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1 Introduction

Statement of the problem

This paper is concerned with homogenization of Reflected Stochastic Differential Equations (RSDE
for short) evolving in a random medium, that is (see e.g. [11])

Definition 1.1. (Random medium). Let (£2, %, u) be a probability space and {’L’x; x e Rd} be a group
of measure preserving transformations acting ergodically on £, that is:

1) VAe 9,Vx e RY, u(t,A) = u(A),
2) If for any x € RY, 1, A=A then u(A) =0 or 1,

3) For any measurable function g on (Q,%,u), the function (x,w) — g(7,w) is measurable on
(RY x Q, B(RY) ® ¥).

The expectation with respect to the random medium is denoted by M. In what follows we shall use
the bold type to denote a random function g from Q x RP into R" (n > 1 and p > 0).

A random medium is a mathematical tool to define stationary random functions. Indeed, given a
function f : Q@ — R, we can consider for each fixed w the function x € R? — f(7,w). This is
a random function (the parameter «w stands for the randomness) and because of 1) of Definition
the law of that function is invariant under R¢-translations, that is both functions f(7.e) and
f(7,4.w) have the same law for any y € RY. For that reason, the random function is said to be
stationary.

We suppose that we are given a random d x d-matrix valued function o :  — R?*?, two random
vector valued functions b, : © — R? and a d-dimensional Brownian motion B defined on a com-
plete probability space (Q, Z,P) (the Brownian motion and the random medium are independent).
We shall describe the limit in law, as € goes to 0, of the following RSDE with stationary random
coefficients

dX; = e_lb(TXf/gw)dt + a(rxf/gw) dB, + T(Txf/gw) dK;, D

where X¢,K? are (Z,),-adapted processes (%, is the o-field generated by B up to time t) with
constraint X; € D, where D c RY is the half-plane {(x,...,x4) € Rd;xl > 0}, K¢ is the so-called
local time of the process X¢, namely a continuous nondecreasing process, which only increases on
the set {t;X? € dD}. The reader is referred to [[13] for strong existence and uniqueness results to
(see e.g [23] for the weak existence), in particular under the assumptions on the coefficients
o,b and 7 listed below. Those stochastic processes are involved in the probabilistic representation
of second order partial differential equations in half-space with Neumann boundary conditions (see
[17] for an insight of the topic). In particular, we are interested in homogenization problems for
which it is necessary to identify both the homogenized equation and the homogenized boundary
conditions.

Without the reflection term y(X?/e)dK;, the issue of determining the limit in is the subject
of an extensive literature in the case when the coefficients b, o are periodic, quasi-periodic and,
more recently, evolving in a stationary ergodic random medium. Quoting all references is beyond
the scope of this paper. Concerning homogenization of RSDEs, there are only a few works dealing
with periodic coefficients (see [[1}; 2; [3; 22]]). As pointed out in [2]], homogenizing in a random
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medium is a well-known problem that remains unsolved yet. There are several difficulties in this
framework that make the classical machinery of diffusions in random media (i.e. without reflection)
fall short of determining the limit in (1}). In particular, the reflection term breaks the stationarity
properties of the process X¢ so that the method of the environment as seen from the particle (see [[15]]
for an insight of the topic) is inefficient. Moreover, the lack of compactness of a random medium
prevents from using compactness methods. The main resulting difficulties are the lack of invariant
probability measure (IPM for short) associated to the process X¢ and the study of the boundary
ergodic problems. The aim of this paper is precisely to investigate the random case and prove the
convergence of the process X* towards a reflected Brownian motion. The convergence is established
in probability with respect to the random medium and the starting point x.

We should also point out that the problem of determining the limit in could be expressed in
terms of reflected random walks in random environment, and remains quite open as well. In that
case, the problem could be stated as follows: suppose we are given, for each z € Z¢ satisfying
|z| = 1, a random variable c(+,2) : Q@ —]0; +oo[. Define the continuous time process X with values
in the half-lattice L = N x Z?~1 as the random walk that, when arriving at a site x € L, waits a
random exponential time of parameter 1 and then performs a jump to the neighboring sites y € L
with jump rate ¢(7,w,y — x). Does the rescaled random walk £X, /.2 converge in law towards a
reflected Brownian motion? Though we don’t treat explicitly that case, the following proofs can be
adapted to that framework.

Structure of the coefficients

Notations: Throughout the paper, we use the convention of summation over repeated indices
Z?Zl ¢;d; = c;d; and we use the superscript * to denote the transpose A* of some given matrix
A. If a random function ¢ : Q — R possesses smooth trajectories, i.e. for any w € 0 the mapping
x € R — (7, w) is smooth with bounded derivatives, we can consider its partial derivatives at 0

denoted by D; g, that is D;p(w) = 9. (x = @ (T, ) =0- O

We define a = oo*. For the sake of simplicity, we assume that Yw € Q the mapping x € R? —
0(7,w) is bounded and smooth with bounded derivatives of all orders. We further impose these
bounds do not depend on w.

Now we motivate the structure we impose on the coefficients b and y. A specific point in the liter-
ature of diffusions in random media is that the lack of compactness of a random medium makes it
impossible to find an IPM for the involved diffusion process. There is a simple argument to under-
stand why: since the coefficients of the SDE driving the R¢-valued diffusion process are stationary,
any R%-supported invariant measure must be stationary. So, unless it is trivial, it cannot have fi-
nite mass. That difficulty has been overcome by introducing the "environment as seen from the
particle" (ESFP for short). It is a Q-valued Markov process describing the configurations of the en-
vironment visited by the diffusion process: briefly, if you denote by X the diffusion process then the
ESFP should match Ty w. There is a well known formal ansatz that says: if we can find a bounded
function f : Q — [0, +oo[ such that, for each w € Q, the measure f(7,w)dx is invariant for the dif-
fusion process, then the probability measure f(w)du (up to a renormalization constant) is invariant
for the ESFP So we can switch an invariant measure with infinite mass associated to the diffusion
process for an IPM associated to the ESFP

The remaining problem is to find an invariant measure (of the type f(7,w)dx) for the diffusion

991



process. Generally speaking, there is no way to find it excepted when it is explicitly known. In the
stationary case (without reflection), the most general situation when it is explicitly known is when
the generator of the rescaled diffusion process can be rewritten in divergence form as

1
o f = EeZV(TX/So))EXi (e—zv(rx/gw)(aij +Hij)(rx/8co)3xjf), 2

where V : Q — R is a bounded scalar function and H : © — R%*4 is a function taking values in the
set of antisymmetric matrices. The invariant measure is then given by e?V(*x¢®)dx and the IPM for
the ESFP matches e2V(®)du. However, it is common to assume V = H = 0 to simplify the problem
since the general case is in essence very close to that situation. Why is the existence of an IPM
so important? Because it entirely determines the asymptotic behaviour of the diffusion process via
ergodic theorems. The ESFP is therefore a central point in the literature of diffusions in random
media.

The case of RSDE in random media does not derogate this rule and we are bound to find a framework
where the invariant measure is (at least formally) explicitly known. So we assume that the entries
of the coefficients b and 7, defined on €, are given by

1
Vi=1,...,d, ijEDiaij; Yi = 4aj1. &)

With this definition, the generator of the Markov process X can be rewritten in divergence form as
(for a sufficiently smooth function f on D)

1
Z°f = Eaxi (aij(Tx/ew)axjf) €))

with boundary condition 7,(7,/,®)d, f = 0 on dD. If the environment w is fixed, it is a simple
exercise to check that the Lebesgue measure is formally invariant for the process X €. If the ESFP ex-
ists, the aforementioned ansatz tells us that u should be an IPM for the ESFP. Unfortunately, we shall
see that there is no way of defining properly the ESFP. The previous formal discussion is however
helpful to provide a good intuition of the situation and to figure out what the correct framework
must be. Furthermore the framework also comes from physical motivations. As defined above,
the reflection term 7 coincides with the so-called conormal field and the associated PDE problem is
said to be of Neumann type. From the physical point of view, the conormal field is the "canonical"
assumption that makes valid the mass conservation law since the relation a;;(7, /Ew)8xj f =0o0n
0D means that the flux through the boundary must vanish. Our framework for RSDE is therefore to
be seen as a natural generalization of the classical stationary framework.

Remark. It is straightforward to adapt our proofs to treat the more general situation when the genera-
tor of the RSDE inside D coincides with ([2)). In that case, the reflection term is given by 7 j=a;+Hj.

Without loss of generality, we assume that a;; = 1. We further assume that a is uniformly elliptic,
i.e. there exists a constant A > 0 such that

Voe, Al<a(w)<AL (5)

That assumption means that the process X¢ diffuses enough, at each point of D, in all directions.
It is thus is a convenient assumption to ensure the ergodic properties of the model. The reader
is referred, for instance, to [[4; [20; 21]] for various situations going beyond that assumption. We
also point out that, in the context of RSDE, the problem of homogenizing without assuming
becomes quite challenging, especially when dealing with the boundary phenomena.
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Main Result

In what follows, we indicate by P the law of the process X starting from x € D (keep in mind that
this probability measure also depends on w though it does not appear through the notations). Let
us consider a nonnegative function y : D — R, such that f 5 x(x)dx = 1. Such a function defines
a probability measure on D denoted by y(dx) = y(x)dx. We fix T > 0. Let C denote the space of
continuous D X R -valued functions on [0, T] equipped with the sup-norm topology. We are now in
position to state the main result of the paper:

Theorem 1.2. The C-valued process (X¢,K¢),, solution of (1)) with coefficients b and y satisfying (3],
converges weakly, in u ® y probability, towards the solution (X,K) of the RSDE

%, =x +A?B, + TR, ©6)

with constraints X, € D and K is the local time associated to X. In other words, for each bounded
continuous function F on C and 6 > 0, we have

lim p®y {(w,x) € x D; |[EE(F(X?,K%)) — E(F(X,K))| = 6} =0.

E—

The so-called homogenized (or effective) coefficients A and T' are constant. Moreover A is invertible,
obeys a variational formula (see subsection [2.5|for the meaning of the various terms)

A= inf M[(I+D¢)"a(I+Dy)],
YET

and T is the conormal field associated to A, thatis T; =Ay; fori=1,...,d.

Remark and open problem. The reader may wonder whether it may be simpler to consider the case
r; = 61; where & stands for the Kroenecker symbol. In that case, v coincides with the normal to 0 D.
Actually, this situation is much more complicated since one can easily be convinced that there is no
obvious invariant measure associated to X €.

