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Abstract
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Continuous state branching processes (CSBP) were first introduced by Jirina [25] and it is known
since Lamperti [27] that these processes are the scaling limits of Galton-Watson processes. They
hence model the evolution of a large population on a long time interval. The law of such a process
is characterized by the so-called branching mechanism function 1. We will be interested mainly in
critical or sub-critical CSBP. In those cases, the branching mechanism v is given by

1/)(7L)=a7t+ﬁlz+f n(d@)(e—”—HM), A>0, (1)
(0,+00)

with @ > 0, f > 0 and the Lévy measure 7 is a positive o-finite measure on (0, 4+o00) such that
f(o +Oo)(€ A2)m(de) < co. We shall say that the branching mechanism 1) has parameter (a, 8, 7).
Let us recall that a represents a drift term, 8 is a diffusion coefficient and 7 describes the jumps of
the CSBP

As for discrete Galton-Watson processes, we can associate with a CSBP a genealogical tree, see [30]
or [22]. These trees can be considered as continuum random trees (CRT) in the sense that the
branching points along a branch form a dense subset. We call the genealogical tree associated with
a branching mechanism ¢ the 1p-Lévy CRT (the term “Lévy” will be explained later). The prototype
of such a tree is the Brownian CRT introduced by Aldous [9].

In a discrete setting, it is easy to consider and study a percolation on the tree (for instance, see
[11] for percolation on the branches of a Galton-Watson tree, or [6] for percolation on the nodes
of a Galton-Watson tree). The goal of this paper is to introduce a general pruning procedure of a
genealogical tree associated with a branching mechanism 1) of the form (1), which is the continuous
analogue of the previous percolation (although no link is actually made between both). We first add
some marks on the skeleton of the tree according to a Poisson measure with intensity a; A where A is
the length measure on the tree (see the definition of that measure further) and a; is a non-negative
parameter. We next add some marks on the nodes of infinite index of the tree: with such a node s
is associated a “weight” say A, (see later for a formal definition), each infinite node is then marked
with probability p(A,) where p is a non-negative measurable function satisfying the integrability
condition

f Lp(l)m(dl) < +o0. (@)
(0,400)

We then prune the tree according to these marks and consider the law of the pruned subtree con-
taining the root. The main result of the paper is the following theorem:

Theorem 0.1. Let v be a (sub)-critical branching mechanism of the form (1). We define

dmo(x) := (1 —p(x))dmn(x) 3)
ap:=a+o +J Lp(L)m(de) (CY)
(,+00)
and set
Po(A) = aok—i-/o’k—i-f mo(de) (e -1+ Ae) (5)
(0,+00)

which is again a branching mechanism of a critical or subcritical CSBP

Then, the pruned subtree is a Lévy-CRT with branching mechanism v),.
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In order to make the previous statement more rigorous, we must first describe more precisely the
geometric structure of a continuum random tree and define the so-called exploration process that
codes the CRT in the next subsection. In a second subsection, we describe the pruning procedure
and state rigorously the main results of the paper. Eventually, we give some biological motivations
for studying the pruning procedure and other applications of this work.

0.1 The Lévy CRT and its coding by the exploration process

We first give the definition of a real tree, see e.g. [24] or [28].

Definition 0.2. A metric space (7 ,d) is a real tree if the following two properties hold for every
Vi, Vg € g.

(i) There is a unique isometric map f,, ,, from [0,d(vy,v,)] into T such that
fvl,vz(o) =" and fvl,vz(d(vl,vz)) = V3.

(i) If q is a continuous injective map from [0, 1] into T such that q(0) = v; and q(1) = v,, then we
have

q([0,1]) = £y, ,,([0,d(vy, v2) D).
A rooted real tree is a real tree (7 ,d) with a distinguished vertex vy called the root.

Let (7,d) be a rooted real tree. The range of the mapping f,, ,, is denoted by [[v,V,,]] (this is
the line between v, and v, in the tree). In particular, for every vertex v € 7, [[vg, v]] is the path
going from the root to v which we call the ancestral line of vertex v. More generally, we say that a
vertex v is an ancestor of a vertex v’ if v € [[vg,v']]. If v,v’ € 7, there is a unique a € J such that
([vg, vIIN[[vg, v']] = [[vy,al]. We call a the most recent common ancestor of v and v’. By definition,
the degree of a vertex v € 7 is the number of connected components of 7 \ {v}. A vertex v is called
a leaf if it has degree 1. Finally, we set A the one-dimensional Hausdorff measure on 7.

The coding of a compact real tree by a continuous function is now well known and is a key tool
for defining random real trees. We consider a continuous function g : [0,+00) — [0, +00) with
compact support and such that g(0) = 0. We also assume that g is not identically 0. For every
0<s<t,weset
m,(s,t)= inf g(u),
¢(s,0) ue[s’t]g( )

and
dg(s,t) = g(s) + g(t) — 2m,(s, t).

We then introduce the equivalence relation s ~ ¢ if and only if d,(s,t) = 0. Let 7, be the quotient
space [0,+00)/ ~. It is easy to check that d, induces a distance on 7,. Moreover, (7,,d,) is a
compact real tree (see [21], Theorem 2.1). The function g is the so-called height process of the tree
T, This construction can be extended to more general measurable functions.

In order to define a random tree, instead of taking a tree-valued random variable, it suffices to take
a stochastic process for g. For instance, when g is a normalized Brownian excursion, the associated
real tree is Aldous’ CRT [10].
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The construction of a height process that codes a tree associated with a general branching mecha-
nism is due to Le Gall and Le Jan [30]. Let ¢ be a branching mechanism given by (1) and let X be
a Lévy process with Laplace exponent v: E[e ] = ¥ for all A > 0. Following [30], we also
assume that X is of infinite variation a.s. which implies that 5 > 0 or f ©0.1) ¢r(dl) = oo. Notice that

these conditions are satisfied in the stable case: (1) = A¢, ¢ € (1,2] (the quadratic case (1) = A2
corresponds to the Brownian case).

We then set .
1
HL' = llg‘l,lélf; J;) 1{X5<I§+8}ds (6)
where for 0 <s <'t, I} = inf,<, <, X,. If the additional assumption
+00 du (7)
<00
v

holds, then the process H admits a continuous version. In this case, we can consider the real
tree associated with an excursion of the process H and we say that this real tree is the Lévy CRT
associated with 1. If we set L{(H) the local time time of the process H at level a and time t and
T, = inf{t > 0, L?(H) = x}, then the process (L‘;X(H),a > 0) is a CSBP starting from x with
branching mechanism 1) and the tree with height process H can be viewed as the genealogical tree
of this CSBP Let us remark that the latter property also holds for a discontinuous H (i.e. if (7)
doesn’t hold) and we still say that H describes the genealogy of the CSBP associated with 1.

In general, the process H is not a Markov process. So, we introduce the so-called exploration process
p = (p;,t = 0) which is a measure-valued process defined by

po(dr)=Plry () dr+ D (I =X, )5y (dr). 8)
X<k
The height process can easily be recovered from the exploration process as H, = H(p,), where H(u)
denotes the supremum of the closed support of the measure u (with the convention that H(0) = 0).
If we endow the set .#(R,) of finite measures on R, with the topology of weak convergence,
then the exploration process p is a cad-lag strong Markov process in ./ (R, ) (see [22], Proposition
1.2.3).

To understand the meaning of the exploration process, let us use the queuing system representation
of [30] when 8 = 0. We consider a preemptive LIFO (Last In, First Out) queue with one server.
A jump of X at time s corresponds to the arrival of a new customer requiring a service equal to
A, := X, — X,_. The server interrupts his current job and starts immediately the service of this new
customer (preemptive LIFO procedure). When this new service is finished, the server will resume
the previous job. When = is infinite, all services will suffer interruptions. The customer (arrived at
time) s will still be in the system at time t > s if and only if X,_ < . <1Irl£ tXr and, in this case, the

quantity p,({H,}) represents the remaining service required by the customer s at time t. Observe
that p,([0,H,]) corresponds to the load of the server at time t and is equal to X, — I, where

I, =inf{X,,0 <u < t}.

In view of the Markov property of p and the Poisson representation of Lemmal1.6, we can view p,
as a measure placed on the ancestral line of the individual labeled by t which gives the intensity
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of the sub-trees that are grafted “on the right” of this ancestral line. The continuous part of the
measure p, gives binary branching points (i.e. vertex in the tree of degree 3) which are dense along
that ancestral line since the excursion measure N that appears in Lemma /1.6 is an infinite measure,
whereas the atomic part of the measure p, gives nodes of infinite degree for the same reason.

Consequently, the nodes of the tree coded by H are of two types : nodes of degree 3 and nodes of
infinite degree. Moreover, we see that each node of infinite degree corresponds to a jump of the Lévy
process X and so we associate to such a node a “weight” given by the height of the corresponding
jump of X (this will be formally stated in Section 1.4). From now-on, we will only handle the
exploration process although we will often use vocabulary taken from the real tree (coded by this
exploration process). In particular, the theorems will be stated in terms of the exploration process
and also hold when H is not continuous.

0.2 The pruned exploration process

We now consider the Lévy CRT associated with a general critical or sub-critical branching mechanism
1 (or rather the exploration process that codes that tree) and we add marks on the tree. There will
be two kinds of marks: some marks will be set only on nodes of infinite degrees whereas the others
will be "uniformly distributed’ on the skeleton on the tree.

0.2.1 Marks on the nodes

Let p : [0,400) — [0, 1] be a measurable function satisfying condition (2). Recall that each node
of infinite degree of the tree is associated with a jump A, of the process X. Conditionally on X, we
mark such a node with probability p(4A,), independently of the other nodes.

0.2.2 Marks on the skeleton

Let a; be a non-negative constant. The marks associated with these parameters will be distributed
on the skeleton of the tree according to a Poisson point measure with intensity a;A(dr) (recall that
A denotes the one-dimensional Hausdorff measure on the tree).

0.2.3 The marked exploration process

As we don’t use the real trees framework but only the exploration processes that codes the Lévy
CRTs, we must describe all these marks in term of exploration processes. Therefore, we define a
measure-valued process

y = ((Pn m?Od) mike): t Z O)

called the marked exploration process where the process p is the usual exploration process whereas
the processes m™d and m**® keep track of the marks, respectively on the nodes and on the skeleton
of the tree.

The measure m?"d is just the sum of the Dirac measure of the marked nodes (up to some weights
for technical reasons) which are the ancestors of ¢.

To define the measure mfke, we first consider a Lévy snake (p,, W,);>o with spatial motion W a

Poisson process of parameter a, (see [22], Chapter 4 for the definition of a Lévy snake). We then
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define the measure mike as the derivative of the function W,. Let us remark that in [22], the height
process is supposed to be continuous for the construction of Lévy snakes. We explain in the appendix

how to remove this technical assumption.

0.2.4 Main result

We denote by A, the Lebesgue measure of the set of the individuals prior to t whose lineage does
not contain any mark i.e.

t
At = J l{m?OdZO,mzkEZO}ds‘
0

We consider its right-continuous inverse C, := inf{r > 0, A, > t} and we define the pruned explo-
ration process p by
vt = 0: ﬁt = pC[‘

In other words, we remove from the CRT all the individuals who have a marked ancestor, and the
exploration process p codes the remaining tree.

We can now restate Theorem 0.1/rigorously in terms of exploration processes.

Theorem 0.3. The pruned exploration process p is distributed as the exploration process associated
with a Lévy process with Laplace exponent 1) ,.

