<k#£I<p

We fix all the variables except z1,, - , Zpn, SO the probabilities and expectations are all
taken with respect to h., below. Consider the event &£, that F(h,) > Vd + 2K, which
implies F2(h,) > d + 4VdK + K?. It follows that

((€+ < P kakmkn > d+ 2\[K + ]P Z mkl:v;mxln| > 2\/>K)
k=1 1<k#I<p
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Observe that

E{Z mkkxin} = kak = d(l + O<}ij;€))
k=1 k=1

holds with overwhelming probability for any small ¢ > 0. Here we have used the fact
that

A2 (DYTrPy < TrDP;D < X2, (D)TrPy

min max

and TrP; = d. By the condition that d < nK =3, we have
P
E{Z mppzs,} = d+ o(VdK).
k=1

Let Sy := > p_, mgk(z3, —1). We have

B(Si2)

p
P> miai, > d+2VdK) < P(|S] > VdK) < T

k=1

And by the assumption on K we also have

p P
E‘Sl|2 = ZmikE(‘rin - 1)2 = Zmik(Exin - 1) < dK.
k=1 k=1

Thus,
E(|Si*) _ 1
> < < =<
(81| > VdK) < =52 < 2 <1/10
Set Sy 1= |Zk;ﬁl Mk ZEnTin|. Then we have
2 2 2 2 F~ A4 K2+6
ES3 =2 mj, <2TrDP;D*P;D < ||D||},TrP; = 2d(1 + O( 7 ).

kAl

By Chebyshev’s inequality one has
P(S2 > 2VdK) < 1/10.
Similarly, we can define £_ as the event F(h,) < v/d — 2K and use
P(E.) <P(S; < d— VdK) +P(Sy > VdK).

Both terms on the right hand side can be bounded by 1/5 by the same argument as
above. So we conclude the proof. O
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