On the other side, one may wonder if, given the form of the generator (4) inside D, one can find a
larger class of reflection coefficients v for which the homogenization procedure can be carried through.
Actually, a computation based on the Green formula shows that it is possible to consider a bounded
antisymmetric matrix valued function A : Q — RY*? such that A; j=0wheneveri=1or j=1, and to
set v; = aj;+D;Aj;. In that case, the Lebesgue measure is invariant for X©. Furthermore, the associated
Dirichlet form (see subsection satisfies a strong sector condition in such a way that the construction
of the correctors is possible. However, it is not clear whether the localization technique based on the
Girsanov transform (see Section below) works. So we leave that situation as an open problem.

The non-stationarity of the problem makes the proofs technical. So we have divided the remaining
part of the paper into two parts. In order to have a global understanding of the proof of Theorem
we set the main steps out in Section [2]and gather most of the technical proofs in the Appendix.

2 Guideline of the proof

As explained in introduction, what makes the problem of homogenizing RSDE in random medium
known as a difficult problem is the lack of stationarity of the model. The first resulting difficulty
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is that you cannot define properly the ESFP (or a somewhat similar process) because you cannot
prove that it is a Markov process. Such a process is important since its [IPM encodes what the
asymptotic behaviour of the process should be. The reason why the ESFP is not a Markov process
is the following. Roughly speaking, it stands for an observer sitting on a particle X7 and looking at
the environment 7xew around the particle. For this process to be Markovian, the observer must be
able to determine, at a given time t, the future evolution of the particle with the only knowledge
of the environment Txew. In the case of RSDE, whenever the observer sitting on the particle wants
to determine the future evolution of the particle, the knowledge of the environment Txe® is not
sufficient. He also needs to know whether the particle is located on the boundary dD to determine
if the pushing of the local time K; will affect the trajectory of the particle. So we are left with the
problem of dealing with a process X¢ possessing no IPM.

2.1 Localization

To overcome the above difficulty, we shall use a localization technique. Since the process X€ is not
convenient to work with, the main idea is to compare X ¢ with a better process that possesses, at least
locally, a similar asymptotic behaviour. To be better, it must have an explicitly known IPM. There is
a simple way to find such a process: we plug a smooth and deterministic potential V : D — R into
and define a new operator acting on C?(D)

2V(x) d
e _
Y O (67 Way(r,e0)d, ) = L = 8, V()a;; (T ey, )
i,j=1

@Y=
v 2

with the same boundary condition (7, )y, = 0 on D. If we impose the condition

D

Jew&ux:l (8)

and fix the environment w, we shall prove that the RSDE with generator £ inside D and boundary
condition 7,(7, . )3, =0 on 8D admits e *)dx as IPM.

Then we want to find a connection between the process X¢ and the Markov process with generator
%, inside D and boundary condition 7,(7,,®)dy, = 0 on dD. To that purpose, we use the Girsanov
transform. More precisely, we fix T > 0 and impose

V is smooth and J, V is bounded. ©

Then we define the following probability measure on the filtered space (2'; Z,(Z)o<i<1)

dP = exp(—f

0

T T

1
ale(Xf)O'U(Txf/sO)) dBfA — QJ 8xlV(Xf)al](’l'xf/ea))ax]V(Xf)dr) d]P)i
0

Under P¢, the process By = B, + fot 0 (Tx:/ew)0 V(X7)dr (0 < t < T) is a Brownian motion and
the process X ¢ solves the RSDE

dX; = 8_1b(Tth/ea))dt —a(Txe /)0 V(X7)dt + 0 (Txe ) dB; + 7(Txe/ew) K] (10)

994



starting from X§ = x, where K* is the local time of X°. It is straightforward to check that, if B* is
a Brownian motion, the generator associated to the above RSDE coincides with for sufficiently
smooth functions. To sum up, with the help of the Girsanov transform, we can compare the law of
the process X ¢ with that of the RSDE associated to Zy;.

We shall see that most of the necessary estimates to homogenize the process X€¢ are valid under
P¢*. We want to make sure that they remain valid under P. To that purpose, the probability
measure P? must be dominated by P?* uniformly with respect to e. From (9), it is readily seen
that C = sup,., (ES* [(%)Z])l/z < 400 (C only depends on T,|a|,, and supj |9, V]). Then the
Cauchy-Schwarz inequalit)gf yields

Ve >0, VA Zr-measurable subset , P%(A) < C (P (A)) 12 (11)

In conclusion, we summarize our strategy: first we shall prove that the process X ¢ possesses an IPM
under the modified law P**, then we establish under P** all the necessary estimates to homogenize
X€ , and finally we shall deduce that the estimates remain valid under P* thanks to (11). Once that
is done, we shall be in position to homogenize (1)).

To fix the ideas and to see that the class of functions V satisfying (9) is not empty, we can choose
V to be equal to
V(xXy,...,Xg) =Ax; +AL +x2 4+ x4 ¢, (12)

for some renormalization constant ¢ such that fD e"2V(®) dx =1 and some positive constant A.

Notations for measures. In what follows, P® (resp. P*) stands for the averaged (or annealed)
probability measure MfD IE”fC(-)e_ZV(X) dx (resp. MfD Pfc*(-)e_zv(x) dx), and E¢ (resp. E®*) for the
corresponding expectation.

IP;, and I, respectively denote the probability measure e 2V dx @ dy on D x Q and the finite

measure e 2" dx @ dy on 9D x Q. My, and M} ) stand for the respective expectations.
2.2 Invariant probability measure

As explained above, the main advantage of considering the process X under the modified law P%*
is that we can find an IPM. More precisely

Lemma 2.1. The process X° satisfies:
1)For each function f € L*(D x Q;P}) and t > 0:

B X, Txe e 0)] = M [£]. (13)

2) For each function f € L'(dD x ;P% ) and t > 0:
t
0

The first relation (13)) results from the structure of £ (see (7)), which has been defined so as to
make e 2V dx invariant for the process X€. Once (I3) established, (14) is derived from the fact
that K¢ is the density of occupation time of the process X¢ at the boundary dD.
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2.3 Ergodic problems

The next step is to determine the asymptotic behaviour as € — 0 of the quantities

t t
J f(txejew)dr  and f f(Txesew) dK;. (15)
0 0

The behaviour of each above quantity is related to the evolution of the process X € respectively inside
the domain D and near the boundary 0 D. We shall see that both limits can be identified by solving
ergodic problems associated to appropriate resolvent families. What concerns the first functional
has already been investigated in the literature. The main novelty of the following section is the
boundary ergodic problems associated to the second functional.

Ergodic problems associated to the diffusion process inside D

First we have to figure out what happens when the process X€ evolves inside the domain D. In that
case, the pushing of the local time in (1)) vanishes. The process X€ is thus driven by the same effects
as in the stationary case (without reflection term). The ergodic properties of the process inside D
are therefore the same as in the classical situation. So we just sum up the main results and give
references for further details.

Notations: For p € [1;00], LP(€2) denotes the standard space of p-th power integrable functions
(essentially bounded functions if p = 00) on (2,%,u) and | - |, the corresponding norm. If p = 2,
the associated inner product is denoted by (-, -),. The space C°(D) (resp. C>°(D)) denotes the
space of smooth functions on D with compact support in D (resp. D). O
Standard background: The operators on L2(2) defined by T, g(w) = g (7, ) form a strongly contin-
uous group of unitary maps in L2(£2). Let (e, ..., ey4) stand for the canonical basis of R?. The group
(T,), possesses d generators defined by D;g = limycr_ h‘l(Theig —g), fori =1,...,d, when-
ever the limit exists in the L?(Q)-sense. The operators (D;); are closed and densely defined. Given
RS ﬂle Dom(D;), Dy stands for the d-dimensional vector whose entries are D;p fori =1,...,d.

We point out that we distinguish D; from the usual differential operator J,. acting on differentiable
functions f : R? — R (more generally, for k > 2, 3)21“_xik denotes the iterated operator 8xi1 e Oxy)
However, it is straightforward to check that, whenever a function ¢ € Dom(D) possesses differen-
tiable trajectories (i.e. u a.s. the mapping x — ¢ (7, w) is differentiable in the classical sense), we

have D; (7, w) = 0y, ¢ (T, w).
We denote by ¢ the dense subspace of L2(£2) defined by

% = Span {g * ;8 €L®(Q),p e CCOO(Rd)} where g x p(w) = J gt w)p(x)dx (16)
d

R
Basically, ¢ stands for the space of smooth functions on the random medium. We have ¥ C
Dom(D;) and D;(g * ¢) = —g x Oy, for all 1 < i < d. This quantity is also equal to D;g x ¢ if
g € Dom(D;). O
We associate to the operator £¢ (Eq. (4)) an unbounded operator acting on 4 C L2(£2)

1
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Following [|6, Ch. 3, Sect 3.] (see also [[19, Sect. 4]), we can consider its Friedrich extension,
still denoted by L, which is a self-adjoint operator on L?(Q2). The domain H of the corresponding
Dirichlet form can be described as the closure of ¢ with respect to the norm ||<P||]%1 = |<p|% + |Dgp|§.
Since L is self-adjoint, it also defines a resolvent family (U, ),-o. For each f € L?(Q), the function
w, = U,(f) € HNnDom(L) equivalently solves the L%()-sense equation

Aw,—Lw, =f (18)
or the weak formulation equation
VoeH, Aw,,¢),+(1/2)(a;Diw;,Di9),=(f,9)s. (19)
Moreover, the resolvent operator U, satisfies the maximum principle:

Lemma 2.2. For any function f € L*™(R2), the function U,(f) belongs to L*°(Q2) and satisfies

The ergodic properties of the operator L are summarized in the following proposition:

Proposition 2.3. Given f € L2(), the solution w ; of the resolvent equation Aw ; —Lw , = f (A > 0)
satisfies
2w, —M[f]l,—0asA—0, and YA>0, |A?Dw,|, < A™V?|f],.