The proof relies on a martingale problem for 6 and a special Markov property, Theorem|3.2. Roughly
speaking, the special Markov property gives the conditional distribution of the individuals with
marked ancestors with respect to the tree of individuals with no marked ancestors. This result is
of independent interest. Notice the proof of this result in the general setting is surprisingly much
more involved than the previous two particular cases: the quadratic case (see Proposition 6 in [7]
or Proposition 7 in [16]) and the case without quadratic term (see Theorem 3.12 in [2]).

Finally, we give the joint law of the length of the excursion of the exploration process and the length
of the excursion of the pruned exploration process, see Proposition|5.1}

0.3 Motivations and applications

A first approach for this construction is to consider the CSBP Y associated with the pruned explo-
ration process p as an initial Eve-population which undergoes some neutral mutations (the marks on
the genealogical tree) and the CSBP Y denotes the total population (the Eve-one and the mutants)
associated with the exploration process p. We see that, from our construction, we have

YY) =Y, and Vt>0,Y’<Y,
The condition
dmo(x) =(1—p(x))dm(x)

means that, when the population Y° jumps, so does the population Y. By these remarks, we can see
that our pruning procedure is quite general. Let us however remark that the coefficient diffusion
f is the same for ¢ and vy which might imply that more general prunings exist (in particular, we
would like to remove some of the vertices of index 3).
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As we consider general critical or sub-critical branching mechanism, this work extends previous
work from Abraham and Serlet [7] on Brownian CRT (7t = 0) and Abraham and Delmas [2] on CRT
without Brownian part (8 = 0). See also Bertoin [14] for an approach using Galton-Watson trees
and p = 0, or [4] for an approach using CSBP with immigration. Let us remark that this paper goes
along the same general ideas as [2] (the theorems and the intermediate lemmas are the same) but
the proofs of each of them are more involved and use quite different techniques based on martingale
problem.

This work has also others applications. Our method separates in fact the genealogical tree associated
with Y into several components. For some values of the parameters of the pruning procedure, we
can construct via our pruning procedure, a fragmentation process as defined by Bertoin [13] but
which is not self-similar, see for instance [7; 2; 31]. On the other hand, we can view our method
as a manner to increase the size of a tree, starting from the CRT associated with v to get the CRT
associated with 1. We can even construct a tree-valued process which makes the tree grow, starting
from a trivial tree containing only the root up to infinite super-critical trees, see [5].

0.4 Organization of the paper

We first recall in the next Section the construction of the exploration process, how it codes a CRT
and its main properties we shall use. We also define the marked exploration process that is used for
pruning the tree. In Section 2, we define rigorously the pruned exploration process p and restate
precisely Theorem [0.3. The rest of the paper is devoted to the proof of that theorem. In Section
3, we state and prove a special Markov property of the marked exploration process, that gives the
law of the exploration process “above” the marks, conditionally on §. We use this special property
in Section [4/to derive from the martingale problem satisfied by p, introduced in [1] when 8 = 0,
a martingale problem for 6 which allows us to obtain the law of 6. Finally, we compute in the last
section, under the excursion measure, the joint law of the lengths of the excursions of p and p. The
Appendix is devoted to some extension of the Lévy snake when the height process is not continuous.

1 The exploration process: notations and properties

We recall here the construction of the height process and the exploration process that codes a Lévy
continuum random tree. These objects have been introduced in [30; 29] and developed later in
[22]. The results of this section are mainly extracted from [22], but for Section[1.4.

We denote by R, the set of non-negative real numbers. Let .# (R, (resp. .#;(R,)) be the set of o-
finite (resp. finite) measures on R, endowed with the topology of vague (resp. weak) convergence.
If E is a Polish space, let B(E) (resp. B, (E)) be the set of real-valued measurable (resp. and non-
negative) functions defined on E endowed with its Borel o-field. For any measure u € .# (R, ) and
f € B,.(R,), we write

{u, f) = Jf(X)M(dX)-
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1.1 The underlying Lévy process

We consider a R-valued Lévy process X = (X,,t > 0) starting from 0. We assume that X is the
canonical process on the Skorohod space D(R,,R) of cad-lag real-valued paths, endowed with
the canonical filtration. The law of the process X starting from O will be denoted by P and the
corresponding expectation by E. Most of the following facts on Lévy processes can be found in [12].

In this paper, we assume that X
e has no negative jumps,
e has first moments,
e is of infinite variation,

e does not drift to +o0.

The law of X is characterized by its Laplace transform:
VA >0, E [e_leJ = eV

where, as X does not drift to +00, its Laplace exponent 1) can then be written as (1), where the
Lévy measure 7t is a Radon measure on R, (positive jumps) that satisfies the integrability condition

J (L AMP)1(dl) < +00
(0,+00)

(X has first moments), the drift coefficient a is non negative (X does not drift to +00) and 8 > 0. As
we ask for X to be of infinite variation, we must additionally suppose that f > 0 or f(o 1)€ n(dl) =
+00. '

As X is of infinite variation, we have, see Corollary VIL5 in [12],

A
Am o =0 ®

Let I = (I,,t > 0) be the infimum process of X, I, = infy<;<,X;, and let S = (S;,t > 0) be the
supremum process, S, = supg<,<; X;. We will also consider for every 0 < s < t the infimum of X
over [s,t]:
s
Ii= sslrrl;Xr'
We denote by ¢ the set of jumping times of X:
F={t=0,X,>X,_} (10)

and for t > 0 we set A, := X, — X,_ the height of the jump of X at time t. Of course, A; >0 <
te #.

The point 0 is regular for the Markov process X — I, and —I is the local time of X — I at O (see [12],
chap. VII). Let N be the associated excursion measure of the process X — I away from 0, and let
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o = inf{t > 0;X, — I, = 0} be the length of the excursion of X — I under N. We will assume that
under N, Xy =1, =0.

Since X is of infinite variation, O is also regular for the Markov process S — X. The local time
L=(L;,t>0)of S—X at 0 will be normalized so that

E[e 1] = et /A

where L' = inf{s > 0; L; > t} (see also [12] Theorem VIL4 (ii)).

1.2 The height process

We now define the height process H associated with the Lévy process X. Following [22], we give an
alternative definition of H instead of those in the introduction, formula (6).

For each t > 0, we consider the reversed process at time ¢, X0 = (Xs(t), 0<s<t)by:
X‘g(t):Xt_X(t—s)— if 0<s<t,

with the convention X,_ = X,. The two processes (Xs(t), 0 <s<t)and (X;,0 <s < t) have the same
law. Let 8 be the supremum process of X and L) be the local time at 0 of $() — X() with the
same normalization as L.

Definition 1.1. ([22], Definition 1.2.1)
There exists a lower semi-continuous modification of the process (L(9, t > 0). We denote by (H,,t > 0)
this modification.

This definition gives also a modification of the process defined by (6) (see [22], Lemma 1.1.3). In
general, H takes its values in [0,+o00], but we have, a.s. for every t > 0, H; < oo for every s < t
such that X;_ <1I}, and H, < +o0 if A, > 0 (see [22], Lemma 1.2.1). The process H does not admit
a continuous version (or even cad-lag) in general but it has continuous sample paths P-a.s. iff (7) is
satisfied, see [22], Theorem 1.4.3.

To end this section, let us remark that the height process is also well-defined under the excursion
process N and all the previous results remain valid under N.

1.3 The exploration process

The height process is not Markov in general. But it is a very simple function of a measure-valued
Markov process, the so-called exploration process.

The exploration process p = (p;,t > 0) is a .#;(R, )-valued process defined as follows: for every
f€BLRY, (P, f) = [, I3 f (H), or equivalently

pdr) =By (r)dr+ E (I} = X;_)6p (dr). 11)
0<s<t
X,_<I}

In particular, the total mass of p; is (p;, 1) =X, — I;.

For p e #(R,), we set
H(u) = sup Supp y, (12)

where Supp u is the closed support of u, with the convention H(0) = 0. We have
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Proposition 1.2. ([22], Lemma 1.2.2 and Formula (1.12))
Almost surely, for every t > 0,

H(pt) :HD

p:=0ifandonly if H, =0,

if pe # 0, then Supp p, = [0,H.].
Pt =P + A0y, where A, =01ift & ¢.

In the definition of the exploration process, as X starts from 0, we have p, = 0 a.s. To state the
Markov property of p, we must first define the process p started at any initial measure u € .#;(R.).

For a € [0, (u, 1)], we define the erased measure k,u by
kou(L0,r]) = p([0,rDA((u,1) —a), forr =0. (13)

If a > (u, 1), we set k,u = 0. In other words, the measure k,u is the measure u erased by a mass a
backward from H(u).

For v,u € #;(R,), and u with compact support, we define the concatenation [u,v] € #;(R.) of
the two measures by:

(uv)fy=(uwf)+ v, fHW+), f<B(Ry).
Finally, we set for every u € (R, ) and every t > 0,

pr = [kop it pel- (14)

We say that (p}',t > 0) is the process p started at pg = u, and write IP,, for its law. Unless there is
an ambiguity, we shall write p, for p}'.

Proposition 1.3. ([22], Proposition 1.2.3)
For any initial finite measure u € #;(R), the process (o4, t > 0) is a cad-lag strong Markov process

Remark 1.4. From the construction of p, we get that a.s. p, = 0 if and only if —I, > (py, 1) and
X, —1, = 0. This implies that O is also a regular point for p. Notice that N is also the excursion
measure of the process p away from 0, and that o, the length of the excursion, is N-a.e. equal to
inf{t > 0; p, = 0}.

Exponential formula for the Poisson point process of jumps of the inverse subordinator of —I gives
(see also the beginning of Section 3.2.2. [22]) that for A > 0

N[1-e?] =y (). (15)

1.4 The marked exploration process

As presented in the introduction, we add random marks on the Lévy CRT coded by p. There will be
two kinds of marks: marks on the nodes of infinite degree and marks on the skeleton.

1438



1.4.1 Marks on the skeleton

Let a; = 0. We want to construct a “Lévy Poisson snake” (i.e. a Lévy snake with spatial motion a
Poisson process), whose jumps give the marks on the branches of the CRT. More precisely, we set #
the space of killed cad-lag paths w : [0,{) — R where { € (0, 400) is called the lifetime of the path
w. We equip # with a distance d (defined in [22] Chapter 4 and whose expression is not important
for our purpose) such that (#,d) is a Polish space.

By Proposition 4.4.1 of [22] when H is continuous, or the results of the appendix in the general
case, there exists a probability measure  on Q = D(R., ./ +(R}) x #) under which the canonical
process (p,, W;) satisfies

1. The process p is the exploration process starting at 0 associated with a branching mechanism

Y,

2. For every s > 0, the path W, is distributed as a Poisson process with intensity a; stopped at
time H, := H(p,),

3. The process (p, W) satisfies the so-called snake property: for every s < s’, conditionally given
p, the paths W,(-) and Wy (-) coincide up to time Hyy := inf{H,,s < u < s’} and then are
independent.

So, for every t > 0, the path W, is a.s. cad-lag with jumps equal to one. Its derivative mike is an

atomic measure on [0, H,); it gives the marks (on the skeleton) on the ancestral line of the individual
labeled t.

We shall denote by N the corresponding excursion measure out of (0,0).

1.4.2 Marks on the nodes

Let p be a measurable function defined on R, taking values in [0, 1] such that

J Lp(L) m(dl) < o0. (16)
(0,+00)

We define the measures 7t; and 7, by their density:

dmi(x)=p(x)dmr(x) and dmo(x)=(1—p(x))dn(x).