Boundary ergodic problems

Second, we have to figure out what happens when the process hits the boundary ¢ D. If we want to
adapt the arguments in [22]], it seems natural to look at the unbounded operator in random medium
H,, whose construction is formally the following: given w € Q2 and a smooth function ¢ € €, let us
denote by ii,, : D — R the solution of the problem

{ éwzlf)(i):(g;:))e, ;lc) <aD. (20)
where the operator L® is defined by
Lf(x) = (1/2)ay(7,@)3;, f(x) + bi(7, )2, f (x) (21)
whenever f : D — R is smooth enough, say f € C2(D). Then we define
H,p(w) =ri(w)d,,1,(0). (22)

Remark. Choose € =1 in and denote by (X*,K') the solution of (I)). The operator H, is actually
the generator of the Q-valued Markov process Z(w) = Ty, (o), where Y, (w) =X 11(1 © and the function

K~! stands for the left inverse of K': K~!(t) = inf{s > O;Ks1 > t}. The process Z describes the
environment as seen from the particle whenever the process X * hits the boundary 8 D.
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The main difficulty lies in constructing a unique solution of Problem with suitable growth and
integrability properties because of the lack of compactness of D. This point together with the lack of
IPM are known as the major difficulties in homogenizing the Neumann problem in random media.
We detail below the construction of H, through its resolvent family. In spite of its technical aspect,
this construction seems to be the right one because it exhibits a lack of stationarity along the e;-
direction, which is intrinsic to the problem due to the pushing of the local time K¢, and conserves
the stationarity of the problem along all other directions.

First we give a few notations before tackling the construction of H,. In what follows, the notation
(x;1,y) stands for a d-dimensional vector, where the first component x; belongs to R (eventually
R, = [0;400)) and the second component y belongs to R?~!. To define an unbounded operator,
we first need to determine the space that it acts on. As explained above, that space must exhibit
a a lack of stationarity along the e;-direction and stationarity along all other directions. So the
natural space to look at is the product space R, x €, denoted by QF, equipped with the measure

d
dut </ dx, ® du where dx; is the Lebesgue measure on R,. We can then consider the standard
spaces LP(Q") for p € [1;+00].

Our strategy is to define the Dirichlet form associated to H,. To that purpose, we need to define a
dense space of test functions on Q" and a symmetric bilinear form acting on the test functions. It is
natural to define the space of test functions by

C(Q") = Span{p(x1)p(w); p € C°([0;+00)), ¢ € 6}
Among the test functions we distinguish those that are vanishing on the boundary {0} x Q of Q"

C.(Q7) = Span{p(x;)¢(w); p € CX((0;+0)), ¢ € 6}.

Before tackling the construction of the symmetric bilinear form, we also need to introduce some
elementary tools of differential calculus on Q7. For any g € C(Q"), we introduce a sort of gradient
Jg of g. If g € C(Q™) takes on the form p(x;)¢(w) for some p € C°([0;+00)) and ¢ € 6, the
entries of g are given by

alg(xl) CL)) = axlg(xl)(/’(w): and) fori= 2: . ':d) aig(xlﬁ O)) = P(xl)Dl(P(w)

We define on C(Q") the norm

N(g)*= Ig(O,-)|§+f 0gl5du*, (23)

Q

which is a sort of Sobolev norm on 21, and W as the closure of C(Q") with respect to the norm N
(W' is thus an analog of Sobolev spaces on 21). Obviously, the mapping

P:W!sg—g(0,")eL?(Q)

is continuous (with norm equal to 1) and stands, in a way, for the trace operator on Q*. Equip
the topological dual space (W')" of W! with the dual norm N’. The adjoint P* of P is given by
P*:p € L2(Q) — P*(¢) € (W) where the mapping P*(¢) exactly matches

P*(¢):g € W' — (g,P"¢) = (9,8(0,")),.
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To sum up, we have constructed a space of test functions C(Q"), which is dense in W for the norm
N, and a trace operator on W1,

We further stress that a function g € W satisfies g = 0 if and only if we have g(x;, @) = f(w)
on Q* for some function f € L2(f) invariant under the translations {7,;x € {0} x R9~1}. For that
reason, we introduce the o-field ¥* C ¢ generated by the subsets of Q that are invariant under the
translations {7,;x € {0} x R9~'}, and the conditional expectation M; with respect to ¢*.

We now focus on the construction of the symmetric bilinear form and the resolvent family associated
to H,.. For each random function ¢ defined on 2, we associate a function ¢t defined on Q" by

v(xlzw)eg+: SO+(X13 Cl)): (P(Txlw)'

Hence, we can associate to the random matrix a (defined in Section (1) the corresponding matrix-
valued function a* defined on Q*. Then, for any A > 0, we define on W! x W! the following
symmetric bilinear form

1
Q

From (5)), it is readily seen that it is continuous and coercive on W' x W!. From the Lax-Milgram
theorem, it thus defines a continuous resolvent family G, : (W') — W! such that:

VF e (W'Y, Vg e W!, B,(G,Fg)=(g,F). (25)
For each A > 0, we then define the operator

R, : L2(Q) — L) . (26)
¢ = PG P(p)

Given ¢ € L%(£2), we can plug F = P*¢p into and we get
Vg € W', B (G,P¢,8)=(g,P ), 27)

that is, by using (24):

1
Vg e W', A(R,p,Pg),+ EJ

a},8,(G,P ) 9;g dut = (g(0,"), ¢)a, (28)
Ot

The following proposition summarizes the main properties of the operators (R;),~, and in partic-
ular their ergodic properties:

Proposition 2.4. The family (R,); is a strongly continuous resolvent family, and:
1) the operator R, is self-adjoint.
2) given ¢ € L2(Q) and A > 0, we have:

¢ €Ker(AR, — 1) & ¢ =M;[¢].

3) for each function ¢ € L?(£2), |AR ¢ —M;[¢]l, — 0as A — 0.
The remaining part of this section is concerned with the regularity properties of G, P*¢.
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Proposition 2.5. Given ¢ € €6, the trajectories of G,P*¢ are smooth. More precisely, we can find
N c Q satisfying u(N) = 0 and such that Yo € Q\ N, the function

i, :x =(x1,y) €D — GP p(x1,T(0,,))

belongs to C*®(D). Furthermore, it is a classical solution to the problem:

{ L®%i,(x)=0, x €D, (29)

Atl g, (x) = 1;(T, )0, 1, (x) = p(T ), x €ID.
In particular, the above proposition proves that (R, ), is the resolvent family associated to the oper-
ator H,. This family also satisfies the maximum principle:

Proposition 2.6. (Maximum principle). Given ¢ € € and A > 0, we have:

|Gy P oty < A7He oo

2.4 Ergodic theorems

As already explained, the ergodic problems that we have solved in the previous section lead to
establishing ergodic theorems for the process X€. The strategy of the proof is the following. First we
work under P** to use the existence of the IPM (see Section . By adapting a classical scheme,
we derive from Propositions and ergodic theorems under P** both for the process X¢ and for
the local time K*¢:

Theorem 2.7. For each function f € L*(Q) and T > 0, we have

-0 0<t<T

lirnI—EE* sup {f f(TXe/sco)dr—tM[f]” 0. (30)

Theorem 2.8. If f € L?(Q), the following convergence holds

el 0<t<T

limI_Eg* sup |J fryejew)dKF — Ml[f](w)KEH = (31)

Finally we deduce that the above theorems remain valid under P? thanks to (TIT)).
Theorem 2.9. 1) Let (f,), be a family converging towards f in L}(Q). For each fixed 5§ > 0 and
T > 0, the following convergence holds

t

111%1@8[ sup | f (TXe/ew)dr—tM[f]|>5] (32)

0<t<T

2) Let (f,), be a family converging towards f in L2(S2). For each fixed 5 > 0 and T > 0, the following
convergence holds

lim]P’g sup |J fe. (sz/g(,l))dKE M, [f1K |>5] (33)

£—0 0<t<T
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2.5 Construction of the correctors

Even though we have established ergodic theorems, this is not enough to find the limit of equation
because of the highly oscillating term &~ b(TXf Jew)dt. To get rid of this term, the ideal situation

is to find a stationary solution u' : Q — R to the equation
—Lu'=b,. (34)

Then, by applying the Ité formula to the function ul, it is readily seen that the contribution of the
term s_lbi(TXf /ew)dt formally reduces to a stochastic integral and a functional of the local time,
the limits of which can be handled with the ergodic theorems

Due to the lack of compactness of a random medium, finding a stationary solution to is rather
tricky. As already suggested in the literature, a good approach is to add some coercivity to the
problem (34) and define, fori =1,...,d and A > 0, the solution u’, of the resolvent equation

Aub —Lub =b,. (35)

If we let A go to 0 in of (B5)), the solution uiA should provide a good approximation of the solution
of (34). Actually, it is hopeless to prove the convergence of the family (u}), in some LP(£2)-space
because, in great generality, there is no stationary LP(Q)-solution to ([34). However we can prove
the convergence towards 0O of the term lu; and the convergence of the gradients Du&:

Proposition 2.10. There exists { te (L2()! such that

Alub)2+|Dul — ¢, >0, asA—0. (36)

As we shall see in Section the above convergence is enough to carry out the homogenization
procedure. The functions ¢' (i < d) are involved in the expression of the coefficients of the ho-
mogenized equation (6). For that reason, we give some further qualitative description of these
coefficients:

Proposition 2.11. Define the random matrix-valued function § € L2(; RY*Y) by its entries 4 ij =

4 { =lim,_,, Diug. Define the matrix A and the d-dimensional vector T" by

A=M[I+ ¢")a(+¢)], which also matches M[(1+ {*)a], (37)
T=M[(I+¢")r] eRY, (38)

where 1 denotes the d-dimensional identity matrix. Then A obeys the variational formula:

VX eRY, X'AX = ig(ng[(X—i—Dcp)*a(X—l—Dgp)]. (39)
1

Moreover, we have A > Al (in the sense of symmetric nonnegative matrices) and the first component T';
of T satisfies T'y > A. Finally, T coincides with the orthogonal projection M; [(1+ *)r].

In particular, we have established that the limiting equation (6]) is not degenerate, namely that the

diffusion coefficient A is invertible and that the pushing of the reflection term I" along the normal to
0D does not vanish.
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2.6 Homogenization

Homogenizing consists in proving that the couple of processes (X¢,K¢). converges as € — 0 (in
the sense of Theorem towards the couple of processes (X, K) solution of the RSDE (6). We also
remind the reader that, for the time being, we work with the function y(x) = e™2®™). We shall see
thereafter how the general case follows.