Let (Q,.«¢’,P’) be a probability space with no atom. Recall that ¢, defined by (10), denotes the
jumping times of the Lévy process X and that A, represents the height of the jump of X at time
s € _¢. As ¢ is countable, we can construct on the product space {1x Q' (with the product probability
measure PQP’) a family (U,,s € ¢ ) of random variables which are, conditionally on X, independent,
uniformly distributed over [0, 1] and independent of (A,,s € ¢) and (W,,s > 0). We set, for every
sSE¥:

Vs = Ly <paps

so that, conditionally on X, the family (V;,s € ¢) are independent Bernoulli random variables with
respective parameters p(A,).
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We set #! = {s € ¢, V, =1} the set of the marked jumps and #°= ¢\ ¢l ={se€ ¢, V, =0} the
set of the non-marked jumps. For t > 0, we consider the measure on R,

mddr)= > (I -X._) 6y (dr). 17)

0<s§t,se}1
X, <I}

The atoms of mrtIOd give the marked nodes of the exploration process at time t.

The definition of the measure-valued process m™°? also holds under N ® P’. For convenience, we
shall write P for P® P’ and N for N®@ P’.
1.4.3 Decomposition of X

At this stage, we can introduce a decomposition of the process X. Thanks to the integrability condi-
tion (16) on p, we can define the process X1 by, for every t > 0,

xP=ayt+ > A,

0<s<t; s€ ¢!

The process X1 is a subordinator with Laplace exponent ¢, given by:

¢1(A)=a1A+J m(de) (1—e), (18)

(0,400)

with m;(dx) = p(x)n(dx). We then set X© = x — x(M which is a Lévy process with Laplace
exponent ), independent of the process X(!) by standard properties of Poisson point processes.

We assume that ¢; # 0 so that a, defined by (4) is such that:
(o4} > 0. (19)

It is easy to check, using f(o ) m,(d€)¢ < oo, that

L)
A—-oo A N

aq. (20)

1.4.4 The marked exploration process

We consider the process

7 = ((pr,m™, m), ¢ > 0)

on the product probability space € x Q' under the probability P and call it the marked exploration
process. Let us remark that, as the process is defined under the probability P, we have p, = 0,
nod __ ske _

my*© =0 and my© =0 a.s.

Let us first define the state-space of the marked exploration process. We consider the set S of triplet
(;uz Hl: HZ) where

e U is a finite measure on R,
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e [II; is a finite measure on R absolutely continuous with respect to u,

e I, is a o-finite measure on R, such that

- Supp(I1z) C Supp(u),
— for every x < H(u), I1,([0, x]) < 400,

- if u({H(uw)}) > 0, My(R,) < +o0.

We endow S with the following distance: If (u,I1;,1I,) € S, we set

w(t) = J 10, (O)M5(d L)

and
w(t)=w (H(k((u,l)—t).u’)) for te[0,(u,1)).
We then define
d’((u, Ty, T,), (U, 113, T15)) = d((u, W), (u’, w")) + D(I14, T17)
where d is the distance defined by (62) and D is a distance that defines the topology of weak
convergence and such that the metric space (.#;(R.), D) is complete.

To get the Markov property of the marked exploration process, we must define the process & started
at any initial value of S. For (u, md k) e S, we set I1 = (119, 11%%¢) and Hf = H(k_j,u). We
define

nod
H“ m

nod (D) _ k_r, u({H; DI ({HE'D)

(m 191 0 iy + Ly a0
[0H) T Hu({H!}>0} u({H'D

and
(mske)(,U« ) [Hskel[o H“)’ ke].

Notice the definition of (mSke)(t“ ) s coherent with the construction of the Lévy snake, with W,

being the cumulative function of 1% over [0, H,].

ske . nod’ mske).

We shall write m™d for (m"°4)*M and similarly for m Finally, we write m = (m
By construction and since p is an homogeneous Markov process, the marked exploration process
& = (p,m) is an homogeneous Markov process.

From now-on, we suppose that the marked exploration process is defined on the canonical
space (S,Z’) where &’ is the Borel o-field associated with the metric d’. We denote by & =
(p, m™4, m**®) the canonical process and we denote by PP, the probability measure under which
the canonical process is distributed as the marked exploration process starting at time O from (u, IT),
and by IP’* 1 the probability measure under which the canonical process is distributed as the marked
exploratlon process killed when p reaches 0. For convenience we shall write P, if [T = 0 and PP
if (u, 1) = 0 and similarly for P*. Finally, we still denote by N the dlstrlbutlon of & when p is
distributed under the excursion measure N.

Let Z = (Z,,t > 0) be the canonical filtration. Using the strong Markov property of (X,X() and
Proposition|6.2| or Theorem 4.1.2 in [22] if H is continuous, we get the following result.

Proposition 1.5. The marked exploration process & is a cad-lag S-valued strong Markov process.

Let us remark that the marked exploration process satisfies the following snake property:

P—as.(orN—a.e.), (p;,m)(-N[0,s])=(py,my)(-N[0,s])forevery0<s<H,,. (21)
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1.5 Poisson representation

We decompose the path of & under ]PZ 1 according to excursions of the total mass of p above its
past minimum, see Section 4.2.3 in [22]. More precisely, let (a;, b;),1 € ¢ be the excursion intervals
of X —I above 0 under ]P’Z’H. For every i € &, we define h; = H,, and S = (p!,m') by the formulas:
fort >0and f € B,(Ry),

(pLf) = J fx = h)pa+0np,(dX) (22)
(hj,+00)

<(ﬁl?)l>f> :f f(x - hi)m(aai+t)/\bi(dx)7 a E {HOd) Ske}) (23)
(hy,+00)

with m! = ("), (m*e))). We set 6! = inf{s > 0; (psi, 1) = 0}. It is easy to adapt Lemma 4.2.4. of
[22] to get the following Lemma.

Lemma 1.6. Let (u,I1) € S. The point measure Z 6, i Is under IP’Z,H a Poisson point measure with
iex
intensity u(dr)N[d<].

1.6 The dual process and representation formula

We shall need the .#; (R )-valued process n = (7, t = 0) defined by

n(dr) =Bl (r)dr+ > (X, — )6y (dr).
0<s<t

X, <I}

The process 7 is the dual process of p under N (see Corollary 3.1.6 in [22]).
The next Lemma on time reversibility can easily be deduced from Corollary 3.1.6 of [22] and the
construction of m.

Lemma 1.7. Under N, the processes ((ps, N5, im,—03)S € [0,0]) and ((M(o—5)->P(o—s)->
1{m(g_s)_=o}),3 € [0, o]) have the same distribution.

We present a Poisson representation of (p,n,m) under N. Let Ay(dxdfdu), A;(dx dldu) and
A5(dx) be independent Poisson point measures respectively on [0, +00)3, [0,+00)3 and [0, +00)
with respective intensity

dx €mo(dl) 1ppq11(w)du, dxL€mi(dl)1pq(w)du and a,dx.

d

For every a > 0, let us denote by M, the law of the pair (u, v, m", m®*¢) of measures on R, with

finite mass defined by: for any f € 8, (R, )

(. f) = J (Ao(dx de du) + A (dx A€ duw)) Lo, (Vulf (x) + B J f(ryr, (24)
0
(v, f) = f (Ao(dx A du) + Ay (dx AL du)) To,(x)(1 — w)ef (x) + B f f(rydr, @5
0

(m™d £) = J M(dxdldu) 1 ()ulf(x) and (m®e,f) = f N5(dx) 1[g 1 ()f (). (26)
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Remark 1.8. In particular u(dr) + v(dr) is defined as 1 41(r)d&,, where & is a subordinator with
Laplace exponent ¢’ — a.

We finally set Ml = f : ®dae M, . Using the construction of the snake, it is easy to deduce from

J

Proposition 3.1.3 in [22], the following Poisson representation.

Proposition 1.9. For every non-negative measurable function F on (R D4

N [ f F(pe,nemy) dt] = f M(dpdv dm)F(u, v, m),
0

where m = (m™?, m**®) and o = inf{s > 0; p, = 0} denotes the length of the excursion.

2 The pruned exploration process

We define the following continuous additive functional of the process ((p,, m,), t > 0):

t
A= f 1{m5=0} ds fort>0. 27
0

Lemma 2.1. We have the following properties.

(i) For A> 0, N[1—e o] =, 1(A).

(ii) N-a.e. 0 and o are points of increase for A. More precisely, N-a.e. for all € > 0, we have A, > 0
and Aa- _A(U—E)VO > 0.

(iii) Iflim;_,, ¢1(A) = +o00, then N-a.e. the set {s;m, # 0} is dense in [0,0].

Proof. We first prove (i). Let A > 0. Before computing v = N[1 — exp —AA, ], notice that A, < o
implies, thanks to (15), that v < N[1 —exp—Ac] =1 '(1) < +00. We have

o o
v =AN U dA, e dAu} = AN U dAtE:‘)bO[e_M"]},
0 0

-2 [7dA, - . —AAgT . ..
where we replaced e I in the last equality by E;t’mt [e ], its optional projection, and used

that dA,-a.e. m; = 0. In order to compute this last expression, we use the decomposition of &
under IP’Z according to excursions of the total mass of p above its minimum, see Lemma/1.6, Using
the same notations as in this lemma, notice that under ]P’:L, we have A, = A = .
forevery T > 0,

Ai
iex At Where

T
0

By Lemma/1.6, we get
EZ [e—Ma] — o~ (WIN[1-exp—24,] _ o=v(u1)

1443



We have

(o2

v:AN”UdA eiee ]:ANU dt 1 —gpe "ol | (29)
0 0

+00
=AJ‘ da e M, [ 1oy e V]
0

+00 a 1
zkf da e_a“exp{—ala—J dxf duf Elnl(dﬁl)}
0 0 0 (0,00)

a 1
exp{—ﬁva—f dxf duf €ono(d€0)(1—e—vu€o)}
0 0 (0,00)

400 1
= )Lf da exp {—af du wg(uv)} (30)
0 0

v

=A— (31
YPo(v)

where we used Proposition [1.9 for the third and fourth equalities, and for the last equality that

ap=a+a;+ f(o m)ﬁlnl(dﬁl) as well as

¢g1)=a0+J‘ o(dl) £o(1 — e o). (32)
(0,00)

Notice that if v = 0, then implies v = A /1) (0), which is absurd since v,(0) = a, > 0 thanks to
(19). Therefore we have v € (0,00), and we can divide (31) by v to get ¢yo(v) = A. This proves (i).
Now, we prove (ii). If we let A goes to infinity in (i) and use that lim,_,., 1 ¢(r) = +00, then we
get that N[A, > 0] = +o00. Notice that for (u,IT) € S, we have under IP* , Ay > ZlexAl with
A' defined by (28). Thus Lemma/1.6 implies that if u # 0, then P* 18-S f/( is infinite and A, > 0.
Using the Markov property at time t of the snake under N, we get that for any t > 0, N-a.e. on
{o > t}, we have A, — A, > 0. This implies that o is N-a.e. a point of increase of A. By time
reversibility, see Lemma/1l.7, we also get that N-a.e. 0 is a point of increase of A. This gives (ii).

If a; > 0 then the snake ((p;, W;),s > 0) is non trivial. It is well known that, since the Lévy process
X is of infinite variation, the set {s; 3t € [0,H,), W,(t) # 0} is N-a.e. dense in [0,c]. This implies
that {s; m, # 0} is N-a.e. dense in [0,0].

If @; = 0 and 711((0,0)) = 0o, then the set ¢! of jumping time of X is N-a.e. dense in [0, o]. This
also implies that {s; m, # 0} is N-a.e. dense in [0,0].