First we show that the family (X¢,K€). is compact in some appropriate topological space. Let
us introduce the space D([0, T]; R, ) of nonnegative right-continuous functions with left limits on
[0, T] equipped with the S-topology of Jakubowski (see Appendix . The space C([0,T];D) is
equipped with the sup-norm topology. We have:

Proposition 2.12. Under the law ¥, the family of processes (X¢), is tight in C([0, T]; D) equipped
with the sup-norm topology, and the family of processes (K¢), is tight in D([0, T]; R, ) equipped with
the S-topology.

The main idea of the above result is originally due to Varadhan and is exposed in [15, Chap. 3]
for stationary diffusions in random media. Roughly speaking, it combines exponential estimates for
processes symmetric with respect to their IPM and the Garsia-Rodemich-Rumsey inequality. In our
context, the pushing of the local time rises some further technical difficulties when the process X ¢
evolves near the boundary. Briefly, our strategy to prove Proposition consists in applying the
method [[15, Chap. 3] when the process X € evolves far from the boundary, say not closer to d D than
a fixed distance 6, to obtain a first class of tightness estimates. Obviously, these estimates depend
on 6. That dependence takes place in a penalty term related to the constraint of evolving far from
the boundary. Then we let 8 go to 0. The limit of the penalty term can be expressed in terms of the
local time K€ in such a way that we get tightness estimates for the whole process X¢ (wherever it
evolves). Details are set out in section

It then remains to identify each possible weak limit of the family (X¢,K¢).. To that purpose, we
introduce the corrector u, € L%(;RY), the entries of which are given, for j = 1,...,d, by the
solution u]A to the resolvent equation

b _ 1
7Lu/1 Lu, =b;.

Let § € L2(Q;RY*) be defined by gij = lim,_,, DiuJA (see Proposition |2.10). As explained in
Section , the function u, is used to get rid of the highly oscillating term s_lb(rxf Jew)dt in
by applying the It6 formula. Indeed, since u-almost surely the function ¢ : x — u,; (7, w) satisfies
A¢p — L®¢ = b(T.w) on R?, the function x — u, (7, w) is smooth (see [[7, Th. 6.17]) and we can
apply the It6 formula to the function x — eu, (7, w). We obtain

1
edu; (Txe/ew) ZELu;L(TXf/gw)dt + Dujr(Txe e w) dK] + Duj o (Ty: /) dB,

1
:E(Au;\ = b)(txejew)dt + Dujy(Txe /o) dKY + Duj 0 (Txe /) dB,. (40)
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By summing the relations and (I) and by setting A = €2, we deduce:

t

X{=x—e(Up(Txe/ew) —Up2(Txe/ew)) + EJ U2ty ew)dr (41)
0

t t
+ J I+ Du;)y(rxf/sw) dKf + f I+ Dujz)cr(rxf/gw) dB,.
0 0
=X -G+ G+ G+ ME.

So we make the term s‘lb(rxf Jew)dt disappear at the price of modifying the stochastic integral
and the integral with respect to the local time. By using Theorem [2.9] we should be able to identify
their respective limits. The corrective terms G and G*¢ should reduce to 0 as € — 0. This is the
purpose of the following proposition:

Proposition 2.13. For each subsequence of the family (X*,K®),, we can extract a subsequence (still
indexed with € > 0) such that:
1) under P°, the family of processes (X, M¢,K?), converges in law in C([0,T]; D) x C([0, T]; R?) x
D([0, T];R,) towards (X, M,K), where M is a centered d-dimensional Brownian motion with covari-
ance

A=M[(I+¢Ma(l+ )]
and K is a right-continuous increasing process.

2) the finite-dimensional distributions of the families (G,**),, (G>*), and (G** — TK®), converge to-
wards 0 in P¢-probability, that is for each t € [0, T]

e i,e _ . s e 3,6 _ e —
V6>0, limP (th|>5)—O(l—1,2), lim B (th th|>5) 0.

Proof. 1) The tightness of (X*,K?) results from Proposition To prove the tightness of the
martingales (M?),, it suffices to prove the tightness of the brackets (< M* >),, which are given by

t
< M¢* >t:f (I+Dujz)a(l+Du£z)(TXf/go))dr.
0

Proposition and Theorem lead to < M? >,— At in probability in C([0, T];R%*¢) where
A=M[(1+¢"a(l+¢)]. The martingales (M¢), thus converge in law in C([0, T];R?) towards a
centered Brownian motion with covariance matrix A (see [8]).

2) Let us investigate the convergence of (G*¢), (i = 1,2). From the Cauchy-Schwarz inequality,
Lemma [2.T]and (36), we deduce:

t
lin"(l)}EE* [|£u€z(’rxe/€w)|2 + IJ sugz(TXe/gco)drlz] <(1+1¢t) lin(l)(szlugz@) =0.
£— t 0 r £—
We conclude with the help of (11).
Finally we prove the convergence of (G>¢), with the help of Theorem Indeed, Proposition

2.10| ensures the convergence of the family ((I+ Duzz)}')e towards (I+ ¢*)y in L%(Q) as € — 0.
Furthermore we know from Proposition that I' = M; [(I+ ¢*)y]. The convergence follows. [
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Since the convergence of each term in is now established, it remains to identify the limiting
equation. From Theorem we can find a countable subset ¥ C [0, T[ such that the finite-
dimensional distributions of the process (X*, M?,K?), converge along [0, T]\ <. So we can pass to
the limit in alongs,t € [0,T]\ & (s <t), and this leads to

X, =X, +AV*B, -B)+T(R, -K,). (42)

Since (42) is valid for s,t € [0,T] \ & (note that this set is dense and contains T) and since
the processes are at least right continuous, remains valid on the whole interval [0,T]. As
a by-product, K is continuous and the convergence of (X®,M¢ K¢), actually holds in the space
C([0,T]; D) x €([0,T];RY) x C([0, T];R,) (see Lemma.

It remains to prove that K is associated to X in the sense of the Skorohod problem, that is to establish
_ _ T _ _
that {Points of increase of K} C {t;th =0} or fo Xr1 dK, = 0. This results from the fact that Ve > 0

fOT X dK® = 0 and Lemma Since uniqueness in law holds for the solution (X, K) of Equation
(see [23]]), we have proved that each converging subsequence of the family (X*,K?), converges
in law in C([0, T]; D x R,) as ¢ — 0 towards the same limit (the unique solution (X, K) of (6))). As
a consequence, under P, the whole sequence (X¢,K¢), converges in law towards the couple (X, K)
solution of (6).

Replication method

Let us use the shorthands C;, and C, to denote the spaces C([0,T],D) and C([0, T],R,) respec-
tively. Let E denote the expectation with respect to the law P of the process (X,K) solving the
RSDE (6) with initial distribution P(X, € dx) = e"2"®)dx. From [23], the law P coincides with the
averaged law f 5 P, (e 2™ dx where P, denotes the law of (X, K) solving and starting from
x €D.

We sum up the results obtained previously. We have proved the convergence, as ¢ — 0, of
Ef[F(X?,K*®)] towards E[F(X,K)], for each continuous bounded function F : Cp x C, — R. This
convergence result is often called annealed because [E¢ is the averaging of the law P, with respect
to the probability measure P},.

In the classical framework of Brownian motion driven SDE in random media (i.e. without reflection
term in (1)), it is plain to see that the annealed convergence of X towards a Brownian motion
implies that, in P} -probability, the law P, of X® converges towards that of a Brownian motion. To
put it simply, we can drop the averaging with respect to PP}, to obtain a convergence in probability,
which is a stronger result. Indeed, the convergence in law towards O of the correctors (by analogy,
the terms G¢,G*¢ in (41I)) implies their convergence in probability towards 0. Moreover the
convergence in P},-probability of the law of the martingale term M® in is obvious since we can
apply [8]] for IP},-almost every (x,w) € D x Q.

In our case, the additional term G>¢ puts an end to that simplicity: this term converges, under the
annealed law P?, towards a random variable T'K, but there is no obvious way to switch annealed
convergence for convergence in probability. That is the purpose of the computations below.

Remark and open problem. The above remark also raises the open problem of proving a so-called
quenched homogenization result, that is to prove the convergence of X¢ towards a reflected Brownian
motion for almost every realization w of the environment and every starting point x € D. The same
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arguments as above show that a quenched result should be much more difficult than in the stationary
case [21]].

So we have to establish the convergence in P} -probability of EZ[F(X¢,K*)] towards E, [F(X,K)]
for each continuous bounded function F : Cp X C, — R. Obviously, it is enough to prove the
convergence of Ef[F(X?,K*)] towards E, [F(X,K)] in L*(D x Q,P}). By using a specific feature of
Hilbert spaces, the convergence is established if we can prove the convergence of the norms

M, [(Ei [F(Xg,Kg)])Z} - M, [(fax [F(X,K)])Z] ase—0, 43)

as well as the weak convergence. Actually we only need to establish (43]) because the weak conver-
gence results from Section [2.6]as soon as (43) is established.

The following method is called replication technique because the above quadratic mean can be
thought as of the mean of two independent copies of the couple (X*,K?). We consider 2 independent
Brownian motions (B!, B?) and solve for each Brownian motion. This provides two independent
(with respect to the randomness of the Brownian motion) couples of processes (X!, K®!) and
(X®?,K®?). Furthermore, we have

M [ (BSLFOe, K])? | =M [, [P K DF (2 K] ]

where [E{ denotes the expectation with respect to the law P} of the process (X el Kol x&2 K&2)
when both X! and X%? start from x € D. Under M, P, the results of subsections
and Proposition [2.12[ remain valid since the marginal laws of each couple of processes coin-
cide with P£. So we can repeat the arguments of subsection and prove that the processes
(x&1 k&1, X2, K®2), converge in law in Cj, x Cy X Cp x D, under M7 E; , towards a process
(X1, K1, X2, K?) satisfying:

Vee[o,T], X!=X}+AY?B!+TK}!, X?>=X2+AY?B2+TK2, (44)
where (B!, B?) is a standard 2d-dimensional Brownian motion and K*, K? are the local times respec-
tively associated to X!, X2. Let P denote the law of (X!, K!,X?, K?) with initial distribution given by

P(X;edx,Xiedy)= 5.(dy)e 2™ dx and P, the law of (X', K", X2 K?) solution of where
both X! and X? start from x € D. To obtain (43)), it just remains to remark that

E[F(X',KNF(X%,K?)] :f . [FRLEKYHF(X2 R2)]e 2" @dx
D

=J B, [F(X,RY)E, [F(X2 )] e 2 Mdx,
D

since, under P, ., the couples (X!, K!) and (X?,K?) are adapted to the filtrations generated respec-
tively by B! and B? and are therefore independent. O

2.7 Conclusion

We have proved Theorem for any function y that can be rewritten as y(x) = e 2V®), where
V : D — R is defined in (I2). It is then plain to see that Theorem holds for any nonnegative
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function y not greater than Ce~2V™), for some positive constant C and some function V of the type
()R Theorem- 1.2|thus holds for any continuous function y with compact support over D.
Consider now a generic function y : D — R, satisfying f[) x(x)dx =1 and ¥’ : D — R, with

compact support in D. For some continuous bounded function F : Cp x C, — R, let A* C Q x D be
defined as

From the relation MfD e y (x)dx < Mf[-) ly(x)— x'(x)|dx + MfD e ' (x)dx, we deduce

“(F(X®,K) —E.(F(X,K))| > 5}

limsupM | Ty (x)dx < MJ |y (x) — x'(x)|dx,
e—0 D D

in such a way that the Theorem holds for y by density arguments. The proof is completed.

Proofs of the main results

A Preliminary results

Notations: Classical spaces. Given an open domain ¢ C R" and k € N U {oo}, CX(0) (resp. C¥(6),
resp. C l’f(ﬁ_ )) denotes the space of functions admitting continuous derivatives up to order k over &
(resp. over @, resp. with continuous bounded derivatives over D). The spaces Cck(ﬁ) and Cck(ﬁ_’)
denote the subspaces of C*(&) whose functions respectively have a compact support in @ or have a
compact support in @. Let Cy L2 denote the space of bounded functions f : [0, T] x D — R admitting
bounded and continuous der1vat1ves of, Ouf s 8 - f and 82 fon[0,T]x D.

Green’s formula:

We remind the reader of the Green formula (see [[14} eq. 6.5]). We consider the following operator
acting on C2(D)
2V(x)
£ = Z 9y, (e” W) g (T e @)y, ), (45)

i,j=1

where V : D — R is smooth. For any couple (¢, ) € C*(D) x C}(D), we have

1
J Lop()(x)e 20 dx + EJ 35 (T /e )0, 9 ()85 Pp(x)e 2V ) dx
b D

1

=——f 11(T e ), P (x)e 2™ dx. (46)
2 oD

Note that the Lebesgue measure on D or 9D is indistinctly denoted by dx since the domain of
integration avoids confusion.

1006



PDE results:

We also state some preliminary PDE results that we shall need in the forthcoming proofs:

Lemma A.1. For any functions f € C2°(D) and g,h € C;°(D), there exists a unique classical solution
w, € C*°([0,T];D)N C;’Z to the problem

ow, = ‘Z‘iws +gw,+hon [0,T] XD, ’)’i(T,/g(,z))axin =0on [0,T]xJD, andw,(0,-)=f.
(47)
Proof. First of all, we remind the reader that all the coefficients involved in the operator £ belong
to Cp° (D). From [[12] Th V.7.4], we can find a unique generalized solution w,in C ; 2 to the equation
dw, =Lyw, +gw,+ L5 f +gf +h, w,(0,)=00nD, ¢(7./.w)d w,=0o0n[0,T]xaD.
From [12, IV.§10], we can prove that w is smooth up to the boundary. Then the function
w,(t,x) =w.(t,x)+ f(x) € C*([0,T] x D)NC,”
is a classical solution to the problem (47). O

Lemma A.2. The solution w, given by Lemma admits the following probabilistic representation:

V(t,x) € [0,T] x D,
g(X)dr ) + J
0

t t r

h(Xf)eXp(J g(Xfl)du)dr].

0

we(t, %) =B [ F(XE)exp (f

0

Proof. The proof relies on the It6 formula (see for instance [9, Ch. II, Th. 5.1] or [5, Ch. 2, Th.

5.1]). It must be applied to the function (r, x, y) — w.(t —r, x) exp(y) and to the triple of processes
r

(r, X, fo g(X;)du). Since it is a quite classical exercise, we let the reader check the details. O

B Proofs of subsection 2.2

Proof of Lemma 1) Fix t > 0. First we suppose that we are given a deterministic function
f : D — R belonging to C*°(D). From Lemma there exists a classical bounded solution w, €

C*([0,t] xD)N C;’z to the problem
ow, =%,w,on [0,t]xD, 7,(7/w)d, w,=00n[0,t]xID, andw,(0,)=Ff(),
where £ is defined in (45). Moreover, Lernma provides the probabilistic representation:
we(t,x) = ES°LF (X0)).

The Green formula then yields

8tf Wg(t,x)e_zv(x)dx :f =f‘iwg(t,x)e_zv(")dx
D D

1

=735 f Ti(Tx/ew)axin(t, x)e—ZV(x) dx =0
2 oD
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so that

J ES[f(XE)]e V) dx = J F(x)e ™2™ dx. (48)
D D

D
It is readily seen that (48) also holds if we only assume that f is a bounded and continuous function
over D: it suffices to consider a sequence (f,,), C C°(D) converging point-wise towards f over
D. Since f is bounded, we can assume that the sequence is uniformly bounded with respect to the
sup-norm over D. Since ([48) holds for f,,, it just remain to pass to the limit as n — oo and apply the
Lebesgue dominated convergence theorem.

We have proved that the measure e~2Y(¥) 4 x is invariant for the Markov process X° (under P¢¥). Its
semi-group thus uniquely extends to a contraction semi-group on L(D,e2() dx).

Consider now f € L1(D x Q;P}) and € > 0. Then, u almost surely, the mapping x — f(x, T,/ w)
belongs to L'(D, e~2V™) dx). Applying yields, u almost surely,

J_ ES[f(X], Txte/gw)]e_zv(x) dx = f f(x, Tx/gw)e_zv(x) dx.
D D

It just remains to integrate with respect to the measure u and use the invariance of y under transla-
tions.

Let us now focus on the second assertion. As previously, it suffices to establish

t
f Ei*[f FXARTe 2@ dx =t | flx)e 2 dx
D 0

aD

for some bounded continuous function f : D — R. We can find a bounded continuous function
f : D — R such that the restriction to D coincides with f (choose for instance f = f o p where
p : D — 3D is the orthogonal projection along the first axis of coordinates).

Recall now that the local time K7 is the density of occupation time at D (apply the results of [[18]
Chap IV] to the first entry X ¢ of the process X¢). Hence, by using (48),

t t
f E[f f(xf)dKfJe‘”(”de Ey [ lim 571 J F 05X} )dr]e W dx
D 0 D - 0

D
t
:limJ E;*[a—lf FX 05X ) dr]e V) dx
6—0 | = ’
D 0
=t lim § ! f f(x)]l[o 5](x1)e_zv(x) dx
5—>0 D ’

=t | f(x)e?Wdx. O
aD

C Proofs of subsection
Generator on the random medium associated to the diffusion process inside D

Proof of Proposition The first statement is a particular case, for instance, of [[19, Lemma 6.2].
To follow the proof in [[19], omit the dependency on the parameter y, take H = 0 and ¥ = f. To

1008



prove the second statement, choose ¢ = w, in (19) and plug the relation

(fowada < Ifalwaly < 1/CAIFIZ+(A/2)Iw 5

into the right-hand side to obtain A|lw |5 + (a;D;w,,D;w;), < |f|53/A. From (5), we deduce
A|Dw,1|% < |f|§/7t and the result follows. O

Proof of Lemma The proof is quite similar to that of Proposition [2.6|below. So we let the reader
check the details. O

Generator on the random medium associated to the reflection term

Proof of Proposition (2.4). The resolvent properties of the family (R, ), are readily derived from
those of the family (G, );.

So we first prove 1). Consider ¢, € L2(Q). Then, by using and (27), we obtain

(RA‘PJIJ)Z :(PGAP*¢:¢)2 = (GAP*SO:P*QI’) :BZ(GZP*Q/)’GAP*w)
=B, (GyP*¢,G,P*Y) = (G, P*Y, P p) = (¢,R)¥);

so that R, is self-adjoint in L2(Q).

We now prove 2). Consider ¢ € L2(Q) satisfying AR, ¢ = ¢ for some A > 0. We plug g = G, P*p €
W into (28):

5 1
)LIRA‘P|2 + 5

a; 9,(G,P ) (G P ) du" = (PGP 9, 9) = (Rap, p)a. (49)
ot

Since AR, ¢ = ¢, the right-hand side matches (R, ¢, ¢ ), = A|R; ¢ |§ so that the integral term in
must vanish, that is |, a:; 3(G,P*¢)3;(GyP*¢)du™ = 0. From (), we deduce 3(G;P*¢) = 0.
Thus, G, P*¢(0, ) is ¥*-measurable. Moreover, we have AG;, P*p(0,-) = APG;P*¢ = AR, = ¢ SO
that ¢ is ¢*-measurable. Hence ¢ =M, [¢].

Conversely, we assume ¢ = M [¢ ], which equivalently means that ¢ is ¥* measurable. We define
the function u : Q" — R by u(x;,w) = ¢(w). It is obvious to check that u belongs to W' and
satisfies du = 0. So B, (u,-) = (-, AP*p) for any A > 0. This means u = AG,P*¢ in such a way that
AR, ¢ = APG,P*¢ = P(AG,P*p)=Pu = p.

We prove 3). Consider ¢ € L2(€). Since the relation is valid in great generality;, remains
valid for such a function ¢. Since the integral term in is nonnegative, we deduce AIR;chl% <
(Ryp,9)2 < |Ry¢lalels. Hence |AR; ¢, < |@|, for any A > 0. So the family (AR, ¢), is bounded
in L2(Q) and we can extract a subsequence, still indexed by A > 0, such that (AR, ), weakly
converges in L?(Q2) towards a function ¢. Our purpose is now to establish that there is a unique
possible weak limit ¢ = M [¢] for the family (AR, ¢),.

By multiplying the resolvent relation (A — u)R;R,¢ = R, — R, by u and passing to the limit
as u — 0, we get AR;® = ¢. This latter relation implies (see above) that ¢ is ¢*-measurable.
To prove ¢ = M, [¢p], it just remains to establish the relation (¢, ), = (@, ), for every ¥4*-
measurable function v € L2(Q). So we consider such a function 2. Obviously, it satisfies the
relations M [¢p] =1 and AR;p = (see the above item 2). We deduce

(QO, 1/))2 = (SO:A'RAQI))Z = }ILIE)I(IJ(ARA(P’ T/))z = ((P) 1/))2
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As a consequence, we have ¢ = M, [¢] and there is a unique possible limit for each weakly con-
verging subsequence of the family (AR, ¢),. The whole family is therefore weakly converging in
L2(Q).