If a; = 0 and 71;((0,00)) < oo, then the set ¢! of jumping time of X is N-a.e. finite. This implies
that {s;m; # 0} N [0,0] is N-a.e. a finite union of intervals, which, thanks to (i), is not dense in
[0,0].

To get (iii), notice that lim,_,,, ¢;(A) = oo if and only if a; > 0 or 7,((0,00)) = oo. O

We set C; = inf{r > 0;A, > t} the right continuous inverse of A, with the convention that inf@ = oo.
From excursion decomposition, see Lemma 1.6, (ii) of Lemmal2.1 implies the following Corollary.

Corollary 2.2. For any initial measures (u,I1) €S, P, j-a.s. the process (C;,t > 0) is finite. If my =0,
then P, g-a.s. Co =0.
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We define the pruned exploration process p = (p, = p¢,, t = 0) and the pruned marked exploration
process ¥ = (p, M), where i1 = (mg, ,t = 0) = 0. Notice C, is a &-stopping time for any ¢t > 0 and
is finite a.s. from Corollary[2.2] Notice the process 5, and thus the process ., is cad-lag. We also
set H, = H¢_and & =inf{t > 0; 5, = 0}.

Let & = (Z,,t > 0) be the filtration generated by the pruned marked exploration process & com-
pleted the usual way. In particular &, C Fc,, where if T is an F-stopping time, then F; is the
o-field associated with .

We are now able to restate precisely Theorem [0.3] Let p(®) be the exploration process of a Lévy
process with Laplace exponent ¢.

Theorem 2.3. For every finite measure u, the law of the pruned process p under P,, o is the law of the
exploration process p'%) associated with a Lévy process with Laplace exponent 1), under Py,

The proof of this Theorem is given at the end of Section 4|

3 A special Markov property

In order to define the excursions of the marked exploration process away from {s > 0; m, = 0}, we
define O as the interior of {s > 0, m, # 0}. We shall see that the complementary of O has positive
Lebesgue measure.

Lemma 3.1. (i) If the set {s >0, m, # 0} is non empty then, N-a.e. O is non empty.

(i) If we have Alim ¢1(A) = oo, then N-a.e. the open set O is dense in [0,0].
—00

Proof. For any element s’ in {s > 0, m, # 0}, there exists u < Hy such that my([0,u]) # 0 and
ps([u,00)) > 0. Then we consider Ty = inf{t > s’, p,([u,00)) = 0}. By the right continuity of p,
we have Ty > s’ and the snake property implies that N-a.e. (s’,7y) C O.

Use (iii) of Lemma/2.1/to get the last part. O

We write O = | J;c,(a;, ;) and say that (a;,8;);cs are the excursions intervals of the marked
exploration process & = (p, m) away from {s > 0, m, = 0}. For every i € .#, let us define the
measure-valued process &' = (p',m'). For every f € 8B, (R, ), t > 0, we set

(pLf) = f £ G = Ho, )P (a;+0)np,(dX)
[Hg,,+00)
i (33)
((m® i’f> _ f f(x _Hai)m?ai-i-t)/\ﬁi(dx) with a€ {nod, ske}
(Hg;,+00)

and mi = ((mnOd)i,(mSke)i). Notice that the mass located at H,, is kept, if there is any, in the
definition of p' whereas it is removed in the definition of m'. In particular, if A, > 0, then p(i) =
A, 0 and for every t < §; — a;, the measure pﬁ charges 0. On the contrary, as mé = 0, we have, for
every t < f3; — a;, m;({0}) = 0.
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Let &, be the o-field generated by & = ((pg,»m¢,),t = 0). Recall that Pzn(dy) denotes the
law of the marked exploration process & started at (u,IT) € S and stopped when p reaches 0. For
£ € (0, +00), we will write P, for IF’%O o
If Q is a measure on S and ¢ is a non-negative measurable function defined on the measurable space
R, X S x S, we denote by
Qly(u, w,-)] =J ¢(u, w, #)QdS).
s
In other words, the integration concerns only the third component of the function ¢.

We can now state the Special Markov Property.

Theorem 3.2 (Special Markov property). Let ¢ be a non-negative measurable function defined on
R, X Ms(R,) X S. Then, we have P-a.s.

E {eXp (—Zw(Aai,pai_,ﬁ"')) ‘9700]
i€y
o0
— _ PRI (TRVRY
N
o0
exp (—f du J mt1(de) (1 —Ej[e“ﬁ(“’“")]m:ﬁu)) . (34)
0 (0,00)

In other words, the law under P of the excursion process Z 6, po._onldududs), given F oo 15 the
ier
law of a Poisson point measure with intensity

Lyzopdu 65, (du) (alN(dyHJ nlcde)ﬂvz(dy)).
(

0,00)

Informally speaking, this Theorem gives the distribution of the marked exploration process “above”
the pruned CRT. The end of this section is now devoted to its proof.

Let us first remark that, if lim,_,, , ¢1(A) < 400, we have a; = 0 and ; is a finite measure. Hence,
there is no marks on the skeleton and the number of marks on the nodes is finite on every bounded
interval of time. The proof of Theorem 3.2]in that case is easy and left to the reader. For the rest of
this Section, we assume that lim,_,, ., ¢;(1) = +o0.

3.1 Preliminaries
Fix t > 0 and n > 0. For & = (¥ = (ps,m),s = 0), we set B = {0() = +oo} U{T, (&) =

oo} U {L,(#) = —oo} where o() = inf{s > 0; p; = 0}, T,(*) = inf{s > n;(p,,1) = n} and
L, (&) =sup{s € [0,0(F)];(n,, 1) = n}, with the convention inf@ = +oo and supf = —oco.

We consider non-negative bounded functions ¢ satisfying the assumptions of Theorem|3.2 and these
four conditions:

(hy) pu,u,?)=0foranyu > t.
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(hy) u— p(u,u, ) is uniformly Lipschitz (with a constant that does not depend on u and ).

(h3) ¢(u,u,s) =0 on B; and if & € B¢ then ¢(u,u, ) depends on & only through (,,u €
[Ty, L, D).

(h4) The function u — ¢(u,u, ) is continuous with respect to the distance D(u, u’) + [{(u, 1) —
(u,1)] on .4 ¢#(R,), where D is a distance on .#;(R,) which defines the topology of weak
convergence.

Lemma 3.3. Let ¢ satisfies (hy — h3) and let w be defined on (0,00) X [0,00) X .4 (R, ) by
W(@, u: M) = }EZ [e_‘n"(u’u,')] .

Then, for N —a.e. u € (R ), the function (£,u) — w({,u,u) is uniformly continuous on (0, 00) X
[0, 00).

Proof. Letu >0 and £’ > . If we set 7, = inf{t > 0, p,({0}) = £} we have, by the strong Markov
property at time 7, and assumption (h3), that

By, [0 0] =B}, 147,50 By [ 9@ | 4+ [evemdng ]
Therefore,
|w(€/, u,u) —w(l,u,u)| < EZ, [I{Tniw}Ez [e—sa(u,u,-)] ] + Ez/ [e—so(u,u,.) 1@}98}}

< 2P}(T, < 7,)

Using Lemmal|1.6, for ' — { < n, we get
W, 00) = Wl )] < 2 (1 - e O

Since N[T,7 < 0] < oo, we then deduce there exists a finite constant Cy St for all function ¢
satisfying (hs),
(W', u, 1) —w(l,u, w)| < c |t —£]. (35)

The absolute continuity with respect to u is a direct consequence of assumptions (h; — h,). O

3.2 Stopping times

Let R(dt, du) be a Poisson point measure on }Ri (defined on (S, &)) independent of &, with inten-
sity the Lebesgue measure. We denote by ¥, the o-field generated by R(-N [0, t] X R, ). For every
g > 0, the process R := R([0,t] x [0,1/¢]) is a Poisson process with intensity 1/¢. We denote by
(e, k > 1) the time intervals between the jumps of (R{,t > 0). The random variables (e, k > 1) are
i.i.d. exponential random variables with mean ¢, and are independent of %,. They define a mesh
of R, which is finer and finer as ¢ decreases to 0.
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For € > 0, we consider T§ =0, M =0 and for k > 0,

M? ,=inf{i > M ;m._, < c#0
k+1 { k> Tk+Z;=M§+1ej 7£ };

M,
Sin=Ti+ 2 ¢ G6)
J=M{+1
Ty, =inf{s > S ;; m; =0},

t
. e e _
with the convention inf() = +oo. For every t > 0, we set T; = fo ds lUkzl[T;f,SZH)(S) and

9:20'(9}U%T§). (37)

Notice that T} and S; are °-stopping times.

Now we introduce a notation for the process defined above the marks on the intervals [Si, T ] . We

set, for a > 0, H, the level of the first mark, p, the restriction of p, strictly below it and p; the
restriction of p, above it:

H, = sup{t > 0,m,([0,t]) =0}, p, =p,(-N[0,H,)) (38)

and p is defined by p, = [p_,p/ ], that is for any f € %, (R,),
(oo f) = J ~ f(r=Hy) pu(dr). (39)
[Hq,00)

For k > 1 and ¢ > O fixed, we define &%¢ = (pk’e,mk’g) in the following way: for s > 0 and
fe®B(R,)

ke _ +
Ps™ = P(seqsynty

((ma)ic,a,ﬂ = f f(r— HSi)m?s;H)/\T,f(dr)’ with a€ {nod, ske},

(Hsliy“‘oo)

and mi"g = ((mnOd)f’e,(mSke)f’g). Notice that pf’e({O}) = psi({HSii})' For k > 1, we consider the

o-field (% generated by the family of processes (SET; HS)ASE —» S > O)

+1

Notice that for k € N*
FOk c 75, (40)

3.3 Approximation of the functional

Let & be a marked exploration process and g be a function defined on S. We decompose the
path of p according to the excursions of the total mass of p above its minimum as in Section (1.5}
with a slight difference if the initial measure u charges {0}. More precisely, we perform the same
decomposition as in Section1.5/until the height process reaches 0. If u({0}) =0, then H, =0 <
p; = 0 and the decompositions are the same. If not, there remains a part of the process which
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is not decomposed and is gathered in a single excursion (defined as (a; , b; ) in Figure[1). We set
Y, = (p;, 1) and J, = infy<, <, Y;. Recall that (Y,,t > 0) is distributed under IE”Z as a Lévy process
with Laplace exponent v started at (u,1) and killed when it reaches 0. Let (a;,b;), i € &, be
the intervals excursion of Y —J away from 0. For every i € ¢, we define h; = H, = H;,. We
set # = {i € A;h; > 0} and for i € 4 let &' = (p!,m') be defined by (22) and (23). If the
initial measure u does not charge 0, we have ¢ = # and we set #* = # = . If the initial
measure u charges 0, we consider iy, & ¢ and set & = 4 U {iy}, a;, = inf{a;;i € A, h; = 0},
b;, = sup{b;;i € #',h; = 0} and Flo = (ph, m) with

<p20’f> ZJ f(x)p(ai0+t)ABio(dx)
[0,400)

«mﬂ&f):J FOIME, . np,, () with a€ {nod, ske},
(0,+00)

and n'1it° = ((rﬁ“"d)?’, (rhSke)io). See Figure/1/to get the picture of the different excursions.

H,

io io

Figure 1: Definition of the different excursions

We define .
g(F)= Y, g(F. (41)

iex™

Lemma 3.4. P-a.s., we have, for € > 0 small enough,

o0 o0
i\ - k,ey - k,
gngmﬁp%—NVU——;;ka@p$ﬂy ﬂ-ggwﬂA%ﬁkysﬂfx 42)
A = =

where the sums have a finite number of non zero terms.
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Proof. First equality. By assumptions (h;) and (h3), as N[T, < +00] < +0o0, the set
S ={i€S,9(Ay,Pa- ) # 0}

is finite. Therefore, for ¢ small enough, for every j € .#/, the mesh defined by (36) intersects the
interval (a;, 8;): in other words, there exists an integer k; such that S; € (a;,3;) (and that integer
J

is unique).
Moreover, for every j € .#’, we can choose ¢ small enough so that Sli,- < Tn(pj ), which gives that,
for € small enough,
¢AajPa;—» L) = 0(Ag) Pay—s ).
Finally, as the mark at a; is still present at time S sj, the additive functional A is constant on that time

interval and Po;— = Pge - Therefore, we get
ks
J

Ay, Pa—» P =p(As ,pg: , 7).
j j k; Skj

€

Second equality. Let j € #’. We consider the decomposition of &%** according to pi** above its

minimum described at the beginning of this Subsection. We must consider two cases :

First case : The mass at ; is on a node. Then, for ¢ > 0 small enough, we have T, > q; and
- k. - i - k;
w(AS£ :PSe :y ],8) = SO(ASS >PSe ;ylo) = QJO*(IAS‘€ :PSS ,,Sﬂ ],8)
ik A N
as all the terms in the sum that defines ¢* are zero but for i = i,.

Second case : The mass at «; is on the skeleton. In that case, we again can choose ¢ small enough so

that the interval [T,, L, ] is included in one excursion interval above the minimum of the exploration
total mass process of S, We then conclude as in the previous case. O

3.4 Computation of the conditional expectation of the approximation
Lemma 3.5. For every Z.,-measurable non-negative random variable Z, we have
o0 o0
* - k, _ -
E | Zexp (—;w (As@psi,y )) =E ZHKE(ASE,pSE) ,

where y =1 (1/¢) and

Y r—v(nw ! J o
— d 0, m,(de ¢ r=wh |
5 (D =) (al +JO u o 11(dey) w(uby,r,u)e ) (43)

w(l,r,u) =E; [e_“"(r’“")] and v(r,u)=N [1 — e_*”(r’“")} . (44)

K. (r,u)

where
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Proof. This proof is rather long and technical. We decompose it in several steps.

Step 1. We introduce first a special form of the random variable Z.

Let p > 1. Recall that H, ,» denotes the minimum of H between t and t’ and that H, defined by (38)
represents the height of the lowest mark. We set

p—1 _ e . —
gd —SUP{t>Tp_1: Ht_HT;_l,S;}J

Egzinf{t>T;_1; HtZHs; and Ht’sngt}.

52_1 is the time at which the height process reaches its minimum over [T;_I,S;]. By definition of

Tp‘s_l, mre =0 (there is no mark on the linage of the corresponding individual). On the contrary,
p- _ _

M #0, ms;;({Hs;}) # 0 but msé([O, HS;)) = 0. In other words, at time S;, some mark exists and

the lowest mark is situated at height H se- Roughly speaking, Z is the time at which this lowest

mark appears, see figure to help understanding. Let us recall that, by the snake property (21),
myp-1 = 0 and consequently, Eg_l < &% as.
d

H

H:

€ t
Sp
Figure 2: Position of various random times

We consider a bounded non-negative random variable Z of the form Z = Z,Z,Z,Z3, where Z, €
_ -1 -1

FEOP, 7y €0(A,Ti Su<&y ), Zy €0(H,85 <u<&y)and Z3 € o(HAresnse, > § =

0, k > p) are bounded non-negative.

Step 2. We apply the strong Markov property to get rid of terms which involve S; and T ;. We first
apply the strong Markov property at time T; by conditioning with respect to Z:.. We obtain
p

p
E |:Z exp (_Z SO*(AS,i) p;i:yk,g)):|

k=1

P
k=1
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Recall notation (38) and (39). Notice that pre = Pge» and consequently Pr: is measurable with
p
respect to Z¢.. So, when we use the strong Markov property at time S;, we get thanks to (40)
p

p
E |:Z exp (_Z ‘P*(ASE’ ps_li, yk,e‘)):|
k=1

p—1 _
— - k, _w*(ASS’p s)
=E [Zozlzz exp (— E ﬁp*(Asg,Psli,y 8)) E:,+ [e P Eps% [Z3]] -

k=1 Sp

Using the strong Markov property at time T;—p and the lack of memory for the exponential r.v., we
get

p
E {Z exp (—Z w*(As,f,p;i,Sﬂk’e)) }

k=1
p—1
_ _ * — k,e -
with
— —p*(b+A_s,u,
¢ (b, u,v) = E; [zlzzu«:j)fl [eme brArmI | Y [231}, (46)

T/

where 1’ is distributed under ]P’t as Sf.

Step 3. We compute the function ¢ given by (46). To simplify the formulas, we set
F, ) =E}, [e7 PH0I] ) =} [2,]
(the dependence on b and u of F is omitted) so that
¢ (b,u,v) =E: [ Z:Z,F (A, p1)G(p7)] - 47)
The proof of the following technical Lemma is postponed to the end of this Sub-section.

Lemma 3.6. We set q(du,d{,) = ;6 0)(dudl,)+du £,m,(d€,) and by convention t({0}) = 0. We

have:

1—‘F (AT’)
Iy
where for a non-negative function f defined on [0, 00) X /(R )

¢(b: nuwlv) = Ev |:le2 G(p;/)i| > (48)

I'¢(a)= j q(du,dt;) J M(dp’,dn’,dm’) e 7"V £(a, ' + (1 — u)t,5,)
[0,1]x[0,00)

and for f =1, T'; does not depend on a.
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We now use the particular form of F to compute I'r. Using (41) and Lemma|1.6, we get

F(a,u') = EZ’ [e—¢*(b+a,u,')] — e—tp(b+a,u,')] oM (0,00)N[1—e ¢(FarI]

*
Epcion |
Using w and v defined in (44), we get

M [e_Y(p’l)_Y“el F(a,m+(1 - u)£150)J
=w((1—u)ly,b+a,u)e M, [e—Y(p,l) e—V(b+a,u)<n,1>]
(P Bram)
—w((1—wly, b +a, e (RS )

We deduce that

y—v(b+a,u) ' —y(1-u)t
Ip(a)= a;+ | du Oy (de) w(uby,b+a,p)e T |
0 (0,00)

Y(y) =y (v(b+a,u))

v $1(r)  i(y)

v v ()
Finally, plugging this formula in (48) and using the function K, introduced in (43), we have

andwith F=1,T; =

¢(b,u,V):EV[leng(b +Ar’:U)G(P;)] (49)

Step 4. Induction.
Plugging the expression for ¢ in (45), and using the arguments backward from (45) we get

p p—-1
E [Z exp (—Z cp*(ASi,pS_i,S/’k’g))] =E |:Z exp (—Z (P*(Asi,PS_i,yk’g)) Kg(As;,PE;)] .
k=1

k=1

In particular, from monotone class Theorem, this equality holds for any non-negative Z measurable
w.r.t. the o-field j(fo =o((HK,,t € [ATIS,AS’§+1]), k > 0). Notice that KE(AS;, Pg:) is measurable w.r.t.
p

Z - S0, we may iterate the previous argument and let p goes to infinity to finally get that for any
non-negative random variable Z € &, we have

o0 o0
E {Z exp (—Z (P*(As;,)oglf,yk’g)) } =E [z ]_[Kg(Asi,p;i)} :
k=1

k=1

Intuitively, ﬁcfo is the o-field generated by Z,, and the mesh ([ATf’ASiH]’ k > 0). As 9_'; contains

Z +, the Lemma is proved. O

Proof of Lemma/3.6] We consider the Poisson decomposition of & under P} given in Lemma 1.6
Notice there exists a unique excursion i; € X s.t. a;, < v/ < b;,.

By hypothesis on Z;, under P}, we can write Z; = 54 (v, > Sp, 1) for a measurable func-

I€X;a;<a;;

tion 7. We can also write Z, = #4(p,, & 2 <u<§ ;) for a measurable function 7, as m,, = 0 for
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ue[E9 & }g). Then, using compensation formula in excursion theory, see Corollary IV.11 in [12], we
get

s<v s<v

¢(b,u,v)=E JV(dV) I{T/ S Zg(ys)}%l (V,Z5(s,y~<)) hy (r,ZAa(yS)(YS)> , (50)
s<v
where ) & s is a Poisson point measure with intensity v(ds)N[d.~], o(&) = inf{r > 0, &, = 0},
t
At(ys) = fO dv’ 1{mvl(5ps)zo} and
h}:'(r: a) = N |:F(a +AT’7P,—:/)G(|:krV)p;])%([krv>pt]>O S t < g;)l{’r/<0'}i| .

Let (R, k > 1) be the increasing sequence of the jumping times of a Poisson process of intensity 1/¢,
independent of &#. Then, by time-reversal, we have

+00
hi(r,a)=N [Z Limg, 03 Livi>k, mRk/=O}F(a +A; —Ag, g,
=1

G(Ik,v, mr DA Tkyv, ), 7y <u < )

where 7; = inf{t > R;;m, = 0}. We then apply the strong Markov property at time R; and the
Poisson representation of the marked exploration process to get

+00
Ry(r,@) = N[ 3 1, 201G, 05, )
k=1

i

where 7, = inf{t > 0;m, = 0}. Now, let us remark that, if my # 0, then m, # 0 for s € [0, 7] and
A;, = 0. Therefore, mg = 0 implies R; > 7. The strong Markov property at time 7, gives, with

n' =g,

Ezkka,mRk) [I{szw’ mRk,=0}F(a +Ag, ) ([kv,m, ], To <u < O')]

/—mt
In'=ng,

Lime, #01 (0 me ) |:1{Vk’>0, ma, =0} (@ + A, n)([kev, my ], 7o <u < 0)}
= 1{mRk¢0}]P):); (Rl > O-)E:;E |:1{Vk/>0, mRk/:()}F(a +Ao_,n/)jﬂ,02(|:krv,nu:|,o <u=< O-)] .
k k
We have, using the Poisson representation of Lemma|1.6 and (15), that
* — ¥ —o/e] — (g 1)
IP’p;k (R, >0) ]Ep;k [e ] e K

as y =1)~!(1/¢). We obtain

+00
Ry(r,a) =N [Zumﬁoﬁ(pakmakmzk,m&)} :
k=1
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where

G(p,m,p",m") = G([k,v,n])e "D

5 [ Lo, mgy -1 F (@ +Ag 1), m), 0 <u £ )|

As Y-8 R, is a Poisson point process with intensity 1/¢, we deduce that

1 o
hy(r,a) = N U dt l{mﬁeO}G(pf,nZ,p?,n?)} -
0

Using Proposition 1.9, we get

o0

1 ~
hy(r,a) = Ef da e My | LinpoyGlu—,v ™t v D]
0
For r > 0 and u a measure on R, let us define the measures us, and u., by

(MZr:f) = J f(X - r)l{xzr}.u’(dx) and (.U'<r:f> = J f(x)l{x<r}.u'(dx)-
Using Palm formula, we get

M, I:l{m760}é(u'_9 v, ;u'+’ /V+):|

a
:f dr f q(du,dt;)
0 [0,1]%[0,00)
M, |:1{m([0,r))=O}G(nu'<r’ Ve, Msr U180, vs, + (1 — u)€150)] .

Using the independence of the Poisson point measures, we get

M, I:l{m([O,r))=0}a(‘u<r’ VersU>r t+ u€160’ Vert (1- u)€150)j|

= J M., (dy,dv, dm)J M, (dp’,dn’,dm ) oG, v, p’ +uly 8o, n’ + (1 — u)l15).
We deduce that

1
h';‘(raa): _j Q(dU,dgl) JM(dpadnadm)fM(dplzdnlzdm/)
€ J10,11x[0,00)

LineoyG(p,m, p" +ul1850,m" + (1 — u)l;5p).