To establish the strong convergence, it suffices to prove the convergence of the norms. As a weak
limit, ¢ satisfies the property |@|, < liminf,_,o|AR, ¢|,. Conversely, yields

liTsup AR, ¢35 < liTsup(ka,cp)z =(¢,¢), =103
—0 —0

and the strong convergence follows. O

The remaining part of this section is concerned with the regularity properties of the operator G; P*
(Propositions and and may be omitted upon the first reading. Indeed, though they may
appear a bit tedious, they are a direct adaptation of existing results for the corresponding operators
defined on D (not on Q1). However, since we cannot quote proper references, we give the details.

Given u € L2(Q"), we shall say that u is a weakly differentiable if, fori = 1,...,d, we can find some
function d,u € L2(Q™") such that, for any g € C.(Q7):

f uaigd,lﬁ:—J dugdu.
ot ot

It is straightforward to check that a function u € W' is weakly differentiable. For k > 2, the
space W is recursively defined as the set of functions u € W' such that d,u is k — 1 times weakly
differentiable fori=1,...,d.

Proposition C.1. If ¢ belongs to 6, then G, P*¢ €[~ Wk.

Proof of Proposition The strategy is based on the well-known method of difference quotients.
Our proof, adapted to the context of random media, is based on [7, Sect. 7.11 & Th. 8.8]. The
properties of difference quotients in random media are summarized below (see e.g. [[19} Sect. 5]):

i)forj=2,...,d,r €R\ {0} and g € C.(£2,), we define
Mg (1, ) = (g1, 7 0) = 80x1, )
ii) for each r e R\ {0} and g € C.(€2, ), we define
Alg = (g6, +1,0) ~ g 0xy, )

iii) forany j =1,...,d, r € R\ {0} and g, h € C.(Q2,), the discrete integration by parts holds

f Alghdut = —J gA hdut
at at

provided that r is small enough to ensure that Aig and Aih belong to C.(€2,).
iv) forany j=1,...,d, r € R\ {0} and g € C.(£2,) such that Aig € C.(Q,), we have

J IAigldeSJ |0;g 1> du™.
Qt ot
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Up to the end of the proof, the function G, P*¢ is denoted by u. The strategy consists in differen-
tiating the resolvent equation B, (u,-) = (-, P*¢) to prove that the derivatives of u equations of the
same type. For p = 2,...,d, it raises no difficulty to adapt the method explained in [19, Sect. 5]
and prove that the "tangential derivatives" d,u belongs to W and solves the equation

Bl(apu:')=(':P*Dp¢)_Fp(')> (50)

where F, : W! — R is defined by
Fp(g) = (1/2)J Dpal—-; aiuajg d,u+.
[oka

In particular, J;;u € L2(QT;u™) for (i, j) # (1,1). We let the reader check the details.

The main difficulty lies in the "normal derivative" d;u: we have to prove that d,u is weakly differ-
entiable. Actually, it just remains to prove that there exists a function 8121u € L?(QT; u™) such that
Vg e C.(Q,):
f oZugdut = —f oud,; g du’. (51)
ot ot
To that purpose, we plug a generic function g € C.(£,) into the resolvent equation (28). The
boundary terms (P*¢,g) = (¢,g(0,-)), and A(Pu,Pg), vanish and we obtain:

d
Z f a?;ﬁiuﬁjg dut =0.
i,j=1J0%

We isolate the term corresponding toi =1 and j = 1 to obtain (remind that a;; = 1)

f oud,gdut =— Z f a;.aiuajgd,tﬁ
ar @)A1,

— + + +42 +
= Z J 8jal.j31~ugdu + Z J al.jal.jug du™.
(L,))#1,1) Y 2" (1,)A(1,1) Yot

Since J;;u € L2(Q*; u™) for (i, j) # (1,1), we deduce that

J dudg dy,+ < C(J gzdu+)1/2
ot ot

for some positive constant C. So the mapping g € C.(92,) — fm Jud g dut is L2(QF;uh)-
continuous and there exists a unique function denoted by 8121u such that holds. As a conse-
quence, d;u is weakly differentiable, that is u € W?2. Note that only involves the functions a, ¢
and their derivatives in such a way that we can iterate the argument in differentiating and so
on. So it is clear that the proof can be completed recursively. O

Proof of Proposition The function u still stands for G,P*¢. From Proposition we have
ue ﬂio:l Wk and it is plain to deduce that p a.s. the trajectories of u are smooth and

Vx =(x1,y) €D, 0,1, (x)=du(xy,T(,)w). (52)
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We let the reader check that point (it is a straightforward adaptation of the fact that an infinitely
weakly differentiable function f : D — R is smooth).

It remains to prove that ii,, solves (29). To begin with, we state the following lemma

Lemma C.2. For each function v € W1, we define ¥, : (x1,y) € D — v(xy, T(0,y)@)- Then for every
o € CX(D) and 4 € 6 we have:

M[Yp(w) [ (AP, (¥) = T1i(Ty )0, T (¥)e(¥)dy] =Ba(v,¢ x0) +M[¢(w)f_ L9, (x)e(x)dx]
D

aD

where the function 4 * o : T — R belongs to W and is defined by:

Y *(x, w) = J e(xy, —y)yP(r,w)dy.

Rd-1

Let us consider p € CC"O(D), P € €. We first point out that

By(u,yp x0)=(p*0,P p)=M [‘P(w)f Y(7(0,)@)e(0,-y)dy] =M[y(w) | ¢(tywle(y)dy].
RA-1 oD

Then, by using Lemma [C.2]and the above relation, we obtain

M[(w) | (Ay,(y) = 1i(Ty )0yl (y) = ¢(Tyw))e(y)dy] =M['¢(w)f_ L“’ﬁw(X)Q(X)dX]-
D

aD

Since the above relation is valid for any ¢ € ¥, we deduce that u a.s. we have

(A, (¥) = 7i(Ty )0, (¥) — p(Tyw))e(¥)dy = J L®h,(x)e(x)dx.

aD D

By choosing in turn a generic function p vanishing or not on the boundary, we deduce that u a.s.
we have: L“#i,, =0 on D and Aii,,(y) — 7;(7,w)d,.1,(y) = ¢(7,w) for y € ID. O

Proof of Lemma First apply the Green formula (withV =0and € = 1):

f (A0 (¥) = 7i(7y )0y Voo (¥ ) (¥) dy =J
oD

1
AT (e dy +3 f 5(7,0)2, 7, ()2, p(x) dx
oD

D

+ f LV,,(x)o(x)dx.

D

Then we multiply the above relation by v and integrate with respect to M. By using the invariance
of u under translations, we have

M[y(w) [ A,(Me()dy] =AM[ | ¥P(w)v(0,7,w)o(y)dy] =XM[V(0,w)f Y(r_yw)e(y)dy]
oD

D aD
=A(Pv, Py *0),.
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With similar arguments and (52), we prove
1
3 J;_) (T )0, V,(x)0y, p(x) dx = MJR a0 voppxpdu’.
+

The lemma follows. O

Proof of Proposition[2.6] We adapt the Stampacchia truncation method. More precisely, we introduce
a function H : R — R of class C'(R) such that

i)VseR, |[H(s)|<C, ii)Vs>0, H(s)>0, iii)Vs<0, H(s)=0.

We define K = |¢|.,/A and u, = G, P*¢. We let the reader check that H(u, — K) € W'. Then we
plug g = H(u, —K) into and we obtain:

1
A(PHA,PH(U;L —K))2+ §f+a$ E/‘iu,lajuAH’(u;k _K)d‘U,+ = (PH(LL;L —K),QO)z.
Q

By subtracting the term A(K,H(Pu; — K)), in each side of the above equality, we obtain:

1
AMPu; —K,H(Pu; —K)), + EJ . a;; du; diuyH (u; — K)du™ = (H(Pu, —K), ¢ — AK),.
Q
Observe that the right-hand side is negative since ¢ — AK < 0 and H(s) > O for any s > 0. Fur-
thermore, the left-hand side is positive since H’(s) > 0 and sH(s) > 0 for s € R. We deduce that
both terms of the left-hand side reduce to 0. The relation A(Pu, — K,H(Pu; — K)), = 0 and the

properties of H (sH(s) > 0 for s € R and sH(s) > 0 for s > 0) ensure that Pu, — K <0, that is
PH(u;, —K)=0. (53)

The relation %fm a:; diuy d;uyH'(u); —K)du™ =0 and (5) prove that |du,|*H'(u; —K) =0 pt
a.s.. In particular, we deduce that

d(H(uy —K)) =0. (54)
By gathering and (54), we deduce N(H(u; — K)) = 0 (recall the definition of N in (23))). So
H(u, —K) =0 and this means u, <K. O

D Proofs of subsection

Proof of Theorem [2.7] We first suppose that f belongs to ¢. Even if it means replacing f by
f —M([f], it is enough to treat the case M[f] = 0. We consider the solution v, € L?(Q) N Dom(L)
to the resolvent equation

AVA—LV)L=f. (55)

For the same reason as in the proof of Proposition u a.s. the function 9 : x € RY — v, (7, )
satisfies A%(x) — L% (x) = f(7, ) x € R, So ¥ is smooth [[7, Th. 6.17]. Applying the It6 formula
to the function x — v, (7, w) then yields

dv,l(rxf/gw) :e_lDivloij(TXte/gw)dB? — 8_13xiV(Xf)aiijv;L(TXte/£w)dt

+ eszv,x(TXf/gw) dt + s’lDivATi(TXf/Ea)) dK;.
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In the above expression, we replace Lv; by Av, — f, multiply both sides of the equality by £? and
isolate the term f (TXte /ew)dt. We obtain

t t

DiVAUij(Txre/sw)dB}kj—EZ(VA(TXf/sw)—Vx(Txg/sw))+f AV, (Txejew)dr
0

t
f(TXf/sw)erSJ
0

0

t t
+£J DivATi(TXf/sw)dKf_gf 9 V(X7)a;Djv; (txe/ew)dr (56)
0

def
eAlal A?,E,A_I_Afti,e,k_i_A?,s,l _Af,e,l.
Let us investigate the quantities Ab®4, AZ&A A3EA A%EA and A8, Using the Doob inequality
and Lemma [2.1] we have:
l,e, A

ES[ sup |Ap
0<t<T

1?1 < 4e*TM [ID;v,04i1*] < Ce®|Dv, |3

ij
for some positive constant C only depending on T and |o|,. Hence E**[ supy<,<r IA1 o AI ] —>0as
¢ — 0, for each fixed A > 0. Similarly, by using the boundedness of a, y, 9, V, we can prove

Ea*[ sup |A4sl Sel
0<t<T

From Lemma|[2.2] v, is bounded by |f | / A. We deduce

21 -0, ase—0.