Using this and (50) with similar arguments (in reverse order), we obtain (48).
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3.5 Computation of the limit

Recall notation of Section(3.2. Let A? be the Lebesgue measure of [0,s] N (UkzO[T]f,S,‘iH]). The

process t — sup{i € N;>_
s +— N, , where

;:1 e;? < A} is a Poisson process with intensity 1/¢ and the process

My
N, =sup{k e N;A%, <t} =supik e N;Ze? <A%},
’ k
j=1

is a marked Poisson process with intensity P(m., # 0)/e, where 7 is an exponential random variable
with mean ¢ independent of &.

We first study the process t — N, ;.

Lemma 3.7. The process t — N, is a Poisson process with intensity where y =~ 1(1/¢).

1Y
ETPO(Y)’

Proof. We have, by the similar computations as in the proof of Lemma 3.5,

1 o0
P(m,=0)=—-E dt e”'/e1
(m'r e € {m,=0}
0

1 (™ o
= ;J ds e N |:f dt e_t/"" l{mt=0}:|
0 0
1 7 —t/e
= ;N dt e l{mt=0} .
0

By time reversibility and using optional projection and (15), we have

g g
N |:J dt e_t/8 1{m[:0}i| =N [J dt e—(a—t)/e l{mt=0}j|
0 0
g
=N [J dt e viPel) l{mt—0}1| .
0

The proof of Lemma 2.1} see (29) and (31), gives that P(m, = 0) = 81/)1()/)' Since e 7! =(y) =
0
1
Polr) = (1), we get = B(m. #0) = 21 .
€ eyo(r)

We then get the following Corollary.

Corollary 3.8. There exists a sub-sequence (¢, j € N) decreasing to 0, s.t. P-a.s. for any t, = 0 and
any continuous function h defined on Ry X (R, ) such that h(u,u) = 0 for u > t,, we have, with

v =v"1(1/e)),

[0.0]

o0
lim ¢, (y;)7" Zh(ASEf,P_sj) = J h(u, p,) du.
j—00 P k S 0
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Proof. Notice that as a direct consequence of (9) and (20), we get
lim evy(y) = 1.
e—0

Recall that (AZ.,k > 1) are the jumping time of the Poisson process t — N,, with parameter
¢ ,

¢1(y)/epo(y). Standard results on Poisson process implies the vague convergence in distribution
(see also Lemma XI.11.1 in [18]) of ¢;(y)~* 21?;1 5A§i(dr) towards the Lebesgue measure on R

as ¢ goes down to 0. Since the limit is deterministic, the convergence holds in probability and a.s.
along a decreasing sub-sequence (¢;,j € N). In particular, if g is a continuous function on R, with
compact support (hence bounded), we have that a.s.

o0

lim ¢4 (y;)™ Z g(A”) = J g(u) du.
e k= 0

Notice that A? > A, and that a.s. A% — A as £ goes down to 0. This implies that a.s. (Af,s > 0)
converges uniformly on compacts to (A,,s > 0). Therefore, if g is continuous with compact support,
we have a.s.

(0.0]
: -1 &j —
Jim ¢1(r)) ;1g(Asf?) - glag)| =o.

So we have that -

jlifgo P1(r)™ Zg(ASEi) = f g(u) du (51)
k=1 k 0

and this convergence also holds for a cad-lag function g with compact support as the Lebesgue
measure does not charge the point of discontinuity of g.

Let h be a continuous function defined on R X (R ) such that h(u,u) = 0 for u > t,. First let
us remark that pg. = Pre and that Mmre = 0. Using the strong Markov property at time T;, and the
k

second part of Corollary 2.2, we deduce that P-a.s. for all k € N*,
Therefore, as Age =Are, we have P-a.s.
[jAsli :ﬁATﬁ :kaE = p;}i‘

This gives

o0 o0

$r(r)) ™ Z h(Ages, Ps_s,-) =¢1(r))™" Zh(AS%‘ Pa ;)

=1 f Tk =1 %

and applying the convergence to the cad-lag function

g(u) = h(u, p,)

gives the result of the lemma. O

We now study K, given by (43). We keep the same notation as in Lemma/3.5.
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Lemma 3.9. There exists a deterministic function Z s.t. lirrcl)%(s) =0and forall e > 0and u €
Foted
My (R ), we have:

¢1(r)log(K,(r,u)) — ayv(r,u) — n1(d{q) (1 —w(ly,, ,u)) < Z(e).

sup
r=0 (0,00)

Proof. We have

P(y) y—v(ru) 1
Y(y) =Y (v(r,u) Y ¢1(r)

1
(a1Y+YJ duf 517'51(d£1) W(ufl,r’ ‘u)e_)’(l—u)ll)
0 (0,00)

_ P(y) y—v(ru) 1
Y(y) =Y (v(r,u) Y $1(r)

rlq
(al}""J m1(de,) J e tdsw(ly— i,r,,u))
(0,00) 0 Y

_ P(y) y—v(ru) 1
Y(y) =Y (v(r,u) Y $1(r)

vty
(¢1(Y)—f m1(d¢,) J e ds (1—W(€1 —i,r,.u))) .
(0,00) 0 Y

In particular, we have ¢, (y)log(K,(r,u)) = —A; +A, + A3, where

Ks(r: M) =

A1) = $1(Nlog (1= m)/ (1)),
Ay(r) = ¢1(y)1og(1 = v(r,u)/7),

1z
As(r) = ¢1(y)log (1 - j m1(dty) f e *ds (1 —w(ly — i> TGM)) /¢1(Y)) .
(0,00) 0 14

Thanks to (hs), there exists a finite constant a > 0 s.t. P-a.s. v(r,u) < a for all r > 0. We deduce
there exists ¢, > 0 and a finite constant ¢ > 0 s.t. P-a.s for all € € (0, gy],

sup|A;(r)| <c fbl(}/) and sup|A,(r) — a;v(r,u)| < ‘i |
Y

r>0 (r) r>0

OL1|. (53)

$1(r) _
Y

We have

vty
S
J nl(del)f e ds (1—w(61——,r,u))—f ry(dey) (1-w(ly, )
(0,00) 0 4 (0,00)

=J m1(dey) e " (w(ly, rp) — 1)
(0,00)

© S
+J Tcl(del) f e *ds (W(elzruu')_w(el E) rz.u’)) 1{55)/@1}’
(0,00) 0 Y
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It is then easy to get, using (hs) and (35), that P-a.s

$2(y) = sup

r=0

vt
f my(dey) f e ds (1 —w(ty — %ﬂ%.u)) —f m1(dt,) (1 _W@l;’ﬁu))
( 0 (

0,00) 0,00)

converges to 0 as y goes to infinity.
Recall that we assumed that lim ¢(y) = 4+o00. Thus, there exist ¢, > 0 and a finite constant ¢ > 0
y—00

s.t. P-a.s for all € € (0, ],

C
< o) + ¢o(7). (54)

Using (53) and (54), we get that there exists a deterministic function # s.t. P-a.s

As(r) — m1(de,) (1—W(£1’T’M))
(0,00)

sup
r=0

sup < R(¢),

r=0

¢1(r)log(Ke(r, u)) — ayv(r, u) — f mi(dey) (1—w(ly, 1, 1)

(0,00)

where lirr(l) Z(e) =0, thanks to (9) and (20).
E—
0
The previous results allow us to compute the following limit. We keep the same notation as in
Lemma 3.5|

Lemma 3.10. Let ¢ satisfying condition (hy)-(h3). There exists a sub-sequence (¢;,j € N) decreasing
to 0, s.t. P-a.s.

o0 o0
lim I_[Kg_(Assj,ps_e):exp—f du alv(u)—i-f
I %=1 Tk k 0 (

Proof. Notice that thanks to (h;), the functions v and (u,u) — w({,u,u) are continuous and that
forr > t, v(r,u) = 0 and w({, r,u) = 1. The result is then a direct consequence of Corollary(3.8/and
Lemma O

m1(de) (1 —w(l,u, ,u))) .

0,00)

3.6 Proof of Theorem|3.2]

Now we can prove the special Markov property in the case lim,_,, ¢1(y) = +o0.

Let Z € &., non-negative such that E[Z] < co. Let ¢ satisfying hypothesis of Theorem (3.2} (h;)-
(h3). We have, using notation of the previous sections

(0.0]
E [Z exp (—Zw(Aai,pai_,yl)ﬂ = lim & | Zexp (—Z 0" (Asij,p;?,yk’sf))]
k=1

i€l L

0
=1mE | Z]| [k, Az, 02,
Jim, _ k]:! ¢ sk“ps;)]

=E [Z e f;o du (alv(u,ﬁu)Jrf(Om) my(dl) (1—W(e,u,pu))):|

B
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where we used Lemma [3.4/ and dominated convergence for the first equality, Lemma (3.5 for the
second equality, Lemma [3.10 and dominated convergence for the last equality. By monotone class
Theorem and monotonicity, we can remove hypothesis (h;)— (h3). To ends the proof of the first

part, notice that fot du (alv(u) + f(o ) m1(de) (1 — W(Z,u))) is Z. -measurable and so this is P-
a.e. equal to the conditional expectation (i.e. the left hand side term of (34)).

4 Law of the pruned exploration process

Let p(® be the exploration process of a Lévy process with Laplace exponent v,. The aim of this
section is to prove Theorem 2.3.

4.1 A martingale problem for p

Let 6 = inf{t > 0,5, = 0}. In this section, we shall compute the law of the total mass process
({B¢rs>1), t = 0) under P, = P, , using martingale problem characterization. We will first show
how a martingale problem for p can be translated into a martingale problem for 5, see also [1].
Unfortunately, we were not able to use standard techniques of random time change, as developed in
Chapter 6 of [23] and used for Poisson snake in [7], mainly because ¢t ~* (IE“ f (o) gm,—op] — f(,u))

may not have a limit as t goes down to 0, even for exponential functionals.
g

Let F,K € %B(#;(R,)) be bounded. We suppose that N |:f |K(p5)| ds:| < 00, that for any u €
0

K(p,) ds, for t > 0, defines an

dsi| < oo and that M; = F(ppg) — fOMU

g
M5 (Ry), E, [ f [K(py)
0
& -martingale. In other words, if F belongs to the domain of the infinitesimal generator £ of p, we
have K = £ F. We will see in the proof of Corollary|4.2|that these assumptions on F and K are in
particular fulfilled for
F(v)=e ™1 K(v)=v(c)F(v).

Notice that we have -

M| < IFlloo +f |K(p,)|ds
0
and thus E: [suptZO |MrH < 00. Consequently, we can define for t > 0,
N, = E}[Mg,|%,].

Proposition 4.1. The process N = (N,,t > 0) is an & -martingale. And we have the representation

formula for N,: )
tAC

Ny :F(ﬁt/\&)_J duf((ﬁu), (55)
0
with

(o2

K(v)=KW)+a;N [J K([v,ps])dsi| +J n1(d0) E, |:J K([v,ps])ds] . (56)
0 ( 0

0,00)
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Proof. Notice that N = (N,, t > 0) is an % -martingale. Indeed, we have for t,s > 0,

Eyu[Neys| P ] = E (B, M, |Z14]12]
= ]E,u[MCtHljt]
=E,[E,[Mc,, |7 11%:]
= EH[MCth‘];

where we used the optional stopping time Theorem for the last equality. To compute E,[M, |Z.],
we set N/ = M¢, + Mét, where for u >0,

uUno
Mlll = J K(ps)l{ms;ﬁo} ds.
0

Recall that Cy = 0 P,-a.s. by Corollary(2.2] In particular, we get

C. Ao

N/ =M¢, +M; =F(pcpo) — f K(ps)1im =0y ds
0
C. Ao

:F(ﬁt/\é)_J K(ps) dAs
0

tAG

:F(ﬁm&)_f K(p,) du,
0

where we used the time change u = A, for the last equality. In particular, as & is an % -stopping
time, we get that the process (N/,t > 0) is #-adapted. Since N, = N/ — IEH[Mé[ |Z,], we are left
with the computation of E,, [Mét |Z,].

We keep the notations of Section /3. We consider (p!, m'), i €I the excursions of the process (p,m)
outside {s,m, = 0} before o and let (a;,3;), i € I be the corresponding interval excursions. In
particular we can write

CiNOo .
J |K(ps)| l{msséo} ds = Z‘I’(Aai:pai—’pl):
0

i€l

with
a(p)

o(u,u,p) = 1{u<t}J {K([u,ps])\ ds,
0

where o(p) = inf{v > 0; p, = 0}. We deduce from the second part of Theorem (3.2, that IP;-a.s.

C,NO %
By, { f |K(05)] 1gm 203 dsl%} =J 1g,<qR(p,) du, (57)
0 0

with, K defined for v € .#;(R.) by

k(v)=a1NU [K([v, p5])| ds:|—|-J m(d0) E; U |K([v. p])| ds:|.
0 (0,00) 0
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Since E, U(ftw |K(Ps)| 1m0} ds] <E, UOU \K(ps)~ ds] < 00, we deduce from (57) that P,,-a.s.
du-a.e. 14,.5;K(p,) is finite.
We define K € B(#;(R,)) for v € #;(R,) by

K(v)=a;N U K([v,PstS} +f m1(d0) By U K([v,ps])dS] (58)
0 (0,00) 0

if K(v) < oo, or by K(v) = 0 if K(v) = 4o0. In particular, we have |[K(v)| < K(v) and P,-a.s.
f(;j |K(p,)| du is finite. Using the special Markov property once again (see (57)), we get that P,-

a.s.,
C,AC tAG
EM [MétLg.oo] = Eu |:f K(ps)l{ms;éO} dslgoo:| = j K(/Su) du.
0 0
Finally, as N, =N, — E,, [Métlﬁoo] , this gives (55). O

Corollary 4.2. Let u € #;(R,). The law of the total mass process ({0, 1), t = 0) under IPZ’O is the
law of the total mass process of p© under IP’Z.

Proof. LetX = (X,,t > 0) be under P}, a Lévy process with Laplace transform 2} started at x > 0 and
stopped when it reached 0. Under P, the total mass process ({0¢xs,1),t = 0) is distributed as X un-
der PTu,l)' Let ¢ > 0. From Lévy processes theory, we know that the process e Xt —)(¢) fot e~ % ds,
for t > 0 is a martingale. We deduce from the stopping time Theorem that M = (M,,t > 0) is an
Z -martingale under P, where M; = F(p5,) — fomg K(ps) ds, with F,K € B(#;(R.)) defined by
F(v)=e<"D forv e (R, ) and K =1)(c)F. Notice K > 0. We have by dominated convergence

and monotone convergence.

(o2

e Wl = lim E,[M,] =E,[e =1 -y ()E, [ J e~clpsl) ds} :
t—00 0

g
This implies that, for any u € .#;(R;), E, [J {K (ps){ ds} is finite. Using the Poisson representa-
0

tion, see Proposition|1.9) it is easy to get that
7 c
N dt e~clPel) | = : (59)
Uo P(c)

From Proposition 4.1, we get that N = (N, t > 0) is under P, an Z -martingale, where: for t > 0,

In particular, it is also finite.

tAC
Nt = e_c(pt/\fnl) _J k(ﬁu) du
0
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and K given by (56). We can compute K:

g o
Kiv) = 1/)(c)e_‘:<“”1> (1 +a;N |:J e~clps) ds} —|—J n1(d0) E, |:J eclpsl) ds})
0 (0,00) 0
c 14 o
= 1/)(c)e_‘:<"’1> (1 +a,—— —l—f nl(dﬁ)f dr e 'N [J eclpsl) ds] )
Y(c) (0,00) 0 0

=e ¢l (w(c) +ajc+ f 1 (de)(1 - e_d))
(0,00)

=po(c)e™ ™Y,

where we used (59) and the excursion decomposition for the second equality, and ¢, = + ¢, for
the last one.

Thus, the process (N;,t > 0) with for t >0
tAG
Nt — e_c(ﬁt/\c'r’1> _wo(c)f e_c(ﬁu?l) du
0

is under P, an  -martingale.

Notice that & = inf{s > 0;(5,,1) = 0}. Let x© = (XEO), t > 0) be under P}, a Lévy process with
Laplace transform 1) started at x > 0 and stopped when it reached 0. The two non-negative cad-
lag processes ({Bns,1), t > 0) and X solves the martingale problem: for any ¢ > 0, the process
defined for t > 0 by

tAc’
e Yeno! —lpo(c)f e % ds,
0

where ¢’ = inf{s > 0; Y, < 0}, is a martingale. From Corollary 4.4.4 in [23], we deduce that those
two processes have the same distribution. To finish the proof, notice that the total mass process of

p© under IP’Z is distributed as X(®) under P‘ZM - O

4.2 Identification of the law of p

To begin with, let us mention some useful properties of the process j.
Lemma 4.3. We have the following properties for the process .
(i) p is a cad-lag Markov process.
(ii) The sojourn time at 0 of p is O.
(iii) O is recurrent for p.

Proof. (i) This is a direct consequence of the strong Markov property of the process (p, m).

(ii) We have for r > 0, with the change of variable t = A,, a.s.

r r C, C,
J lip,=op dt = f Lpe, =0y dt = f Lip,=oy dAs = f Lip.=0y ds =0,
0 0 0 0
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as the sojourn time of p at 0 is 0 a.s.

(iii) Since 6 = A, and o < 400 a.s., we deduce that O is recurrent for g a.s. O
Since the processes ¢ and p(o) are both Markov processes, to show that they have the same law, it

is enough to show that they have the same one-dimensional marginals. We first prove that result
under the excursion measure.

Proposition 4.4. For every A > 0 and every non-negative bounded measurable function f,

& o
N{ f emmf,f)dt} —N f e M=) gy
0 0

Proof. On one hand, we compute, using the definition of the pruned process p,

G Ay
N |:J e—lf—(ﬁt’f) dt:| =N |:f e—lf—(Pct’f) dt:| .
0 0

We now make the change of variable t = A, to get

o o
N |:J e M= (pe.f) dt:| =N [J e Mu g {Puf) dAu]
0 0

(2
=N |:J e_Mu e_(pu’f> 1{mu:0}du] .
0

By a time reversibility argument, see Lemma 1.7, we obtain

& [ (e
N J e_kt_“st’f) dt — N 1{mu:O} e_<7’u’f) e_A(AU_Au) du:|
0

— ro.
=N 1{mu=0} e—(Tlu,f) E;wo [e_MU] du
S o
-1
=N 1{mu:0} e_(nu;f)_wo (A)(pu;l) du:| ,
LJO

where we applied Lemma|2.1/ (i) for the last equality. Now, using Proposition 1.9, we have

G 00
N [ J e M{Pef >dt} :J da e %M, [1{m:0}e—(uf)—wglu)w,n] _
0 0

Using usual properties of point Poisson measures, we have, with ¢ = a; + f(o ) ¢ m(de),

Mg [1moyF(u,v) ] = e M, [F(u°,v9)],
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where with the notations of Proposition|1.9, for any f € 8, (R, )
a
(u®, f) = f Ap(dx dldu) 1o o) (xJul f (x) + B f f(r)dr,
0

(v, f) = f Ao(dx dldu) 1o q1(x)(1 —u)lf (x) + 8 f f@r)dr.
0

As ag = a +c, we have

o 0
N {J e M= (Pe.f) dt} :J da e %9 M, [e—w",f)—wgl(x)(m,l)] _
0 0

Proposition 3.1.3 in [22] directly implies that the left-hand side of the previous equality is equal to

o

N J e~ A=95" 0”1 gt | | On the other hand, similar computations as above yields that
0

o

©
this quantity is equal to N J e=*=°) d¢ | . This ends the proof. O
0

Now, we prove the same result under ]P’Z o that is:
Proposition 4.5. For every A >0, f € B, (R, ) bounded and every finite measure y,

5 )
]E; . |:J e AM—={0e.f) dt:| — EZ J e—lt—(pgo),f) dt
0 0

Proof. From the Poisson representation, see Lemma (1.6, and using notations of this Lemma and of
(28) we have

& o
]E:;’O |:f e—kt_<ﬁt:f> dt} — E;’O |:f e—Mu_(purf) dAu]
0 0

[of] . .
0

ieJ

where the function f, is defined by f,(x) = f(H ﬁ“) +x)and H ,E“ ) =g (k,u) is the maximal element
of the closed support of k.u (see (12)). We recall that —I is the local time at O of the reflected
process X — I, and that 7, = inf{s; —I; > r} is the right continuous inverse of —I. From excursion
formula, and using the time change —I, = r (or equivalently 7, =s), we get

g . Tiw1)
Efo J e M Pellde | =Ty [ f d(—fs)e—<’<fs“’f*“sc(—fs)]
0 0

(u,1)
= E:L,O J dr e_(kr%ﬂ—AATr G(T') , (60)
0
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where the function G(r) is given by

o o
G(r) — N {f e_<p5’fr>_Ms dAS} — N |:J e_)'t_(ﬁtﬂfr) dt:| .
0 0

The same kind of computation gives

*
0

where the function G© is defined by

o

(u,1)
=) 4 :E{ J dre—<kru,f)—lr(,o)G(O)(r):| 61)
0

-

GO(r) =N f e A5~ ei%:f1) g
0

and 7(9 is the right-continuous inverse of the infimum process —I® of the Lévy process with Laplace
exponent .

Proposition [4.4/says that the functions G and G© are equal. Moreover, as the total mass processes
have the same law (see Corollary|4.2), we know that the proposition is true for f constant. And, for
f constant, the functions G and G are also constant. Therefore, we have for f constant equal to

c=>0,
) T (1)
E; 0 J dre-cUwl)=r) o=24: | — f dre—c(w1)=r) e_M(rO)
0 0

As this is true for any ¢ > 0, uniqueness of the Laplace transform gives the equality

[e_MTr] =E -e_MSO)] dr —a.e.

*
EM,O

In fact this equality holds for every r by right-continuity.

Finally as G = G, we have thanks to (60) and (61), that, for every bounded non-negative measur-
able function f,

(u,1) (u,1) o
f dr e_(kf“’ﬂEZo [e_MTrJ G(r) :J dre kIR [e‘“r ] GOr)
0 0

which ends the proof. O

Corollary 4.6. The process p under }P’: o 1s distributed as p© under PZ.

Proof. Let f € 8B, (R,) bounded. Proposition|4.5|can be re-written as

+o0

+00
-2 —(Be, _ -2 —(p?,
L e t]E:;’O [e (Pef) l{tsé}] dt —L e tEZ [e (o) l{tSU(O)}] dt.