E[ sup |A2 &2

0<t<T

4|f|2 A2-0, ase—0.

By taking the limsup,_,, in (56) and by using the convergences of ALe* A2&A A%EA ASEA to.
wards 0, we deduce
t
limsup E**[ sup | f(TXe/Eco)drl] < hmsupEs*[ sup |AY M|:|

e—0 0<t<T 0<t<T

Furthermore, from Lemma [2.1] we have

£—0 0<t<

T
limsup E**[ sup |A3M|:| < hmsupf ]E”[llvl(rxrs/gco)I] dr =T|Av;]; < T|Avs.
0

From Proposition we have |[Av,|, — 0 as A goes to 0. So it just remains to choose A small
enough to complete the proof in the case of a smooth function f € 4. The general case follows
from the density of %4 in L'(£2) and Lemma O

Proof of Theorem Once again, from Lemma2.1]and density arguments, it is sufficient to consider
the case of a smooth function f € ¥. Even if it means replacing f with f — M, [f], it is enough
to consider the case M;[f] = 0. Let us define, for any A > 0, u, = G,P*f and f, = R, f, the
definitions of which are given in Section[2.3] (boundary ergodic problems). We still use the notation
ﬂi(x) = u(x1, T(0,y)w) for any x = (x1,y) € D. We remind the reader that the main regularity
properties of the function ﬁé) are summarized in Proposition In particular, uy a.s., the mapping
X — ﬁ:})(x) is smooth and we can apply the It6 formula:

d (et (X /e)) = [e 'Lt (XE/e) — O, V(Xe)aij(TXs/ga))a it (X¢/e)] dt
+ 0,11, (X{ /€)0 (T xe s 0) dBY’ +71(7Xs/€w)3x i} (X¢/e)dKE (57)
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In the above expression, we use the relation L“’ﬁz‘u = 0 inside D. Furthermore, since 7,0d,, u? o(x) =
Af(tyw) — f(T,w)on 8D and dK; = 1 (X;)dK;, we deduce

Fi(Txe o)y (X2 /) AKE = (Af 5 = F)(Tye ) K.
Hence, yields

J f(TXf/ew)dKf:_( (X /8)_6 (X /3)) J a V(Xg)al](TXs/ew)ax NA(X /E)dr
0

0
t t
+J axlﬂi(Xf/E)al](TXf/sw)dBjJ +f )Lfl(TXf/e‘w)dKf
0 0
=— A = AP LAY AT (58)

The next step of the proof is to prove that A1¢, A2 A3 converge to 0 as & goes to 0 for each fixed
A > 0. Clearly, from Proposition [2.6] we have

B[ sup |APF12] < 4e?|u,)?
0<t<T

Lo oo 0.

Let us now focus on Af’s. We use the boundedness of aij, a;; (1 <1i,j <d) and Lemma :

B [ sup |AZ412] < Tlal?, xsup|a V2 x M [|8. 82 (-/e)?].

0<t<

Furthermore

M, [18,81%(-/&)P] =M 10w, (x1/e, 7y w)Pe 2/ 1) dxydy

) yle
(xl’y)ED
=MJ |6u,1(x1/8,w)|2(f e_zv(xl’y)dy)dxl. (59)
R RI-1
+
We point out that the function V given by satisfies
d
s sup f e 201 dy < +oo. (60)
x120 Rd 1

By gathering and and by making the change of variables u = x;/¢, we deduce that
M, [18,d% (-/€)*] is not greater than eSfQ+|8u,1|2du+. So E**[ supg<,<y |A7|?] converges
to 0 as € — 0. By combining the same argument with the Doob inequality, we prove that
B[ supg< <7 |AY°[2] > 0 as & — 0.

So, taking the limsup,_,, in and using the above convergences yields

t T
limsup E**[ sup | f(sz/SC())dKEH <11msup]E8*[J |Af 3(Txe /)| AKE].
O r

e—0 0<t<T 0

By using Lemma [2.1]in the right-hand side of the previous inequality, we deduce, for any A > 0,

t

lim sup B* [ sup| f(xesew)dKE]] < TG, [IAS 4] = IAf 1L T J e 2V dx < STIAf ;5.
0 oD

e—0 0<t<
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From Proposition [2.4]item 3, we can choose A small enough so as to make the latter term arbitrarily
small. So we complete the proof. O

Proof of Theorem 1) From (11]), we only have to check that holds under P¢*. This follows
from Theorem [2.7] and the estimate (obtained with Lemma [2.1])

lim & | sup | | (f. = f)exe@)dr]] <TIf, - fl
0

£—0 0<t<T

The same argument holds for (33)). O

E Proofs of subsection 2.5

Proof of Proposition The statement is quite classical. The reader is referred to [[I5, Ch. 2]
for an insight of the method and to [[19, Prop. 4.3] for a proof in a more general context. O

Proof of Proposition. In what follows, for eachi =1,---,d, (gofl)n stands for a sequence in ¢
such that Dp! — ¢'in L () as n — +o0.

Let us first focus on ([39). Fix X € R? whose entries are denoted by (Xi)1<i<q- We have: D(Xicp;) =
X;Dy! — X;§, =¢X in L*(Q)? as n — +o0 and

X*AX ZM[(X +¢X)*a(X + gX)] = nETooM[(X +D(Xigof1))*a(X + D(Xi‘ioil))]
> Saig(ng[(X +Dy) a(X +Dy)].

Conversely, from Lemma [E.1| below, we have:

VY eRY, M[(Y +{Y)alX] = lim M[(Y + gY) aD(X;9 )] =0. (61)

The above relation and Lemma again yield M[(X 4+ ¢{X)*a(Dy — {X)] =0 for any ¢ € 6. So,
for every ¢ € 6, we have:

M[(X +D¢)a(X +D¢)] =M[(X + X + D¢ — §X)"a(X + X + Dy — §X)]
=M[(X +¢X)*a(X +¢X)] + 2M[(X + {X)*a(Dy — §X)]
+M[(Dy —§X) a(Dy — §X)]
>M[(X +¢X) a(X + X)]

so that follows. By the way, proves that A also matches M[(I+ {*)a].
Now we prove Al <A. Fix X € RY. From and Cauchy-Schwarz’s inequality, we get

X*AX = M[(X +¢X)*a(X +§x)] = AM[IX + X [2] > AjM[x +¢x]|* = Alx[?,

since M[[{X] = 0. The estimate AI < A follows.

Now we prove that T' = M[(I+¢*)y] coincides with the orthogonal projection M [(I+¢*)y]. Remind
that y can be rewritten as ¥ = ae;. So we just have to establish the relation

M; [(I+ &) ae; ] =M[(I+ ¢ ae,]. (62)
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Proof of (62). Because of the ergodicity of the measure u (2. of Definition [I.1]), we stress that a
function ¢ € L%(Q, ¥*,u) invariant under the translations {7,;x € R x {0}¢~!} must be constant
and therefore satisfies M [¢] = M[v]. So we just have to prove that the entries M [(e; +§e;)"ae; ]
are invariant under the translations {7 ,;x € R x {0}¢!}. To that purpose, we only need to check
that

M[M; [(e; +&e;)"ae;]1D1p ] =0

foranyi=1,...,d and ¢ € %¢. By using Lemma [E.2]ii below, we get:
M [M; [(e; +&e;) ae 1D ] =M (e; + Je;) ae; My [Dr¢]] =M (e; + Je;) ae; D1M, [¢]].
Since DyM;[¢] =0fork =2,...,d (see LemmalE.2|i), we have e;D;M; [¢] = DM, [¢]. We deduce
M [M; [(e; + ge;)"ae; 1Dy ] =M[(e; + Je;) aDM [p]].

Since M;[¢] € € (Lemma ii), the latter quantity is equal to O (Lemma [E.1)) and we complete
the proof. Note that the above computations also prove: I'; = M[(e; + {e;)*ae;] =A;; > A. O

Lemma E.1. The following relation holds:

VX eRY, VyeH, M[(X+{X)*aDy]=0. (63)

Proof. Since b; = %Dkaik, the weak form of the resolvent equation (19) associated to f = b; reads,
for any 1 € HI:

Aul, )y +(1/2)(ajDjul, D), = (1/2)(Drag, ¥)o = —(1/2) (ay, Dyp) .
By letting A go to 0 and by using (36]), we obtain: (1/2)(ajk§j.,Dk¢)2 = —(1/2)(a;, Dyp),. We
deduce M[(6;; + §})a;xDxyp ] = 0, which means nothing but
M[(e; + e;)*aDep] = 0. 64)
The result follows by linearity. O

Lemma E.2. The projection operator M saisfies the following elementary properties:

) Vk=2,...,d and Vo € Dom(D;), DM,;[p]=M;[Drp]=0,

W) Vo €6, Myilp]€€and M, [D1p] =DM [p],

iii) Vk =2,...,d and V¢, € Dom(D;), M;[D,pyp] =—M;[¢Dy].

Proof. The properties i) and ii) are easily derived from the identities M; [T, ¢] = M, [¢] for any

x € {0} x R T.M; = M;T, for any x € R x {0}¢!, and M [v * p] = M;[¢] * p for any
P el®(Q)and p € CC"O(Rd). iii) results from i). Details are left to the reader. O

F S-topology

We summarized below the main properties of the Jakubowski topology (S-topology) on the space
D([0,T];R) (set of functions that are right-continuous with left-limits on [0, T]) and refer the
reader to [[10] for further details and proofs. We denote by V the set of functions v : [0,T] — R
with bounded variations. The S-topology is a sequential topology defined by
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Definition E1. A sequence (x,), in D([0, T];R) converges to x, € D([0, T];R) if for every € > 0, one
can find elements (v, o )Jpey € V such that

1) for every n €N, supqq r|x, — Vol <&,

2) Vf :[0,T] — R continuous, fon(r)dvn,g(r) — fOTf(r)dvo,g(r) as n — +0oo.