By uniqueness of the Laplace transform, we deduce that, for almost every t > 0,
(3 —(p©
]E;:,O I:e (Be:f) l{tsd.}:l = ]EZ |:e (pe".f) l{tSO'(O)}] .
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In fact this equality holds for every t by right-continuity. As the Laplace functionals characterize the
law of a random measure, we deduce that, for fixed t > 0, the law of 5, under }P’Z o is the same as

the law of p§°) under PP

The Markov property then gives the equality in law for the cad-lag processes § and p(©). O

Proof of Theorem 2.3, 0 is recurrent for the Markov cad-lag processes ¢ and p(o). These two pro-
cesses have no sojourn time at 0, and when killed on the first hitting time of 0, they have the same
law, thanks to Lemma 4.6. From Theorem 4.2 of [17], Section 5, we deduce that § under Pois

distributed as p(® under P,,. O

5 Law of the excursion lengths

Recall & = fg 14, —0y ds denotes the length of the excursion of the pruned exploration process. We
can compute the joint law of (G,0). This will determine uniquely the law of & conditionally on
o=r.

Proposition 5.1. For all non-negative y,«, the value v defined by v = N [1 - e_‘/’(Y)U_Ké] is the
unique non-negative solution of the equation

Yo(v) =K +1Po(y).

Proof. Excursion theory implies that the special Markov property, Theorem 3.2, also holds under N,
with the integration of u over [0,5 = A, ] instead of [0, 00). Taking ¢ (%) = Y (y)o, we have

v =N I:]_ — e_K&_w(Y)O-:I =N |:1 — e—(K“"ll’(Y))fT—lP(Y)fOU l{ms#O} ds]

N [1 _ o Ot e—6 (aN[1-e VO [ @ (1-E; [e(wmc’)])} ‘

Notice that o under IP’? is distributed as 7, the first time for which the infimum of X, started at O,
reaches —(. Since 7, is distributed as a subordinator with Laplace exponent 1! at time ¢, we have

Ez( [e—w(y)o] =F I:e_w()/)rljl _ e_eY .
Thanks to (15), we get N[1 — e ¥()9] = y. We deduce that
v=N |:1 - e_(K-i-'L/J(Y))fT—fT (Otl)"f'f(o,JrOO) Tfl(de)(l—e—ﬂ))]

=N [1 _ e—(K'Hﬁo(Y))CNT:I
=~ (x +1Po(1)).

Since 1) is increasing and continuous, we get the result. O
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6 Appendix

We shall present in a first subsection, how one can extend the construction of the Lévy snake from
[22] to a weighted Lévy snake, when the height process may not be continuous and the lifetime
process is given by the total mass of the exploration process (instead of the height of the exploration
process in [22]). Then, using this construction, we can define in a second subsection a general Lévy
snake when the height process is not continuous.

6.1 Weighted Lévy snake

Let D be a distance on .#;(R ) which defines the topology of weak convergence. Let us recall that
(s (R, ), D) is a Polish space, see [19], section 3.1.

Let E be a Polish space, whose topology is defined by a metric &, and @ be a cemetery point added to
E. Let #, be the space of all E-valued weighted killed paths started at x € E. An element w = (u, w)
of #, is a mass measure u € .#;(R,) and a cad-lag mapping w : [0, (u,1)) — E s.t. w(0) = x. By
convention the point x is also considered as a weighted killed path with mass measure u = 0. We
set # =, #, and equip # with the distance

X€E

d((p,w), (W', w")) = 8(w(0),w'(0)) + D(i, u)

()N W',1)
s J dt (d,w=wl) A1) + (w1 — W, D)), (62)
0

where d, is the Skorohod metric on the space D([0, t], E) and w<, denote the restriction of w to the
interval [0, t]. Notice d is a distance on ¥ . Indeed, we have that:

e d is symmetric.
o d((u,w),(u’,w’)) =0 implies D(u,u’) = 0, that is u = u’, and then w = w’ a.e. on [0, (u, 1)).
e d satisfies the triangular inequality. We have for (u,w), (u’,w’) and (u”,w”) € #:

d((u,w), (', w") < 8(w(0), w”(0)) + 5(w"(0),w'(0)) + D(u, ") + D(u”, ')

(AW, 1)
+J dt (de(wee, w2, ) A1)
0

(u,1)A(W',1)
+J dt (dWZ, w)AT) + |(u,1) — (', 1)
0

< d((u,w), (W, W) +d((u”,w"), (', w))
+ (s 1) A ', 1) = (u, 1) Au”, 1))
+ ((u, DA, 1) = (u”, 1) Au’, 1)),
+ (1) — (', 1)

< d((u,w), (W, W) +d((u’,w"), (', w"),
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since
(anb—aAc)y+(@Ab—cAb) +|la—Db|<|la—c|+]|b—c|,
where (x), = max(x,0).

We check that (#,d) is complete. Consider ((u,,w,),n € N) a Cauchy sequence in (#,d). Since
(A (R,),D) is complete, we get that u, converges to a limit say u. If u = 0, the result is clear. If
not, for any ¢ > 0 small enough, for n and n’ large enough so that (u,, 1) A (u,, 1) > (u,1) — & we
deduce from (62) that, for t, = (u, 1) —2¢ and n, large enough, (Wn<,,n = n,) is a Cauchy sequence
in ([0, t,), E) and hence converge to a limit w<, . Since this holds for any ¢ > 0 small enough,
we deduce that w is well defined on [0, (u, 1)) and that w, converges to w on any ([0, t), E) for
t < {u,1). We deduce again from that ((u,, w,),n € N) converges to (u, w).

We check that (#/,d) is separable. Let (u,,n € N) a dense subset of (.#;(R,),D), and for each
n, let (w, ,,m € N) a dense subset of (D([0, (u,,1)),E),d, 1y)- Then, it is easy to check that
((tn, Wy m);n,m €NN) is a dense subset of (#/,d).

Thus the space (#,d) is a Polish space.
We shall write u; instead of u when w = (u,w). Recall (12). We consider a family of probability

measures f[x,u, for x € E and the mass measure u € .#;(R, ) on #,, s.t.

a) Uy = U, I, ,(dw)-as.;

b) w(0) = x, I, ,(dw)-a.s.;

¢) w has no fixed discontinuity: for all s € [0, (u, 1)), l:Ix,M(W(S—) =w(s))=1;
d) If H(u) < oo, then w({u,1)—) exists I, ,(dw)-a.s.;

e) If H(u) < co and v € #;(R,), then under I:IX’[H’V], (w(r),r € [0,{u,1)) is distributed as
(w(r),r € [0,{u,1)) under I:IX,M and, conditionally on (w(r),r € [0, {(u,1)), (w(r + (u,1)),r €
[0, {v,1)) is distributed as (w(r),r € [0, (v,1))) under flw(w’l)_)’v.

The last property corresponds to the Markov property conditionally on the mass measure. We shall
assume that the mapping (x, u) — lzlx’M is measurable.

Let p be an exploration process starting at u. We set Y, = (p,, 1). Recall that (Y, t > 0) is distributed
as a Lévy process with Laplace exponent 1) started at (u,1). For 0 <s < t, we set J;, = inf,, , Y;
and pg ¢ = key,—j, )Ps = k(v,—J, )P¢, the last equality being a consequence of the construction of the

exploration process. We also define p‘?) as the unique measure v s.t. [p;,,v] = p;.

Conditionally on p, we define a probability transition semi-group Rf, . on %, asfollows: for0 <s <t
s.t. J;, <Y, or w({p;, 1)—) exists and u; = p, under Rﬁt(w,dw’) we have

D) Wi = pe,
i) w'(r),r€[0,(ps., 1)) = (w(r),r € [0, (o5, 1)),

iii) (W/(r),r € [{ps ¢, 1), {ps,1))) is distributed according to f[w((p o),
4 s,tot1 Lt
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In (iii), by convention, if p; , = 0, then w({p;,,1)—) = x. Notice that for fixed s < t, a.s. J,, <Y,
so that, with the previous convention w({p;,,1)—) is a.s. well defined. Notice that if (p;,w) is
distributed as II, ,, , then (p,,w’) is distributed as II, , thanks to condition €) on II. Thus we can
use the Kolmogorov extension theorem to get that there exists a unique probability measure P(,,
on (#,)®+ s.t. for 0 =55 <s7 <+ <5y,

Py (W, €Ag, ps, €Bo, ..., W, €Ay, p; €By)

— P ...RP
- E,u l{pSOGBO ..... psneBn}l{wer}f R50,51 (W: dWsl) Rsn_l’sn (Wsn_l: dwsn) .
Ap X XAy

We set W, = (p,, W). Notice that W/(r) = W/(r) for r € [0, {p;, 1)) and thus that
d(VVs,Wt) <D(ps,pe) Y, A Y, _Js,t|'

Since p and Y are P,-a.s. cad-lag, this implies that the mapping s — W, is Peywy-a.s. cad-lag
on [0,00)( Q. Hence there is a unique cad-lag extension to the positive real line, we shall still
denote by P, . The process (W,,s > 0) is under Py,w) @ time-homogeneous Markov process
living in D(R,, #;(R ) X #°). We call this distribution the distribution of the weighted Lévy snake
associated with II.

We set //lj?(]RJr) the set of u € .#;(R,) such that supp (u) = [0,H(u)] if H(u) < +oo and

supp (u) = [0,H(w)) if H(u) = +o00. We the define ©, as the set of all pairs (u,w) € # such
that u € .# 19 (R,), w(0) = x and at least one of the following three properties hold:

(@ u(H(W)=0;
(i) w({u,1)—) exists;
(iii) H(u) = +oo.
We denote by (Z,s = 0) the canonical filtration on D(R, #;(R,) X #'). One can readily adapt
the proofs of Propositions 4.1.1 and 4.1.2 of [22] to get the following result.

Theorem 6.1. The process (W;,s > 0; P, ), (u,w) € ©,) is a cad-lag Markov process in ©, and is
strong Markov with respect to the filtration (Z;,,s > 0).

Let us remark that, when the family of probability measures I:Ix,u is just the law of a homogeneous
Markov process & starting at x and stopped at time (u, 1), the previous construction gives a snake
with spatial motion & and lifetime process X — I, which is the total mass of the exploration process.
Notice that in [22] the lifetime process is given by the height of the exploration process.

6.2 The general Lévy snake

However, we need some dependency between the spatial motion and the exploration process p in
order to recover the usual Lévy snake from the weighted Lévy snake. Informally, we keep the spatial
motion from moving when time t is “on a mass” of p,. This idea can be compared to a subordination
and has already been used in the snake framework by Bertoin, Le Gall and Le Jan in [16] in order
to construct a kind of Lévy snake from the usual Brownian snake.
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Let I1,, be the distribution of £ a cad-lag Markov process taking values in E with no fixed discon-
tinuities and starting at x, such that the mapping x — II, is measurable. Recall (13) and set
g, = kg, 1)—ru for r € [0, (u,1)). We define lzlx’u as the distribution of (u, w) with w = (Egg,), 7 €
[0,{u,1))) under II,. Notice that & = w({u,1[o,)) for r’ € [0,H(u)). In particular, w is on

constant on intervals (,u([O, r)), u([0, r]):| which corresponds to the atoms of .

We have that IT satisfies condition a)-e).

Let ((pS,WS’),s > 0) be the corresponding weighted Lévy snake. For s > 0, r > 0, we set W,(r) =
W/ ({ps, 10,,1)). When H is continuous, the process ((ps, W;),s = 0) is the Lévy snake defined in
Section 4 of [22] with underlying motion £. As a consequence of Theorem we get that the
(general) Lévy snake is strong Markov.

Proposition 6.2. The process ((ps, W;),s = 0;P(, ), (U, w) € ©,) is a cad-lag Markov process in ©,
and is strong Markov with respect to the filtration (Z,,,s > 0).
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