By gathering [10, Th. 3.8] and [[10, Th. 3.10], one can state:

Theorem E2. Let (V,), € D([0, T];R) be a family of nondecreasing stochastic processes. Suppose that
the family (V,(T)), is tight. Then the family (V,),, is tight for the J-topology. Moreover, there exists a
sequence (V,,),, € (V) a nondecreasing right-continuous process V,, and a countable subset C < [0, T [
such that for all finite sequence (ty,...,t,) C [0, T]\ C, the family (V,(t1),...,V,(t,)), converges in
law towards (Vo(t1), ..., Vo(ty))n-

Equip the set VZF([O, T1;R) of continuous nondecreasing functions on [0, T] with the S-topology
and C([0, T]; R) with the sup-norm topology. We claim:

Lemma E3. Let (V,)), be a sequence in W;L converging for the S-topology towards Vy € V:r. Then (V,),,
converges towards V, for the sup-norm topology.

Proof. This results from Corollary 2.9 in [[10] and the Dini theorem. O
Lemma E4. The following mapping is continuous
(x,v)€C([0,T;R) x VI ([0, T];R) — f‘xr dv(r) e C([0,T]; R).
0
Proof. This results from Lemma [E3|and the continuity of the mapping
(x,v)€C([0,T;R) x VI ([0, T];R) — f‘xr dv(r)e C([0,T];R),
0

where both C([0, T];R) and V:r([O, T1;R) are equipped with the sup-norm topology. The reader
may find a proof of the continuity of the above mapping in the proof of Lemma 3.3 in [[16] (remark
that, in [[16]], the S-topology is coarser on C([0, T];R) than the sup-norm topology). O

G Proof of the tightness (Proposition |2.12))
We now investigate the tightness of the process X? (and K¢). Roughly speaking, our proof is inspired
by [[15, Chap. 3] and is based on the Garsia-Rodemich-Rumsey inequality:

Proposition G.1. (Garsia-Rodemich-Rumsey’s inequality). Let p and ¥ be strictly increasing con-
tinuous functions on [0, +oo[ satisfying p(0) = ¥(0) = 0 and lim,_,, ¥(t) = +o0. For given T > 0
and f € C([0,T]; RA ), suppose that there exists a finite B such that;

Ig(t) g(s)]
f f oD )dsdt53<oo. (65)

Then, foral 0 <s <t <T: |g(t)—g(s)| < 8f0t_s O1(4B/u?)dp(u).
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To apply Proposition |G.1}, it is necessary to establish exponential bounds for the drift of X¢. Indeed,
suppose that we can prove the following exponential bound: for every 0 <s,t < T

_ ‘1 ‘
E”‘[exp (K|f [Ebj—8xiV(Xf)aijJ(TXﬁ/sco)]dr+J a1j(TXf/e°))dKfD] < 2exp (Cx*(t —s)).
S N

(66)
for some constant C > 0 depending only on A (defined in (5))). Then we can apply Proposition [G.1
as detailed in [[15} Ch. 3, Th 3.5] (set p(t) = V¢, y(t) = e —1 and ¢~ !(t) = In(t +1) in Proposition
G.1) to obtain

Proposition G.2. We have the following estimate of the modulus of continuity

t

) ‘1
EE*( sup |J [;bj - axiV(Xf)aij](Ter/sw)]dr+J alj(Ter/gco)dKfD < C\/gln((?_l),
N

[t—s|<6;0<s,t<T s

(67)

for some constant C that only depends on T, A.

We easily deduce the proof of Proposition we first work under P¢*. Let us investigate the
tightness of X°. Observe that

t t

all(Ter/ECO)dKf'i‘J O.ji(TXf/sw)dBfi'

t
. 1
Xi’€=xj+f [2b)(Txe/e)=00, VXDt (T je )] dr+f
0 0 0

The tightness of the martingale part follows from the boundedness of o and the Kolmogorov cri-
terion. The tightness of the remaining terms results from Proposition So X°€ is tight under
Pe*,

Let us now investigate the tightness of the family (K¢),. From Lemma we have E* [K7] =
T farg e‘)zv(") dx. Theorem |[E2| ensures that (K®), is tight in D([0, T]; R, ) (remind that K* is in-
creasing).

To sum up, under P¢*, the family (X?,K¢), is tight in C([0, T]; D) x D([0, T]; R..) equipped with the
product topology. From (1)), the family is tight in C([0, T]; D) x D([0, T]; R, ) under P*€. O

We have thus shown that the proof of Proposition boils down to establishing (66). So we now
focus on the proof of (66). We want to adapt the arguments of [[15, Chap. 3]. However, the situation
is more complicated due to the pushing of the local time when X€ is located on the boundary dD.
Our idea is to eliminate the boundary effects by considering first a truncated drift vanishing near
the boundary: fix w € Q and a smooth function p € Cgo(l_)) satisfying p(x) = 0 whenever x; < 6
for some 6 > 0. Forany ¢ >0 and j=1,...,d, define the "truncated" drift

e2V(x)

by, j(x, @) = 0y, (e72"Wa;(t, e w)p(x)), (68)

which belongs to CEO(D). Our strategy is the following: we derive exponential bounds for the
process f Ot bf) j(Xf,o))dr. These estimates will depend on p. Then we shall prove that we can

choose an appropriate sequence (p,), C C;O(D) preserving the exponential bounds and such that

t . .
the sequence (fo by (X7, ) dr), converges as n — oo towards the process involved in (66).
no.
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The exponential bounds are derived from a proper spectral gap of the operator £ - +;<b£ - with
boundary condition 7;(7,/,w)d,,- = 0 on dD. The particular truncation we choose in 1s fun-
damental to establish such a spectral gap because it preserves the "divergence structure” of the
problem. Any other (and maybe more natural) truncation fails to have satisfactory spectral proper-
ties.

So we define the set
C2 f={fe CZ(D) 7i(Ty/e )0y f(x) =0 for x € 9D}

and consider the Hilbert space L2(D;e~2"®)dx) equipped with its norm | - |p and its inner product
(,")p. Given k > 0 and w € Q, let Y &* € C*([0, T] x D)N C;’z be the unique solution of

O =Lyt +xby (e +1) on [0, T] x D,  1;(1./ew)0ypg" =0 on [0,T] x 3D

with initial condition v ¢;*(0,-) = 0 on D (see Lemma . Then u®* =¢y&*+1€ C;’Z is a bounded
classical solution of the problem

Quug” = Lyug® + kb ug on [0,T] x D, 7:i(T./,w) 0, us* =0 on [0,T] x 9D, (69)

with initial condition u®*(0,-) = 1 on D. Lemma and a straightforward calculation provide the
probabilistic representation

us (t,x) ZEi*[J kb (X7, a))exp(J Kb;,j(Xfl,co)du)dr] +1

=E%* [exp (K‘L by (X7, co)dr)] .

Lemma G.3. For each w € Q, we have the estimate Iu‘Z;K(t,')I% < 7" (0 <t < T), where nok =
sup(¢, £y ¢ + kb $)p and the sup is taken over {¢ € CYZ’E, |12 =1}

Proof. We have:

Ol (e, ) =2(ug, el (¢, )p

=2(ul", Liu ”+be)1 SRt )p < 28K ul (L, -

Since [u®"*(0, ~)|]23 =1, we complete the proof with the Gronwall lemma. O

Proposition G.4. Foranyk >0, e >0and0<s,t <T

t

E [ exp ()KJ b;,j(Xf,co)er] < 2exp (Ck?*(t —s)),

S

for some constant C that only depends on A and sup,.¢j |p(x)|.

Proof. By stationarity (resulting from Lemma [2.1]) and Lemma we have

t t—s
b;’j(Xf, w)dr)] < [&&* [exp (KL b;’j(Xf, w)dr)]

=M [uf (¢t —s,x)] < Mu (t —s,-)|p < M[exp((t —s)m5)]. (70)

B [enp s |

S
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. . . 2 2 _
It remains to estimate 7t{;*. For any function ¢ € CY’E such that [¢ |7 = 1, we have

(b5 (@), ¢*)p = —(ay(t.;w)p ¢, 0, )p < A~ suplp ()9, plp = Clocdlp

x€D

where we have set C = A™!sup,.p |o(x)|. As a consequence (the sup below are taken over {¢ €
Co lolp=1h

5 = sup(¢, Lo + kb )y
< sup{ — (1/2)(ay; (7.6 )2, 6, 0, $)p + k(b5 (-, ), §2)p}
<sup{—(A/2)|0,¢|3 +KClo,plp} < k*C?/(2A). (71)
The last inequality is obtained by optimizing the expression —(A/2)x? + xCx with respect to the
parameter x € R. Gathering and then yields

t

E* [ exp (KJ by (X}, w)dr)] <exp (C'x*(t —5))

S

where C’ = sup,.p |p(x)|?/(2A%). We complete the proof by repeating the argument for —b; j and
using the inequality exp(|x|) < exp(—x) + exp(x). O

As explained above, we can replace p in Proposition with an appropriate sequence (p,), C
Cy (D) so as to make the sequence ( f Ot b; j(X £ w)dr), converging as n — oo towards the process

involved in (66). Let us construct such a sequence. For each n € N*, let us consider the piecewise
affine function p, : D — R defined by:

1 2
pn(x)=0ifx; < —, pp(x)=n(x; —-) if —<x; <—, and 1 otherwise.
n n n n

Note that p,, is continuous and sup,.¢j |,(x)| < 1. With the help of a regularization procedure and
Lemma [2.1] one can prove that Proposition|G.4]remains valid for p,, instead of p, where

t t
1
J bfvn,j(XfW’)dr:J [2b)(Txe/e0) = 0, VX aij(Txe ) ] pa(X ) dr
’ D (72)
+J a;;(Txefe)nlis 2 (X7)dr.
0 n'n

You can obtain the latter expression by expanding with respect to the operator J, .
Since sup,.¢j |pn(x)| =1 for each n, we deduce

t

VneN,V0<s,t<T, I_EE*[exp(|KJ by ,j(Xf,co)er] < 2exp (Cx?*(t —s)) (73)

N

for some constant C only depending on A. Now it remains to pass to the limit as n — oo
in (73). Since K® is the density of occupation time of the process X® at dD, the quantity
fot aij(rxf/eco)nll[%;%](Xf) dr converges a.s. towards fot alj(rxf/gco) dK? as n — oo. Fatou’s Lemma
(as n — 400) in (73) then yields (66). So we complete the proof. O
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